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Add and Subtract Integers 
By the end of this section, you will be able to: 


* Use negatives and opposites 

¢ Simplify: expressions with absolute value 
« Add integers 

¢ Subtract integers 


A more thorough introduction to the topics covered 


in this section can be found in the Prealgebra 
chapter, Integers. 


The number line shows the location of positive and 
negative numbers. The numbers on a number line 
increase in value going from left to right and 
decrease in value going from right to left. All the 
marked numbers are called integers. The opposite of 
3 1S"=3; 


Use Negatives and Opposites 


Our work so far has only included the counting 
numbers and the whole numbers. But if you have 
ever experienced a temperature below zero or 
accidentally overdrawn your checking account, you 


are already familiar with negative numbers. 
Negative numbers are numbers less than 0. The 
negative numbers are to the left of zero on the 
number line. See [link]. 


The arrows on the ends of the number line indicate 
that the numbers keep going forever. There is no 
biggest positive number, and there is no smallest 
negative number. 


Is zero a positive or a negative number? Numbers 
larger than zero are positive, and numbers smaller 
than zero are negative. Zero is neither positive nor 
negative. 


Consider how numbers are ordered on the number 
line. Going from left to right, the numbers increase 
in value. Going from right to left, the numbers 
decrease in value. See [link]. 


Doing the Manipulative Mathematics activity 


“Number Line-part 2” will help you develop a 
better understanding of integers. 


Remember that we use the notation: 


a < b (read “a is less than b”) when a is to the left 
of b on the number line. 


a > b (read “a is greater than b”) when a is to the 
right of b on the number line. 


Now we need to extend the number line which 
showed the whole numbers to include negative 
numbers, too. The numbers marked by points in 
[link] are called the integers. The integers are the 
numbers ...—3,—2,—1,0,1,2,3... 


Order each of the following pairs of numbers, 


using < or >: @14_6@® -1_9© -1_ 
—-4@2_ -—20. 


Solution 


It may be helpful to refer to the number line 
shown. 


@ 14_614>6 
14 is to the right of 6 


. 
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© —-1 9-1<9 
— 1 is to the left of 9 


. 
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© —l_-4-1>-4 
—1 is to the right of 
— 4 on the number 


LiLiwve 


@® 2. —202>-20 
2 is to the right of — 2¢ 
on the number line. 


Order each of the following pairs of numbers, 


using < or >: @15_7 ® —2_5© -3__ 
i 
@5 _—-17. 
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Order each of the following pairs of numbers, 
using < or >:@8 _13@3_-4© -5_ 
ee 

@9_ —-21. 
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You may have noticed that, on the number line, the 
negative numbers are a mirror image of the positive 
numbers, with zero in the middle. Because the 
numbers 2 and —2 are the same distance from zero, 
they are called opposites. The opposite of 2 is — 2, 
and the opposite of — 2 is 2. 


Opposite 


The opposite of a number is the number that is the 


Same distance from zero on the number line but on 
the opposite side of zero. 


[link] illustrates the definition. 


Sometimes in algebra the same symbol has different 
meanings. Just like some words in English, the 
specific meaning becomes clear by looking at how it 
is used. You have seen the symbol “—” used in three 
different ways. 

10 —4Between two numbers, it indicates the 
operation ofsubtraction.We 

read10 — 4as“10minus4.” — 8In front of a number, it 
indicates anegativenumber.We read — 8as “negative 
eight.” — xIn front of a variable, it indicates 
theopposite.We read — xas “the opposite 

ofx.” —(—2)Here there are two“ — signs. The one in 
the parentheses tells us the number isnegative2.The 
one outside the parentheses tells us to take 
theoppositeof— 2.We read —(— 2)as “the opposite of 


. 
naeatixuan tara 7 
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10-4 Between two numbers, it 
indicates the operation of 
subtraction. 

We read 10-4 as "10 


. 
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—8 In front of a number, it 
indicates a negative 
number. 

We read —8 as "negative 


aicht '! 
Web syttle 


—x In front of a variable, it 
indicates the opposite. We 
read —x as "the opposite 


af wv " 
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—(-2) Here there are two "—" 
signs. The one in the 
parentheses tells us the 
number is negative 2. The 
one outside the 
parentheses tells us to 
take the opposite of —2. 
We read —(—2) as "the 
opposite of negative two." 


Opposite Notation 


—a means the opposite of the number a. 
The notation —a is read as “the opposite of a.” 


Find: @ the opposite of 7 © the opposite of 
—10 © -—(-6). 


Solution 


@ —7 is the same 
distance from 0 as 7 


The opposite of 7 is 
antler / 

® 10 is the same 

distance from 0 as 


op 


The opposite of — 10 is 
Tn 


bWUe 


The opposite of —(—6) 
is 6. 


Find: © the opposite of 4 © the opposite of 
—3 © —(-1). 


Find: @ the opposite of 8 © the opposite of 
—5 © —(-5). 


Our work with opposites gives us a way to define 
the integers.The whole numbers and their opposites 
are called the integers. The integers are the 
numbers ... —3,—2,—1,0,1,2,3... 


Integers 
The whole numbers and their opposites are called 
the integers. 


The integers are the numbers 


Latin LOG uo. 


When evaluating the opposite of a variable, we must 
be very careful. Without knowing whether the 
variable represents a positive or negative number, 
we don’t know whether —x is positive or negative. 
We can see this in [link]. 


Evaluate @ —x, when x=8 © —x, when x= 
=O: 


Solution 


(ay 
Sy 


Write the opposite of 


o: 
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Write the opposite of 8 
= eh. 


Evaluate —n, when @ n=4 © n= —4. 


Evaluate —m, when ® m=11 © m=~—11. 


The integers 5and are5 units away from 0. 


Simplify: Expressions with Absolute 
Value 


We saw that numbers such as 2and — 2 are opposites 
because they are the same distance from 0 on the 
number line. They are both two units from 0. The 
distance between O and any number on the number 
line is called the absolute value of that number. 


Absolute Value 
The absolute value of a number is its distance 


from O on the number line. 
The absolute value of a number n is written as |n|. 


For example, 


- —5is5 units away from 0, so |—5|=5. 
- 5is5 units away from 0, so |5|=5. 


[link] illustrates this idea. 


The absolute value of a number is never negative 
(because distance cannot be negative). The only 
number with absolute value equal to zero is the 
number zero itself, because the distance from Oto0 
on the number line is zero units. 


Property of Absolute Value 
|n| =O for all numbers 


Absolute values are always greater than or equal to 
zero! 


Mathematicians say it more precisely, “absolute 
values are always non-negative.” Non-negative 
means greater than or equal to zero. 


Simplify: @ |3| © |—44] © |O|. 


Solution 


The absolute value of a number is the distance 
between the number and zero. Distance is 
never negative, so the absolute value is never 
negative. 


@ |3| 
8) 


® |-44| 
44 


© |0| 
0 


Simplify: @ |4| © |—28] © |O|. 


Simplify: @ |—13] © |47| © |O}. 


In the next example, we’ll order expressions with 
absolute values. Remember, positive numbers are 
always greater than negative numbers! 


Fill in <,>,or= for each of the following 
pairs of numbers: 


Oa 5 || 5) 8a | 8 Or oe | 
On 1a | 6) 


Solution 


@® [- SL |—5) 5-5 
Simplify. 5% —5 |—5|>—|—-5| 


O”rdar 


® 8 —|-8|8 -88> 
Simplify. —-88>-|-8| 


O”vrdar 


Wwittntle 


© 94 —|—9] —9_-9 


Simplify. ~9=-9 -9=-|-9| 


Order, 

@ —{-16)_—-—|-—16| 
Simplify. 16__—16 16> —-16 
Order. —(-—16)>-—|-16| 


Fill in <, >, or = for each of the following 
pairs of numbers: @ |—9|__—|—9| © 2_—| 
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Fill in <, >, or = for each of the following 
pairs of numbers: @ 7__—|—7| ® —(—10)_ 
20 

© |—4|_.-—|=4| @ —1_|=1]. 
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We now add absolute value bars to our list of 
grouping symbols. When we use the order of 
operations, first we simplify inside the absolute 
value bars as much as possible, then we take the 
absolute value of the resulting number. 


Grouping Symbols 
Parentheses()Braces{}Brackets[]Absolute value]| 


In the next example, we simplify the expressions 
inside absolute value bars first, just as we do with 
parentheses. 


Simplify: 24 —|19—3(6—2)|. 


Solution 


24-119 
Work inside 24 —|19-—3(4)| 


parentheses first: 


subtract 9 fram 4 
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Maultinly 345 
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Take the absolute 


vraliia 
VULUve 


Subtract. 


214-119-129! 
24—|7| 
24-7 

17 


Simplify: 19 —|11—4(3—1)]. 


Simplify: 9 — |8—4(7—5)]. 


Evaluate: © |x|whenx= — 35 © |—y|wheny= 


—20 © —|u|whenu=12 @ —|p|whenp= 
=) 


Solution 


@ |x|whenx = — 35 


Substitute — 25 for x, | --| 
i 
Take the absolute 35 
value. 


® |—y|wheny = — 20 


<3 


nifty 


Simplify. 


Take the absolute 20 
value. 


es | 
lon 
[a™ 


—|u|whenu=12 


_ | 
| 
Substitute |” for u; | lal 
est] 
Take the absolute — 
value. 


—|p|whenp= — 14 


Take the absolute 
value. 


14 


Evaluate: @ |x|whenx= —17 © |—y|wheny= 


—39 © —|m|whenm=22 @ —|p|whenp= 
= iil. 


OVO) 38) © = 72,6) 11 


Evaluate: @ |y|wheny = — 23 © |—y|wheny= 


—21 © —|n|whenn=37 @ —|q|whenq= 
— 49. 


@ 23 © 21 © —37 © —49 


Add Integers 


Most students are comfortable with the addition and 
subtraction facts for positive numbers. But doing 
addition or subtraction with both positive and 
negative numbers may be more challenging. 


Doing the Manipulative Mathematics activity 


“Addition of Signed Numbers” will help you 
develop a better understanding of adding integers.” 


We will use two color counters to model addition 
and subtraction of negatives so that you can 
visualize the procedures instead of memorizing the 
rules. 


We let one color (blue) represent positive. The other 
color (red) will represent the negatives. If we have 
one positive counter and one negative counter, the 
value of the pair is zero. They form a neutral pair. 
The value of this neutral pair is zero. 


1+(-1)=0 


We will use the counters to show how to add the 
four addition facts using the numbers 5, —5 and 3, 
—3. 

5+3-5+(-3)-5+35+(-3) 


To add 5+3, we realize that 5+ 3 means the sum of 
5 and 3. 


We start with 5 positives. 


And then we add 3 


positives. 


We now have 8 positives. 
The sum of 5 and 3 is 8. 


Now we will add —5+(-—3). Watch for similarities 
to the last example 5+ 3=8. 


To add —5+(-—3), we realize this means the sum of 
— 5and — 3. 


We start with 5 negatives. 


And then we add 3 
negatives. 


es 
We now have 8 negatives. 


The sum of —5 and —3 is 


In what ways were these first two examples similar? 


* The first example adds 5 positives and 3 
positives—both positives. 

* The second example adds 5 negatives and 3 
negatives—both negatives. 


In each case we got 8—either 8 positives or 8 
negatives. 


When the signs were the same, the counters were all 
the same color, and so we added them. 


Add: @ 1+4 © —1+(-—4). 


Solution 


@ 


1 positive plus 4 positives is 5 positives. 


® 


_——= a 
1 negative plus 4 negatives is 5 negatives. 


Add: @ 2+4 ® —2+(-—4). 


Add: @ 2+5 ® —2+(-—5). 


So what happens when the signs are different? Let’s 
add —5+3. We realize this means the sum of —5 
and 3. When the counters were the same color, we 


put them in a row. When the counters are a 
different color, we line them up under each other. 


—5 + 3 means the sum 


ULluu Ve 


We start with 5 negatives. 


LATA 
And then we add 3 
positives. 


SF 
We remove any neutral 
pairs. 


— — _ ~~ 
We have 2 negatives lef::. 


2 regatives ————______________} 
The sum of —5and3is -—-5+3 = -2 
— 2. 


Notice that there were more negatives than 
positives, so the result was negative. 


Let’s now add the last combination, 5+(-—3). 


5 + (—3) means the sum 


Vi vy ULL We 


We start with 5 positives. 


eee 
And then we add 3 
negatives. 


DS ee es 
We remove any neutral 


pairs. 


T_T 
We have 2 positives left. 


2 pussies 7 __ 
The sum of 5 and —3 is 2.5 + (—3) = 2 


When we use counters to model addition of positive 
and negative integers, it is easy to see whether there 
are more positive or more negative counters. So we 
know whether the sum will be positive or negative. 


/alale (©) il se!) (@) Was) 


Solution 


@ 


| 
bea 

- 
qn 


There are more 4 
positives, so the sum is 
positive. 


i sae El 
There are more —4 


negatives, so the sum is 
negative. 


Add: ®@ —2+4 © 2+(—4). 


@2®© -2 


Add. Gi 2-F 5 22-5 (— 4). 


Now that we have added small positive and 
negative integers with a model, we can visualize the 
model in our minds to simplify problems with any 
numbers. 


When you need to add numbers such as 37 + (— 53), 
you really don’t want to have to count out 37 blue 
counters and 53 red counters. With the model in 
your mind, can you visualize what you would do to 
solve the problem? 


Picture 37 blue counters with 53 red counters lined 
up underneath. Since there would be more red 
(negative) counters than blue (positive) counters, 
the sum would be negative. How many more red 
counters would there be? Because 53 —37=16, 
there are 16 more red counters. 


Therefore, the sum of 37+(-—53) is —16. 
37+(-—53)=—-16 


Let’s try another one. We'll add —74+(-—27). 
Again, imagine 74 red counters and 27 more red 
counters, so we’d have 101 red counters. This means 
the sum is —101. 

—74+(—27)=-101 


Let’s look again at the results of adding the different 
combinations of 5,—5 and 3, —3. 


Addition of Positive and Negative Integers 
5+3-—5+(-—3)8—8both positive, sum 
positiveboth negative, sum negative 

When the signs are the same, the counters would 
be all the same color, so add them. 


—5+35+(-—3)-—22different signs, more 
negatives, sum negativedifferent signs, more 
positives, sum positive 

When the signs are different, some of the counters 
would make neutral pairs, so subtract to see how 
many are left. 


Visualize the model as you simplify the expressions 
in the following examples. 


Simplify: © 19+(—47) ® —14+(—36). 


Solution 


@ Since the signs are different, we subtract 
19 from 47. The answer will be negative 
because there are more negatives than 
positives. 

19+ (—47)Add. — 28 

© Since the signs are the same, we add. The 
answer will be negative because there are 
only negatives. 

—14+(-—36)Add.—50 


Simplify: © —31+(—19) © 15+(—32). 


50 Ot 


Simplify: © —42+(—28) © 25+(-61). 


=A) eis: 


The techniques used up to now extend to more 
complicated problems, like the ones we’ve seen 
before. Remember to follow the order of operations! 


Simpliivie = pote 2iee). 


Solution 


Simplify inside the 


nn thacna 
PtwerstircvLTn. 
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Add left to right. 


Simply 2.0 aa) 


Simplify: —4+2(—3+5). 


Subtract Integers 


Doing the Manipulative Mathematics activity 
“Subtraction of Signed Numbers” will help you 


develop a better understanding of subtracting 
integers. 


We will continue to use counters to model the 


subtraction. Remember, the blue counters represent 
positive numbers and the red counters represent 
negative numbers. 


Perhaps when you were younger, you read “5 — 3” 
as “5 take away 3.” When you use counters, you can 
think of subtraction the same way! 


We will model the four subtraction facts using the 
numbers 5 and 3. 
5—3-5-(-3)-5-35-(-—3) 


To subtract 5—3, we restate the problem as “5 take 
away 3.” 


We start with 5 positives. 


eS a 
We ‘take away’ 3 
positives. 


YAIn hhaxran 9 aositiy rac laft 
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The difference of 5 and 3 2 
is 2. 


Now we will subtract —5—(-—3). Watch for 
similarities to the last example 5—-3=2. 


To subtract —5—(-—3), we restate this as “—5 take 
away —-3” 


We start with 5 negatives. 


We ‘take away’ 3 
negatives. 


VAIn harran 9 nnentitrac Inf:- 
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The difference of —5 and —2 
—3 is —2. 


Notice that these two examples are much alike: The 
first example, we subtract 3 positives from 5 


positives and end up with 2 positives. 


In the second example, we subtract 3 negatives from 
5 negatives and end up with 2 negatives. 


Each example used counters of only one color, and 


the “take away” model of subtraction was easy to 
apply. 


Subtract: ®@ 7-5 ® —7-(—5). 


Solution 


@ Te oe. 
Take 5 positive from 7 
positives and get 2 


© = fa Sy 
Take 5 negatives from 

7 negatives and get 2 

negatives. 


Subtract: @ 6—4 ® —6-—(-—4). 


Subtract: @ 7—4 © —7-(-—4). 


What happens when we have to subtract one 
positive and one negative number? We'll need to use 
both white and red counters as well as some neutral 
pairs. Adding a neutral pair does not change the 
value. It is like changing quarters to nickels—the 
value is the same, but it looks different. 


¢ To subtract —5—3, we restate it as —5 take 
away 3. 


We start with 5 negatives. We need to take away 3 
positives, but we do not have any positives to take 
away. 


Remember, a neutral pair has value zero. If we add 
O to 5 its value is still 5. We add neutral pairs to the 
5 negatives until we get 3 positives to take away. 


—5 — 3 means —5 take 


We start with 5 negatives. 


We now add the neutrals 
needed to get 3 positives. 


We remove the 3 
positives. 


We are left with 8 
negatives. 


The difference of —5 and —-5 —-3 = —-8 
3 is —8. 


And now, the fourth case, 5—(—3). We start with 5 
positives. We need to take away 3 negatives, but 
there are no negatives to take away. So we add 
neutral pairs until we have 3 negatives to take 
away. 


5 — (—3) means 5 take 


AVTATATT __ 
Lead feast f Ve 


We start with 5 positives. 


_———] 
We now add the needed 


neutrals pairs. 


a 
We remove the 3 


negatives. 


We are left with 8 
positives. 


a A CE 
The difference of 5and 5 -—(-—3)=8 
—3is 8. 


Subtract: @ -—3-1 ® 3-—(—1). 
Solution 

@ 

Take 1 positive = 1 


from the one 
ad —4 


palf. 


Take 1 3 -— (-1) 


negative from 
th 4 
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Subtract: @ —6—4 © 6-—(-—4). 


—10 @ 10 


Subtract: ®@ —7-—4 © 7-(-—4). 


Have you noticed that subtraction of signed numbers 
can be done by adding the opposite? In [link], —3-—1 
is the same as —3+(—1) and 3—(—1) is the same 
as 3+1. You will often see this idea, the 
subtraction property, written as follows: 


Subtraction Property 
a—b=a+(—b) 


Subtracting a number is the same as adding its 
opposite. 


Look at these two examples. 


6 — 4gives the same answer as6 + (— 4). 


Of course, when you have a subtraction problem 
that has only positive numbers, like 6 — 4, you just 
do the subtraction. You already knew how to 
subtract 6 — 4 long ago. But knowing that 6 — 4 gives 
the same answer as 6+ (— 4) helps when you are 
subtracting negative numbers. Make sure that you 
understand how 6—4 and 6+(—4) give the same 
results! 


Simplify: © 13—8 and 13+(—8) ® —17-9 
and —17+(-9). 


Solution 


@ 3-65 13+(-8)5 


Casthteant 
vuUuVvuUUe 


© —17-9 —26 —17+(-9) 
Subtract. — 26 


Simplify: © 21-13 and 21+(-—13) © 
—11-—7 and —11+(-7). 


Simplify: @ 15—7 and 15+(—7) © -—14-8 
and) a(S). 


Look at what happens when we subtract a negative. 


8—(—5)gives the same answer as8+ 5 


Subtracting a negative number is like adding a positive! 
You will often see this written as a—(—b)=a+b. 


Does that work for other numbers, too? Let’s do the 


following example and see. 


Simplify: ®@ 9—(—15) and9+15 © 
= 4 ane 7 te 


Solution 


@ 9—-(-15) 24 9+15 24 


Casthteant 
vuUuVvuUUe 


© —7-(-4) -3 -—7+4 -3 
Subtract. 


Simplify: ®@ 6-—(-—13) and6+13 © 
= il) ein SS el. 


Simplify: @ 4—(—19) and 4+19 © 
—=4—(—/) and —4 7. 


Let’s look again at the results of subtracting the 
different combinations of 5,—5 and 3, —3. 


Subtraction of Integers 
5—3-—5-—(—3)2-—25positives take 

away 3positivesSnegatives take 

away 3negatives2positives2negatives 

When there would be enough counters of the color 
to take away, subtract. 


—5—35-—(-—3)-—885negatives, want to take 
away 3positives5positives, want to take 
away3negativesneed neutral pairsneed neutral 
pairs 

When there would be not enough counters of the 
color to take away, add. 


What happens when there are more than three 


integers? We just use the order of operations as 
usual. 


Simplify: 7 -—(—4-—3)—9. 


Solution 


Simplify inside the 


° 
naranthaana firot 
PtrstirvvLrn iitvol. 


Casthteant laft ta viaht 
VUVULULE LULL LY L1H11L. 


Subtract. 


Simplive = (> lo: 


Simplify: 12 -—(—9—6)—14. 


Access these online resources for additional 
instruction and practice with adding and 
subtracting integers. You will need to enable Java 
in your web browser to use the applications. 


¢ Add Colored Chip 
* Subtract Colored Chip 


Key Concepts 


¢ Addition of Positive and Negative Integers 
5+3-—5+(-—3)8— 8both positive,both 
negative,sum positivesum negative 
—5+35+(-—3)—22different signs,different 
signs,more negativesmore positivessum 
negativesum positive 

- Property of Absolute Value: |n|=0 for all 
numbers. Absolute values are always greater 


than or equal to zero! 

* Subtraction of Integers 
5—3-5-—(—3)2—25positivesSnegativestake 
away 3positivestake away3negatives2 positives2 
negatives —5— 35 —(— 3)—885negatives, want 
to5positives, want 
tosubtract3positivessubtract3negativesneed 
neutral pairsneed neutral pairs 

¢ Subtraction Property: Subtracting a number is 
the same as adding its opposite. 


Practice Makes Perfect 
Use Negatives and Opposites of Integers 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


@9_4 

® -3_6 
O = 8. 9 
@1__—-10 


GS: @) =e) SOs 


@ +73 

® —-10__—-5 
©2_-—6 

@® 8_9 


In the following exercises, find the opposite of each 
number. 


@2© —-6 
@ -206 
@9I® —4 


In the following exercises, simplify. 


-(-4) 


(11) 
In the following exercises, evaluate. 


—c when® c=12® c= ~—12 
@ —12@® 12 


—d when 
@ d=21 
® d=-—21 


Simplify Expressions with Absolute Value 


In the following exercises, simplify. 


® |—32|® |0|© |16| 


@ 32 ®0© 16 
@ |0| 
® |—40|© |22| 


In the following exercises, fill in <, >, or = for 
each of the following pairs of numbers. 


® -6_|-6|© -|-3|__-3 


@<@®= 


® |-5|_-]-5|@9_-|-9| 


In the following exercises, simplify. 


—(-—5)and-—|-5| 
Seay) 
—|-—9|and—(-9) 
8| -7| 

56 

5|—5]| 
\15—7|—|14-6| 


\17—8] —|13—4| 


18—|2(8—3)| 
8 
18—|3(8—5)| 


In the following exercises, evaluate. 


@ —|p|whenp=19 
® —|q|wheng= — 33 


@ -—19® —33 
@ —|a|whena=60 
® —|b|whenb= —12 


Add Integers 


In the following exercises, simplify each expression. 


=21(=59) 


— 80 


—35+(-47) 


48+(—16) 


32 


34+(-19) 


—14+(-12)+4 


=e 


=17+(=19)-+6 


135:-+ (= 110) + 83 


108 


= 36427 C6) +12 


19+2(-—3+8) 
29 


244+ 3(-5+9) 


Subtract Integers 


In the following exercises, simplify. 


eZ 


12 


7=—C=3) 


@ 44—28® 44+(-—28) 


@ 16 © 16 


@ 35—-16® 35+(-—16) 


@ 27—(—18)® 27+18 


@ 45 © 45 


@ 46—-(-—37)® 46+37 
In the following exercises, simplify each expression. 


152422) 


27 


14—-(-11) 


48 — 87 


—39 

45 —69 
~17-42 
—59 
~19—46 
~103-—(—52) 
—51 
~—105-—(—68) 
~ 45 —(-54) 


—99 


567 (= 67) 


> fats eee 


—3-8+4 


—14—(—27)+9 


22 


64+(—-17)-9 


Zee =8) 


=3)> 29) 


—(6—-8)-(Q-4) 


—(4—-5)-(7-8) 


25—[10—(3-12)] 


32—[5-—05—20)] 


63-43-72 


= 


57 =—3:2-49 


52 = 62 


=i 


62=72 


Everyday Math 


Elevation The highest elevation in the United 
States is Mount McKinley, Alaska, at 20,320 
feet above sea level. The lowest elevation is 
Death Valley, California, at 282 feet below sea 
level. 


Use integers to write the elevation of: 


@ Mount McKinley. © Death Valley. 


@ 20,320 feet ® — 282 feet 


Extreme temperatures The highest recorded 
temperature on Earth was 58° Celsius, recorded 
in the Sahara Desert in 1922. The lowest 
recorded temperature was 90°below0*° Celsius, 
recorded in Antarctica in 1983. 


Use integers to write the: 


@ highest recorded temperature. 
© lowest recorded temperature. 


State budgets In June, 2011, the state of 
Pennsylvania estimated it would have a budget 
surplus of $540 million. That same month, 
Texas estimated it would have a budget deficit 
of $27 billion. 


Use integers to write the budget of: 


@ Pennsylvania. 
® Texas. 


@ $540 million © — $27 billion 


College enrollments Across the United States, 
community college enrollment grew by 
1,400,000 students from Fall 2007 to Fall 2010. 
In California, community college enrollment 
declined by 110,171 students from Fall 2009 to 
Fall 2010. 


Use integers to write the change in enrollment: 


@ in the U.S. from Fall 2007 to Fall 2010. 


® in California from Fall 2009 to Fall 2010. 


Stock Market The week of September 15, 2008 
was one of the most volatile weeks ever for the 
US stock market. The closing numbers of the 
Dow Jones Industrial Average each day were: 


Nanda —ENa 
tvauiiuin y vu 
Tranadaxr LIAO 
aucvuuy 1 2. ten 
WindAnncdA axr — AAA 
Yyeuieouuy pig 
Thiasvodanr LAIN 
aasusouuy ro ornyu 
Friday +369 


What was the overall change for the week? Was 
it positive or negative? 


32, negative 


Stock Market During the week of June 22, 
2009, the closing numbers of the Dow Jones 
Industrial Average each day were: 


NianndAaxr —ONnI1 
tvguiiuuay aus 
Tranadaxr oe 
i Meu y iv 
WindAnncdaxr me ate) 
VV VelLieoue y aw 
Thiasrvodaxr ee Baie) 
aiiuroUuuay 1 os aw 
Friday —34 


What was the overall change for the week? Was 
it positive or negative? 


Writing Exercises 


Give an example of a negative number from 
your life experience. 


Answers may vary 


What are the three uses of the “—” sign in 
algebra? Explain how they differ. 


Explain why the sum of — 8 and 2 is negative, 
but the sum of 8 and —2 is positive. 


Answers may vary 


Give an example from your life experience of 


adding two negative numbers. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


absolute value 
The absolute value of a number is its distance 
from 0 on the number line. The absolute 
value of a number n is written as |n|. 


integers 
The whole numbers and their opposites are 
called the integers: ...—3, —2, —1, 0, 1, 2, 
Secs 


opposite 


The opposite of a number is the number that 
is the same distance from zero on the number 
line but on the opposite side of zero: —a 
means the opposite of the number. The 
notation —a is read “the opposite of a.” 


Multiply and Divide Integers 
By the end of this section, you will be able to: 


* Multiply integers 

Divide integers 

¢ Simplify expressions with integers 

¢ Evaluate variable expressions with integers 
Translate English phrases to algebraic 
expressions 

Use integers in applications 


A more thorough introduction to the topics covered 


in this section can be found in the Prealgebra 
chapter, Integers. 


Multiply Integers 


Since multiplication is mathematical shorthand for 
repeated addition, our model can easily be applied 
to show multiplication of integers. Let’s look at this 
concrete model to see what patterns we notice. We 
will use the same examples that we used for 
addition and subtraction. Here, we will use the 


model just to help us discover the pattern. 


We remember that a-b means add a, b times. Here, 
we are using the model just to help us discover the 
pattern. 


The next two examples are more interesting. 


What does it mean to multiply 5 by — 3? It means 
subtract 5, 3 times. Looking at subtraction as 
“taking away,” it means to take away 5, 3 times. But 
there is nothing to take away, so we start by adding 
neutral pairs on the workspace. Then we take away 
5 three times. 


In summary: 
5°3=15—5(3) = —155(—3)= —15(—5)(—3)=15 


Notice that for multiplication of two signed 


numbers, when the: 


* signs are the same, the product is positive. 
* signs are different, the product is negative. 


We'll put this all together in the chart below. 


Multiplication of Signed Numbers 
For multiplication of two signed numbers: 


Same signs Proauct 
Two positives Positive 
Two negatives Positive 


ee a D2 1 
Direr cit sign 5 GFLUUUeLer 
Positive - Negative 
negative Negative 


LA a@iipic i 
7:-4=28-8(- 1° 


LA a@iipic 
7(-9)= 
—63-5:10= 
—50 


—— Es 


Multiply: © —9-3 ® —2(—5) © 4(-8) @ 
7-6. 


Solution 


@ a ae 
Multiply, noting that 
the signs are different 


so the product is 


negative. 
® —2(—5) 10 
Multiply, noting that 

the signs are the same 


so the product is 


4(—8) —32 
Multiply, with different 


7-6 42 
Multiply, with same 
signs. 


Multiply: @ —68 © —4(—7) © 9(—7) © 
Sil Ow 


@ —48 © 28 © —63 @ 60 


Multiply: @ —8:7 ® —6(—9) © 7(-—4) © 
Ro sd ee 


When we multiply a number by 1, the result is the 
same number. What happens when we multiply a 
number by — 1? Let’s multiply a positive number 
and then a negative number by — 1 to see what we 
get. 

—1-4—1(-—3)Multiply. — 43 — 4is the opposite 
of4.3is the opposite of — 3. 


Each time we multiply a number by — 1, we get its 
opposite! 


Multiplication by —1 
—la=-a 
Multiplying a number by —1 gives its opposite. 


Multiply: @ —1:7 ® —1(—11). 


Solution 


@ —1:7 —7 —7is the 
Multiply, noting that opposite of7. 

the signs are differen 

so the product is 


. 
nanntit7a 
ve Hutive. 


©) —1(-11) 11 11is the 
Multiply, noting that opposite of—11. 

the signs are the same 

so the product is 

positive. 


Multiply: @ —1:9 ® —1-(-17). 


@ -9@17 


Multiply: @ —1:8 ® —1-(-—16). 


Divide Integers 


What about division? Division is the inverse 
operation of multiplication. So, 15+3=5 because 
5:°3=15. In words, this expression says that 15 can 
be divided into three groups of five each because 
adding five three times gives 15. Look at some 
examples of multiplying integers, to figure out the 
rules for dividing integers. 
5:3=15s015+3=5—5(3)= —15so—15+3= 
—5(—5)(— 3) =15s015+(—3)= —55(—3)= —15so 
—15+(-3)=5 


Division follows the same rules as multiplication! 
For division of two signed numbers, when the: 


* signs are the same, the quotient is positive. 
* signs are different, the quotient is negative. 


And remember that we can always check the answer 
of a division problem by multiplying. 


Multiplication and Division of Signed Numbers 
For multiplication and division of two signed 
numbers: 


¢ If the signs are the same, the result is positive. 
- If the signs are different, the result is negative. 


(Qe EAS M 24--14 
Waliiv DIBilod ANUOULL 
Two positives Positive 
ITratn naarntirraoc Dasitive 


ivVVWY TENS (GE) | 

he the signs are the same, 
[tre result is positive. | 
i 


Lae e yy Se M 24--14 
PJELICIUCLIL DIBLIO ANU OULL 
Positive and negative Negative 
Nawativra and noacitirtra Negative 


pase Bee Vue Use Je SAE LWA 


If the signs are different, 
[tne result is negative. | 


Divide Qe 2/73. 0) OU. 4): 


Solution 


@ —27+3 -9 
Divide. With different 
signs, the quotient is 


. 
naernatirrsa 
div Hutive. 


©) —100+(-—4) 25 
Divide. With signs that 

are the same, the 

quotient is positive. 


IB varalee 1) Gee) Ly ei ai) 


Bividem 2)! 0004700 iia. ( 5), 


Simplify Expressions with Integers 


What happens when there are more than two 
numbers in an expression? The order of operations 
still applies when negatives are included. Remember 
My Dear Aunt Sally? 


Let’s try some examples. We'll simplify expressions 
that use all four operations with integers—addition, 
subtraction, multiplication, and division. Remember 
to follow the order of operations. 


Sip: 7 a te) Oo: 


Solution 


Subtract. 


Simplify: 8(— 3) +5(—7) —4. 


Simplity: 9(— 3)4-7(—o) 


Simplify: @ (—2)4 © —24. 


Solution 

® (= 2)4(—2)0— 2) 2) 
Write in expanded (-—2) 4(-—2)(-2) 
form. —8(-—2) 16 

Multiply. 

Multiply. 

Multiol:. 

© —24 —(2:2:2-2) 

Write in expanded — (42:2) —(8-2) -16 


form. We are asked to 
find the opposite of24. 
Multiply. 
Multiply. 
Multiply. 


Notice the difference in parts © and ©. In 
part @, the exponent means to raise what is in 


the parentheses, the (— 2) to the 4th power. In 
part ©, the exponent means to raise just the 2 
to the 4th power and then take the opposite. 


Simplify: @ (—3)4 © —34. 


Simplify: @ (—7)2 © —72. 


The next example reminds us to simplify inside 
parentheses first. 


Simplify: 12 -—3(9—-12). 


Solution 


5p) OY OV LN) 
ita YVZ Lai 


Subtract in parentheses 12 — 3(— 3) 


AVEULLLELP Lye 


Subtract. 


Simplify: 17 —4(8—11). 


Simplity:. 16 —6(7 — 15): 


Sip ies en yo 


Solution 


Of ON ff DNS 

SAG ep ae ING Is 
LPennananta firot OG OO) ON 
HWApVrrweiity 1itvdt. YL ZAI PITAL vs 


NAaaltinlss Kayo TE aN 
AVLULLIP Ly. coor vs) 


Divide. 9 


Sunplity: 12 9) (oo: 


Simplify: 18(— 4) +(—2)3. 


Sip iy SO oe?) 


Solution 


= BY AVEO SE VAAN 
Gur aetry DIN ce i 


Multiply and divide Soe) 
left to right, so divide 


Simplify: —27-+3+(—5)(—6). 


Simplify: —32+4+(—2)(—7). 


Evaluate Variable Expressions with 
Integers 


Remember that to evaluate an expression means to 
substitute a number for the variable in the 
expression. Now we can use negative numbers as 
well as positive numbers. 


When n= —5, evaluate: @ n+1 © —-n+1. 


Solution 


@ 


When n= —8, evaluate @ n+2 © —n+2. 


@ -6@®@ 10 


When y= — 9, evaluate @ y+8 © —y+8. 


Evaluate (x + y)2 when x= — 18 and y= 24. 


Solution 


Add inatida naran thaacia (4\o 


BRL LLLVILUULL jeASss VALLI Ve (LU IG 


Simplify. 36 


Evaluate (x+y)2 when x= — 15 and y=29. 


Evaluate (x + y)3 when x= —8 and y=10. 


Evaluate 20 —z when © z=12 and © z= 
—12. 


Solution 


@ 


Subtract. 8 


Subtract. 32 


Evaluate: 17 —k when @ k=19 and © k= 


maltes 


@ -—2 © 36 


Evaluate: —5—b when @ b=14 and © b= 
—14. 


Evaluate: 2x2 +3x+8 when x=4. 


Solution 


Substitute 4forx. Use parentheses to show 
multiplication. 


Substitute. 


Evaluate exponents. 


Multiply. 


Add. 52 


Evaluate: 3x2 —2x+6 when x= —3. 


Evaluate: 4x2 -—x—5 when x= — 2. 


Translate Phrases to Expressions with 
Integers 


Our earlier work translating English to algebra also 
applies to phrases that include both positive and 
negative numbers. 


Translate and simplify: the sum of 8 and —12, 
increased by 3. 


Solution 


the sum of 8 and — 12, 


inavanananda kx 2 
2141-2 UOUUVOEU 9 / We 


Translate: oS) are ee ay a ae 
Simplify. Be careful rot(—4)+3 

to confuse the brackets 

with an absolute value 

Sign; 


Add. 


Translate and simplify the sum of 9 and — 16, 
increased by 4. 


(OC le)a4—3 


Translate and simplify the sum of —8 and 
— 12, increased by 7. 


(—84+(-—12))+7;-13 


When we first introduced the operation symbols, we 
saw that the expression may be read in several 
ways. They are listed in the chart below. 


a—h 


a minus b 

the difference of a and b 
b subtracted from a 

b less than a 


Be careful to get a and b in the right order! 


Translate and then simplify © the difference 
of 13 and —21 © subtract 24 from —19. 


Solution 


@ thedifferenceofl 3and 
Translate. —21 13-—(-21) 34 


subtract24from — 19 
Translate. Remember, —19-—24 43 
"subtract b from a 
means a—b. 
Simplify. 


Translate and simplify @ the difference of 14 
and —23 ® subtract 21 from —17. 


QA 25) 70) ly 216 


Translate and simplify © the difference of 11 
and —19 © subtract 18 from —11. 


Cnt (19) 30 Ol 8.9 


Once again, our prior work translating English to 
algebra transfers to phrases that include both 
multiplying and dividing integers. Remember that 
the key word for multiplication is “product” and for 
division is “quotient.” 


Translate to an algebraic expression and 
simplify if possible: the product of —2 and 14. 


Solution 


tha nendiusrortaf — Ian A 


eib'e a VUULLYVEL St CAEL 


Tranclata (_9OV1AY 
X ee LEY 


2BLULIVIULL. 


Simplify. —28 


Translate to an algebraic expression and 
simplify if possible: the product of —5 and 12. 


se (LA as) 9 


Translate to an algebraic expression and 
simplify if possible: the product of 8 and —13. 


8(—13);—104 


Translate to an algebraic expression and 
simplify if possible: the quotient of —56 and 
=F, 


Solution 


the quotientof — 56and 


pa 4 
‘ 


Tranalata SRR 6 a AN 
Jury tJ 


2hLULLIIULe 


Simplify. 8 


Translate to an algebraic expression and 
simplify if possible: the quotient of —63 and 


Translate to an algebraic expression and 
simplify if possible: the quotient of —72 and 


Use Integers in Applications 


We'll outline a plan to solve applications. It’s hard 
to find something if we don’t know what we’re 
looking for or what to call it! So when we solve an 
application, we first need to determine what the 
problem is asking us to find. Then we’ll write a 
phrase that gives the information to find it. We'll 
translate the phrase into an expression and then 
simplify the expression to get the answer. Finally, 
we summarize the answer in a sentence to make 
sure it makes sense. 


How to Apply a Strategy to Solve Applications 
ith Integers 


In the morning, the temperature in Urbana, 
Illinois was 11 degrees. By mid-afternoon, the 
temperature had dropped to — 9 degrees. What 
was the difference of the morning and 
afternoon temperatures? 


Solution 


In the morning, the temperature in Anchorage, 
Alaska was 15 degrees. By mid-afternoon the 
temperature had dropped to 30 degrees below 
zero. What was the difference in the morning 
and afternoon temperatures? 


The difference in temperatures was 45 degrees. 


The temperature in Denver was — 6 degrees at 
lunchtime. By sunset the temperature had 
dropped to —15 degrees. What was the 
difference in the lunchtime and sunset 
temperatures? 


The difference in temperatures was 9 degrees. 


pply a Strategy to Solve Applications with 
Integers. 


Read the problem. Make sure all the words and 
ideas are understood Identify what we are asked to 
find. Write a phrase that gives the information to 
find it. Translate the phrase to an expression. 
Simplify the expression. Answer the question with 
a complete sentence. 


The Mustangs football team received three 


penalties in the third quarter. Each penalty 
gave them a loss of fifteen yards. What is the 
number of yards lost? 


Solution 


Step 1. Read the 
problem. Make sure all 
the words and ideas 


arn undaratana 
UL ULL LUILVVUXe 


Step 2. Identify what the number of yards 
we-arc-askedte-find.i—lest 

Step 3. Write a phrase three times a 15-yard 
that gives the penalty 


° . ° 
matinn ta find it 
SLALUVLILIULLUEL LU 1111U1 LL, 


Step 4. Translate the 3(—15) 
phrase to an 


expression: 

Step 5. Simplify the —45 

expression: 

Step 6. Answer the The team lost 45 yards. 
question with a 

complete sentence. 


The Bears played poorly and had seven 
penalties in the game. Each penalty resulted in 
a loss of 15 yards. What is the number of yards 
lost due to penalties? 


The Bears lost 105 yards. 


Bill uses the ATM on campus because it is 
convenient. However, each time he uses it he 
is charged a $2 fee. Last month he used the 
ATM eight times. How much was his total fee 
for using the ATM? 


A $16 fee was deducted from his checking 
account. 


Key Concepts 


* Multiplication and Division of Two Signed 
Numbers 


© Same signs—Product is positive 
© Different signs—Product is negative 


¢ Strategy for Applications 
Identify what you are asked to find. Write a 
phrase that gives the information to find it. 
Translate the phrase to an expression. Simplify 


the expression. Answer the question with a 
complete sentence. 


Practice Makes Perfect 
Multiply Integers 


In the following exercises, multiply. 


32 


30 


= 7) 


= 63 


13(=5) 


—1(-14) 


14 


—1(-19) 


Divide Integers 


In the following exercises, divide. 


—24+6 


13 


—84+(-6) 


=—180= 15 


12 


=190212 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 


5(=6) + 7(=2)=3 


—47 


8(—4)+5(-4)-6 


(—2)6 


64 


(=3)5 


—42 


= 16 


62 


— 3(— 5)(6) 


90 


=4(=6)(3) 


(8—11)(9-12) 


(6—11)(8—-13) 


26-3027) 


41 


23 —2(4-6) 


65+(—5)+(—28)+(-7) 


=o 


52+(—4)+(-32)+(-8) 


9=2(3— 3-2) 


= 29 


11—3[7—-4(-2)] 


(=3)2=24 (8 —2) 


(—4)2—32+(12-4) 


Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


y+(—14) when @ y= —33 © y=30 


@ —47 © 16 


x+(—21) when® x= —27® x=44 


@ a+3 when a= —7 
® —a+3 when a= —7 


@ -4@®@10 


@ d+(—9) when d= -—8 
® —d+(-—9) when d=-—8 


m+n when 
m= -—15,n=7 


= 


p+q when 
p= —9,q=17 


r+s when r= —9,s= —7 


=16 


t+u when t= —6,u=—5 


(x+y)2 when 
x= —-3,y=14 


121 


(y+z)2 when 
y= -—3,z=15 


—2x+17 when 
@x=8 


®x=-8 


@1 
® 33 


—5y +14 when 
@y=9 
®y=-9 


10—3m when 
@m=5 
®m=-—5 


@ -5@ 25 


18—4n when 
@n=3 


®n=-3 


2w2—3w+7 when 
w=-2 


21 


3u2 —4u+5 when u= —3 


9a—2b—8 when 
a= —6andb= —3 


=56 


7m— 4n—2 when 
m= —4andn= —9 


Translate English Phrases to Algebraic 
Expressions 


In the following exercises, translate to an algebraic 
expression and simplify if possible. 


the sum of 3 and —15, increased by 7 


(34(=15)) +7; 5 


the sum of —8 and —9, increased by 23 


the difference of 10 and —18 


10—(—18);28 


subtract 11 from — 25 


the difference of —5 and —30 


=5=(~30)525 


subtract —6 from —13 


the product of —3 and 15 


=3 195-45 


the product of —4 and 16 


the quotient of —60 and — 20 


—60+(-—20);3 


the quotient of —40 and —20 


the quotient of —6 and the sum of a and b 


—6at+b 


the quotient of —7 and the sum of m andn 


the product of —10 and the difference of pandq 


=O =) 


the product of —13 and the difference of candd 


Use Integers in Applications 


In the following exercises, solve. 


Temperature On January 15, the high 
temperature in Anaheim, California, was 84’. 


That same day, the high temperature in 
Embarrass, Minnesota was — 12°. What was the 
difference between the temperature in Anaheim 
and the temperature in Embarrass? 


96° 


Temperature On January 21, the high 
temperature in Palm Springs, California, was 
89°, and the high temperature in Whitefield, 
New Hampshire was — 31°. What was the 
difference between the temperature in Palm 
Springs and the temperature in Whitefield? 


Football On the first down, the Chargers had 
the ball on their 25-yard line. They lost 6 yards 
on the first-down play, gained 10 yards on the 
second-down play, and lost 8 yards on the 
third-down play. What was the yard line at the 
end of the third-down play? 


21 


Football On first down, the Steelers had the 
ball on their 30-yard line. They gained 9 yards 
on the first-down play, lost 14 yards on the 
second-down play, and lost 2 yards on the 


third-down play. What was the yard line at the 
end of the third-down play? 


Checking Account Mayra has $124 in her 
checking account. She writes a check for $152. 
What is the new balance in her checking 
account? 


— $28 


Checking Account Selina has $165 in her 
checking account. She writes a check for $207. 
What is the new balance in her checking 
account? 


Checking Account Diontre has a balance of — 
$38 in his checking account. He deposits $225 
to the account. What is the new balance? 


$187 


Checking Account Reymonte has a balance of 
— $49 in his checking account. He deposits 
$281 to the account. What is the new balance? 


Everyday Math 


Stock market Javier owns 300 shares of stock 
in one company. On Tuesday, the stock price 
dropped $12 per share. What was the total 
effect on Javier’s portfolio? 


— $3600 


Weight loss In the first week of a diet program, 
eight women lost an average of 3 pounds each. 
What was the total weight change for the eight 
women? 


Writing Exercises 


In your own words, state the rules for 
multiplying integers. 


Answers may vary 


In your own words, state the rules for dividing 
integers. 


Why is —244(-—2)4? 


Answers may vary 


Why is —43=(—4)3? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Exponents and Scientific Notation 
In this section students will: 


* Use the product rule of exponents. 

* Use the quotient rule of exponents. 

* Use the power rule of exponents. 

* Use the zero exponent rule of exponents. 

* Use the negative rule of exponents. 

¢ Find the power of a product and a quotient. 
¢ Simplify exponential expressions. 

* Use scientific notation. 


Mathematicians, scientists, and economists 
commonly encounter very large and very small 
numbers. But it may not be obvious how common 
such figures are in everyday life. For instance, a 
pixel is the smallest unit of light that can be 
perceived and recorded by a digital camera. A 
particular camera might record an image that is 
2,048 pixels by 1,536 pixels, which is a very high 
resolution picture. It can also perceive a color depth 
(gradations in colors) of up to 48 bits per frame, and 
can shoot the equivalent of 24 frames per second. 
The maximum possible number of bits of 
information used to film a one-hour (3,600-second) 
digital film is then an extremely large number. 


Using a calculator, we enter 2,048 x 1,536 x 48 x 
24 X 3,600 and press ENTER. The calculator 
displays 1.304596316E13. What does this mean? 
The “E13” portion of the result represents the 


exponent 13 of ten, so there are a maximum of 
approximately 1.3 x 1013 bits of data in that 
one-hour film. In this section, we review rules of 
exponents first and then apply them to calculations 
involving very large or small numbers. 


Using the Product Rule of Exponents 


Consider the product x 3-x 4. Both terms have 
the same base, x, but they are raised to different 
exponents. Expand each expression, and then 
rewrite the resulting expression. 

x3°x4 = x-x-x3 factors-x:x-x:x 4 factors = 
X'X’X'X’X’x'x7 factors = x7 


The result is that x3°x4 =x3+4=x7. 


Notice that the exponent of the product is the sum 
of the exponents of the terms. In other words, when 
multiplying exponential expressions with the same 
base, we write the result with the common base and 
add the exponents. This is the product rule of 
exponents. 

am-‘an=am+n 


Now consider an example with real numbers. 
23°24=234+4=27 


We can always check that this is true by simplifying 
each exponential expression. We find that 23 is 8, 


24 is16,and 27 is 128. The product 8-16 
equals 128, so the relationship is true. We can use 
the product rule of exponents to simplify 
expressions that are a product of two numbers or 
expressions with the same base but different 
exponents. 


The Product Rule of Exponents 

For any real number a and natural numbers m 
and n, the product rule of exponents states that 
am-an=am+n 


Using the Product Rule 


Write each of the following products with a 
single base. Do not simplify further. 


dle Caley Bs 
2.( -3)5°*(-3) 
Oe Re 


Use the product rule to simplify each 
expression. 


1t5°t3 =t5+3=t8 
PS (Pa Uo aN Sea eters toy) feecial coe 3) Mo ygurd (ices) el Watt | 


—3)5+1=(-3)6 
Soke Xe XS 


At first, it may appear that we cannot simplify 
a product of three factors. However, using the 
associative property of multiplication, begin 
by simplifying the first two. 

See a ee Ne ee ee) oe 
SS Bo et — LO 


Notice we get the same result by adding the 
three exponents in one step. 
X29 = Keo — x0 


Write each of the following products with a 
single base. Do not simplify further. 


PkGke9 
Ce ye ya) 
Oel.o) Oz 


Using the Quotient Rule of Exponents 


The quotient rule of exponents allows us to simplify 
an expression that divides two numbers with the 
same base but different exponents. In a similar way 
to the product rule, we can simplify an expression 
such as ymyn, where m>n. Consider the 
example y9y5. Perform the division by 
canceling common factors. 

YIYS = VVVVVVVVYVVVVY = 
YIVVVV IVI IVIVYY HY ay 


Notice that the exponent of the quotient is the 
difference between the exponents of the divisor and 
dividend. 

aman=am-n 


In other words, when dividing exponential 
expressions with the same base, we write the result 
with the common base and subtract the exponents. 
y9y5=y9-5=y4 


For the time being, we must be aware of the 
condition m>n. Otherwise, the difference m—n 
could be zero or negative. Those possibilities will be 
explored shortly. Also, instead of qualifying 
variables as nonzero each time, we will simplify 
matters and assume from here on that all variables 
represent nonzero real numbers. 


The Quotient Rule of Exponents 

For any real number a and natural numbers m 
and n, such that m>n, the quotient rule of 
exponents states that 

aman=am-n 


Using the Quotient Rule 


Write each of the following products with a 
single base. Do not simplify further. 


1.( -—2)14( -2)9 
OE ead by 
SH VPM Cs ey ee 


Use the quotient rule to simplify each 
expression. 


1.( -—-2)14( -2)9 =(-2)14-9 = ( 
—2)5 

Zoo ost ol oh 

Sle oe = C7 io 


Write each of the following products with a 
single base. Do not simplify further. 


.§ 75s 68 
.( -—3)6 -3 
eth) Se eh 3 


Using the Power Rule of Exponents 


Suppose an exponential expression is raised to some 
power. Can we simplify the result? Yes. To do this, 
we use the power rule of exponents. Consider the 
expression (x 2) 3. The expression inside the 
parentheses is multiplied twice because it has an 
exponent of 2. Then the result is multiplied three 
times because the entire expression has an exponent 
of 3. 

(x2)3 = (x2)-(x2)-(x2)3 factors = 

(x-x|2 factors)-(x:x 

2 factors)-(x:x_/2 factors)3 factors = x-x-x:x:x:x = 


x6 


The exponent of the answer is the product of the 
exponents: (x2)3 = x23 = x6. In other 
words, when raising an exponential expression to a 
power, we write the result with the common base 
and the product of the exponents. 
(am)n=amn 


Be careful to distinguish between uses of the 
product rule and the power rule. When using the 
product rule, different terms with the same bases 
are raised to exponents. In this case, you add the 
exponents. When using the power rule, a term in 
exponential notation is raised to a power. In this 
case, you multiply the exponents. 

Product Rule Power Rule53°54 =534+4=57 
but (53)4=534=512x5:°x2=x542= 
x 7 but(x5)2 = x52 = x10 (3a) 7: (3a) 10 = 
(3a) 7+10 = (3a) 17 but ( (3a) 7 ) 10 = (3a) 7:10 
= (3a) 70 


The Power Rule of Exponents 

For any real number a and positive integers m 
and n, the power rule of exponents states that 
(am)n=amn 


Using the Power Rule 


Write each of the following products with a 
single base. Do not simplify further. 


TCX 
Pee Ztaon)cS 
S30) oie 


Use the power rule to simplify each 
expression. 


ane — ey ee 

ZACC2ZE Ss 3 — C20) 52 52— 26S 

S260 =3) Si = 395 i= 3) 
55 


Write each of the following products with a 
single base. Do not simplify further. 


Cayo Ge3 


C=3)4)4 


1. (3y) 24 


2.35 
3.(—2) 16 


Using the Zero Exponent Rule of 
Exponents 


Return to the quotient rule. We made the condition 
that m>n so that the difference m—n would never 
be zero or negative. What would happen if m=n? 
In this case, we would use the zero exponent rule of 
exponents to simplify the expression to 1. To see how 
this is done, let us begin with an example. 
t8t8=t8t8 =1 


If we were to simplify the original expression using 
the quotient rule, we would have 
t8t8=t8—-8 =t0 


If we equate the two answers, the result is tO =1. 
This is true for any nonzero real number, or any 
variable representing a real number. 

a0 =1 


The sole exception is the expression 00. This 
appears later in more advanced courses, but for 


now, we will consider the value to be undefined. 


The Zero Exponent Rule of Exponents 

For any nonzero real number a, the zero exponent 
rule of exponents states that 

a0Q =1 


Using the Zero Exponent Rule 


Simplify each expression using the zero 
exponent rule of exponents. 


boe3ie 3 

23 RDS 

a (12k )4 Cj) 2k )Cj2k)3 
ALO hs 22 CES aye 


Use the zero exponent and other rules to 
simplify each expression. 


1. 
€3e3, —sC3 —3 — cO — 1 


— 3x5x5 = —3°x5x5 = -—3°x5-5 = 
: —3x0 = -—3:1 = -3 


(G2k)4G2k)-G2k)3 = G2k)4G2k)1+3 
Use the product rule in the denominator. 
= (j2k)4G2k)4 Simplify. = (j2k)4—4 
Use the quotient rule. = (j2k)0 Simplify. 
=] 

4. 
S(r s 2)2(rs2)2 = 5(1s2)2—2 
Use the quotient rule. = 5(rs2)0 Simplify. 
= 5:1 Use the zero exponent rule. = 5 
Simplify. 


Simplify each expression using the zero 
exponent rule of exponents. 


nya ey Od 
(de 25) Pi 2 ode 29a 
.w4:-w2wo6 


to ee se 


Using the Negative Rule of Exponents 


Another useful result occurs if we relax the 
condition that m>n in the quotient rule even 
further. For example, can we simplify h3h5? 
When m<n —that is, where the difference m—n is 
negative—we can use the negative rule of exponents 
to simplify the expression to its reciprocal. 


Divide one exponential expression by another with a 
larger exponent. Use our example, h3h5. 

h3h5 = hhhh-bhbhh = bhhhbhhhh = lhh = 
1h2 


If we were to simplify the original expression using 
the quotient rule, we would have 
h3h5 = h3—-5 = h-2 


Putting the answers together, we have h -2=1h 
2. This is true for any nonzero real number, or any 
variable representing a nonzero real number. 


A factor with a negative exponent becomes the same 
factor with a positive exponent if it is moved across 
the fraction bar—from numerator to denominator or 
vice versa. 

a-n=lanandan=la-n 


We have shown that the exponential expression an 


is defined when n is a natural number, 0, or the 
negative of a natural number. That means that an 
is defined for any integer n. Also, the product and 
quotient rules and all of the rules we will look at 
soon hold for any integer n. 


The Negative Rule of Exponents 
For any nonzero real number a and natural 
number n, the negative rule of exponents states 


Using the Negative Exponent Rule 


Write each of the following quotients with a 
single base. Do not simplify further. Write 
answers with positive exponents. 


1.636010 
2.22:°224 
3.( -—-5t3)4(-5t3)8 


1.63610 =83-10 =80-7=107 

PGy PP ARY Ay Hie eit’ APA onl WY AR! RY ANG YY ARC Sia J 
3—4=2--l=12z 

3.0 -5t3)4(-5t3)8 =(-5t3) 


4-8 =(-5t3) -4=1(-5t3)4 


Write each of the following quotients with a 
single base. Do not simplify further. Write 
answers with positive exponents. 


Wea Shy 2 = Bice 
2. f 47 f 49 -f 
Bo  2kAS ke7 


P= SEG 
2 lhes 
Oe eo ko 


Using the Product and Quotient Rules 


Write each of the following products with a 
single base. Do not simplify further. Write 
answers with positive exponents. 


1b 2 ope 6 
BANG tae), 8 10 cd Udon, Gd | onal) 


3. —7z( —7z)5 


1.b2-b-8 = b2-8=b-6=1bD6 

2.( -x)5:( -x) -5 =(-x)5-5 = ( 
=x) 0-=1 

3/2 —7Z2 for = (727 C72) = 
—7z)1-5 =(-7z)-4=1(-7z)4 


Write each of the following products with a 
single base. Do not simplify further. Write 
answers with positive exponents. 


dil Waa er 6. 
22 ol Zo 


Finding the Power of a Product 


To simplify the power of a product of two 
exponential expressions, we can use the power of a 
product rule of exponents, which breaks up the power 
of a product of factors into the product of the 
powers of the factors. For instance, consider ( pq ) 
3. We begin by using the associative and 
commutative properties of multiplication to regroup 
the factors. 

(pq)3 = (pq)-(pq):(pq) 3 factors = p-qp-q-pq = 
ppp 3 factors: q-q-q 3 factors = p3-q3 


In other words, (pq)3 =p3°-q3. 


The Power of a Product Rule of Exponents 
For any real numbers a and b and any integer n, 


the power of a product rule of exponents states that 
(ab)n=anbn 


Using the Power of a Product Rule 


Simplify each of the following products as 
much as possible using the power of a product 
rule. Write answers with positive exponents. 


eau aes 
2G 2 LES 
3.( -2w3)3 


4.1( -7z)4 
Boe 2 £207 


Use the product and quotient rules and the 
new definitions to simplify each expression. 


Peta, D2) o—e (ed ola ee — erie 5c) 
2 3 — ao DO 

SEZ lo — 2S alge ot 
= 32,768 t 15 

(i= 2°W.3) 32) WS) — — 
w33 =-8w9 

Sl (S72 4 a1 7 4A) a 1 
2,401 z 4 

.(€e —-2f2)7 =(e-2)7:°(f2)7=e 
—2:7:£{2:7 =e -14f14=f14e14 


Simplify each of the following products as 
much as possible using the power of a product 
rule. Write answers with positive exponents. 


dealeg, 
205 
3.(-3y5)3 
4.1 
ol 


bo 82) 4 


Lge Keer 
2.1253 
2 Sys 


4.1a18b21 
Oat Los 'S 


Finding the Power of a Quotient 


To simplify the power of a quotient of two 
expressions, we can use the power of a quotient rule, 
which states that the power of a quotient of factors 
is the quotient of the powers of the factors. For 
example, let’s look at the following example. 

(e -2f2)7=f14e14 


Let’s rewrite the original problem differently and 
look at the result. 
(e—2f2)7 = ( f2 e2)7 = f14el4 


It appears from the last two steps that we can use 
the power of a product rule as a power of a quotient 
rule. 

(e -2f2)7 =(f2e2)7=(f2)7(e2)7 =f 
27e2:7 = f14e14 


po 


The Power of a Quotient Rule of Exponents 

For any real numbers a and b and any integer n, 
the power of a quotient rule of exponents states 
that 

(ab)n=anbn 


Using the Power of a Quotient Rule 


Simplify each of the following quotients as 
much as possible using the power of a quotient 
rule. Write answers with positive exponents. 


.(4211)3 
-(pq3)6 
Ste) 27 
roe) 
.(m —2n -2)3 


1.¢4211)3 = (4)3(211)3 = 64z 


11:3 = 642 33 
2.(pq3)6=(p)6(q3)6=pl6q 
36 = p6q18 


Sele Sat Se Ghee) 27 = 
—1t227 = -1t54=-1t54 

4.(j3k -2)4=(j3k2)4=(j3)4(¢ 
k2)4=j34k24=j12k8 

Set he oe ee ine) — 
eS tah aie eS — | ities eee yo — 


Pim 3 en 3, = m6 6 


Simplify each of the following quotients as 
much as possible using the power of a quotient 
rule. Write answers with positive exponents. 


me Dee em Bes: 
SC St3 44 
.( -1w3)35 
(p—4q3)8 


.(c —-5d -3)4 


abalae 
262532 
lw tS 
.q 24 p 32 
al e20id 12 


Simplifying Exponential Expressions 


Recall that to simplify an expression means to 
rewrite it by combing terms or exponents; in other 
words, to write the expression more simply with 
fewer terms. The rules for exponents may be 
combined to simplify expressions. 


Simplifying Exponential Expressions 


Simplify each expression and write the answer 
with positive exponents only. 


.(6m2n -1)3 

.175:-17 -—4:17 -3 
.(u-lvv—-1)2 

.( -—2a3b—-1)(5a -2b2) 
.(x22)4(x22) -—4 
.(3w2)5(6w -2)2 


(6m2n-1)3=(6)3(m2)3(n-1 
) 3 The power of a product rule = 63m 
2-3 n —1-3 The power rule = 216m6n 
— 3 Simplify. = 216m6n3 

The negative exponent rule 


Weds oR pee 
The product rule = 17 —2 Simplify. = 1 
L722 00 e269 


The negative exponent rule 


(u-lvv—-1)2=(u-lv)2(v-1 
) 2 The power of a quotient rule = u —2 
v 2v —2 The power of a product rule = 
u —2v 2—(-—2) The quotient rule = u 
—2v 4 Simplify. = v4u2 

The negative exponent rule 


(-2a3b —-1)(5a —-2b2) = -25-a3 

Bh ee [pail Bye 

Commutative and associative laws of multiplfcatior 
SS Ue Ss onal Se 

The product rule = — 10ab Simplify. 


Cx 2 ae 2) 4 C2 2) 4 4 
The product rule = (x 22) 0 Simplify. 
= 1 The zero exponent rule 


CBiw2 a aGawe 2 a (35 Cw 
CGS oe 

The power of a product rule = 35 w 2:5 
6 2w —2:2 The power rule = 243 w 10 
36 w —4 Simplify. = 27 w 10—(—4) 4 
The quotient rule and reduce fraction = 
27 w 14 4 Simplify. 


Simplify each expression and write the answer 
with positive exponents only. 


1.(2uv —2) -3 

2.X6°*x —12x 

3.(e2f —-3f-1)2 
4.(9r —5s3)(3r6s —4) 
5 

6 


(AS iw —2)—3 (49 tw —2)3 
2h Key ie kee? 


2V10 8-3 
me I «es: 
.e4f4 
SO7TS 

eal 
.16h10 49 


Using Scientific Notation 


Recall at the beginning of the section that we found 
the number 1.3 x 1013 when describing bits of 
information in digital images. Other extreme 
numbers include the width of a human hair, which 
is about 0.00005 m, and the radius of an electron, 


which is about 0.00000000000047 m. How can we 
effectively work read, compare, and calculate with 
numbers such as these? 


A shorthand method of writing very small and very 
large numbers is called scientific notation, in 
which we express numbers in terms of exponents of 
10. To write a number in scientific notation, move 
the decimal point to the right of the first digit in the 
number. Write the digits as a decimal number 
between 1 and 10. Count the number of places n 
that you moved the decimal point. Multiply the 
decimal number by 10 raised to a power of n. If you 
moved the decimal left as in a very large number, n 
is positive. If you moved the decimal right as in a 
small large number, n is negative. 


For example, consider the number 2,780,418. Move 
the decimal left until it is to the right of the first 
nonzero digit, which is 2. 


6 places left 


2,780,418 — +» 2.780418 


We obtain 2.780418 by moving the decimal point 6 
places to the left. Therefore, the exponent of 10 is 6, 
and it is positive because we moved the decimal 
point to the left. This is what we should expect for a 
large number. 

2.780418 x 106 


Working with small numbers is similar. Take, for 
example, the radius of an electron, 
0.00000000000047 m. Perform the same series of 
steps as above, except move the decimal point to the 
right. 


13 places right 


0.00000000000047  ——+ 00000000000004 7 


Be careful not to include the leading 0 in your 
count. We move the decimal point 13 places to the 
right, so the exponent of 10 is 13. The exponent is 
negative because we moved the decimal point to the 
right. This is what we should expect for a small 
number. 

4.7 x 10 -13 


Scientific Notation 
A number is written in scientific notation if it is 


written in the form a xX 10n, where 1<|a|<10 
and n is an integer. 


Converting Standard Notation to Scientific 
Notation 


Write each number in scientific notation. 


1. Distance to Andromeda Galaxy from 
Earth: 24,000,000,000,000,000,000,000 
m 

2. Diameter of Andromeda Galaxy: 
1,300,000,000,000,000,000,000 m 

3. Number of stars in Andromeda Galaxy: 
1,000,000,000,000 

4. Diameter of electron: 0.00000000000094 
m 

5. Probability of being struck by lightning in 
any single year: 0.00000143 


24,000,000,000,000,000,000,000 m 
24,000,000,000,000,000,000,000 m 
<22 places 2.4 x 1022 m 


1,300,000,000,000,000,000,000 m 
1,300,000,000,000,000,000,000 m 
<—2ipplaces 1.3 x 10207 om 


1,000,000,000,000 1,000,000,000,000 
<—12 places I x 1012 


0.00000000000094 m 
0.00000000000094 m 13 places 9.4 x 
102-13 -m 


0.00000143 0.00000143 —6 places 1.43 
x 10 -—6 


nalysis 


Observe that, if the given number is greater than 1, 
as in examples a-c, the exponent of 10 is positive; 
and if the number is less than 1, as in examples d- 
e, the exponent is negative. 


Write each number in scientific notation. 


. U.S. national debt per taxpayer (April 
2014): $152,000 

. World population (April 2014): 
7,158,000,000 

. World gross national income (April 2014): 
$85,500,000,000,000 

. Time for light to travel 1 m: 
0.00000000334 s 


. Probability of winning lottery (match 6 of 
49 possible numbers): 0.0000000715 


Soles DOS 
ey NS ss Ope: 
96.55 10:13 
oo 4G Os 9 
Nefeel OCa Apes 


Converting from Scientific to Standard Notation 


To convert a number in scientific notation to 
standard notation, simply reverse the process. Move 
the decimal n places to the right if n is positive or 
n places to the left if n is negative and add zeros as 
needed. Remember, if n is positive, the value of the 
number is greater than 1, and if n is negative, the 
value of the number is less than one. 


Converting Scientific Notation to Standard 
Notation 


Convert each number in scientific notation to 
standard notation. 


. 3.547 x 1014 
a ES 
SLOSS Or = 7 
= 0S = 0 = 12 


3.547 x 10 14 3.54700000000000 
14 places 354,700,000,000,000 


—2x 106 —2.000000 —6 places 
— 2,000,000 


7.91 X 10 —7 0000007.91 —7 places 
0.000000791 


—8.05 x 10 —12 —000000000008.05 
12 places —0.00000000000805 


Convert each number in scientific notation to 
standard notation. 


E7032 < 0r5 
. -8.16 x 1011 
.-3.9x 10 -13 
.8 x 10 -6 


. 703,000 

. —816,000,000,000 

. —0.000 000 000 000 39 
. 0.000008 


Using Scientific Notation in Applications 


Scientific notation, used with the rules of exponents, 


makes calculating with large or small numbers 
much easier than doing so using standard notation. 
For example, suppose we are asked to calculate the 
number of atoms in 1 L of water. Each water 
molecule contains 3 atoms (2 hydrogen and 1 
oxygen). The average drop of water contains around 
1.32 X 1021 molecules of water and 1 L of water 
holds about 1.22 x 104 average drops. Therefore, 
there are approximately 3-( 1.32 x 10 21 )-( 1.22 

x 104)=4.83 x 1025 atoms in 1 L of water. 
We simply multiply the decimal terms and add the 
exponents. Imagine having to perform the 
calculation without using scientific notation! 


When performing calculations with scientific 
notation, be sure to write the answer in proper 
scientific notation. For example, consider the 
product (7 x 104)(5 x 106)=35 x 1010. 
The answer is not in proper scientific notation 
because 35 is greater than 10. Consider 35 as 3.5 x 
10. That adds a ten to the exponent of the answer. 
(35) x 1010 =(3.5 x 10) x 1010 =3.5 x (10 
x 1010)=3.5 x 1011 


Using Scientific Notation 


Perform the operations and write the answer 
in scientific notation. 


NGC aS TO 7) (6.9. 10102) 

.(4x 105)+( —1.52 x 109) 
27 < 105) GO04 <910 Ts) 

ee OS = (9.6 10 5) 
ee ss oe U4 EOS 10c7 je se2. 
TO 53) 


aBRWN eH 


(8.14 x 10 —7)(6.5 x 1010) = 
(8.142x.6:5)0 107 «x. LO 1,) 
Commutative and associative 

properties of multiplication = (52.91)( 
10 3 ) Product rule of exponents = 5.291 
x 10 4 Scientific notation 


(4x 105)+( —1.52 x 109) =(4 
—1,52)( 105109) 

Commutative and associative 

properties of multiplication ~ (— 2.63)( 
10 —4 ) Quotient rule of exponents = 
— 2.63 x 10 —4 Scientific notation 


C257-X 10°5j)C604-— 1013) = C7 x 
6.04)(105 x 1013) 

Commutative and associative 

properties of multiplication = (16.308)( 
10 18 ) Product rule of exponents = 
1.6308 x 10 19 Scientific notation 


Cii2 10.3) =: (9:6755 10:5 ji 


9.6 )( 108105) 

Commutative and associative 

properties of multiplication = (0.125)( 
10 3 ) Quotient rule of exponents = 1.25 
x 10 2 Scientific notation 


(3:330%6 104) = 1205) x2 10:7) Ca62-< 
105) = [3.33 x (— 1.05) x 5.62]( 10 4 
10x OLS ee 19-65) 0 LONG) 

=— 1.965 * 1017 


Perform the operations and write the answer 
in scientific notation. 


aaa LO OCLs Oka 2)) 
(1.24 x 1011 )+(1.55 x 1018) 


/C3.72 x 10:9)C8 x 103) 

.( 9.933 x 10 23 )+( —2.31 x 1017) 
.( —6.04 x 109 )( 7.3 x 102 )( —2.81 
x 102) 


. -8.475 x 106 
.8x 10 -8 
P2976. 20,138 
. -4.3 x 106 


RWNeHE 


5. =1.24 x 1015 


Applying Scientific Notation to Solve 
Problems 


In April 2014, the population of the United 
States was about 308,000,000 people. The 
national debt was about $17,547,000,000,000. 
Write each number in scientific notation, 
rounding figures to two decimal places, and 
find the amount of the debt per U.S. citizen. 
Write the answer in both scientific and 
standard notations. 


The population was 308,000,000 =3.08 x 10 
8. 


The national debt was $17,547,000,000,000 ~ 
Sle7oe Oss. 


To find the amount of debt per citizen, divide 
the national debt by the number of citizens. 
(1.75 x 1013 )+(3.08 x 108) = (1.75 
3.08 ):(10 13 108) = 0.57 x 105 = 5.7 x 
10 4 


The debt per citizen at the time was about 


$5.7 x 104, or $57,000. 


An average human body contains around 
30,000,000,000,000 red blood cells. Each cell 
measures approximately 0.000008 m long. 
Write each number in scientific notation and 
find the total length if the cells were laid end- 
to-end. Write the answer in both scientific and 
standard notations. 


Number of cells: 3 x 10 13 ; length of a cell: 
8x 10 —6 m; total length: 2.4x 108 mor 
240,000,000 m. 


Access these online resources for additional 
instruction and practice with exponents and 
scientific notation. 


Exponential Notation 
Properties of Exponents 

Zero Exponent 

Simplify Exponent Expressions 
Quotient Rule for Exponents 
Scientific Notation 


* Converting to Decimal Notation 


Key Equations 


Rules of Exponents 
For nonzero real numbers 
a and b and integers m 
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Key Concepts 


¢ Products of exponential expressions with the 


same base can be simplified by adding 
exponents. See [link]. 

Quotients of exponential expressions with the 
same base can be simplified by subtracting 
exponents. See [link]. 

Powers of exponential expressions with the 
same base can be simplified by multiplying 
exponents. See [link]. 

An expression with exponent zero is defined as 
1. See [link]. 

An expression with a negative exponent is 
defined as a reciprocal. See [link] and [link]. 
The power of a product of factors is the same as 
the product of the powers of the same factors. 
See [link]. 

The power of a quotient of factors is the same 
as the quotient of the powers of the same 
factors. See [link]. 

The rules for exponential expressions can be 
combined to simplify more complicated 
expressions. See [link]. 

Scientific notation uses powers of 10 to 
simplify very large or very small numbers. See 
{link] and [link]. 

Scientific notation may be used to simplify 
calculations with very large or very small 
numbers. See [link] and [link]. 


Section Exercises 


Verbal 


Is 23 thesameas 32? Explain. 


No, the two expressions are not the same. An 
exponent tells how many times you multiply 
the base. So 23 is the same as 2X2 2, 
which is 8. 32 is the same as 3 X3, which is 
9. 


When can you add two exponents? 


What is the purpose of scientific notation? 


It is a method of writing very small and very 
large numbers. 


Explain what a negative exponent does. 


Numeric 


For the following exercises, simplify the given 
expression. Write answers with positive exponents. 


92 


81 


lo Z 


32x 33 


243 


(=8):0 


113+ 114 


111 


6.5. X67 


(80)2 


5-2+52 


For the following exercises, write each expression 
with a single base. Do not simplify further. Write 
answers with positive exponents. 


42x 4344-4 


49 


61269 


C123 * 12')-10 


12 40 


106 =¢10:10:) —2 


7-6 X 7-3 


179 


(33+34)5 


For the following exercises, express the decimal in 
scientific notation. 


0.0000314 


3.14 x 10 —-5 


148,000,000 


For the following exercises, convert each number in 
scientific notation to standard notation. 


1.6 x 1010 


16,000,000,000 


9.8 x 10-9 


Algebraic 


For the following exercises, simplify the given 


expression. Write answers with positive exponents. 


a3a2a 


a4 


mn2m —-2 


(b3c4)2 


b6c8 


(x=—Sy2)°=5 


ab 23d=3 
ab2d3 
(w0x5)-1 
m4n0 


m 4 


y -—4(y2)2 


p=4q2p2q —3 


qop6é 


(1 x w) 2 


(y7)3+x14 


y 21x14 


(a23)2 


52m+50m 


20 


(16%) 2-21 


23 3a )--2 


I2a2 


(ma6)21m3a2 


(b-3c)3 


c3b9 


Cxa2y 137.0 )2 


(923).+29 


y 81z6 


Real-World Applications 


To reach escape velocity, a rocket must travel 
at the rate of 2.2 x 106 ft/min. Rewrite the 
rate in standard notation. 


A dime is the thinnest coin in U.S. currency. A 
dime’s thickness measures 1.35 x 10 —3 m. 
Rewrite the number in standard notation. 


0.00135 m 


The average distance between Earth and the 
Sun is 92,960,000 mi. Rewrite the distance 
using scientific notation. 


A terabyte is made of approximately 
1,099,500,000,000 bytes. Rewrite in scientific 
notation. 


1.0995 x 10 12 


The Gross Domestic Product (GDP) for the 
United States in the first quarter of 2014 was 
$1.71496 x 1013. Rewrite the GDP in 
standard notation. 


One picometer is approximately 3.397 x 10 
—11 in. Rewrite this length using standard 
notation. 


0.00000000003397 in. 


The value of the services sector of the U.S. 
economy in the first quarter of 2012 was 


$10,633.6 billion. Rewrite this amount in 
scientific notation. 


Technology 


For the following exercises, use a graphing 
calculator to simplify. Round the answers to the 
nearest hundredth. 


(123m 334 —-3)2 


12,230,590,464 m 66 


T73oa O23 


Extensions 


For the following exercises, simplify the given 
expression. Write answers with positive exponents. 


(32a3) —2(a422)2 


a 14 1296 


(62 -—24)2+(xy)-5 


M2V3a26—3°a—7n—-Z2mMm2¢4 
na9c 

(X69 353: 3" y=—7 x: =3) 10 
(Cab2c) -—3b-3)2 
la6b6c6 


Avogadro’s constant is used to calculate the 
number of particles in a mole. A mole is a basic 
unit in chemistry to measure the amount of a 
substance. The constant is 6.0221413 x 10 23 
. Write Avogadro’s constant in standard 
notation. 


Planck’s constant is an important unit of 
measure in quantum physics. It describes the 
relationship between energy and frequency. The 
constant is written as 6.62606957 x 10 —34. 
Write Planck’s constant in standard notation. 


0.000000000000000000000000000000000662606957 


Glossary 


scientific notation 
a shorthand notation for writing very large or 
very small numbers in the form a xX 10n 
where 1<|a|<10 and n is an integer 


Radicals and Rational Exponents 
In this section students will: 


* Evaluate square roots. 

* Use the product rule to simplify square roots. 
* Use the quotient rule to simplify square roots. 
* Add and subtract square roots. 

* Rationalize denominators. 

* Use rational roots. 


A hardware store sells 16-ft ladders and 24-ft 
ladders. A window is located 12 feet above the 
ground. A ladder needs to be purchased that will 
reach the window from a point on the ground 5 feet 
from the building. To find out the length of ladder 
needed, we can draw a right triangle as shown in 
[link], and use the Pythagorean Theorem. 


12 feet 


5 feet 
a2+b2=c252 +122=c¢2169 =c2 


Now, we need to find out the length that, when 
squared, is 169, to determine which ladder to 
choose. In other words, we need to find a square 
root. In this section, we will investigate methods of 
finding solutions to problems such as this one. 


Evaluating Square Roots 


When the square root of a number is squared, the 
result is the original number. Since 4 2 =16, the 
square root of 16 is 4. The square root function is 
the inverse of the squaring function just as 
subtraction is the inverse of addition. To undo 
squaring, we take the square root. 


In general terms, if a is a positive real number, then 
the square root of a is a number that, when 
multiplied by itself, gives a. The square root could 
be positive or negative because multiplying two 
negative numbers gives a positive number. The 
principal square root is the nonnegative number 
that when multiplied by itself equals a. The square 
root obtained using a calculator is the principal 
square root. 


The principal square root of a is written as a. The 
symbol is called a radical, the term under the 
symbol is called the radicand, and the entire 
expression is called a radical expression. 


Radical 
@ Radicand 
Radical expression 


Principal Square Root 

The principal square root of a is the nonnegative 
number that, when multiplied by itself, equals a. It 
is written as a radical expression, with a symbol 
called a radical over the term called the radicand: 


a. 


Does 25 = +5? 

o. Although both 52 and (—5)2 are 25, the 
radical symbol implies only a nonnegative root, the 
principal square root. The principal square root of 25 


Evaluating Square Roots 


Evaluate each expression. 


1. 100 
226 
3. 25+144 


4.49 — 81 


. 100 =10 because 10 2 =100 

. 16 = 4 =2 because 42 =16 and 22 
— 4 

.25+144 = 169 =13 because 13 2 
=169 

. 49 — 81 =7-—9=-—2 because 7 2 =49 
CLO ee — 


o. 25 + 144 =54+12=17. This is not equivalent 
to 25+144 =13. The order of operations requires 
us to add the terms in the radicand before finding the 

quare root. 


Evaluate each expression. 


225 
Zao) 
S229 
4,36 + 121 


Using the Product Rule to Simplify 
Square Roots 


To simplify a square root, we rewrite it such that 
there are no perfect squares in the radicand. There 
are several properties of square roots that allow us 
to simplify complicated radical expressions. The first 
rule we will look at is the product rule for simplifying 
square roots, which allows us to separate the square 
root of a product of two numbers into the product of 
two separate rational expressions. For instance, we 
can rewrite 15 as 3-5. Wecan also use the 
product rule to express the product of multiple 
radical expressions as a single radical expression. 


The Product Rule for Simplifying Square Roots 
If a and b are nonnegative, the square root of the 
product ab is equal to the product of the square 


Given a square root radical expression, use the 
product rule to simplify it. 


1. Factor any perfect squares from the radicand. 

2. Write the radical expression as a product of 
radical expressions. 

3. Simplify. 


Using the Product Rule to Simplify Square 
Roots 


Simplify the radical expression. 


1. 300 
2.162a5b4 


dt 

100°3 

Factor perfect square from radicand. 100 - 

3 

Write radical expression as product of radical expre 
5 10 3 Simplify. 


81a4b4-2a 

Factor perfect square from radicand. 81 a 
4b4-2a 

Write radical expression as product of radical expre 
9a2b 2 2a Simplify. 


Simplify 50x2y3z. 


5| x || y | 2yz . Notice the absolute value signs 
around x and y? That’s because their value 
must be positive! 


Given the product of multiple radical 
expressions, use the product rule to combine 
them into one radical expression. 


1. Express the product of multiple radical 
expressions as a single radical expression. 
2. Simplify. 


Using the Product Rule to Simplify the 
Product of Multiple Square Roots 


Simplify the radical expression. 
IAS: 


123 
Express the product as a single radical expression 


36 Simplify. 6 


Simplify 50x-2x assuming x>0. 


Using the Quotient Rule to Simplify 
Square Roots 


Just as we can rewrite the square root of a product 
as a product of square roots, so too can we rewrite 
the square root of a quotient as a quotient of square 


roots, using the quotient rule for simplifying square 
roots. It can be helpful to separate the numerator 
and denominator of a fraction under a radical so 
that we can take their square roots separately. We 
can rewrite 52 as 52. 


The Quotient Rule for Simplifying Square Roots 
The square root of the quotient ab is equal to 
the quotient of the square roots of a and b, where 


Given a radical expression, use the quotient 
rule to simplify it. 


1. Write the radical expression as the quotient of 
two radical expressions. 
2. Simplify the numerator and denominator. 


Using the Quotient Rule to Simplify Square 
Roots 


Simplify the radical expression. 


20 


B30 
Write as quotient of two radical expressions. 5 
6 Simplify denominator. 


Simplify 2x29y4. 


x 23 y2. Wedo not need the absolute value 
signs for y 2 because that term will always 
be nonnegative. 


Using the Quotient Rule to Simplify an 
Expression with Two Square Roots 


Simplify the radical expression. 


234x1ly26x7y 


234x1ly26x7y 
Combine numerator and denominator into one raflical e 
9 x 4 Simplify fraction. 3 x 2 


Simplify square root. 


Simplify 9a5b143a4b5. 


Adding and Subtracting Square Roots 


We can add or subtract radical expressions only 
when they have the same radicand and when they 
have the same radical type such as square roots. For 
example, the sum of 2 and 32 is 42. However, 
it is often possible to simplify radical expressions, 
and that may change the radicand. The radical 
expression 18 can be written with a 2 in the 
radicand, as 32,so 2+18 =2+32 =42. 


Given a radical expression requiring addition or 
subtraction of square roots, solve. 


1. Simplify each radical expression. 
2. Add or subtract expressions with equal 
radicands. 


Adding Square Roots 


Ad Gia Ze 273.3 


We can rewrite 512 as 54-3. According the 


product rule, this becomes 5 4 3. The square 
root of 4 is 2, so the expression becomes 5( 
2) 3, which is 103. Now we can the terms 
have the same radicand so we can add. 


1003 2 2o— 12,3 


Addit a. 620% 


13r0 


Subtracting Square Roots 


Subtract 2072a3b4c —-148a3b4c. 


Rewrite each term so they have equal 
radicands. 

2072a3b4c = 20942aa2(b2)2c = 
20(3)(2)|a| b 2 2ac = 120|a| b 2 2ac 
148a3b4c=1424aa2(b2)2cH= 
14(2)|a| b 2 2ac = 28|a| b 2 2ac 


Now the terms have the same radicand so we 
can subtract. 
120|a| b 2 2ac — 28|a| b 2 2ac =92|a| b 2 2ac 


Subtract 3 80x —4 45x. 


Rationalizing Denominators 


When an expression involving square root radicals is 
written in simplest form, it will not contain a radical 
in the denominator. We can remove radicals from 
the denominators of fractions using a process called 
rationalizing the denominator. 


We know that multiplying by 1 does not change the 
value of an expression. We use this property of 
multiplication to change expressions that contain 
radicals in the denominator. To remove radicals 
from the denominators of fractions, multiply by the 
form of 1 that will eliminate the radical. 


For a denominator containing a single term, 
multiply by the radical in the denominator over 
itself. In other words, if the denominator is bc, 
multiply by cc. 


For a denominator containing the sum or difference 
of a rational and an irrational term, multiply the 
numerator and denominator by the conjugate of the 
denominator, which is found by changing the sign 
of the radical portion of the denominator. If the 
denominator is a+bc, then the conjugate is a—bc 


Given an expression with a single square root 
radical term in the denominator, rationalize the 
denominator. 


1. Multiply the numerator and denominator by 
the radical in the denominator. 
2. Simplify. 


Rationalizing a Denominator Containing a 
Single Term 


Write 23310 in simplest form. 
The radical in the denominator is 10. So 
multiply the fraction by 1010. Then 


simplify. 
23310-1010 23030 3015 


Write 1232 in simplest form. 


Given an expression with a radical term and a 
constant in the denominator, rationalize the 


denominator. 


1. Find the conjugate of the denominator. 

2. Multiply the numerator and denominator by 
the conjugate. 

3. Use the distributive property. 

4. Simplify. 


Rationalizing a Denominator Containing 
Two Terms 


Write 41+ 5 in simplest form. 


Begin by finding the conjugate of the 
denominator by writing the denominator and 
changing the sign. So the conjugate of 1+ 5 

is 1— 5. Then multiply the fraction by 1— 5 
1 peaes 

ah lap ye Ih 75 i as a 

Use the distributive property. 5 —1 Simplify. 


Write 7 2+ 3 in simplest form. 


1473 


Using Rational Roots 


Although square roots are the most common 
rational roots, we can also find cube roots, 4th 
roots, 5th roots, and more. Just as the square root 
function is the inverse of the squaring function, 
these roots are the inverse of their respective power 
functions. These functions can be useful when we 
need to determine the number that, when raised to 
a certain power, gives a certain number. 


Understanding nth Roots 


Suppose we know that a3 =8. We want to find 
what number raised to the 3rd power is equal to 8. 
Since 2 3 =8, we say that 2 is the cube root of 8. 


The nth root of a is a number that, when raised to 
the nth power, gives a. For example, —3 is the 5th 
root of —243 because (—3)5 = —243. If a isa 
real number with at least one nth root, then the 
principal nth root of a is the number with the 
same sign as a that, when raised to the nth power, 
equals a. 


The principal nth root of a is written as an, 
where n is a positive integer greater than or equal 
to 2. In the radical expression, n is called the index 
of the radical. 


Principal nth Root 

If a is a real number with at least one nth root, 
then the principal nth root of a, written as an, 
is the number with the same sign as a that, when 
raised to the nth power, equals a. The index of the 
radical is n. 


Simplifying nth Roots 


Simplify each of the following: 


Rigs PAnS, 

-44-1,024 4 
= Oe OP 
.834 — 484 


2 oe 2 Decduse C2) oe oo 

2. First, express the product as a single 
radical expression. 4,096 4 =8 because 
8 4 =4,096 

BuO Ker 125.5 


Write as quotient of two radical expressions. 
—2 x 2 SSD liny. 


4.834 -234 
Simplify to get equal radicands. 6 3 4 
Add. 


Simplify. 


e— 2163 
.380454 
16:9,000 3 1-737 6.3 


Using Rational Exponents 


Radical expressions can also be written without 
using the radical symbol. We can use rational 
(fractional) exponents. The index must be a positive 
integer. If the index n is even, then a cannot be 


negative. 
aln=an 


We can also have rational exponents with 
numerators other than 1. In these cases, the 
exponent must be a fraction in lowest terms. We 
raise the base to a power and take an nth root. The 
numerator tells us the power and the denominator 
tells us the root. 

amn=(an)m=amn 


All of the properties of exponents that we learned 
for integer exponents also hold for rational 
exponents. 


Rational Exponents 
Rational exponents are another way to express 
principal nth roots. The general form for 


converting between a radical expression with a 
radical symbol and one with a rational exponent is 
amn=(an)m=amn 


Given an expression with a rational exponent, 
write the expression as a radical. 


1. Determine the power by looking at the 
numerator of the exponent. 


2. Determine the root by looking at the 
denominator of the exponent. 

3. Using the base as the radicand, raise the 
radicand to the power and use the root as the 
index. 


Writing Rational Exponents as Radicals 
Write 34323 asa radical. Simplify. 

The 2 tells us the power and the 3 tells us the 
root. 

343 23 = (3433) 2 = 34323 


We know that 343 3 =7 because 7 3 =343. 
Because the cube root is easy to find, it is 


easiest to find the cube root before squaring 
for this problem. In general, it is easier to find 
the root first and then raise it to a power. 


343 23 = (3433)2 = 72 =49 


Write 952 asa radical. Simplify. 


(9)5=35 =243 


Writing Radicals as Rational Exponents 
Write 4a27 using a rational exponent. 
The power is 2 and the root is 7, so the 
rational exponent will be 27. Weget 4a2 


7 . Using properties of exponents, we get 4a 
27 =4a—-27. 


Write x (5y) 9 using a rational exponent. 


Simplifying Rational Exponents 


Simplify: 


TebG2eeo 4 C3 4105) 
Pe oo el 2 


30 x 34x15 Multiply the coefficients. 
30 x34 1-5 

Use properties of exponents. 30 x 19 20 
Simplify. 


COG) 12 

Use definition of negative exponents. 9 16 
Rewrite as a radical. 9 16 

Use the quotient rule. 3 4 Simplify. 


Simplify (8x)13(14x65). 


26 X25 45 


ccess these online resources for additional 
instruction and practice with radicals and rational 
exponents. 


* Radicals 

¢ Rational Exponents 

¢ Simplify Radicals 

¢ Rationalize Denominator 


Key Concepts 


¢ The principal square root of a number a is the 
nonnegative number that when multiplied by 
itself equals a. See [link]. 

¢ If a and b are nonnegative, the square root of 
the product ab is equal to the product of the 
square roots of a and b See [link] and [link]. 

* If a and b are nonnegative, the square root of 
the quotient ab is equal to the quotient of 
the square roots of a and b See [link] and 
[link]. 

¢ We can add and subtract radical expressions if 
they have the same radicand and the same 
index. See [link] and [link]. 

* Radical expressions written in simplest form do 
not contain a radical in the denominator. To 
eliminate the square root radical from the 
denominator, multiply both the numerator and 
the denominator by the conjugate of the 
denominator. See [link] and [link]. 

¢ The principal nth root of a is the number with 


the same sign as a that when raised to the nth 
power equals a. These roots have the same 
properties as square roots. See [link]. 

* Radicals can be rewritten as rational exponents 
and rational exponents can be rewritten as 
radicals. See [link] and [link]. 

* The properties of exponents apply to rational 
exponents. See [link]. 


Section Exercises 


Verbal 


What does it mean when a radical does not 
have an index? Is the expression equal to the 
radicand? Explain. 


When there is no index, it is assumed to be 2 or 
the square root. The expression would only be 
equal to the radicand if the index were 1. 


Where would radicals come in the order of 
operations? Explain why. 


Every number will have two square roots. What 


is the principal square root? 


The principal square root is the nonnegative 
root of the number. 


Can a radical with a negative radicand have a 
real square root? Why or why not? 


Numeric 


For the following exercises, simplify each 
expression. 


256 


16 


256 


4(9+16 ) 


10 


289: — 121 


196 


98 


72 


27 64 


815 


25:5 


800 


169 + 144 


25 


192 


146 —6 24 


26 


155 +745 


150 


o'6 


96 100 


( 42 )( 30 ) 


6 35 


123 -475 


4 225 


215 


405 324 


360 361 


61019 


oo la<3 


Si—"17 


= Mee 72 


164 


126.3 232-3 


723 


+32 2435 


15125454 


15'S 


3°=4323 + 163 


Algebraic 


For the following exercises, simplify each 
expression. 


400 x 4 


20x 2 


4y2 


49p 


7?p 


(144p2q6)12 


m5 2 289 


17m2m 


93m2 + 27 


3ab2—-—ba 


2ba 


42n16n4 


225 x 3 49x 


15x 7 


3 44z + 99z 


50 y 8 


5y 42 


490b c 2 


32 14d 


47d 7d 


q 3263p 


81- 3x 


22-2 6x) 13x 


20 121d 4 


Wo 32) "Woe 00 


—w 2w 


108x4 + 27x4 


Lax 22.3 


3x -— 3x2 


147k 3 


125n 10 


2.053:5 


42q 36.q 3 


81m 361 m 2 


9m 19m 


726 = 22C 


144 324d2 


2 3d 


24x%6:3 + 81x63 


162x616x44 


32x242 


64y 3 


12Z8:233-— —16233 


6z 2 3 


1,024¢105 


Real-World Applications 


A guy wire for a suspension bridge runs from 
the ground diagonally to the top of the closest 
pylon to make a triangle. We can use the 
Pythagorean Theorem to find the length of guy 
wire needed. The square of the distance 


between the wire on the ground and the pylon 
on the ground is 90,000 feet. The square of the 
height of the pylon is 160,000 feet. So the 
length of the guy wire can be found by 
evaluating 90,000+ 160,000 . What is the 
length of the guy wire? 


500 feet 


A car accelerates at a rate of 6— 4t m/s 2 
where t is the time in seconds after the car 
moves from rest. Simplify the expression. 


Extensions 


For the following exercises, simplify each 
expression. 


oO 16-442) 2 12 


=5 2° = 6:7 


432 - 1632813 


mn3a2c—-3:a-7n -2m2c4 


mnc a9 cmn 


aa—c 


x 64y +4 y 128y 


22x+ 24 


( 250 x 2 100 b 3 )( 7 b 125x ) 


643 + 256 4 64 + 256 


i 


Glossary 


index 
the number above the radical sign indicating 
the nth root 


principal nth root 
the number with the same sign as a that 
when raised to the nth power equals a 


principal square root 
the nonnegative square root of a number a 


that, when multiplied by itself, equals a 


radical 
the symbol used to indicate a root 


radical expression 
an expression containing a radical symbol 


radicand 
the number under the radical symbol 


Real Numbers: Algebra Essentials 
In this section students will: 


* Classify a real number as a natural, whole, 
integer, rational, or irrational number. 

* Perform calculations using order of operations. 

* Use the following properties of real numbers: 

commutative, associative, distributive, inverse, 

and identity. 

Evaluate algebraic expressions. 

Simplify algebraic expressions. 


It is often said that mathematics is the language of 
science. If this is true, then an essential part of the 
language of mathematics is numbers. The earliest 
use of numbers occurred 100 centuries ago in the 
Middle East to count, or enumerate items. Farmers, 
cattlemen, and tradesmen used tokens, stones, or 
markers to signify a single quantity—a sheaf of 
grain, a head of livestock, or a fixed length of cloth, 
for example. Doing so made commerce possible, 
leading to improved communications and the spread 
of civilization. 


Three to four thousand years ago, Egyptians 
introduced fractions. They first used them to show 
reciprocals. Later, they used them to represent the 
amount when a quantity was divided into equal 
parts. 


But what if there were no cattle to trade or an entire 


crop of grain was lost in a flood? How could 
someone indicate the existence of nothing? From 
earliest times, people had thought of a “base state” 
while counting and used various symbols to 
represent this null condition. However, it was not 
until about the fifth century A.D. in India that zero 
was added to the number system and used as a 
numeral in calculations. 


Clearly, there was also a need for numbers to 
represent loss or debt. In India, in the seventh 
century A.D., negative numbers were used as 
solutions to mathematical equations and commercial 
debts. The opposites of the counting numbers 
expanded the number system even further. 


Because of the evolution of the number system, we 
can now perform complex calculations using these 
and other categories of real numbers. In this section, 
we will explore sets of numbers, calculations with 
different kinds of numbers, and the use of numbers 
in expressions. 

The real number line Sets of numbers 

N: the set of natural numbers 

W: the set of whole numbers 

I: the set of integers 

Q: the set of rational numbers 

Q’: the set of irrational numbers 


Classifying a Real Number 


The numbers we use for counting, or enumerating 
items, are the natural numbers: 1, 2, 3, 4, 5, and so 
on. We describe them in set notation as { 1,2,3,... } 
where the ellipsis (...) indicates that the numbers 
continue to infinity. The natural numbers are, of 
course, also called the counting numbers. Any time 
we enumerate the members of a team, count the 
coins in a collection, or tally the trees in a grove, we 
are using the set of natural numbers. The set of 
whole numbers is the set of natural numbers plus 
zero: { 0,1,2,3,... }. 


The set of integers adds the opposites of the natural 
numbers to the set of whole numbers: { ...,—3,—2, 
—1,0,1,2,3,... }. It is useful to note that the set of 
integers is made up of three distinct subsets: 
negative integers, zero, and positive integers. In this 
sense, the positive integers are just the natural 
numbers. Another way to think about it is that the 
natural numbers are a subset of the integers. 

«45 ~3,—2,—1, negative integers 0, zero 1,2,3,-:: 
positive integers 


The set of rational numbers is written as {mn | 
m and n are integers and n~0 }. Notice from the 
definition that rational numbers are fractions (or 
quotients) containing integers in both the numerator 
and the denominator, and the denominator is never 
0. We can also see that every natural number, whole 
number, and integer is a rational number with a 
denominator of 1. 


Because they are fractions, any rational number can 
also be expressed in decimal form. Any rational 
number can be represented as either: 


1. a terminating decimal: 15 8 =1.875, or 
2. arepeating decimal: 4 11 =0.36363636...=0. 
367 


We use a line drawn over the repeating block of 


numbers instead of writing the group multiple 
times. 


Writing Integers as Rational Numbers 


Write each of the following as a rational 
number. 


Write a fraction with the integer in the 
numerator and 1 in the denominator. 
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Write each of the following as a rational 
number. 


Identifying Rational Numbers 


Write each of the following rational numbers 
as either a terminating or repeating decimal. 
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Write each fraction as a decimal by dividing 
the numerator by the denominator. 
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, a repeating 


decimal 
2.155 =3 (or 3.0), a terminating decimal 
3.13 25 =0.52, a terminating decimal 


Write each of the following rational numbers 
as either a terminating or repeating decimal. 
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. 4 (or 4.0), terminating; 
. 0. 615384 ~ , repeating; 
. -0.85, terminating 


Irrational Numbers 


At some point in the ancient past, someone 
discovered that not all numbers are rational 
numbers. A builder, for instance, may have found 
that the diagonal of a square with unit sides was not 
2oreven 32, but was something else. Ora 


garment maker might have observed that the ratio 
of the circumference to the diameter of a roll of 
cloth was a little bit more than 3, but still not a 
rational number. Such numbers are said to be 
irrational because they cannot be written as 
fractions. These numbers make up the set of 
irrational numbers. Irrational numbers cannot be 
expressed as a fraction of two integers. It is 
impossible to describe this set of numbers by a 
single rule except to say that a number is irrational 
if it is not rational. So we write this as shown. 

{ h|h is not a rational number } 


Differentiating Rational and Irrational 
Numbers 


Determine whether each of the following 
numbers is rational or irrational. If it is 
rational, determine whether it is a terminating 
or repeating decimal. 
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-10;3033033303333:.. 


1. 25: This can be simplified as 25 =5. 


Therefore, 25 is rational. 

2.339: Because it is a fraction, 339 isa 
rational number. Next, simplify and 
divide. 

339 = 331193 = 113 =3.67 


So, 339 is rational and a repeating 
decimal. 

3. 11: This cannot be simplified any 
further. Therefore, 11 is an irrational 
number. 

4.17 34: Because it is a fraction, 17 34 is 
a rational number. Simplify and divide. 
17 34 = 171 342 =12 =0.5 


So, 17 34 is rational and a terminating 
decimal. 

5. 0.3033033303333... is not a terminating 
decimal. Also note that there is no 
repeating pattern because the group of 3s 
increases each time. Therefore it is 
neither a terminating nor a repeating 
decimal and, hence, not a rational 
number. It is an irrational number. 


Determine whether each of the following 


numbers is rational or irrational. If it is 
rational, determine whether it is a terminating 
or repeating decimal. 
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. rational and repeating; 
. rational and terminating; 
. irrational; 


. rational and repeating; 
. irrational 


Real Numbers 


Given any number n, we know that n is either 
rational or irrational. It cannot be both. The sets of 
rational and irrational numbers together make up 
the set of real numbers. As we saw with integers, 
the real numbers can be divided into three subsets: 
negative real numbers, zero, and positive real 
numbers. Each subset includes fractions, decimals, 
and irrational numbers according to their algebraic 
sign (+ or —). Zero is considered neither positive 


nor negative. 


The real numbers can be visualized on a horizontal 
number line with an arbitrary point chosen as 0, 
with negative numbers to the left of 0 and positive 
numbers to the right of 0. A fixed unit distance is 
then used to mark off each integer (or other basic 
value) on either side of 0. Any real number 
corresponds to a unique position on the number 
line.The converse is also true: Each location on the 
number line corresponds to exactly one real 
number. This is known as a one-to-one 
correspondence. We refer to this as the real number 
line as shown in [link]. 
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Classifying Real Numbers 


Classify each number as either positive or 
negative and as either rational or irrational. 
Does the number lie to the left or the right of 0 
on the number line? 


1.-—103 
25 

3. — 289 
4. —61 


5. 0.615384615384... 


1. — 103 is negative and rational. It lies to 

the left of 0 on the number line. 

. 5 is positive and irrational. It lies to the 
right of 0. 

. — 289 =—- 17 2 =—17 is negative and 
rational. It lies to the left of 0. 

. — 6 is negative and irrational. It lies to 
the left of 0. 

. 0.615384615384... is a repeating decimal 
so it is rational and positive. It lies to the 
right of 0. 


Classify each number as either positive or 
negative and as either rational or irrational. 
Does the number lie to the left or the right of 0 
on the number line? 
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1. positive, irrational; right 
2. negative, rational; left 


3. positive, rational; right 
4. negative, irrational; left 
5. positive, rational; right 


Sets of Numbers as Subsets 


Beginning with the natural numbers, we have 
expanded each set to form a larger set, meaning that 
there is a subset relationship between the sets of 
numbers we have encountered so far. These 
relationships become more obvious when seen as a 
diagram, such as [link]. 


Sets of Numbers 
The set of natural numbers includes the numbers 


used for counting: { 152.3)... }- 
The set of whole numbers is the set of natural 


numbers plus zero: { 0,1,2,3,... }. 

The set of integers adds the negative natural 
numbers to the set of whole numbers: { ...,-—3,—2, 
=O Ber 

The set of rational numbers includes fractions 
written as {mn |mandn are integers and n+0 
ie 

The set of irrational numbers is the set of 
numbers that are not rational, are nonrepeating, 
and are nonterminating: { h| 

h is not a rational number }. 


Differentiating the Sets of Numbers 


Classify each number as being a natural 
number (N), whole number (W), integer (D, 
rational number (Q), and/or irrational number 


(Q’). 
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Classify each number as being a natural 
number (N), whole number (W), integer (), 
rational number (Q), and/or irrational number 


(Q’). 
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Performing Calculations Using the Order 
of Operations 


When we multiply a number by itself, we square it 
or raise it to a power of 2. For example, 4 2 
=4-4=16. We can raise any number to any power. 
In general, the exponential notation an means 
that the number or variable a is used as a factor n 
times. 

an = aaa:...:-an factors 


In this notation, an_ is read as the nth power of a, 
where a is called the base and n is called the 
exponent. A term in exponential notation may be 
part of a mathematical expression, which is a 


combination of numbers and operations. For 
example, 24+6:°23 — 42 isa mathematical 
expression. 


To evaluate a mathematical expression, we perform 
the various operations. However, we do not perform 
them in any random order. We use the order of 
operations. This is a sequence of rules for 
evaluating such expressions. 


Recall that in mathematics we use parentheses ( ), 
brackets [ ], and braces { } to group numbers and 
expressions so that anything appearing within the 
symbols is treated as a unit. Additionally, fraction 
bars, radicals, and absolute value bars are treated as 
grouping symbols. When evaluating a mathematical 
expression, begin by simplifying expressions within 
grouping symbols. 


The next step is to address any exponents or 
radicals. Afterward, perform multiplication and 
division from left to right and finally addition and 
subtraction from left to right. 


Let’s take a look at the expression provided. 
24+6-23 -—42 


There are no grouping symbols, so we move on to 
exponents or radicals. The number 4 is raised to a 
power of 2, so simplify 42 as 16. 

24+6-23 —4224+6 23 —16 


Next, perform multiplication or division, left to 
right. 
24+6°23 —16 24+4-16 


Lastly, perform addition or subtraction, left to right. 
24+4-16 28—16 12 


Therefore, 24+6:°23 — 42 =12. 


For some complicated expressions, several passes 
through the order of operations will be needed. For 
instance, there may be a radical expression inside 
parentheses that must be simplified before the 
parentheses are evaluated. Following the order of 
operations ensures that anyone simplifying the same 
mathematical expression will get the same result. 


Order of Operations 

Operations in mathematical expressions must be 
evaluated in a systematic order, which can be 
simplified using the acronym PEMDAS: 


P(arentheses) 

E(xponents) 

M(ultiplication) and D(ivision) 
(ddition) and S(ubtraction) 


Given a mathematical expression, simplify it 


using the order of operations. 


Simplify any expressions within grouping symbols. 
Simplify any expressions containing exponents or 
radicals. Perform any multiplication and division in 
order, from left to right. Perform any addition and 
subtraction in order, from left to right. 


Using the Order of Operations 


Use the order of operations to evaluate each of 
the following expressions. 
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(3:2)2—4(6+2) = (6)2—4(8) 
Simplify parentheses = 36 —4(8) 
Simplify exponent = 36—32 
Simplify multiplication = 4 
Simplify subtraction 


52-47 —=1 12 = 52=47—9 
Simplify grouping symbols (radical) = 


52 —47 —3 Simplify radical = 25—47-—3 
Simplify exponent = 217-3 

Simplify subtraction in numerator = 3—3 
Simplify division = 0 

Simplify subtraction 


Note that in the first step, the radical is 

treated as a grouping symbol, like 

parentheses. Also, in the third step, the 

fraction bar is considered a grouping 

symbol so the numerator is considered to 
be grouped. 


6—|5—8|+3(4—1) = 6—|—3|+3(3) 
Simplify inside grouping symbols = 
6—3+3(3) Simplify absolute value = 
6—3+9 Simplify multiplication = 3+9 
Simplify subtraction = 12 

Simplify addition 


143229 32) — 2 5-9 
Simplify exponent = 14—610—9 
Simplify products = 81 

Simplify differences = 8 

Simplify quotient 


In this example, the fraction bar separates 
the numerator and denominator, which 


we simplify separately until the last step. 


WS3)—Z6—= 3) —42 | 7( 3) = 2) 


(3)— 42 ]+1 Simplify inside parentheses 
= 7(15)—2(3—16)+1 Simplify exponent 
= 7(15)—2(-—13)+1 Subtract = 
105+26+1 Multiply = 132 Add 


Use the order of operations to evaluate each of 
the following expressions. 
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Using Properties of Real Numbers 


For some activities we perform, the order of certain 
operations does not matter, but the order of other 
operations does. For example, it does not make a 
difference if we put on the right shoe before the left 
or vice-versa. However, it does matter whether we 
put on shoes or socks first. The same thing is true 
for operations in mathematics. 


Commutative Properties 


The commutative property of addition states that 
numbers may be added in any order without 
affecting the sum. 

a+b=b+a 


We can better see this relationship when using real 
numbers. 
( —2)+7=5and7+( -—2)=5 


Similarly, the commutative property of 
multiplication states that numbers may be 
multiplied in any order without affecting the 
product. 

ab=b-a 


Again, consider an example with real numbers. 
( -11)-( —4)=44 and ( —4)-( —11 )=44 


It is important to note that neither subtraction nor 


division is commutative. For example, 17—5 is not 
the same as 5—17. Similarly, 20+5245-+20. 


Associative Properties 


The associative property of multiplication tells us 
that it does not matter how we group numbers when 
multiplying. We can move the grouping symbols to 
make the calculation easier, and the product 
remains the same. 

a( be )=( ab Jc 


Consider this example. 
(3-4 )-5=60 and 3-( 45 )=60 


The associative property of addition tells us that 
numbers may be grouped differently without 
affecting the sum. 

a+(b+c)=(at+b)+c 


This property can be especially helpful when 
dealing with negative integers. Consider this 
example. 

[15+( -—9) ]+23=29 and 15+[( —9)+23 
]=29 


Are subtraction and division associative? Review 
these examples. 

8—(3-—15) =? (8—3)-—15 64+(8+4) =? 
(64+8)+4 8-—(-12) = 5-15 64+2 =? 8+420 
#z —10 32 = 2 


As we can see, neither subtraction nor division is 
associative. 


Distributive Property 


The distributive property states that the product of 
a factor times a sum is the sum of the factor times 
each term in the sum. 

a(b+c)=abt+ac 


This property combines both addition and 
multiplication (and is the only property to do so). 
Let us consider an example. 


4-[12 + (-7)}=4-12+ 4-(-7) 
= 48 + (-28) 
= 20 


Note that 4 is outside the grouping symbols, so we 
distribute the 4 by multiplying it by 12, multiplying 
it by -7, and adding the products. 


To be more precise when describing this property, 
we say that multiplication distributes over addition. 
The reverse is not true, as we can see in this 
example. 

6+(3°5) =? (6+3):(6+5) 64+(15) =? (9)-(11) 21 
= 99 


A special case of the distributive property occurs 
when a sum of terms is subtracted. 


a—b=a+(-—b) 


For example, consider the difference 12—(5+3 ). 
We can rewrite the difference of the two terms 12 
and (5+3) by turning the subtraction expression 
into addition of the opposite. So instead of 
subtracting (5+3 ), we add the opposite. 

12+( -—1)(5+4+3) 


Now, distribute —1 and simplify the result. 
12—(5+3) = 12+(—-1)(6+3) = 
12+[(—1):5+(-1)3] = 12+(-8) =4 


This seems like a lot of trouble for a simple sum, but 
it illustrates a powerful result that will be useful 
once we introduce algebraic terms. To subtract a 
sum of terms, change the sign of each term and add 
the results. With this in mind, we can rewrite the 
last example. 

12—(5+3) = 12+(-—5-—3) = 12+(-8) = 4 


Identity Properties 


The identity property of addition states that there 
is a unique number, called the additive identity (0) 
that, when added to a number, results in the 
original number. 

a+O=a 


The identity property of multiplication states that 
there is a unique number, called the multiplicative 


identity (1) that, when multiplied by a number, 
results in the original number. 
al=a 


For example, we have ( —6 )+0=-—6 and 

23:1 =23. There are no exceptions for these 
properties; they work for every real number, 
including O and 1. 


Inverse Properties 


The inverse property of addition states that, for 
every real number a, there is a unique number, 
called the additive inverse (or opposite), denoted 
—a, that, when added to the original number, 
results in the additive identity, 0. 

a+( —a)=0 


For example, if a= —8, the additive inverse is 8, 
since ( —8 )+8=0. 


The inverse property of multiplication holds for 
all real numbers except 0 because the reciprocal of 0 
is not defined. The property states that, for every 
real number a, there is a unique number, called the 
multiplicative inverse (or reciprocal), denoted 1a, 
that, when multiplied by the original number, 
results in the multiplicative identity, 1. 

ala=l1 


For example, if a= — 2 3, the reciprocal, denoted 


la,is — 32 because 
ala=(-23)(- 32)=1 


Properties of Real Numbers 
The following properties hold for real numbers a, 
b, and c. 
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Using Properties of Real Numbers 


Use the properties of real numbers to rewrite 


and simplify each expression. State which 
properties apply. 
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3:6+3-4 = 3:(6+4) Distributive property 
= 3:10 Simplify = 30 Simplify 


(5+8)+(-—8) = 5+[8+(-8)] 
Associative property of addition = 5+0 
Inverse property of addition = 5 
Identity property of addition 


6= (15-9) — 64 (= 15) C9) 
Distributive property = 6+(— 24) 
Simplify = —18 Simplify 


47-(23°74) = 47-(74-23) 

Commutative property of multiplication 
= (47:74):23 

Associative property of multiplication = 
1-23 Inverse property of multiplication = 
23 Identity property of multiplication 


100-[0.75 + (— 2.38)] = 


HOO: 75. 100: (— 2.33) 
Distributive property = 75+(—238) 
Simplify = — 163 Simplify 


Use the properties of real numbers to rewrite 
and simplify each expression. State which 
properties apply. 
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1 
2 
3, 18-(7-15) 
4 
5. 6( -3)+63 


1. 11, commutative property of 
multiplication, associative property of 
multiplication, inverse property of 
multiplication, identity property of 
multiplication; 

2. 33, distributive property; 

3. 26, distributive property; 

4. 49, commutative property of addition, 
associative property of addition, inverse 
property of addition, identity property of 
addition; 


5. 0, distributive property, inverse property 
of addition, identity property of addition 


Evaluating Algebraic Expressions 


So far, the mathematical expressions we have seen 
have involved real numbers only. In mathematics, 
we may see expressions such as x +5,43 013, or 
2m3n2. Inthe expression x+5, 5 is called a 
constant because it does not vary and x is called a 
variable because it does. (In naming the variable, 
ignore any exponents or radicals containing the 
variable.) An algebraic expression is a collection of 
constants and variables joined together by the 
algebraic operations of addition, subtraction, 
multiplication, and division. 


We have already seen some real number examples 
of exponential notation, a shorthand method of 
writing products of the same factor. When variables 
are used, the constants and variables are treated the 
same way. 

C33) 9. C= 3) 0+ 3)'0C= 3) 03)" 3) x5 = 
XX'X'X'X (2:7)3 = (2:7)-(2°7)(2-7) (yz)3 = 
(yz)-(yz)-(yz) 


In each case, the exponent tells us how many factors 
of the base to use, whether the base consists of 


constants or variables. 


Any variable in an algebraic expression may take on 
or be assigned different values. When that happens, 
the value of the algebraic expression changes. To 
evaluate an algebraic expression means to 
determine the value of the expression for a given 
value of each variable in the expression. Replace 
each variable in the expression with the given value, 
then simplify the resulting expression using the 
order of operations. If the algebraic expression 
contains more than one variable, replace each 
variable with its assigned value and simplify the 
expression as before. 


Describing Algebraic Expressions 


List the constants and variables for each 
algebraic expression. 
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List the constants and variables for each 
algebraic expression. 
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Evaluating an Algebraic Expression at 
Different Values 


Evaluate the expression 2x—7 for each value 
for x. 


. Substitute O for x. 

2x—7 = 2(0)-7 = 0-7 
. Substitute 1 for x. 

2x—7 = 2(1)-7 = 2-7 

. Substitute 12 for x. 

2x-—7 = 2(12)-—7 = 1-7 = -6 

. Substitute —4 for x. 

2x-—7 = 2(-4)-7 = -8-7 = -15 


Evaluate the expression 11—3y for each value 
for y. 


1. y=2 
2. y=0 
3. y= 23 


Evaluating Algebraic Expressions 


Evaluate each expression for the given values. 


. x+5 for x=—-5 

. t2t-—1 for t=10 
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1. Substitute —5 for x. 
x+5 = (-5)+5=0 
2. Substitute 10 for t. 
t2t—1 = (10)2(10)-—1 = 1020-1 = 
1019 
3. Substitute 5 for r. 
43003 = 430(5)3°— 430125) — 5003 
4. Substitute 11 for a and -8 for b. 
atab+b = (11)+(11)(-—8)+(-8) = 


11-—88-8 = —85 

5. Substitute 2 for m and 3 for n. 
2msn2) — (2) 3(a)2 = (By —= 144 — 
12 


Evaluate each expression for the given values. 
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Formulas 


An equation is a mathematical statement indicating 
that two expressions are equal. The expressions can 
be numerical or algebraic. The equation is not 
inherently true or false, but only a proposition. The 
values that make the equation true, the solutions, 
are found using the properties of real numbers and 
other results. For example, the equation 2x+ 1=7 
has the unique solution of 3 because when we 
substitute 3 for x in the equation, we obtain the 
true statement 2(3 )+1=7. 


A formula is an equation expressing a relationship 
between constant and variable quantities. Very 
often, the equation is a means of finding the value 
of one quantity (often a single variable) in terms of 
another or other quantities. One of the most 
common examples is the formula for finding the 
area A of acircle in terms of the radius r of the 
circle: A=mr2. For any value of r, the area A can 
be found by evaluating the expression mr2. 


Using a Formula 


A right circular cylinder with radius r and 
height h has the surface area S (in square 
units) given by the formula S=2znr( r+h ). 
See [link]. Find the surface area of a cylinder 
with radius 6 in. and height 9 in. Leave the 
answer in terms of x. 


Right circular cylinder 


Evaluate the expression 2nr( r+h ) for r=6 
and h=9. 
S = 2ar(rt+h) = 2n(6)[(6)+(9)] = 27(6)(15) 


= 1807 


The surface area is 180 square inches. 


A photograph with length L and width W is 
placed in a matte of width 8 centimeters (cm). 
The area of the matte (in square centimeters, 
or cm2) is found to be A=(L+16 )( W+16 
)-—L-W. See [link]. Find the area of a matte for 
a photograph with length 32 cm and width 24 
cm. 
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Simplifying Algebraic Expressions 


Sometimes we can simplify an algebraic expression 
to make it easier to evaluate or to use in some other 
way. To do so, we use the properties of real 
numbers. We can use the same properties in 
formulas because they contain algebraic expressions. 


Simplifying Algebraic Expressions 


Simplify each algebraic expression. 


RWNH 


BEY GON nied at ON oe WE 
.2r—5( 3-r)+4 

.(4t— 54s)-(23t+2s ) 
.2mn—5m+3mn-+n 


SX —2y Ek Oy) ON iy 


Commutative property of addition = 4x 


— 5y —7 Simplify 


2r—5(3 -—r) +4 = 2r—154+5r+4 
Distributive property = 2r+5r—15+4 
Commutative property of addition = 7r 
— 11 Simplify 


(4t—54s)—-(23t+2s ) = 4t—54s 

— 23t — 2s Distributive property = 4t 

— 23t— 54s — 2s 

Commutative property of addition = 103t 
— 134s Simplify 


2mn—5m+3mn+n = 2mn+3mn-—-5m 
+n Commutative property of addition = 
5mn—5m-+n Simplify 


Simplify each algebraic expression. 


.23y-2(43 y4+z) 
.5t-2- 3t+1 
-4pCq—1 Jaqel—p) 
. 9r—(s+2r)+(6-s) 


BRWNE 


ee Ot eye 7): 
Seite 


ope — api ds 
. 7r—2s+6 


Simplifying a Formula 


A rectangle with length L and width W has a 
perimeter P given by P=L+W+L+W. 
Simplify this expression. 


P = L+W+L+4+W P = L+L+W+W 
Commutative property of addition P = 2L 
+ 2W Simplify P = 2(L+W ) 

Distributive property 


If the amount P is deposited into an account 
paying simple interest r for time t, the total 
value of the deposit A is given by A=P+ Prt. 
Simplify the expression. (This formula will be 
explored in more detail later in the course.) 


A=P(1+rt ) 


Access these online resources for additional 
instruction and practice with real numbers. 


¢ Simplify an Expression 
¢ Evaluate an Expression1 
¢ Evaluate an Expression2 


Key Concepts 


* Rational numbers may be written as fractions 
or terminating or repeating decimals. See [link] 
and [link]. 

* Determine whether a number is rational or 
irrational by writing it as a decimal. See [link]. 

* The rational numbers and irrational numbers 


make up the set of real numbers. See [link]. A 
number can be classified as natural, whole, 
integer, rational, or irrational. See [link]. 

* The order of operations is used to evaluate 
expressions. See [link]. 

* The real numbers under the operations of 
addition and multiplication obey basic rules, 
known as the properties of real numbers. These 
are the commutative properties, the associative 
properties, the distributive property, the 
identity properties, and the inverse properties. 
See [link]. 

* Algebraic expressions are composed of 
constants and variables that are combined 
using addition, subtraction, multiplication, and 
division. See [link]. They take on a numerical 
value when evaluated by replacing variables 
with constants. See [link], [link], and [link] 

* Formulas are equations in which one quantity 
is represented in terms of other quantities. 
They may be simplified or evaluated as any 
mathematical expression. See [link] and [link]. 


Verbal 


Is 2 an example of a rational terminating, 
rational repeating, or irrational number? Tell 
why it fits that category. 


irrational number. The square root of two does 
not terminate, and it does not repeat a pattern. 
It cannot be written as a quotient of two 
integers, so it is irrational. 


What is the order of operations? What acronym 
is used to describe the order of operations, and 
what does it stand for? 


What do the Associative Properties allow us to 
do when following the order of operations? 
Explain your answer. 


The Associative Properties state that the sum or 
product of multiple numbers can be grouped 
differently without affecting the result. This is 
because the same operation is performed (either 
addition or subtraction), so the terms can be re- 
ordered. 


Numeric 


For the following exercises, simplify the given 
expression. 


10+2x (5-3) 


G6 2=U81ls<13 2.) 


an, 


1S4¢(Co=8.)3 


—2x [16+ (8-4)2]2 


4+6-10+2 


I24(3609') +6 


C445) 2-43 


3-12 x 2+19 
sy) 

2+8x7+4 
5+(6+4)-11 
4 

9=18.3:2 
14 x 3+7-6 
0 


9-(3+11)x2 


62 x 2— 1 


64+(8+4 x2) 


9+4(22) 


25 


C12 3:* 3 )2 


25+ 52-7 


=6 


€15=7,) X(3=7) 


2x 4-9(-1) 


17 


42-20% 1S 


T2031. )-=26 


Algebraic 


For the following exercises, solve for the variable. 


8(x+3 )=64 


4y+8=2y 


—4 


(lla+3 )—18a= —4 


4z—22z(1+4 )=36 


=6 


4y (7-2) 2 =—200 


= (2%) 2-+1=—3 


andl 


8(2+4)—-15b=b 


2( 1lc—4 )=36 


4( 3-1 )x=4 


14(8w- 42)=0 


For the following exercises, simplify the expression. 


4x+x( 13-7 ) 


2y— (4)2y-11 


—~14y-11 


a23(64)—-12a+6 


8b—4b(3)+1 


—4b+1 


51+ 31 x (9-6) 


TL=STE RO 2 


43z-—3 


4% oa 18xs9>12 


9 y+8)—-27 


9y+45 


(96t—4)2 


6+12b—3 x 6b 


—6b+6 


18y—2(1+7y ) 


(4.9)2: * 27x 


16x 3 


S0.3-m) its) 


9Ox+ 4x( 2+3 )—4( 2x+ 3x ) 


9x 


5 2 —4( 3x) 


Real-World Applications 


For the following exercises, consider this scenario: 
Fred earns $40 mowing lawns. He spends $10 on 
mp3s, puts half of what is left in a savings account, 
and gets another $5 for washing his neighbor’s car. 


Write the expression that represents the number 
of dollars Fred keeps (and does not put in his 
savings account). Remember the order of 
operations. 


12(40—-10)+5 


How much money does Fred keep? 
For the following exercises, solve the given problem. 


According to the U.S. Mint, the diameter of a 
quarter is 0.955 inches. The circumference of 
the quarter would be the diameter multiplied 
by x. Is the circumference of a quarter a whole 
number, a rational number, or an irrational 
number? 


irrational number 


Jessica and her roommate, Adriana, have 
decided to share a change jar for joint expenses. 
Jessica put her loose change in the jar first, and 
then Adriana put her change in the jar. We 
know that it does not matter in which order the 
change was added to the jar. What property of 
addition describes this fact? 


For the following exercises, consider this scenario: 
There is a mound of g pounds of gravel in a quarry. 
Throughout the day, 400 pounds of gravel is added 
to the mound. Two orders of 600 pounds are sold 


and the gravel is removed from the mound. At the 
end of the day, the mound has 1,200 pounds of 
gravel. 


Write the equation that describes the situation. 


g+400—2( 600 )=1200 


Solve for g. 
For the following exercise, solve the given problem. 


Ramon runs the marketing department at his 
company. His department gets a budget every 
year, and every year, he must spend the entire 
budget without going over. If he spends less 
than the budget, then his department gets a 
smaller budget the following year. At the 
beginning of this year, Ramon got $2.5 million 
for the annual marketing budget. He must 
spend the budget such that 2,500,000 —x=0. 
What property of addition tells us what the 
value of x must be? 


inverse property of addition 


Technology 


For the following exercises, use a graphing 
calculator to solve for x. Round the answers to the 
nearest hundredth. 


0.5 (12.3) 2 —48x= 35 


(0.25—0.75 )2x-7.2=9.9 


68.4 


Extensions 


If a whole number is not a natural number, 
what must the number be? 


Determine whether the statement is true or 
false: The multiplicative inverse of a rational 
number is also rational. 


true 


Determine whether the statement is true or 
false: The product of a rational and irrational 
number is always irrational. 


Determine whether the simplified expression is 
rational or irrational: —18—4(5)( —-1). 


irrational 


Determine whether the simplified expression is 
rational or irrational: —16+4(5)+5. 


The division of two whole numbers will always 
result in what type of number? 


rational 


What property of real numbers would simplify 
the following expression: 4+ 7(x—1)? 


Glossary 


algebraic expression 
constants and variables combined using 
addition, subtraction, multiplication, and 
division 


associative property of addition 
the sum of three numbers may be grouped 
differently without affecting the result; in 


symbols, a+(b+c)=(at+b)+c 


associative property of multiplication 
the product of three numbers may be grouped 
differently without affecting the result; in 
symbols, a:( b-c )=(a‘b )-c 


base 
in exponential notation, the expression that is 
being multiplied 


commutative property of addition 
two numbers may be added in either order 
without affecting the result; in symbols, a 
+b=b+a 


commutative property of multiplication 
two numbers may be multiplied in any order 
without affecting the result; in symbols, 
ab=b-a 


constant 
a quantity that does not change value 


distributive property 
the product of a factor times a sum is the sum 
of the factor times each term in the sum; in 
symbols, a( b+c )=ab+ac 


equation 
a mathematical statement indicating that two 
expressions are equal 


exponent 
in exponential notation, the raised number or 
variable that indicates how many times the 
base is being multiplied 


exponential notation 
a shorthand method of writing products of the 
same factor 


formula 
an equation expressing a relationship between 
constant and variable quantities 


identity property of addition 
there is a unique number, called the additive 
identity, 0, which, when added to a number, 
results in the original number; in symbols, a 
+O=a 


identity property of multiplication 
there is a unique number, called the 
multiplicative identity, 1, which, when 
multiplied by a number, results in the original 
number; in symbols, a-l=a 


integers 
the set consisting of the natural numbers, 
their opposites, and 0: { ...,—3,—2, 
— 1,0,1,2,3,... } 


inverse property of addition 
for every real number a, there is a unique 


number, called the additive inverse (or 
opposite), denoted —a, which, when added 
to the original number, results in the additive 
identity, 0; in symbols, a+( —a)=0 


inverse property of multiplication 
for every non-zero real number a, there is a 
unique number, called the multiplicative 
inverse (or reciprocal), denoted 1a, which, 
when multiplied by the original number, 
results in the multiplicative identity, 1; in 
symbols, a' la =1 


irrational numbers 
the set of all numbers that are not rational; 
they cannot be written as either a terminating 
or repeating decimal; they cannot be 
expressed as a fraction of two integers 


natural numbers 
the set of counting numbers: { 1,2,3,... } 


order of operations 
a set of rules governing how mathematical 
expressions are to be evaluated, assigning 
priorities to operations 


rational numbers 
the set of all numbers of the form mn, 
where m and n are integers and n#0. Any 
rational number may be written as a fraction 
or a terminating or repeating decimal. 


real number line 
a horizontal line used to represent the real 
numbers. An arbitrary fixed point is chosen to 
represent 0; positive numbers lie to the right 
of 0 and negative numbers to the left. 


real numbers 
the sets of rational numbers and irrational 
numbers taken together 


variable 
a quantity that may change value 


whole numbers 
the set consisting of 0 plus the natural 
numbers: { 0,1,2,3,... } 


Systems of Measurement 
By the end of this section, you will be able to: 


* Make unit conversions in the US system 

¢ Use mixed units of measurement in the US 
system 

* Make unit conversions in the metric system 

Use mixed units of measurement in the metric 

system 

Convert between the US and the metric systems 

of measurement 

Convert between Fahrenheit and Celsius 

temperatures 


A more thorough introduction to the topics covered 


in this section can be found in the Prealgebra 
chapter, The Properties of Real Numbers. 


Make Unit Conversions in the U.S. System 


There are two systems of measurement commonly 
used around the world. Most countries use the 
metric system. The U.S. uses a different system of 


measurement, usually called the U.S. system. We 
will look at the U.S. system first. 


The U.S. system of measurement uses units of inch, 
foot, yard, and mile to measure length and pound 
and ton to measure weight. For capacity, the units 
used are cup, pint, quart, and gallons. Both the U.S. 
system and the metric system measure time in 
seconds, minutes, and hours. 


The equivalencies of measurements are shown in 
[link]. The table also shows, in parentheses, the 
common abbreviations for each measurement. 


- S. System of 


ee a ee ee nee 


Length1 foot(ft.) = 12incheNnlvineattaspho ens feet fitta bheske: 
tablespoons(T) = 1 
cup(C)1 cup(C) =8 fluid 
ounces(fl. o0z.)1 
pint(pt.) =2 cups(C)1 
quart(qt.) =2 pints(pt.)1 


sollenfealh— _ A amidnrtalat \ 
O4vz get yuuswyyeey 


Weight1 pound(lb.)=16 Timel minute(min) = 60 

ounces(oz.)1 ton=2000 seconds(sec)1 

pounds(Ib.) hour(hr) = 60 
minutes(min)1 day = 24 


hours(hr)1 week(wk) =7 
days1 year(yr) = 365 days 


In many real-life applications, we need to convert 
between units of measurement, such as feet and 
yards, minutes and seconds, quarts and gallons, etc. 
We will use the identity property of multiplication 
to do these conversions. We'll restate the identity 
property of multiplication here for easy reference. 


Identity Property of Multiplication 


For any real numbera:a-1 = al-a=alis 
themultiplicative identity 


To use the identity property of multiplication, we 
write 1 in a form that will help us convert the units. 
For example, suppose we want to change inches to 
feet. We know that 1 foot is equal to 12 inches, so 
we will write 1 as the fraction 1footl2inches. When 
we multiply by this fraction we do not change the 
value, but just change the units. 


But 12inches1foot also equals 1. How do we decide 
whether to multiply by 1foot12inches or 

12inches1 foot? We choose the fraction that will 
make the units we want to convert from divide out. 
Treat the unit words like factors and “divide out” 


common units like we do common factors. If we 
want to convert 66 inches to feet, which 
multiplication will eliminate the inches? 


The inches divide out and leave only feet. The 
second form does not have any units that will divide 
out and so will not help us. 


How to Make Unit Conversions 


MaryAnne is 66 inches tall. Convert her height 
into feet. 


Solution 


Lexie is 30 inches tall. Convert her height to 
feet. 


Rene bought a hose that is 18 yards long. 
Convert the length to feet. 


Make Unit Conversions. 


Multiply the measurement to be converted by 1; 


write 1 as a fraction relating the units given and 
the units needed. Multiply. Simplify the fraction. 
Simplify. 


When we use the identity property of multiplication 
to convert units, we need to make sure the units we 
want to change from will divide out. Usually this 
means we want the conversion fraction to have 
those units in the denominator. 


Ndula, an elephant at the San Diego Safari 


Park, weighs almost 3.2 tons. Convert her 
weight to pounds. 


Solution 


We will convert 3.2 tons into pounds. We will 
use the identity property of multiplication, 
writing 1 as the fraction 2000pounds1 ton. 


2% tana 


Yess LUVIIYD 


Multiply the 3.2 tons-1 


measurement to be 
Favat ah tiat oo Say a hee 1 


eViAlveL Uvul, ay ae 


Write 1 asa fraction 3.2 tons-2,000 pounds1 
relating tons and ton 


7 
NAaaltintler B ANN naiwinda 
LVEULLLY 


ltio lee. 6100-peunds 
Ndula weighs almost 
6,400 pounds. 


Arnold’s SUV weighs about 4.3 tons. Convert 
the weight to pounds. 


8,600 pounds 


The Carnival Destiny cruise ship weighs 51,000 


tons. Convert the weight to pounds. 


102,000,000 pounds 


Sometimes, to convert from one unit to another, we 
may need to use several other units in between, so 
we will need to multiply several fractions. 


Juliet is going with her family to their summer 


home. She will be away from her boyfriend for 
9 weeks. Convert the time to minutes. 


Solution 


To convert weeks into minutes we will convert 
weeks into days, days into hours, and then 
hours into minutes. To do this we will multiply 
by conversion factors of 1. 


a varnalra 
JZ IVeLVInyd 


Write 1 as 7 days1 9 wk1-7 days1 wk:24 
week, 24 hours1 ail hr1 day:60 min1 hr 


and 4N miniustoc “ 


Ulin VY TrtttULCO dICUL 


Divide out the comm on 
units. 
9wk , 7 days , 24 hrf , 60 min 
1 wk idavy  1hf 


NAail tints, 0.7.94. AN mint.1.1.1 
aaa 


AVELULLLLP Lye VV HHH 


Multiply. 90,720 min 


Juliet and her boyfriend will be apart for 
90,720 minutes (although it may seem like an 
eternity!). 


The distance between the earth and the moon 
is about 250,000 miles. Convert this length to 
yards. 


440,000,000 yards 


The astronauts of Expedition 28 on the 
International Space Station spend 15 weeks in 


space. Convert the time to minutes. 


151,200 minutes 


How many ounces are in 1 gallon? 


Solution 


We will convert gallons to ounces by 
multiplying by several conversion factors. 
Refer to [link]. 


2 ptlivil 


Multiply the 1 gallon1-4 quarts1 
measurement to be gallon-2 pints1 quart:2 
converted by 1. cups1 pint-8 ounces1 


Orinm 
lS 


Use conversion factor's 
to get to the right unit. 


Sir Lgallem , Agquarts , 2pints” , 2 cups” , 8 ounces 
Multiply. 1-4-2:2°8 


awunAnat.1.1.1.1 
VuUALewevUsI tt tk sk 


Simplify. 128 ounces 
There are 128 ounces 
in a gallon. 


How many cups are in 1 gallon? 


How many teaspoons are in 1 cup? 


Use Mixed Units of Measurement in the 
U.S. System 


We often use mixed units of measurement in 
everyday situations. Suppose Joe is 5 feet 10 inches 
tall, stays at work for 7 hours and 45 minutes, and 
then eats a 1 pound 2 ounce steak for dinner—all 
these measurements have mixed units. 


Performing arithmetic operations on measurements 


with mixed units of measures requires care. Be sure 
to add or subtract like units! 


Seymour bought three steaks for a barbecue. 


Their weights were 14 ounces, 1 pound 2 
ounces and 1 pound 6 ounces. How many total 
pounds of steak did he buy? 


Solution 


We will add the weights of the steaks to find 
the total weight of the steaks. 


Add the ounces. Ther 
add the pounds. 


14 ounces 
1 pound 2 ounces 


+1pound 6ounces 
? nounds 2? ounces 


Convert 22 ounces to 2 pounds + 1 pound, 6 


nauinda nad awnanna anmunana 
[eee cowy cor VULLLEUVe VULILVYVU 


AAA tha nauinda 9 nnuinda GC niun1]AAc 
f ANE LIL Je SAS 9 vw pounas, VY VULLLLVU 


Seymour bought 3 
pounds 6 ounces of 
steak. 


Laura gave birth to triplets weighing 3 pounds 
3 ounces, 3 pounds 3 ounces, and 2 pounds 9 
ounces. What was the total birth weight of the 
three babies? 


8 lbs.15 oz 


Stan cut two pieces of crown molding for his 
family room that were 8 feet 7 inches and 12 


feet 11 inches. What was the total length of 
the molding? 


Zhen 


Anthony bought four planks of wood that were 
each 6 feet 4 inches long. What is the total 
length of the wood he purchased? 


Solution 


We will multiply the length of one plank to 
find the total length. 


Multiply the inches 
and then the feet. 


24 1eet__toicnes | 
Convert the 16 inche; 
to feet. 

Add the feet. 


_—— 
Anthony bought 25 
feet and 4 inches of 


wood. 


Henri wants to triple his spaghetti sauce recipe 
that uses 1 pound 8 ounces of ground turkey. 
How many pounds of ground turkey will he 
need? 


Joellen wants to double a solution of 5 gallons 
3 quarts. How many gallons of solution will 
she have in all? 


11 gal: 2 Gt. 


Make Unit Conversions in the Metric 
System 


In the metric system, units are related by powers of 
10. The roots words of their names reflect this 
relation. For example, the basic unit for measuring 
length is a meter. One kilometer is 1,000 meters; the 
prefix kilo means thousand. One centimeter is 1100 
of a meter, just like one cent is 1100 of one dollar. 


The equivalencies of measurements in the metric 
system are shown in [link]. The common 
abbreviations for each measurement are given in 
parentheses. 


Metric System 


Ul IVILTCQGOULUILIT LIL 


Length Wass Capacity 
1 kilometer (km) 1 kilogram (kg) 1 kiloliter (kL) = 
= 1,000 m = 1,000 g 1,000 L 


1 hectometer 1 hectogram (hg) 1 hectoliter (hL) 
(hm) = 100m =1008 = 100L 


1 dekameter 1 dekagram 1 dekaliter (daL) 
(dam) = 10m_ (dag) = 108 = 10L 


1 meter (m) = 1 1 gram (g) = 1 g1 liter (L) = 1L 
m 
1 decigram (dg) 1 deciliter (dL) 


1 decimeter (din) = 0.1 g = 0.1L 
= 0.1m 

1 centigram (cs) 1 centiliter (cL) 
1 centimeter = 0.01 g = 0.01 L 
(cm) = 0.01 m 

1 milligram (mg) 1 milliliter (mL) 
1 millimeter = 0.001 g = 0.001 L 
(ror) —=0,001 ie 
I meter = 100 1 gram = 100 1 liter = 100 
centimeters centigrams centiliters 


1 meter = 1,000 1 gram = 1,009 1 liter = 1,000 
millimeters milligrams milliliters 


To make conversions in the metric system, we will 
use the same technique we did in the US system. 
Using the identity property of multiplication, we 
will multiply by a conversion factor of one to get to 
the correct units. 


Have you ever run a 5K or 10K race? The length of 
those races are measured in kilometers. The metric 

system is commonly used in the United States when 
talking about the length of a race. 


Nick ran a 10K race. How many meters did he 
run? 


Solution 


We will convert kilometers to meters using the 
identity property of multiplication. 


TN 1Trilamatara 
BV NALLY 


Multiply the 
measurement to be 


Write 1 as a fraction 


relating kilometers and 
MM ons... . 1.000 meters| 


Simplify. 


SE ee 
NAaaltintles TN ANN matarea 


ate eee Ee) / ° AVMVgIVVY SL1UC0U1LYU 


Nick ran 10,000 
meters. 


Sandy completed her first 5K race! How many 
meters did she run? 


5,000 meters 


Herman bought a rug 2.5 meters in length. 
How many centimeters is the length? 


250 centimeters 


Eleanor’s newborn baby weighed 3,200 grams. 
How many kilograms did the baby weigh? 


Solution 


We will convert grams into kilograms. 


aaa ee eee Se 
Multiply the 
measurement to be 


Vu — 


Write 1 as a function 


relating kilograms and 
- 


LT CAAA EES El 
Simplify. 


Multiply. 2,200 kilcgrams1 COC 
Divide. 3.2 kilograms 
The baby weighed 3.2 
kilograms. 


Kari’s newborn baby weighed 2,800 grams. 
How many kilograms did the baby weigh? 


2.8 kilograms 


Anderson received a package that was marked 
4,500 grams. How many kilograms did this 
package weigh? 


4.5 kilograms 


As you become familiar with the metric system you 
may see a pattern. Since the system is based on 
multiples of ten, the calculations involve 
multiplying by multiples of ten. We have learned 
how to simplify these calculations by just moving 
the decimal. 


To multiply by 10, 100, or 1,000, we move the 
decimal to the right one, two, or three places, 
respectively. To multiply by 0.1, 0.01, or 0.001, we 
move the decimal to the left one, two, or three 
places, respectively. 


We can apply this pattern when we make 
measurement conversions in the metric system. In 
[link], we changed 3,200 grams to kilograms by 
multiplying by 11000 (or 0.001). This is the same as 
moving the decimal three places to the left. 


Convert © 350 L to kiloliters © 4.1 L to 
milliliters. 


Solution 


@ We will convert liters to kiloliters. In 


Mind] xara ann that 1 Lilolitar — _ 1 favayva) litare 
L2teetrd Jy VV GOEL LLL 2 AVLULLLD gVVY Lite LDL. 
QENT 


Multiply by 1, writing 350 L-1 kL1,000 L 
1 as a fraction 
relating liters to 


Lilalitara 
IALLULLLUL Ve 


afer QENT.1 1-71 ANNT 
Vouvna Nu VUE 


Cimnal 
Ulliiptity. 
0-35-kE 


Move the decimal 3 units to the left. ( 350.) 


©) We will convert liters to milliliters. From 


Mind] vara ann that 1 litarn— 1 ANN eillilitara 


Letter fF VV VEY CALE BD EEL PHY Y ALLTEL. 


Multiply by 1, writing 
1 as a fraction 
re 


el 
™m1 thlatara 
SLLLILILILUIL Ve 


Simplify. 


Move the decimal 3 


units to the a 


Convert: @ 725 L to kiloliters © 6.3 L to 
milliliters 


@ 0.725 kiloliters © 6,300 milliliters 


Convert: @ 350 hL to liters © 4.1 L to 
centiliters 


@ 35,000 liters © 410 centiliters 


Use Mixed Units of Measurement in the 
Metric System 


Performing arithmetic operations on measurements 
with mixed units of measures in the metric system 
requires the same care we used in the US system. 
But it may be easier because of the relation of the 
units to the powers of 10. Make sure to add or 
subtract like units. 


Ryland is 1.6 meters tall. His younger brother 


is 85 centimeters tall. How much taller is 
Ryland than his younger brother? 


Solution 


We can convert both measurements to either 
centimeters or meters. Since meters is the 
larger unit, we will subtract the lengths in 
meters. We convert 85 centimeters to meters 
by moving the decimal 2 places to the left. 


Write the 85 1.60m —0.85m 
centimeters as meters. 0.75m 


Ryland is 0.75 m taller than his brother. 


Mariella is 1.58 meters tall. Her daughter is 75 
centimeters tall. How much taller is Mariella 
than her daughter? Write the answer in 
centimeters. 


83 centimeters 


The fence around Hank’s yard is 2 meters high. 
Hank is 96 centimeters tall. How much shorter 
than the fence is Hank? Write the answer in 
meters. 


Dena’s recipe for lentil soup calls for 150 
milliliters of olive oil. Dena wants to triple the 
recipe. How many liters of olive oil will she 
need? 


Solution 


We will find the amount of olive oil in 
millileters then convert to liters. 


Tranalata ta alanhea 


RLULLVIULWY LV EY Spee Ue 


NAaaltintler 
AVLULLIP Ly. 


. 
Cantrart ta litara 
WVLLVELE LU LILLE LD. 


Cimnalifxr, 


Uliitipiiny. 


QnA Bale 
Dena needs 0.45 liters 
of olive oil. 


A recipe for Alfredo sauce calls for 250 
milliliters of milk. Renata is making pasta with 
Alfredo sauce for a big party and needs to 


multiply the recipe amounts by 8. How many 
liters of milk will she need? 


To make one pan of baklava, Dorothea needs 
400 grams of filo pastry. If Dorothea plans to 
make 6 pans of baklava, how many kilograms 
of filo pastry will she need? 


2.4 kilograms 


This ruler shows inches and centimeters. This 
measuring cup shows ounces and milliliters. This 
scale shows pounds and kilograms. 


Convert Between the U.S. and the Metric 
Systems of Measurement 


Many measurements in the United States are made 
in metric units. Our soda may come in 2-liter 
bottles, our calcium may come in 500-mg capsules, 


and we may run a 5K race. To work easily in both 
systems, we need to be able to convert between the 
two systems. 


[link] shows some of the most common conversions. 


Conversion 

Factors 

Between U.S. 

and Metric 

Syovcius 

Lengui Lass Capacity 
1in.=2.54 cml 1 1lb.=0.45 kg1 1 qt.=0.95L1 fl. 
ft.=0.305ml1 o0z.=28 gl oz. = 30 mL1 
yd.=0.914 m1 kg=2.2 lb. L=1.06 qt. 
mi.=1.61 km1 

m= 3.28 ft. 


[link] shows how inches and centimeters are related 
on a ruler. 


[link] shows the ounce and milliliter markings on a 
measuring cup. 


[link] shows how pounds and kilograms marked on 
a bathroom scale. 


We make conversions between the systems just as 
we do within the systems—by multiplying by unit 
conversion factors. 


Lee’s water bottle holds 500 mL of water. How 


many ounces are in the bottle? Round to the 
nearest tenth of an ounce. 


Solution 


Multiply by a unit 500milliliters:-1 ounce30mifliliter 
conversion factor 
relating mL and 


mnmwmMmnrac 
VULLLEUVe 


Cimnlifr, 


Ulliipiiry. 


Nixrida 


VLViUwe 


The water bottle has 
16.7 ounces. 


How many quarts of soda are in a 2-L bottle? 


2.12 quarts 


How many liters are in 4 quarts of milk? 


Soleil was on a road trip and saw a sign that 
said the next rest stop was in 100 kilometers. 
How many miles until the next rest stop? 


Solution 


INN 1ralAmatara 
BUY ANLLULLLOLLULD 


Multiply by a unit 100kilometers-1 mile1.61kjlomet 
conversion factor 


Tati 1 A i 
ralatina bm an m1 
PULUACLALE ANLLL ULLLUL LLite 


Ulitipiiny. BUY List vot eVI 


aviv inuive Ve lliiiwcve 


Soleil will travel 62 
miles. 


The height of Mount Kilimanjaro is 5,895 
meters. Convert the height to feet. 


19,335.6 feet 


The flight distance from New York City to 
London is 5,586 kilometers. Convert the 
distance to miles. 


3469.57 miles 


The diagram shows normal body temperature, 
along with the freezing and boiling temperatures of 
water in degrees Fahrenheit and degrees Celsius. 


Convert between Fahrenheit and Celsius 
Temperatures 


Have you ever been in a foreign country and heard 
the weather forecast? If the forecast is for 22°C, 
what does that mean? 


The U.S. and metric systems use different scales to 
measure temperature. The U.S. system uses degrees 
Fahrenheit, written “F. The metric system uses 
degrees Celsius, written °C. [link] shows the 
relationship between the two systems. 


Temperature Conversion 


To convert from Fahrenheit temperature, F, to 
Celsius temperature, C, use the formula 
C=59(F — 32). 

To convert from Celsius temperature, C, to 
Fahrenheit temperature, F, use the formula 


F = 95C + 32. 


Convert 50° Fahrenheit into degrees Celsius. 


Solution 


We will substitute 50°F into the formula to 
find C. 


Simplify in 
parentheses. 


Multiply. 


So we found that 50°F 
is equivalent to 10°C. 


Convert the Fahrenheit temperature to degrees 
Celsius: 59° Fahrenheit. 


Convert the Fahrenheit temperature to degrees 
Celsius: 41° Fahrenheit. 


While visiting Paris, Woody saw the 
temperature was 20° Celsius. Convert the 
temperature into degrees Fahrenheit. 


Solution 


We will substitute 20°C into the formula to 
find F. 


Multiply. 


Add. 


So we found that 20°C 
is equivalent to 68°F. 


Convert the Celsius temperature to degrees 
Fahrenheit: the temperature in Helsinki, 
Finland, was 15° Celsius. 


Convert the Celsius temperature to degrees 
Fahrenheit: the temperature in Sydney, 
Australia, was 10° Celsius. 


Key Concepts 
¢ Metric System of Measurement 
© Length 


1 kilometer (km) =1,000 m 1 hectometer 
(hm) =100 m 1 dekameter (dam)=10 m 1 


meter (m)=1 m 1 decimeter (dm) =0.1 m 
1 centimeter (cm) =0.01 m 1 millimeter 
(mm) = 0.001 m 1 meter=100 centimeters 
1 meter =1,000 millimeters 

© Mass 
1 kilogram (kg) = 1,000 g 1 hectogram 
(hg) = 100 g 1 dekagram (dag)=10 g 1 
gram (g)=1 g 1 decigram (dg)=0.1 g 1 
centigram (cg)=0.01 g 1 milligram 
(mg)=0.001 g 1 gram=100 centigrams 1 
gram =1,000 milligrams 

© Capacity 
1 kiloliter (kL) =1,000 L 1 hectoliter 
(hL) =100 L 1 dekaliter (daL)=10 L 1 liter 
(L)=1 L 1 deciliter (dL) =0.1 L 1 centiliter 
(cL) =0.01 L 1 milliliter (mL) =0.001 L 1 
liter = 100 centiliters 1 liter = 1,000 
milliliters 


* Temperature Conversion 


© To convert from Fahrenheit temperature, 
F, to Celsius temperature, C, use the 
formula C= 59(F — 32) 

© To convert from Celsius temperature, C, to 
Fahrenheit temperature, F, use the formula 
F=95C+ 32 


Section Exercises 


Practice Makes Perfect 
Make Unit Conversions in the U.S. System 


In the following exercises, convert the units. 


A park bench is 6 feet long. Convert the length 
to inches. 


72 inches 


A floor tile is 2 feet wide. Convert the width to 
inches. 


A ribbon is 18 inches long. Convert the length 
to feet. 


1.5 feet 


Carson is 45 inches tall. Convert his height to 
feet. 


A football field is 160 feet wide. Convert the 
width to yards. 


5313 yards 


On a baseball diamond, the distance from home 
plate to first base is 30 yards. Convert the 
distance to feet. 


Ulises lives 1.5 miles from school. Convert the 
distance to feet. 


7,920 feet 


Denver, Colorado, is 5,183 feet above sea level. 
Convert the height to miles. 


A killer whale weighs 4.6 tons. Convert the 
weight to pounds. 


9,200 pounds 


Blue whales can weigh as much as 150 tons. 
Convert the weight to pounds. 


An empty bus weighs 35,000 pounds. Convert 
the weight to tons. 


1712 tons 


At take-off, an airplane weighs 220,000 pounds. 
Convert the weight to tons. 


Rocco waited 112 hours for his appointment. 
Convert the time to seconds. 


5,400 s 


Misty’s surgery lasted 214 hours. Convert the 
time to seconds. 


How many teaspoons are in a pint? 


96 teaspoons 


How many tablespoons are in a gallon? 


JJ’s cat, Posy, weighs 14 pounds. Convert her 
weight to ounces. 


224 ounces 


April’s dog, Beans, weighs 8 pounds. Convert 
his weight to ounces. 


Crista will serve 20 cups of juice at her son’s 
party. Convert the volume to gallons. 


114 gallons 


Lance needs 50 cups of water for the runners in 
a race. Convert the volume to gallons. 


Jon is 6 feet 4 inches tall. Convert his height to 
inches. 


76 in. 


Faye is 4 feet 10 inches tall. Convert her height 
to inches. 


The voyage of the Mayflower took 2 months and 
5 days. Convert the time to days. 


65 days 


Lynn’s cruise lasted 6 days and 18 hours. 
Convert the time to hours. 


Baby Preston weighed 7 pounds 3 ounces at 
birth. Convert his weight to ounces. 


115 ounces 


Baby Audrey weighted 6 pounds 15 ounces at 
birth. Convert her weight to ounces. 


Use Mixed Units of Measurement in the U.S. 
System 


In the following exercises, solve. 


Eli caught three fish. The weights of the fish 
were 2 pounds 4 ounces, 1 pound 11 ounces, 
and 4 pounds 14 ounces. What was the total 
weight of the three fish? 


8 lbs. 13 oz. 


Judy bought 1 pound 6 ounces of almonds, 2 
pounds 3 ounces of walnuts, and 8 ounces of 
cashews. How many pounds of nuts did Judy 


buy? 


One day Anya kept track of the number of 
minutes she spent driving. She recorded 45, 10, 
8, 65, 20, and 35. How many hours did Anya 
spend driving? 


3.05 hours 


Last year Eric went on 6 business trips. The 
number of days of each was 5, 2, 8, 12, 6, and 
3. How many weeks did Eric spend on business 
trips last year? 


Renee attached a 6 feet 6 inch extension cord to 
her computer’s 3 feet 8 inch power cord. What 
was the total length of the cords? 


10 ft. 2 in. 


Fawzi’s SUV is 6 feet 4 inches tall. If he puts a 2 
feet 10 inch box on top of his SUV, what is the 
total height of the SUV and the box? 


Leilani wants to make 8 placemats. For each 
placemat she needs 18 inches of fabric. How 


many yards of fabric will she need for the 8 
placemats? 


4 yards 


Mireille needs to cut 24 inches of ribbon for 
each of the 12 girls in her dance class. How 
many yards of ribbon will she need altogether? 


Make Unit Conversions in the Metric System 


In the following exercises, convert the units. 


Ghalib ran 5 kilometers. Convert the length to 
meters. 


5,000 meters 


Kitaka hiked 8 kilometers. Convert the length to 
meters. 


Estrella is 1.55 meters tall. Convert her height 
to centimeters. 


155 centimeters 


The width of the wading pool is 2.45 meters. 
Convert the width to centimeters. 


Mount Whitney is 3,072 meters tall. Convert 
the height to kilometers. 


3.072 kilometers 


The depth of the Mariana Trench is 10,911 
meters. Convert the depth to kilometers. 


June’s multivitamin contains 1,500 milligrams 
of calcium. Convert this to grams. 


1.5 grams 


A typical ruby-throated hummingbird weights 3 
grams. Convert this to milligrams. 


One stick of butter contains 91.6 grams of fat. 
Convert this to milligrams. 


91,600 milligrams 


One serving of gourmet ice cream has 25 grams 
of fat. Convert this to milligrams. 


The maximum mass of an airmail letter is 2 
kilograms. Convert this to grams. 


2,000 grams 


Dimitri’s daughter weighed 3.8 kilograms at 
birth. Convert this to grams. 


A bottle of wine contained 750 milliliters. 
Convert this to liters. 


0.75 liters 


A bottle of medicine contained 300 milliliters. 
Convert this to liters. 


Use Mixed Units of Measurement in the Metric 
System 


In the following exercises, solve. 


Matthias is 1.8 meters tall. His son is 89 
centimeters tall. How much taller is Matthias 


than his son? 


91 centimeters 


Stavros is 1.6 meters tall. His sister is 95 
centimeters tall. How much taller is Stavros 
than his sister? 


A typical dove weighs 345 grams. A typical 
duck weighs 1.2 kilograms. What is the 
difference, in grams, of the weights of a duck 
and a dove? 


855 grams 


Concetta had a 2-kilogram bag of flour. She 
used 180 grams of flour to make biscotti. How 
many kilograms of flour are left in the bag? 


Harry mailed 5 packages that weighed 420 
grams each. What was the total weight of the 
packages in kilograms? 


2.1 kilograms 


One glass of orange juice provides 560 
milligrams of potassium. Linda drinks one glass 
of orange juice every morning. How many 
grams of potassium does Linda get from her 
orange juice in 30 days? 


Jonas drinks 200 milliliters of water 8 times a 
day. How many liters of water does Jonas drink 
in a day? 


1.6 liters 


One serving of whole grain sandwich bread 
provides 6 grams of protein. How many 
milligrams of protein are provided by 7 servings 
of whole grain sandwich bread? 


Convert Between the U.S. and the Metric 
Systems of Measurement 


In the following exercises, make the unit 
conversions. Round to the nearest tenth. 


Bill is 75 inches tall. Convert his height to 
centimeters. 


190.5 centimeters 


Frankie is 42 inches tall. Convert his height to 
centimeters. 


Marcus passed a football 24 yards. Convert the 
pass length to meters 


21.9 meters 


Connie bought 9 yards of fabric to make drapes. 
Convert the fabric length to meters. 


Each American throws out an average of 1,650 
pounds of garbage per year. Convert this weight 
to kilograms. 


750 kilograms 


An average American will throw away 90,000 
pounds of trash over his or her lifetime. Convert 
this weight to kilograms. 


A 5K run is 5 kilometers long. Convert this 
length to miles. 


3.1 miles 


Kathryn is 1.6 meters tall. Convert her height to 
feet. 


Dawn’s suitcase weighed 20 kilograms. Convert 
the weight to pounds. 


44 pounds 


Jackson’s backpack weighed 15 kilograms. 
Convert the weight to pounds. 


Ozzie put 14 gallons of gas in his truck. Convert 
the volume to liters. 


53.2 liters 


Bernard bought 8 gallons of paint. Convert the 
volume to liters. 


Convert between Fahrenheit and Celsius 
Temperatures 


In the following exercises, convert the Fahrenheit 
temperatures to degrees Celsius. Round to the 
nearest tenth. 


86° Fahrenheit 


30°C 


77° Fahrenheit 


104° Fahrenheit 


40°C 


14° Fahrenheit 


72° Fahrenheit 


22.2.6 


4° Fahrenheit 


0° Fahrenheit 


=17.8:'C 


120° Fahrenheit 


In the following exercises, convert the Celsius 
temperatures to degrees Fahrenheit. Round to the 
nearest tenth. 


5° Celsius 


41°F 


25° Celsius 


— 10° Celsius 


14°F 


— 15° Celsius 


22° Celsius 


71.6°F 


8° Celsius 


43° Celsius 


109.4°F 


16° Celsius 


Everyday Math 


Nutrition Julian drinks one can of soda every 
day. Each can of soda contains 40 grams of 
sugar. How many kilograms of sugar does 
Julian get from soda in 1 year? 


14.6 kilograms 


Reflectors The reflectors in each lane-marking 
stripe on a highway are spaced 16 yards apart. 
How many reflectors are needed for a one mile 
long lane-marking stripe? 


Writing Exercises 


Some people think that 65°to75° Fahrenheit is 
the ideal temperature range. 


@) What is your ideal temperature range? 
Why do you think so? 
© Convert your ideal temperatures from 
Fahrenheit to Celsius. 


Answers may vary. 


@ Did you grow up using the U.S. or the 
metric system of measurement? 

® Describe two examples in your life when 
you had to convert between the two systems 
of measurement. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next Chapter? 
Why or why not? 


Chapter Review Exercises 


Introduction to Whole Numbers 
Use Place Value with Whole Number 


In the following exercises find the place value of 
each digit. 


26,915 


@10209@5©6 


@ tens © ten thousands © hundreds @ ones © 
thousands 


359,417 


@IOB30O4@7O01 


598,129,304 


@50001@8©2 


@ ten millions © tens © hundred thousands @ 
millions © ten thousands 


9,430,286,157 


@60409@005 
In the following exercises, name each number. 


6,104 


six thousand, one hundred four 


493,068 


3,975,284 


three million, nine hundred seventy-five 
thousand, two hundred eighty-four 


85,620,435 


In the following exercises, write each number as a 
whole number using digits. 


three hundred fifteen 


315 


sixty-five thousand, nine hundred twelve 


ninety million, four hundred twenty-five 
thousand, sixteen 


90,425,016 


one billion, forty-three million, nine hundred 
twenty-two thousand, three hundred eleven 


In the following exercises, round to the indicated 
place value. 


Round to the nearest ten. 


@ 407 © 8,564 


@ 410 © 8,560 


Round to the nearest hundred. 


@ 25,846 © 25,864 


In the following exercises, round each number to 
the nearest © hundred © thousand © ten 
thousand. 


864,951 
@ 865,000 © 865,000 © 860,000 


3,972,849 


Identify Multiples and Factors 


In the following exercises, use the divisibility tests 
to determine whether each number is divisible by 2, 
by 3, by 5, by 6, and by 10. 


168 


by2,3,6 


264 


375 


by3,5 


750 


1430 


by2,5,10 


1080 


Find Prime Factorizations and Least Common 
Multiples 


In the following exercises, find the prime 
factorization. 


420 


225307 


LID 


225 


i iro Bs. 


2475 


1560 


222-3' S13 


56 


72 


2223'S 


168 


292 


22:35:37 


391 


In the following exercises, find the least common 


multiple of the following numbers using the 
multiples method. 


6,15 


30 


60, 75 


In the following exercises, find the least common 
multiple of the following numbers using the prime 
factors method. 


24, 30 


120 


70, 84 


Use the Language of Algebra 
Use Variables and Algebraic Symbols 


In the following exercises, translate the following 
from algebra to English. 


207, 


25 minus 7, the difference of twenty-five and 
seven 


5°6 


45+5 


45 divided by 5, the quotient of forty-five and 
five 


x+8 


42> 27 


forty-two is greater than or equal to twenty- 
seven 


3 is less than or equal to 20 divided by 4, three 
is less than or equal to the quotient of twenty 
and four 


azx74 


In the following exercises, determine if each is an 
expression or an equation. 


O3+5 


expression 


y—-8=32 


Simplify Expressions Using the Order of 
Operations 


In the following exercises, simplify each expression. 


35 


243 


108 


In the following exercises, simplify 


6+ 10/2 +2 


13 


9+12/3+4 


20+(4+6)5 


10 


33+ (3+8)2 


(44+ 5)2 


41 


(44+ 5)2 


Evaluate an Expression 


In the following exercises, evaluate the following 
expressions. 


9x+7 when x=3 


34 


5x — 4 when x=6 


x4 when x=3 


81 


3x when x=3 


x2+5x-—8 when x=6 


58 


2x + 4y —5 when 
x=7,y=8 


Simplify Expressions by Combining Like Terms 


In the following exercises, identify the coefficient of 
each term. 


12n 


12 


9x2 
In the following exercises, identify the like terms. 


on,n2,12,12p2;3,3n2 


12and3,n2and3n2 


5,18r2,9s,9r,5r2,5s 


In the following exercises, identify the terms in each 
expression. 


11x2+3x+6 


L1x2,3%50 


22yo ty +15 


In the following exercises, simplify the following 


expressions by combining like terms. 


17a+9a 


26a 


18z + 9z 


9x+3x+8 


12x+8 


8a+5a+9 


7p+6+5p—4 


12p+2 


8x+7+4x-—5 


Translate an English Phrase to an Algebraic 
Expression 


In the following exercises, translate the following 


phrases into algebraic expressions. 


the sum of 8 and 12 


oF 1Z 


the sum of 9 and 1 


the difference of x and 4 


x—-4 


the difference of x and 3 


the product of 6 and y 


6y 


the product of 9 and y 


Adele bought a skirt and a blouse. The skirt cost 
$15 more than the blouse. Let b represent the 
cost of the blouse. Write an expression for the 
cost of the skirt. 


beri5 


Marcella has 6 fewer boy cousins than girl 
cousins. Let g represent the number of girl 
cousins. Write an expression for the number of 
boy cousins. 

Add and Subtract Integers 


Use Negatives and Opposites of Integers 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


Q=>O< © <@-> 


@-5 1 
® -4_-9 
© 6_10 


@®3_-8 


In the following exercises,, find the opposite of each 
number. 


@-8@1 
@8©® -1 
@ -206 


In the following exercises, simplify. 
19) 
19 
=(=53) 

In the following exercises, simplify. 


—m when 
@m=3 
®m=-3 


@ -3©3 


—p when 
@ p=6 
® p=-6 


Simplify Expressions with Absolute Value 


In the following exercises,, simplify. 


® |7| © |—25] © |o| 


@®7©250©0 


® |5| © |o| © |-19] 


In the following exercises, fill in <, >, or = for 
each of the following pairs of numbers. 


@ -8_|-8| 

® —|-2|_ -2 
@-< r= 
@y)=3 | 3) 


® 4_-—|-4| 


In the following exercises, simplify. 


|8—4| 


|I9—6| 


8(14—2| —2I) 


80 


6(13—4| —2]) 
In the following exercises, evaluate. 


@ |x| when x= — 28 © |x| when x= —15 


@ 28 ©15 


@ |y| when y= — 37 
® |—z| when z= — 24 


Add Integers 


In the following exercises, simplify each expression. 


— 200+ 65 


= 135 


—150+45 


ZC = 3) 


44+(-9)+7 


140 + (—75) +67 


132 


—32+24+(=—6)+10 


Subtract Integers 


In the following exercises, simplify. 


9=3 


=5=(—1) 


@ 15-6 © 15+(-—6) 


@9IO9I 


@ 12-9 © 12+(—9) 


@ 8-(-9) © 8+9 


@17@©17 


@ 4-(-4) © 4+4 
In the following exercises, simplify each expression. 


10=(—19) 


Phe 


1. =(=18) 


fo Foe ie) 


—48 


39-61 


=ol=1) 


—42 


=—92=18 


=—15=—(=—28) +5 


18 


7i:-+(=10)=8 


—16-(-4+1)-7 


= 20 


—15-(-6+4)-3 


Multiply Integers 


In the following exercises, multiply. 


—=o07,) 


=50 


— 8(6) 


=—18(=—2) 


36 


—10(—6) 


Divide Integers 


In the following exercises, divide. 
ae A al | 
—4 
56+(=7) 


—120+(-—20) 


=—2Z00+25 


Simplify Expressions with Integers 


In the following exercises, simplify each expression. 
—8(-—2)-3(-9) 
43 


=] 4) 3( 2) 


(=3)3 


125 


(—4)3 


~4-2-11 


— 88 


=5:3'10 


—10(—4) +(-8) 


ae) 


~8(-6)+(-4) 


31—4(3-9) 


315) 


24 — 3(2-10) 


Evaluate Variable Expressions with Integers 


In the following exercises, evaluate each expression. 


x+8 when @ x= —26® x= —95 


@ —18 © —87 


y+9 when @ y=—29 © y= —- 84 


When b= —11, evaluate:@ b+6 © —b+6 


@-5@17 


When c= — 9, evaluate: 


@c+(—4)>® —c+(—4) 


p2—5p+2 when 
pod 


q2—2q+9 when q= —2 


6x—5y+15 when x=3 andy=~—1 


38 


3p —2q+9 when p=8 and q= —2 


Translate English Phrases to Algebraic 
Expressions 


In the following exercises, translate to an algebraic 
expression and simplify if possible. 


the sum of —4 and —17, increased by 32 


(=44(-—17)) #32711 


@ the difference of 15 and —7 © subtract 15 
from —7 


the quotient of —45 and —9 


=45=9;5 


the product of — 12 and the difference of candd 


Use Integers in Applications 


In the following exercises, solve. 


Temperature The high temperature one day in 
Miami Beach, Florida, was 76°. That same day, 
the high temperature in Buffalo, New York was 
— 8°. What was the difference between the 
temperature in Miami Beach and the 
temperature in Buffalo? 


84 degrees 


Checking Account Adrianne has a balance of 
— $22 in her checking account. She deposits 
$301 to the account. What is the new balance? 

Visualize Fractions 

Find Equivalent Fractions 

In the following exercises, find three fractions 


equivalent to the given fraction. Show your work, 
using figures or algebra. 


14 


28,312,416 answers may vary 


13 


36 


1012,1518,2024 answers may vary 


27 


Simplify Fractions 


In the following exercises, simplify. 


721 


13 


824 


1520 


34 


1218 


— 168192 


=78 


— 140224 


11lxlly 


XY 


15a15b 


Multiply Fractions 


In the following exercises, multiply. 


20°13 


Z15 


12:38 


712(— 821) 


—29 
512(=815) 
— 28p(— 14) 
7p 
—5l1q(—13) 
145(—15) 
— 42 
—1(-38) 


Divide Fractions 


In the following exercises, divide. 


12+14 


=7) 


—34+35 


58+ al0 


254a 


56+cl15 


7p12+21p8 


29 


5q12+15q8 


25+(-10) 


125 


=18=+=(92) 
In the following exercises, simplify. 


2389 


34 


45815 


=9103 


=310 


258 


r5s3 


3r5s 


=k6=59 


Simplify Expressions Written with a Fraction Bar 


In the following exercises, simplify. 


4+118 


158 


+37 


307 =—12 


=6 


154-9 


22—1419—13 


43 


15+ 918-- 12 


56 =10 


—4 
34-24 

155 —522:10 
52 

12:9 — 323-18 


2+ 4(3)—3-—22 


=2 


7+3(5)=2= 32 


Translate Phrases to Expressions with Fractions 


In the following exercises, translate each English 
phrase into an algebraic expression. 


the quotient of c and the sum of d and 9. 


cd+9 


the quotient of the difference of h and k, and 
= 5; 


Add and Subtract Fractions 


Add and Subtract Fractions with a Common 
Denominator 


In the following exercises, add. 


49+19 


59 


29-59 


yoat2Z3 


Vt2Z3 


7p+9p 


=i 8-F= 38) 


eet 


—18+(—58) 
In the following exercises, subtract. 


45-15 


35 


45-35 


yl7=917 


y—917 


x19—819 


— 8d—3d 


—1ld 


—7c—7C 


Add or Subtract Fractions with Different 
Denominators 


In the following exercises, add or subtract. 


Lac LS 


815 


14+15 


15 C= 110) 


310 


12=(=16) 


23+ 34 


L712 


34+25 


L1II2=3s 


1324 


96 = 712 


—916—(-—45) 


1980 


=fI0= (= 38) 


La oG 


1=52 


Use the Order of Operations to Simplify Complex 
Fractions 


In the following exercises, simplify. 


(15)22 +32 


1275 


(13)25 +22 


23°F 1234—23 


14 


347 1256=23 


Evaluate Variable Expressions with Fractions 


In the following exercises, evaluate. 


x +12 when 
@®x=-18 
®x=-12 


@ 38 © 0 


x +23 when 
@®x=-—16 
® x=-—53 


4p2q when p= —12 and q=59 


og 


5m2n when m= —25 and n=13 


u+vw when 
u= —4,v= —8,w=2 


= 


m-+np when 
m= —6,n= —2,p=4 


Decimals 
Name and Write Decimals 


In the following exercises, write as a decimal. 


Eight and three hundredths 


8.03 


Nine and seven hundredths 


One thousandth 


0.001 


Nine thousandths 
In the following exercises, name each decimal. 


1 


seven and eight tenths 


5.01 


0.005 


five thousandths 


0.381 


Round Decimals 


In the following exercises, round each number to 
the nearest @ hundredth © tenth © whole number. 


5.7932 


@ 5.79 © 5.8 © 6 


3.6284 


12.4768 


@ 12.48 © 12.5 © 12 


25.8449 


Add and Subtract Decimals 


In the following exercises, add or subtract. 


18.37 + 9.36 


21.79 


256.37 — 85.49 


15.35 — 20.88 


= O.I0 


37.5 712.23 


—4.2+(—9.3) 


=13;5 


=8.0-F (=3:6) 


100 — 64.2 


35.8 


100 — 65.83 


2.51 +40 


42.51 


9.38 + 60 


Multiply and Divide Decimals 


In the following exercises, multiply. 


(0.3)(0.4) 


0.12 


(0.6)(0.7) 


(8.52)(3.14) 


26.7528 


(5.32)(4.86) 


(0.09)(24.78) 


22.302 


(0.04)(36.89) 


In the following exercises, divide. 


0.15+5 


0.03 


0.27 +3 


$8.49 +12 


$0.71 


$16.99+9 


12+0.08 


150 


5+0.04 


Convert Decimals, Fractions, and Percents 


In the following exercises, write each decimal as a 
fraction. 


0.08 


225 


0.17 


0.425 


1740 


0.184 


1:75 


74 


0.035 


In the following exercises, convert each fraction to a 
decimal. 


oo 


0.4 


45 


—38 


=0.375 


=58 


og 


0.5- 


29 


1246.5 


14+10.75 


In the following exercises, convert each percent to a 


decimal. 


DM 


0.05 


9% 


40% 


0.4 


50% 


125% 


In the following exercises, convert each decimal to a 
percent. 


0.18 


18% 


0.15 


0.009 


0.9% 


0.008 


15 


150% 


Zon 


The Real Numbers 
Simplify Expressions with Square Roots 


In the following exercises, simplify. 


64 


—81 


Identify Integers, Rational Numbers, Irrational 
Numbers, and Real Numbers 


In the following exercises, write as the ratio of two 
integers. 


@ 9 © 8.47 


@ 91 © 847100 


@ —15 © 3.591 


In the following exercises, list the @ rational 
numbers, © irrational numbers. 


0.84,0.79132...,1.3- 


@ 0.84,1.3- © 0.79132..., 


2.38-,0.572,4.93814... 


In the following exercises, identify whether each 
number is rational or irrational. 


@ 121 © 48 


@ rational © irrational 


@ 56 © 16 


In the following exercises, identify whether each 
number is a real number or not a real number. 


@ —9 © —169 


@ not areal number © real number 


@ -64© -81 


In the following exercises, list the @ whole 
numbers, © integers, © rational numbers, @ 
irrational numbers, © real numbers for each set of 
numbers. 


— 4,0,56,16,18,5.2537... 


@ 0,16 © —4,0,16 © —4,0,56,16 @ 
18,5.2537.<.'© =4,0,56,16,18,5.2537... 


— 4,0.36—,133,6.9152...,48,1012 


Locate Fractions on the Number Line 


In the following exercises, locate the numbers on a 
number line. 


23,594,125 


13,74,135 


219,—219 


135,—135 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


j= 13 
< 
—314_ -4 
~79__—49 
< 


=2_ = 198 


Locate Decimals on the Number Line 


In the following exercises, locate on the number 
line. 


0.3 
=0.2 
=2.0 
vee 


In the following exercises, order each of the 
following pairs of numbers, using < or >. 


0.9__0.6 


> 

0.7__0.8 
=0.6._.— 0.59 
< 
=0.27._.=03 


Properties of Real Numbers 
Use the Commutative and Associative Properties 


In the following exercises, use the Associative 
Property to simplify. 


—12(4m) 


— 48m 


30(56q) 


(a+16)+31 


a+ 47 


(c+ 0.2) + 0.7 
In the following exercises, simplify. 


6y + 37 + (—6y) 


OF 


144+1115+(-14) 


1411+359+(—-1411) 


309 


=18-15:29 


(712+45)+15 


1712 


(3.98d + 0.75d) + 1.25d 


11x+8y+16x+15y 


27x + 23y 


52m + (— 20n)+(-—18m)+(—5n) 


Use the Identity and Inverse Properties of 
Addition and Multiplication 


In the following exercises, find the additive inverse 
of each number. 


@ 13 
® 5.1 
© -14 
@® —85 


@ -13 ® -—5.1©14@ 85 


@ —78 
® —0.03 
© 17 


@ 125 


In the following exercises, find the multiplicative 
inverse of each number. 


@ 10 © —49 © 0.6 


@ 110 © —94 © 53 


@ -92 © -7©2.1 


Use the Properties of Zero 


In the following exercises, simplify. 


83:0 


09 


50 


undefined 


0+23 
In the following exercises, simplify. 


43+39+(—43) 


39 


(16.75) +025 


p13:07°135 


a7 


16:17:12 


23:20:37 


O(6x=—11)+15 


Simplify Expressions Using the Distributive 
Property 


In the following exercises, simplify using the 
Distributive Property. 


7(x+9) 


7X+63 


9(u— 4) 


— 3(6m — 1) 


—18m+3 


=86=/a—12) 


13(15n— 6) 


5n—-—2 


(y+10)-p 


(a—4)-—(6a+9) 


—5a-13 


4(x+3)—8(x—-7) 


Systems of Measurement 


1.1 Define U.S. Units of Measurement and 
Convert from One Unit to Another 


In the following exercises, convert the units. Round 
to the nearest tenth. 


A floral arbor is 7 feet tall. Convert the height 
to inches. 


84 inches 


A picture frame is 42 inches wide. Convert the 
width to feet. 


Kelly is 5 feet 4 inches tall. Convert her height 
to inches. 


64 inches 


A playground is 45 feet wide. Convert the width 
to yards. 


The height of Mount Shasta is 14,179 feet. 
Convert the height to miles. 


2.7 miles 


Shamu weights 4.5 tons. Convert the weight to 
pounds. 


The play lasted 134 hours. Convert the time to 
minutes. 


105 minutes 


How many tablespoons are in a quart? 


Naomi’s baby weighed 5 pounds 14 ounces at 
birth. Convert the weight to ounces. 


94 ounces 


Trinh needs 30 cups of paint for her class art 


project. Convert the volume to gallons. 


Use Mixed Units of Measurement in the U.S. 
System. 


In the following exercises, solve. 


John caught 4 lobsters. The weights of the 
lobsters were 1 pound 9 ounces, 1 pound 12 
ounces, 4 pounds 2 ounces, and 2 pounds 15 
ounces. What was the total weight of the 
lobsters? 


10 lbs. 6 oz. 


Every day last week Pedro recorded the number 
of minutes he spent reading. The number of 
minutes were 50, 25, 83, 45, 32, 60, 135. How 
many hours did Pedro spend reading? 


Fouad is 6 feet 2 inches tall. If he stands on a 
rung of a ladder 8 feet 10 inches high, how 
high off the ground is the top of Fouad’s head? 


15 feet 


Dalila wants to make throw pillow covers. Each 
cover takes 30 inches of fabric. How many 
yards of fabric does she need for 4 covers? 


Make Unit Conversions in the Metric System 


In the following exercises, convert the units. 


Donna is 1.7 meters tall. Convert her height to 
centimeters. 


170 centimeters 


Mount Everest is 8,850 meters tall. Convert the 
height to kilometers. 


One cup of yogurt contains 488 milligrams of 
calcium. Convert this to grams. 


0.488 grams 


One cup of yogurt contains 13 grams of protein. 
Convert this to milligrams. 


Sergio weighed 2.9 kilograms at birth. Convert 
this to grams. 


2,900 grams 


A bottle of water contained 650 milliliters. 
Convert this to liters. 


Use Mixed Units of Measurement in the Metric 
System 


In the following exerices, solve. 


Minh is 2 meters tall. His daughter is 88 
centimeters tall. How much taller is Minh than 
his daughter? 


1.12 meter 


Selma had a 1 liter bottle of water. If she drank 
145 milliliters, how much water was left in the 
bottle? 


One serving of cranberry juice contains 30 
grams of sugar. How many kilograms of sugar 
are in 30 servings of cranberry juice? 


0.9 kilograms 


One ounce of tofu provided 2 grams of protein. 
How many milligrams of protein are provided 
by 5 ounces of tofu? 


Convert between the U.S. and the Metric 
Systems of Measurement 


In the following exercises, make the unit 
conversions. Round to the nearest tenth. 


Majid is 69 inches tall. Convert his height to 
centimeters. 


175.3 centimeters 


A college basketball court is 84 feet long. 
Convert this length to meters. 


Caroline walked 2.5 kilometers. Convert this 
length to miles. 


1.6 miles 


Lucas weighs 78 kilograms. Convert his weight 
to pounds. 


Steve’s car holds 55 liters of gas. Convert this to 
gallons. 


14.6 gallons 


A box of books weighs 25 pounds. Convert the 
weight to kilograms. 


Convert between Fahrenheit and Celsius 
Temperatures 


In the following exercises, convert the Fahrenheit 
temperatures to degrees Celsius. Round to the 
nearest tenth. 


95° Fahrenheit 


35° C 


23° Fahrenheit 


20° Fahrenheit 


-6.7° C 


64° Fahrenheit 


In the following exercises, convert the Celsius 
temperatures to degrees Fahrenheit. Round to the 
nearest tenth. 


30° Celsius 
86° F 

—5° Celsius 
—12° Celsius 
10.4° F 


24° Celsius 


Chapter Practice Test 


Write as a whole number using digits: two 
hundred five thousand, six hundred seventeen. 


205,617 
Find the prime factorization of 504. 


Find the Least Common Multiple of 18 and 24. 


72 
Combine like terms: 5n+8+2n—1. 
In the following exercises, evaluate. 
— |x| when x= —2 
—2 
11—a when a= —3 


Translate to an algebraic expression and 
simplify: twenty less than negative 7. 


=P = 20527 


Monique has a balance of — $18 in her 
checking account. She deposits $152 to the 
account. What is the new balance? 


Round 677.1348 to the nearest hundredth. 


677.15 


Convert 45 to a decimal. 


Convert 1.85 to a percent. 


185% 


Locate 23, —1.5,and94 on a number line. 
In the following exercises, simplify each expression. 


4+10(3+9)—52 


99 


—85+ 42 


=19=25 


38-1112 


45 +920 


169 


IZ+3915=6 


m7 +107 


m+ 107 


712—38 


—5.8+(- 4.7) 


=10:5 


100 — 64.25 


(0.07)(31.95) 


2200 


9+0.05 


—14(57p) 


=10p 


(u+8)-—9 


6x + (—4y) + 9x + 8y 


15x+4y 


023 


750 


undefined 


—2(13q—5) 


A movie lasted 123 hours. How many minutes 
did it last? (1 hour = 60 minutes) 


100 minutes 


Mike’s SUV is 5 feet 11 inches tall. He wants to 
put a rooftop cargo bag on the the SUV. The 
cargo bag is 1 foot 6 inches tall. What will the 
total height be of the SUV with the cargo bag 
on the roof? (1 foot = 12 inches) 


Jennifer ran 2.8 miles. Convert this length to 
kilometers. (1 mile = 1.61 kilometers) 


4.508 km 


Use a General Strategy to Solve Linear Equations 
By the end of this section, you will be able to: 
* Solve linear equations using a general strategy 
* Classify equations 


¢ Solve equations with fraction or decimal 
coefficients 


Before you get started, take this readiness quiz. 


Simplify: 32(12x + 20). 
If you missed this problem, review [link]. 


18x+ 30 


Simplify: o— 2(n-F ll): 
If you missed this problem, review [link]. 


Find the LCD of 56 and 14. 
If you missed this problem, review [link]. 


Solve Linear Equations Using a General 
Strategy 


Solving an equation is like discovering the answer to 
a puzzle. The purpose in solving an equation is to 
find the value or values of the variable that makes it 
a true statement. Any value of the variable that 
makes the equation true is called a solution to the 
equation. It is the answer to the puzzle! 


Solution of an Equation 
A solution of an equation is a value of a variable 


that makes a true statement when substituted into 
the equation. 


To determine whether a number is a solution to an 
equation, we substitute the value for the variable in 
the equation. If the resulting equation is a true 
statement, then the number is a solution of the 
equation. 


Determine Whether a Number is a Solution to an 
Equation. 


Substitute the number for the variable in the 
equation. Simplify the expressions on both sides of 
the equation. Determine whether the resulting 
equation is true. 


¢ If it is true, the number is a solution. 
¢ If it is not true, the number is not a solution. 


Determine whether the values are solutions to 
the equation: 5y+ 3=10y—4. 


Qi — soy — 75 


Since a solution to an equation is a value of 
the variable that makes the equation true, 
begin by substituting the value of the solution 


for the variable. 


@ 


Multiply. 


Simplify. 


Since y=35 does not result in a true equation, 
y = 35 is not a solution to the equation 5y 
+3=10y—4. 


© 


Multiply. 


Simplify. 


Since y=75 results in a true equation, y=75 is 
a solution to the equation 5y+3=10y —4. 


Determine whether the values are solutions to 
the equation: 9y+ 2=6y+3. 


@ y=43 © y=13 


Determine whether the values are solutions to 
the equation: 4x —-2=2x+1. 


@ x=32:°0) x= —12 


There are many types of equations that we will 
learn to solve. In this section we will focus on a 
linear equation. 


Linear Equation 
A linear equation is an equation in one variable 


that can be written, where a and b are real 
mumbers and a0, as: 
ax+b=0 


To solve a linear equation it is a good idea to have 
an overall strategy that can be used to solve any 
linear equation. In the next example, we will give 
the steps of a general strategy for solving any linear 
equation. Simplifying each side of the equation as 
much as possible first makes the rest of the steps 
easier. 


How to Solve a Linear Equation Using a General 
Strategy 


Solve: 7(n—3)—8=-15. 


Solve: 2(m—4)+3= —-1. 


Solve: 5(a—3)+5=-—-10. 


These steps are summarized in the General Strategy 
for Solving Linear Equations below. 


Solve linear equations using a general strategy. 


Simplify each side of the equation as much as 
possible. 

Use the Distributive Property to remove any 
parentheses. 

Combine like terms. Collect all the variable terms 
on one side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Collect all the constant terms on the other 


side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Make the coefficient of the variable term 
equal to 1. 

Use the Multiplication or Division Property of 
Equality. 

State the solution to the equation. Check the 
solution. 

Substitute the solution into the original equation to 
make sure the result is a true statement. 


Solve: 23(3m —6)=5—m. 


Distribute. 


Add m to botl1 
sides to get the 
va 


an tha laft 
ULL ULIY 1LLELL. 


Simplify. 


Add 4 to both 
sides to get 
co 


an tha viaht 
Var Utie 2116110. 


Simplify. 


Divide both 
sides by three. 


Simplify. 


Check: 


Solve: 13(6u+ 3)=7—-—Uu. 


Solve: 23(9x — 12) =8 + 2x. 


We can solve equations by getting all the variable 
terms to either side of the equal sign. By collecting 
the variable terms on the side where the coefficient 
of the variable is larger, we avoid working with 
some negatives. This will be a good strategy when 
we solve inequalities later in this chapter. It also 
helps us prevent errors with negatives. 


Solve: 4(x—1)-—2=5(2x+3)+6. 


[Afw 4) J) _ f/f Juv 5 DV; £ | 
A oe LD ee ee) ee 7 ee 
Distribute. 


1 Aw A 4A. , AE, C | 
Combitic 
like 
Me Ay hy i 271 


——_—— _—— ret 


Subtract 

4x from 

eax — 6x — 6 = 10x — 4x + 21) 
to get 

the 

variables 

only on 

the right 


since 
1.0>4 


Simplify. 


Subtract 


21 
each side 
to get 
the 
constants 


an loft 
Wik Leite 


Simplify. 


Divide 


both 


si 
a 


Simplify. 


= 
Check: 


Es“) LY Bay el (ee, fe 
Let x= 


| 
\O 


Solve: 6(p — 3) —7=5(4p +3) —-12. 


Solve: 8(q+1)—-5=3(2q—4)-—1. 


Solve: 10[3 — 8(2s—5)] =15(40 —5s). 


EET PE Yee) Pe 7 
Simplify frorr. 
the innermos: 
pa 


Fixot 
LLLVDLe 


Combine like 
terms in the 
fee 10143 — 16s)= 15/40 —53)__ 


Distribute. 


Add 160s to 

both sides to 

eels 0 — 1605 505 = 600 — 755 5 0) 
variables to the 

right. 


Simplify. 


Subtract 600 
from both sides 
to a oo aU LSS 


constants to 
tha 1laft 


LLLW LU LLe 


Simplify. 


Divide both 
sides by 85. 
SS: 


Simplify. 


Check: 


Solve: 6[4— 2(7y —1)] =8(13 —8y). 


Solve: 12[1 —5(4z—1)] =3(24+112z). 


Classify Equations 


Whether or not an equation is true depends on the 
value of the variable. The equation 7x + 8= —13 is 
true when we replace the variable, x, with the value 
— 3, but not true when we replace x with any other 
value. An equation like this is called a conditional 
equation. All the equations we have solved so far 
are conditional equations. 


Conditional Equation 
An equation that is true for one or more values of 


the variable and false for all other values of the 


variable is a conditional equation. 


Now let’s consider the equation 7y + 14=7(y+ 2). 
Do you recognize that the left side and the right side 
are equivalent? Let’s see what happens when we 
solve for y. 


Solve: 


Distribute. 


Subtract 7y to each side 
to get the y’s to one side. 


Simplify—the y’s are 
eliminated. 


But 14=14 is true. 


This means that the equation 7y +14=7(y + 2) is 
true for any value of y. We say the solution to the 


equation is all of the real numbers. An equation that 
is true for any value of the variable is called an 
identity. 


Identity 
An equation that is true for any value of the 


variable is called an identity. 
The solution of an identity is all real numbers. 


What happens when we solve the equation — 8z= 
—8z+9? 


Solve: 


Add 8z to both sides to 
leave the constant alone 
a | 
shi 
Simplify—the z’s are 
eliminated. 


But 049. 


Solving the equation — 8z= — 8z+9 led to the false 
statement 0=9. The equation — 8z= — 8z+ 9 will 
not be true for any value of z. It has no solution. An 
equation that has no solution, or that is false for all 
values of the variable, is called a contradiction. 


Contradiction 
An equation that is false for all values of the 


variable is called a contradiction. 
A contradiction has no solution. 


The next few examples will ask us to classify an 
equation as conditional, an identity, or as a 
contradiction. 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 6(2n—1)+3=2n 
—84+5(2n+1). 


Distribute. 


Combine like terms. 


Subtract 12n from each 


side to get the n’s to 
PE 


an 
vil 


Simplify. 


This is a true The equation is an 


otata titre 


statement. identity. 
The solution is all real 
numbers. 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 4+ 9(3x —7) = — 42x 


alot ook): 


identity; all real numbers 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 8(1 — 3x) +15(2x 
+7)=2(x+50)+4(x+3)+1. 


identity; all real numbers 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 8+ 3(a—4)=0. 


Distribute. 


Combine like 
terms. 


Add 4 to both 
sides. 


Divide. 


Simplify. 


ssnesegiae 
The equation is This is a 


true when conditional 
nn — A 9 oni non nn 


1 
Eve SERS | SHO 


The solution is 
a= 43. 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 


then state the solution: 11(q+3)—5=19. 


conditional equation; q= —911 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 6+ 14(k—8)=95. 


conditional equation; k = 20114 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 5m + 3(9+ 3m) =2(7m 
—11). 


Distribute. 


Combine like terms. 


Subtract 14m from 


both sides. 
Simplify. 
But 27 + — 22. The equation is a 


. . 
pantradintian 
RVVLLUL ULE LULU 


It has no solution. 


Classify the equation as a conditional 
equation, an identity, or a contradiction and 
then state the solution: 12c+5(5+ 3c)=3(9c 
— 4). 


contradiction; no solution 


Classify the equation as a conditional 


equation, an identity, or a contradiction and 
then state the solution: 4(7d+ 18) =13(3d 
—2)-—11d. 


contradiction; no solution 


We summarize the methods for classifying equations 
in the table. 


Type of What happens Solution 
equation when you solve 

it? 
Conditional True for one or One or more 
Equation more values of values 


the variables aria 
false for all other 


xralainea 
VULULYD 


Identity True for any All real numbers 
value of the 


. 
wmaKw1 


Contradiction — False for all No solution 
values of the 
variable 


Solve Equations with Fraction or Decimal 
Coefficients 


We could use the General Strategy to solve the next 
example. This method would work fine, but many 
students do not feel very confident when they see all 
those fractions. So, we are going to show an 
alternate method to solve equations with fractions. 
This alternate method eliminates the fractions. 


We will apply the Multiplication Property of 
Equality and multiply both sides of an equation by 
the least common denominator (LCD) of all the 
fractions in the equation. The result of this 
operation will be a new equation, equivalent to the 
first, but without fractions. This process is called 
clearing the equation of fractions. 


To clear an equation of decimals, we think of all the 
decimals in their fraction form and then find the 
LCD of those denominators. 


How to Solve Equations with Fraction or 
Decimal Coefficients 


Solve: 112x+ 56= 34. 


Solve: 14x + 12=58. 


Solve: 18x+12=14. 


Notice in the previous example, once we cleared the 
equation of fractions, the equation was like those we 
solved earlier in this chapter. We changed the 
problem to one we already knew how to solve. We 
then used the General Strategy for Solving Linear 
Equations. 


Solve Equations with Fraction or Decimal 
Coefficients. 


Find the least common denominator (LCD) of all 
the fractions and decimals (in fraction form) in the 
equation. Multiply both sides of the equation by 
that LCD. This clears the fractions and decimals. 
Solve using the General Strategy for Solving Linear 
Equations. 


Solve: 5=12y + 23y — 34y. 


We want to clear the fractions by multiplying 
both sides of the equation by the LCD of all the 
fractions in the equation. 


Find the LCD of 


all fractions ia 
+h 


ean 


a 
Tha TON io 1%) 
Nav LU Léde 


bahar wi 


Multiply bot. 
sides of the 


av | or 
Distribute. 


a ee 
Simplify— 
notice, no mcre 
Combine like 
terms. 
A ee 


Divide by five. 


ae 
Simplify. 


Solve: 7 =12x+34x— 23x. 


Solve: —1=12u+14u—23u. 


In the next example, we’ll distribute before we clear 
the fractions. 


Solve: 12(y—5)=14(y-1). 


Distribute. 


Simplify. 


ny aa 7: 
Multiply by tie 
LCD, four. 


AY er 7 
Distribute. 


oy . 
Simplify. 


ee 
Collect the 
variables to tiie 


n 
Lvl ——a_s 


Simplify. 


ee ve 2, 
Collect the 


constants to 


+h 
No ge —————— 


Simplify. 
— oe 


An alternate 
way to solve 
this equation is 
to clear the 
fractions 
without 
distributing 
first. If you 
multiply the 
factors 
correctly, this 
method will be 


anactnr 


|e 
Multiply by tie 
LCD, 4. 


ae Sa 
Multiply four 
times the 


1 = ee es 


Distribute. 


SS OP _____eZ]| 
Collect the 
variables to tiie 


la 
——— 


Simplify. 


Collect the 


constants to 
+h 


Simplify. 
————__________ 

Check: 
(iy —5)=y—1) 
ee | Se 

Let y=9. 


Finish the 
check on your 


OWN. 


Solve: 151 +3)=14(n+2). 


Solve: 12(m—3)=14(m-—7). 


When you multiply both sides of an equation by the 
LCD of the fractions, make sure you multiply each 
term by the LCD—even if it does not contain a 
fraction. 


Solve: 4q+32+6=3q+54 


ys 
Multiply bott. 


sides by the 
Me (443, (2445) 


— 
Distribute. 


er ee 
Simplify. 


PO NN 
Collect the 


variables to tiie 
pes ses BO 8 4+ 30 = 30-2045) 


————— 


Simplify. 


Collect the 


constants to 


fom + 30 — 2 = 5 
ST a 


Simplify. 


Divide both 


a 
Finish the 
check on your 
own. 


Solve: 3r+56+1=4r+33. 


Solve: 2s+32+1=3s+ 24. 


Some equations have decimals in them. This kind of 
equation may occur when we solve problems 
dealing with money or percentages. But decimals 
can also be expressed as fractions. For example, 

0.7 =710 and 0.29 = 29100. So, with an equation 
with decimals, we can use the same method we used 
to clear fractions—multiply both sides of the 
equation by the least common denominator. 


The next example uses an equation that is typical of 
the ones we will see in the money applications in a 
later section. Notice that we will clear all decimals 
by multiplying by the LCD of their fraction form. 


Solve: 0.25x + 0.05(x + 3) = 2.85. 


Look at the decimals and think of the 
equivalent fractions: 
0.25 = 25100,0.05 = 5100,2.85 = 285100. 


Notice, the LCD is 100. By multiplying by the 
LCD we will clear the decimals from the 


eauatian 
equation. 


Distribute first. 


Combine like terms. 


To clear decimals, 
multiply by 100. 


Distribute. 
Subtract 15 from both 
sides. 


Simplify. 


Divide by 30. 


Simplify. 


Check it yourself by 
substituting x =9 into 
the original equation. 


Solve: 0.25n+0.05(n+ 5) =2.95. 


Solve: 0.10d + 0.05(d—5) = 2.15. 


Key Concepts 


* How to determine whether a number is a 
solution to an equation 


Substitute the number in for the variable in the 
equation. Simplify the expressions on both 
sides of the equation. Determine whether the 
resulting equation is true. 

If it is true, the number is a solution. 

If it is not true, the number is not a solution. 


* How to Solve Linear Equations Using a 
General Strategy 


Simplify each side of the equation as much as 
possible. 

Use the Distributive Property to remove any 
parentheses. 

Combine like terms. Collect all the variable 
terms on one side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Collect all the constant terms on the 
other side of the equation. 

Use the Addition or Subtraction Property of 
Equality. Make the coefficient of the variable 
term equal to 1. 

Use the Multiplication or Division Property of 
Equality. 

State the solution to the equation. Check the 
solution. 

Substitute the solution into the original 
equation to make sure the result is a true 
statement. 


* How to Solve Equations with Fraction or 
Decimal Coefficients 


Find the least common denominator (LCD) of 
all the fractions and decimals (in fraction form) 
in the equation. Multiply both sides of the 
equation by that LCD. This clears the fractions 
and decimals. Solve using the General Strategy 


for Solving Linear Equations. 


Practice Makes Perfect 
Solve Equations Using the General Strategy 


In the following exercises, determine whether the 
given values are solutions to the equation. 


6y+10=12y 


@ y=53 © y=-12 


@ yes © no 


4x+9=8x 


@ x=—78 © x=94 


8u—1=6u 


@ u= —12 ® u=12 


@ no © yes 


9v—2=3Vv 


@® v=-13 © v=13 


In the following exercises, solve each linear 
equation. 


15(y—9) = —60 


y=9 


— 16(3n+ 4)=32 


—(w-—12)=30 
w=-18 
—(t-—19)=28 


51+5(4—q)=56 


q=3 


—6+6(5—k)=15 


3(10 — 2x) +54=0 


x=14 


—2(11—7x)+54=4 


23(9¢=3)=22 


fe) 
II 
aN 


35(10x — 5) =27 


15(15c+10)=c+7 


c=—52 


14(20d+ 12)=d+7 


3(4n—1)-2=8n+3 


3 
II 
i) 


9(2m —3)-8=4m+7 


12+ 2(5—-3y)=—-%Ay-1)-2 


: ee 


-—15+42—-5y)= -7(y-4) +4 


5+6(3s —5) = —3+2(8s—1) 


s=10 


—12+8(x—5)= —4+3(5x-— 2) 


4(p— 4) -(p +7) =5(p— 3) 


p=4 


3(a—2)-—(a+6)=4(a—-1) 


4[5 —8(4c—3)] =12(1 -—13c)—-8 


c=-4 


5[9 — 2(6d —1)] =11(4— 10d) — 139 


3[-—9+ 8(4h—3)] =2(5—12h)—19 


h=34 


3[—14+2(15k — 6)] = 8(3 — 5k) — 24 


5[2Gm + 4) + 80m — 7)] = 2[38(5 + m) — (21 — 3m)] 


= 
| 
OV 


10[5(n+1)+4M-1)] =11[7(+n)—-(25-3n)] 


Classify Equations 
In the following exercises, classify each equation as 


a conditional equation, an identity, or a 
contradiction and then state the solution. 


23z + 19=3(5z-9)+8z+46 


identity; all real numbers 


15y +32 =2(10y —7) —5y + 46 


18(5j-—1)+29=47 


conditional equation;j = 25 


24(3d—4)+100=52 


22(3m — 4) =8(2m + 9) 


conditional equation; m= 165 


30(2n — 1) = 5(10n + 8) 


7vV + 42=11(8v+8)-—2(13v—-1) 


contradiction; no solution 


18u—51=9(4u + 5) — 6(3u— 10) 


45(3y — 2) =9(15y —6) 


contradiction; no solution 


60(2x — 1) =15(8x + 5) 


9(14d + 9)+4d=13(10d+6)+3 


identity; all real numbers 


11(8c + 5) — 8c = 2(40c +25) +5 


Solve Equations with Fraction or Decimal 
Coefficients 


In the following exercises, solve each equation with 
fraction coefficients. 


14x-12=-—34 


x=-—1] 


34x—-12=14 


y=-1 

o6y —13= — 76 
12a+ 38 =34 
a= 34 
58b + 12= — 34 


2=13x—-—12x+ 23x 


vas 
II 
AA 


2=35x—-—13x+ 25x 


13W+54=w-14 


w= 94 


12a—14=16a+112 


13b+15=25b—35 


b=12 


13x+25=15x-25 


14(p— 7) =13(p + 5) 


p=-41 


15(q+ 3) =12(q—3) 


12(x+4)=34 


x=-—52 


13(x+5)=56 


4n+ 84=n3 


n=-3 


3p+ 63=p2 


3x+ 42+1=5x+108 


x=-2 


10y—23+3=10y+19 


7u-—14-1=4u+85 


u=3 


3v—-62+5=11lv—45 


In the following exercises, solve each equation with 
decimal coefficients. 


0.4x+ 0.6 =0.5x—1.2 


x=18 


0.7x+ 0.4=0.6x+ 2.4 


0.9x—1.25=0.79*% +:1.75 


x=20 


1:2x—0:91=0.86x 42.29 


0.05n+ 0.10(n+ 8)=2.15 


3 
II 
\O 


0.05n+ 0.10(n+ 7) =3.55 


0.10d + 0.25(d+ 5) =4.05 


d=8 


0.10d + 0.25(d+ 7) =5.25 


Everyday Math 


Fencing Micah has 74 feet of fencing to make a 
dog run in his yard. He wants the length to be 
2.5 feet more than the width. Find the length, 
L, by solving the equation 2L+ 2(L—2.5)=74. 


L=19.75 feet 


Stamps Paula bought $22.82 worth of 49-cent 
stamps and 21-cent stamps. The number of 21- 
cent stamps was eight less than the number of 
49-cent stamps. Solve the equation 

0.49s + 0.21(s — 8) = 22.82 for s, to find the 
number of 49-cent stamps Paula bought. 


Writing Exercises 


Using your own words, list the steps in the 
general strategy for solving linear equations. 


Answers will vary. 


Explain why you should simplify both sides of 
an equation as much as possible before 
collecting the variable terms to one side and the 
constant terms to the other side. 


What is the first step you take when solving the 
equation 3 —7(y — 4) =38? Why is this your first 
step? 


Answers will vary. 


If an equation has several fractions, how does 
multiplying both sides by the LCD make it 
easier to solve? 


If an equation has fractions only on one side, 
why do you have to multiply both sides of the 
equation by the LCD? 


Answers will vary. 


For the equation 0.35x + 2.1 =3.85, how do you 
clear the decimal? 


Self Check 


@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


© If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Whom can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no - I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


conditional equation 
An equation that is true for one or more 
values of the variable and false for all other 
values of the variable is a conditional 
equation. 


contradiction 
An equation that is false for all values of the 
variable is called a contradiction. A 
contradiction has no solution. 


identity 
An equation that is true for any value of the 
variable is called an Identity. The solution of 
an identity is all real numbers. 


linear equation 
A linear equation is an equation in one 
variable that can be written, where a and b 
are real numbers and a0, as ax+b=0. 


solution of an equation 
A solution of an equation is a value of a 
variable that makes a true statement when 
substituted into the equation. 


Use a Problem Solving Strategy 
By the end of this section, you will be able to: 


* Use a problem solving strategy for word 
problems 

¢ Solve number word problems 

* Solve percent applications 

¢ Solve simple interest applications 


Before you get started, take this readiness quiz. 


1. Translate “six less than twice x” into an 
algebraic expression. 
If you missed this problem, review [link]. 
. Convert 4.5% to a decimal. 
If you missed this problem, review [link]. 
. Convert 0.6 to a percent. 
If you missed this problem, review [link]. 


Have you ever had any negative experiences in the 
past with word problems? When we feel we have no 
control, and continue repeating negative thoughts, 
we set up barriers to success. Realize that your 
negative experiences with word problems are in 
your past. To move forward you need to calm your 
fears and change your negative feelings. 


Start with a fresh slate and begin to think positive 
thoughts. Repeating some of the following 
statements may be helpful to turn your thoughts 
positive. Thinking positive thoughts is a first step 
towards success. 


I think I can! I think I can! 


While word problems were hard in the past, I 
think I can try them now. 


I am better prepared now—I think I will begin 
to understand word problems. 


I am able to solve equations because I practiced 
many problems and I got help when I needed it—I 
can try that 

with word problems. 


It may take time, but I can begin to solve word 
problems. 


You are now well prepared and you are ready to 
succeed. If you take control and believe you can be 
successful, you will be able to master word 
problems. 


Use a Problem Solving Strategy for Word 
Problems 


Now that we can solve equations, we are ready to 
apply our new skills to word problems. We will 
develop a strategy we can use to solve any word 
problem successfully. 


Normal yearly snowfall at the local ski resort 
is 12 inches more than twice the amount it 
received last season. The normal yearly 
snowfall is 62 inches. What was the snowfall 
last season at the ski resort? 


Step 1. Read the 


Priv waciils 


Step 2. Identify what What was the snowfall 


wad arn laalinag for, Tact annacanand 
Of eS uUuLliw BCAA ENS) Lv AULLIE VReUVIYVILe 


Step 3. Name what weLet s= the snowfall 
are looking for and last season. 
choose a variable to 


ranracant it 
PUEPLCverie ite 


Step 4. Translate. 


Restate the problem in 
: ae 


the important 
infermation. 
Translate into an 
equation. 


Step 5. Solve the 
equation. 


Subtract 12 from each 
side. 


Simplify. 


Divide each side by 
tw 


| 


Simplify. 


Step 6. Check: First, is 
our answer reasonable? 
Yes, having 25 inches 
of snow seems OK. 

The problem says the 
normal snowfall is 
twelve 

inches more than twice 
the number of last 
season. 

Twice 25 is 50 and 12 


marn than that ica 49 
ALLULL LLIULL LLLUL LO US. 


Step 7. Answer the _ The snowfall last 
question. season was 25 inches. 


Guillermo bought textbooks and notebooks at 
the bookstore. The number of textbooks was 
three more than twice the number of 
notebooks. He bought seven textbooks. How 
many notebooks did he buy? 


He bought two notebooks. 


Gerry worked Sudoku puzzles and crossword 
puzzles this week. The number of Sudoku 
puzzles he completed is eight more than twice 
the number of crossword puzzles. He 
completed 22 Sudoku puzzles. How many 
crossword puzzles did he do? 


He did seven crosswords puzzles. 


We summarize an effective strategy for problem 
solving. 


Use a Problem Solving Strategy for word problems. 


Read the problem. Make sure all the words and 
ideas are understood. Identify what you are 
looking for. Name what you are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful to 


restate the problem in one sentence with all the 
important information. Then, translate the English 
sentence into an algebra equation. Solve the 
equation using proper algebra techniques. Check 
the answer in the problem to make sure it makes 
sense. Answer the question with a complete 
sentence. 


Solve Number Word Problems 


We will now apply the problem solving strategy to 
“number word problems.” Number word problems 
give some clues about one or more numbers and we 
use these clues to write an equation. Number word 
problems provide good practice for using the 


Problem Solving Strategy. 


The sum of seven times a number and eight is 
thirty-six. Find the number. 


Step 1. Read the 


piv Daciile 


Step 2. Identify what the number 


aw ara lanling far 
you UL LVVIALIL fe) LWVie 


Step 3. Name what —_— Let n = the number. 
you are looking for and 
choose a variable to 


ranraacant it 
peprrvwsiic iu 


Step 4. Translate: 
Restate the problem ais 
oni 

Translate into an 
equation. 


Step 5. Solve the 
equation. 


SEES 


each side and simplify. 
Divide each side by 
seven and simplify. 


Step 6. Check. 

Is the sum of seven 

times four plus eight 

equal to 36? 

7-4+8=?3628+8=? 

3636=26- 

Step 7. Answer the The number is 4. 
question. 


Did you notice that we left out some of the 
steps as we solved this equation? If you’re not 
yet ready to leave out these steps, write down 
as many as you need. 


The sum of four times a number and two is 
fourteen. Find the number. 


The sum of three times a number and seven is 
twenty-five. Find the number. 


Some number word problems ask us to find two or 
more numbers. It may be tempting to name them all 
with different variables, but so far, we have only 
solved equations with one variable. In order to 
avoid using more than one variable, we will define 
the numbers in terms of the same variable. Be sure 
to read the problem carefully to discover how all the 
numbers relate to each other. 


The sum of two numbers is negative fifteen. 
One number is nine less than the other. Find 
the numbers. 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what 


WTWAA1 AKA lanlina far 
JV¥u are 1tyyuniiig 1vi- 


Step 3. Name what 
you are looking for by 
choosing a variable to 
represent the first 
number. 

“One number is nine 


laca than tha athar ” 
2UvUv UL1LULL LLY ULLILL. 


Step 4. Translate. 
Write as one sentence. 
Translate into an 
equation. 


a 
Step 5. Solve the 
equation. 


two numbers 


Let n= 1st number. 


n—9=2nd number 


The sum of two 
numbers is negative 
fifteen. 


Cee 


Add nine to each side: 
and simplify. 
Simplify. 


Step 6. Check. 
Is —12 nine less than 


aro 

=3—9-—2-)2-12— 

—12V 

Is their sum —15? 

=O 8( = LS 

—15—15=—15/7 

Step 7. Answer the The numbers are —3 
question. and —12. 


The sum of two numbers is negative twenty- 
three. One number is seven less than the other. 


Find the numbers. 


The sum of two numbers is negative eighteen. 
One number is forty more than the other. Find 
the numbers. 


Some number problems involve consecutive 
integers. Consecutive integers are integers that 
immediately follow each other. Examples of 
consecutive integers are: 

1,2,3,4—10, —9, —8, —7150,151,152,153 


Notice that each number is one more than the 
number preceding it. Therefore, if we define the first 
integer as n, the next consecutive integer is n+1. 
The one after that is one more than n+1, soit isn 
+1+1, which is n+2. 

nlstinteger n+ 12ndconsecutive integer n 

+ 23rdconsecutive integeretc. 


We will use this notation to represent consecutive 
integers in the next example. 


Find three consecutive integers whose sum is 
— 54. 


Step 1. Read the 


Pt VVirtllile 


Step 2. Identify what three consecutive 


wad arn lanlina far intaanra 
Op Ss uLltv EEA SEES) LvV.ie trite Btu 


Step 3. Name each of Let n= 1st integer. 

the three numbers n+1=2nd consecutive 
integer 
n+2=3rd consecutive 


. 
intnanr 
LLU Hr1 


Step 4. Translate. 


Restate as one The sum of the three 
sentence. integers is — 54. 
Translate into an 

equation. 


Step 5. Solve the 


ant n+ tin+2=-54 | 
Combine like terms. 

Subtract three from 

each side. 

) ere SS 


three. 


Step 6. Check. 
—19+(-18)+(-17)= 


— eA) IR Ale 74 
vl C7 lame viv 


Step 7. Answer the The three consecutive 
question. integers are 
—17,-18, and —19. 


Find three consecutive integers whose sum is 
— 96. 


Find three consecutive integers whose sum is 
= olay 


Now that we have worked with consecutive 
integers, we will expand our work to include 
consecutive even integers and consecutive odd 
integers. Consecutive even integers are even 
integers that immediately follow one another. 
Examples of consecutive even integers are: 

24, 26, 28 

=—12,;—10,—8 


Notice each integer is two more than the number 
preceding it. If we call the first one n, then the next 
one is n+ 2. The one after that would be n+2+2 or 
n+4. 

nlsteven integer n+ 22ndconsecutive even integer n 
+ 43rdconsecutive even integeretc. 


Consecutive odd integers are odd integers that 
immediately follow one another. Consider the 
consecutive odd integers 63, 65, and 67. 

63, 65, 67 

nn+2,n+4 

nlstodd integer n+ 22ndconsecutive odd integer n 
+ 43rdconsecutive odd integeretc. 


Does it seem strange to have to add two (an even 
number) to get the next odd number? Do we get an 


odd number or an even number when we add 2 to 
3? to 11? to 47? 


Whether the problem asks for consecutive even 
numbers or odd numbers, you do not have to do 
anything different. The pattern is still the same—to 
get to the next odd or the next even integer, add 
two. 


Find three consecutive even integers whose 
sum is 120. 


Step 1. Readthe problem.Step 2. Identifywhat 
you are looking for.three consecutive even 
integersStep 3. Name.Letn = Isteven integer.n 
+ 2=2ndconsecutive even integern 

+ 4= 3rdconsecutive even integerStep 4. 
Translate.Restate as one sentence.The sum of 
the three even integers is120.Translate into an 
equation.n+n+2+n+4=120Step 5. Solvethe 
equation.n+n+2+n+4=120Combine like 
terms.3n + 6=120Subtract 6 from each 
side.3n = 114Divide each side by 

3.n= 381stintegern + 22ndinteger38 + 240n 

+ 43rdinteger38 + 442Step 6. 

Check.38 + 40 + 42 = ?120120 =120V’Step 7. 
Answerthe question.The three consecutive 


integers are 38, 40, and 42. 


Find three consecutive even integers whose 
sum is 102. 


32, 34, 36 


Find three consecutive even integers whose 
sum is — 24. 


When a number problem is in a real life context, we 
still use the same strategies that we used for the 
previous examples. 


A married couple together earns $110,000 a 
year. The wife earns $16,000 less than twice 
what her husband earns. What does the 
husband earn? 


Step 1. Readthe problem. Step 2. Identifywhat 
you are looking for. How much does the 
husband earn? Step 3. Name. Choose a 
variable to representLeth = the amount the 
husband earns.the amount the husband 


earns. The wife earns $16,000 less than twice 
that.Step 4. Translate.Restate the problem in 

one sentencewith all the important 
information.Translate into an equation.2h 

— 16,000 =the amount the wife earnsTogether 

the husband and wife earn $110,000. h+ 2h 

— 16,000 = 110,000 Step 5. Solvethe 

equation. Combine like terms. Add 16,000 to 

both sides and simplify. Divide each side by 

three. h+ 2h—16,000 = 110,000 3h 

— 16,000 = 110,0003h = 126,000h = 42,000$42,0G0 
amount husband earns2h — 16,000amount wife 
earns2(42,000) — 16,00084,000 — 16,00068,000StEp 
6. Check:If the wife earns $68,000 and the 
husbandearns $42,000, is that $110,000? Yes! 


Step 7. Answerthe question.The husband earns 
$42,000 a year. 


According to the National Automobile Dealers 
Association, the average cost of a car in 2014 
was $28,400. This was $1,600 less than six 
times the cost in 1975. What was the average 
cost of a car in 1975? 


The average cost was $5,000. 


US Census data shows that the median price of 
new home in the U.S. in November 2014 was 
$280,900. This was $10,700 more than 14 
times the price in November 1964. What was 
the median price of a new home in November 
1964? 


The median price was $19,300. 


Solve Percent Applications 


There are several methods to solve percent 


equations. In algebra, it is easiest if we just translate 
English sentences into algebraic equations and then 
solve the equations. Be sure to change the given 
percent to a decimal before you use it in the 
equation. 


Translate and solve: 


@ What number is 45% of 84?® 8.5% of what 


amount is $4.76? © 168 is what percent of 
1 PAR 


What number is 45% of 847? 
_—<—— 
Translate 


into 


niaimhbhae 
ALUULIIWULe 


Multiply. 


37.8 is 45% 
of 84. 


—— | f 
Translate. 


Let n = the 


Multiply. 


Divide both 

sides by 

OI er ae ee) =O 

simplié:, 

8.5% of 
$56 is 
$4.76 


We are 
asked to 

fi 

percent, so 
we must 
have our 
result in 
percent 


farm 
LULtiite 


Translate 

into 

| sr} 
p = the 


narrant 
preercwrie. 


Multiply. 


Divide both 
sides by 
| 


. Wee 
oi1mnisatr 
UiLLipiiry.e 


Convert to 
percent. 


168 is 
150% of 
112, 


Translate and solve: @ What number is 45% of 
80? © 7.5% of what amount is $1.95? © 110 
is what percent of 88? 


@ 36 © $26 © 125% 


Translate and solve: @ What number is 55% of 
60? © 8.5% of what amount is $3.06? @ 126 
is what percent of 72? 


@ 33 © $36 @ 175% 


Now that we have a problem solving strategy to 


refer to, and have practiced solving basic percent 
equations, we are ready to solve percent 
applications. Be sure to ask yourself if your final 
answer makes sense—since many of the applications 
we will solve involve everyday situations, you can 
rely on your own experience. 


The label on Audrey’s yogurt said that one 
serving provided 12 grams of protein, which is 
24% of the recommended daily amount. What 
is the total recommended daily amount of 
protein? 


What are you asked to What total amount of 
find? protein is 


au TOUiatC aC 


Choose a variable to Let a= total amount of 


. 
ranraannt it nrantain 
aept Revell it. pPivewtizte 


Write a sentence that 

gives the 

—__ 
Translate into an 


an 
“4 a 


Solve. 


Check: Does this make 
sense? 

Yes, 24% is about 14 of 
the total and 


19 ta ahaiuit 1A nf EN 
uvvyvue tit vi vv. 


tas itv 


Write a complete The amount of protein 
sentence to answer the that is recommended is 
question. 50 g. 


One serving of wheat square cereal has 7 
grams of fiber, which is 28% of the 
recommended daily amount. What is the total 
recommended daily amount of fiber? 


One serving of rice cereal has 190 mg of 


sodium, which is 8% of the recommended 
daily amount. What is the total recommended 
daily amount of sodium? 


2,375 mg 


Remember to put the answer in the form requested. 
In the next example we are looking for the percent. 


Veronica is planning to make muffins from a 
mix. The package says each muffin will be 240 
calories and 60 calories will be from fat. What 
percent of the total calories is from fat? 


What are you asked to What percent of the 


FinAd tatal nalavina ia fatd 
DLLiuis LUlus CULYUALILD Lv LULL. 


Choose a variable to Let p= percent of fat. 


. 
nrannranannt 1+ 
PUEPLCvVEerie ite 


Write a sentence that 


gi 


infarmatian ta find it 


ELALVLILIULULY EL LY Ltt Lt, 


Translate the sentence 

into an equation. 
ee Yo ee a 

Multiply. 


Divide both sides by 
240. 
ee ee a ea 


Put in percent form. 


Df 2 _! 
Check: does this make 
sense? 
Yes, 25% is one-fourth; 
60 is one-fourth 
of 240. So, 25% makes 


annan 


Write a complete Of the total calories in 
sentence to answer the each muffin, 25% is 
question. fat. 


Mitzi received some gourmet brownies as a 
gift. The wrapper said each 28% brownie was 
480 calories, and had 240 calories of fat. What 


percent of the total calories in each brownie 
comes from fat? Round the answer to the 
nearest whole percent. 


The mix Ricardo plans to use to make 


brownies says that each brownie will be 190 
calories, and 76 calories are from fat. What 
percent of the total calories are from fat? 
Round the answer to the nearest whole 


percent. 


It is often important in many fields—business, 
sciences, pop culture—to talk about how much an 
amount has increased or decreased over a certain 
period of time. This increase or decrease is generally 
expressed as a percent and called the percent 
change. 


To find the percent change, first we find the amount 


of change, by finding the difference of the new 
amount and the original amount. Then we find what 
percent the amount of change is of the original 
amount. 


Find percent change. 


Find the amount of change. 

change =new amount — original amount Find what 
percent the amount of change is of the original 
amount. 

change is what percent of the original amount? 


Recently, the California governor proposed 
raising community college fees from $36 a unit 
to $46 a unit. Find the percent change. (Round 
to the nearest tenth of a percent.) 


Find the amount of 46—-—36=10 


ehanan 
SEIS GO 


Find the percent. Change is what percent 


af tha ariainal amaiuntd 
Wel ULL VL a Qesdess ULLAL ULLILe 


Let p= the percent. 


110 __is__whatpercent_of 367] 
ee ed oe 
Translate to an 
equation. 


Divide both sides by 
36. 
Walley i>. ee 
Change to percent 
form; round to the 


Write a complete The new fees are 
sentence to answer approximately a 27.8% 
the question. increase 


over the old fees. 


Remember to round 
the division to the 
nearest thousandth in 
order to round the 
percent to the nearest 
tenth. 


Find the percent change. (Round to the nearest 
tenth of a percent.) In 2011, the IRS increased 
the deductible mileage cost to 55.5 cents from 
51 cents. 


Find the percent change. (Round to the nearest 
tenth of a percent.) In 1995, the standard bus 
fare in Chicago was $1.50. In 2008, the 
standard bus fare was 2.25. 


Applications of discount and mark-up are very 
common in retail settings. 


When you buy an item on sale, the original price 
has been discounted by some dollar amount. The 
discount rate, usually given as a percent, is used to 
determine the amount of the discount. To determine 
the amount of discount, we multiply the discount 
rate by the original price. 


The price a retailer pays for an item is called the 
original cost. The retailer then adds a mark-up to 
the original cost to get the list price, the price he 
sells the item for. The mark-up is usually calculated 
as a percent of the original cost. To determine the 
amount of mark-up, multiply the mark-up rate by 
the original cost. 


Discount 

amount of discount = discount rate-original 
pricesale price = original amount-—discount price 
The sale price should always be less than the 
original price. 


Mark-up 

amount of mark-up = mark-up rate-original pricelist 
price = original cost + mark-up 

The list price should always be more than the 
original cost. 


Liam’s art gallery bought a painting at an 
original cost of $750. Liam marked the price 
up 40%. Find @ the amount of mark-up and 


® the list price of the painting. 


Identify what you are’ What is the amount of 
asked to find, and mark-up? 
choose a variable to Let m= the amount of 


. 
rannraannt 1+ moarls an 
PUEPLCverie ite auuanin up. 


Write a sentence that 
gives the 

Translate into an 
equation. 


——s 


Solve the equation. 


Write a complete The mark-up on the 
sentence. painting was $300. 


Identify what you are. What is the list price? 
asked to find, and Let p= the list price. 
choose a variable to 

represent it. 

Write a sentence that 

gives the 

Translate into an 
equation. 


————————" 


Solve the equation. 


Check. Is the list price more 
than the original cost? 
Is $1,050 more than 


CV7ENID Vae 
LUve 


wruve 


Write a complete The list price of the 
sentence. painting was $1,050. 


Find © the amount of mark-up and © the list 
price: Jim’s music store bought a guitar at 
original cost $1,200. Jim marked the price up 


50%. 


@ $600 ® $1,800 


Find @ the amount of mark-up and © the list 
price: The Auto Resale Store bought Pablo’s 
Toyota for $8,500. They marked the price up 
Siow ap 


@ $2,975 © $11,475 


Solve Simple Interest Applications 


Interest is a part of our daily lives. From the interest 
earned on our savings to the interest we pay on a 
car loan or credit card debt, we all have some 
experience with interest in our lives. 


The amount of money you initially deposit into a 
bank is called the principal, P, and the bank pays 
you interest, J. When you take out a loan, you pay 
interest on the amount you borrow, also called the 
principal. 


In either case, the interest is computed as a certain 


percent of the principal, called the rate of interest, 
r. The rate of interest is usually expressed as a 
percent per year, and is calculated by using the 
decimal equivalent of the percent. The variable t, 
(for time) represents the number of years the money 
is saved or borrowed. 


Interest is calculated as simple interest or compound 
interest. Here we will use simple interest. 


Simple Interest 

If an amount of money, P, called the principal, is 
invested or borrowed for a period of t years at an 
annual interest rate r, the amount of interest, J, 


earned or paid is 

I =interestI = PrtwhereP = principalr = ratet = time 
Interest earned or paid according to this formula is 
called simple interest. 


The formula we use to calculate interest is I= Prt. To 
use the formula we substitute in the values for 
variables that are given, and then solve for the 
unknown variable. It may be helpful to organize the 
information in a chart. 


Areli invested a principal of $950 in her bank 
account that earned simple interest at an 
interest rate of 3%. How much interest did she 
earn in five years? 


I= ?P=$950r = 3%t = 5years 


Identify what you are asked to find, and 
choose aWhat is the simple interest?variable to 
represent it.LetI = interest.Write the 

formula.I = PrtSubstitute in the given 
information.I = (950)(0.03) 

(5)Simplify.I= 142.5Check.Is $142.50 a 
reasonable amount of interest on $950? 
Yes.Write a complete sentence.The interest is 
$142.50. 


Nathaly deposited $12,500 in her bank 
account where it will earn 4% simple interest. 
How much interest will Nathaly earn in five 
years? 


He will earn $2,500. 


Susana invested a principal of $36,000 in her 
bank account that earned simple interest at an 
interest rate of 6.5%. How much interest did 


she earn in three years? 


She earned $7,020. 


There may be times when we know the amount of 
interest earned on a given principal over a certain 
length of time, but we do not know the rate. 


Hang borrowed $7,500 from her parents to 
pay her tuition. In five years, she paid them 


$1,500 interest in addition to the $7,500 she 
borrowed. What was the rate of simple 
interest? 


I= $1500P = $7500r= ?t = 5years 


Identify what you are asked to find, and 
chooseWhat is the rate of simple interest?a 
variable to represent it.Write the 


formula.Substitute in the given 
information.Multiply.Divide.Change to percent 
form.Letr = rate of 


interest.I = Prt1,500 = (7,500)r(5)1,500 = 37,500r@.04 = 
(7,500)(0.04)(5)1,500 = 1,500/ Write a 
complete sentence.The rate of interest was 4%. 


Jim lent his sister $5,000 to help her buy a 
house. In three years, she paid him the $5,000, 
plus $900 interest. What was the rate of simple 
interest? 


The rate of simple interest was 6%. 


Loren lent his brother $3,000 to help him buy 
a car. In four years, his brother paid him back 
the $3,000 plus $660 in interest. What was the 
rate of simple interest? 


The rate of simple interest was 5.5%. 


In the next example, we are asked to find the 
principal—the amount borrowed. 


Sean’s new car loan statement said he would 
pay $4,866,25 in interest from a simple 
interest rate of 8.5% over five years. How 
much did he borrow to buy his new car? 


I= 4,866.25P = ?r = 8.5%t = Syears 


Identify what you are asked to find,What is the 


amount borrowed (the principal)?and choose a 
variable to represent it.Write the 
formula.Substitute in the given 
information.Multiply.Divide.LetP = principal 
borrowed.I = Prt4,866.25 = P(0.085) 

(5)4,866.25 =0.425P11,450 = PCheck.I = Prt4,864 
(11,450)(0.085)(5)4,866.25 = 4,866.25/ Write 

a complete sentence.The principal was 

$11,450. 


Eduardo noticed that his new car loan papers 
stated that with a 7.5% simple interest rate, he 


would pay $6,596.25 in interest over five 
years. How much did he borrow to pay for his 
car? 


He paid $17,590. 


In five years, Gloria’s bank account earned 
$2,400 interest at 5% simple interest. How 
much had she deposited in the account? 


She deposited $9,600. 


Access this online resource for additional 
instruction and practice with using a problem 
solving strategy. 


* Begining Arithmetic Problems 


Key Concepts 


* How To Use a Problem Solving Strategy for 
Word Problems 


Read the problem. Make sure all the words and 
ideas are understood. Identify what you are 
looking for. Name what you are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful 
to restate the problem in one sentence with all 
the important information. Then, translate the 
English sentence into an algebra equation. 
Solve the equation using proper algebra 
techniques. 


Check the answer in the problem to make sure 
it makes sense. Answer the question with a 
complete sentence. 


* How To Find Percent Change 


Find the amount of change 

change = new amount -— original amount Find 
what percent the amount of change is of the 
original amount. 

change is what percent of the original amount? 


* Discount 


amount of discount = discount rate-original 
pricesale price = original amount — discount 

* Mark-up 
amount of mark-up = mark-up rate-original 
costlist price = original cost + mark up 

¢ Simple Interest 
If an amount of money, P, called the principal, 
is invested or borrowed for a period of t years 
at an annual interest rate r, the amount of 
interest, J, earned or paid is: 
I=interestI = PrtwhereP = principalr = ratet = time 


Practice Makes Perfect 


Use a Problem Solving Strategy for Word 
Problems 


List five positive thoughts you can say to 
yourself that will help you approach word 
problems with a positive attitude. You may 
want to copy them on a sheet of paper and put 
it in the front of your notebook, where you can 
read them often. 


Answers will vary. 


List five negative thoughts that you have said to 


yourself in the past that will hinder your 
progress on word problems. You may want to 
write each one on a small piece of paper and rip 
it up to symbolically destroy the negative 
thoughts. 


In the following exercises, solve using the problem 
solving strategy for word problems. Remember to 
write a complete sentence to answer each question. 


There are 16 girls in a school club. The number 
of girls is four more than twice the number of 
boys. Find the number of boys. 


six boys 


There are 18 Cub Scouts in Troop 645. The 
number of scouts is three more than five times 
the number of adult leaders. Find the number of 
adult leaders. 


Huong is organizing paperback and hardback 
books for her club’s used book sale. The number 
of paperbacks is 12 less than three times the 
number of hardbacks. Huong had 162 
paperbacks. How many hardback books were 
there? 


58 hardback books 


Jeff is lining up children’s and adult bicycles at 
the bike shop where he works. The number of 
children’s bicycles is nine less than three times 
the number of adult bicycles. There are 42 
adult bicycles. How many children’s bicycles 
are there? 


Solve Number Word Problems 


In the following exercises, solve each number word 
problem. 


The difference of a number and 12 is three. 
Find the number. 


15 


The difference of a number and eight is four. 
Find the number. 


The sum of three times a number and eight is 
23. Find the number. 


The sum of twice a number and six is 14. Find 
the number. 


The difference of twice a number and seven is 
17. Find the number. 


12 


The difference of four times a number and 
seven is 21. Find the number. 


Three times the sum of a number and nine is 
12. Find the number. 


=o 


Six times the sum of a number and eight is 30. 
Find the number. 


One number is six more than the other. Their 
sum is 42. Find the numbers. 


18, 24 


One number is five more than the other. Their 
sum is 33. Find the numbers. 


The sum of two numbers is 20. One number is 
four less than the other. Find the numbers. 


8, 12 


The sum of two numbers is 27. One number is 
seven less than the other. Find the numbers. 


One number is 14 less than another. If their 
sum is increased by seven, the result is 85. Find 
the numbers. 


32, 46 


One number is 11 less than another. If their 
sum is increased by eight, the result is 71. Find 
the numbers. 


The sum of two numbers is 14. One number is 
two less than three times the other. Find the 
numbers. 


4,10 


The sum of two numbers is zero. One number is 
nine less than twice the other. Find the 
numbers. 


The sum of two consecutive integers is 77. Find 
the integers. 


38, 39 


The sum of two consecutive integers is 89. Find 
the integers. 


The sum of three consecutive integers is 78. 
Find the integers. 


25; 20;.27 


The sum of three consecutive integers is 60. 
Find the integers. 


Find three consecutive integers whose sum is 
— 36: 


Ad 1 9.18 


Find three consecutive integers whose sum is 
=: 


Find three consecutive even integers whose sum 
is 258. 


84, 86, 88 


Find three consecutive even integers whose sum 
is 222. 


Find three consecutive odd integers whose sum 
is —213. 


=69,=71,--73 


Find three consecutive odd integers whose sum 
is — 267. 


Philip pays $1,620 in rent every month. This 
amount is $120 more than twice what his 
brother Paul pays for rent. How much does Paul 


pay for rent? 


$750 


Marc just bought an SUV for $54,000. This is 
$7,400 less than twice what his wife paid for 
her car last year. How much did his wife pay 
for her car? 


Laurie has $46,000 invested in stocks and 
bonds. The amount invested in stocks is $8,000 
less than three times the amount invested in 
bonds. How much does Laurie have invested in 
bonds? 


$13,500 


Erica earned a total of $50,450 last year from 
her two jobs. The amount she earned from her 
job at the store was $1,250 more than three 
times the amount she earned from her job at 
the college. How much did she earn from her 
job at the college? 


Solve Percent Applications 


In the following exercises, translate and solve. 


@ What number is 45% of 120? © 81 is 75% of 
what number? @ What percent of 260 is 78? 


@ 54 ® 108 @ 30% 


@ What number is 65% of 100? © 93 is 75% of 
what number? @ What percent of 215 is 86? 


@ 250% of 65 is what number? © 8.2% of 
what amount is $2.87? @ 30 is what percent of 
20? 


@ 162.5 © $35 @ 150% 


@ 150% of 90 is what number? © 6.4% of 
what amount is $2.88? @ 50 is what percent of 
40? 


In the following exercises, solve. 


Geneva treated her parents to dinner at their 
favorite restaurant. The bill was $74.25. 
Geneva wants to leave 16% of the total bill as a 
tip. How much should the tip be? 


$11.88 


When Hiro and his co-workers had lunch at a 
restaurant near their work, the bill was $90.50. 
They want to leave 18% of the total bill as a 
tip. How much should the tip be? 


One serving of oatmeal has 8 grams of fiber, 
which is 33% of the recommended daily 
amount. What is the total recommended daily 
amount of fiber? 


24.2 2 


One serving of trail mix has 67 grams of 
carbohydrates, which is 22% of the 
recommended daily amount. What is the total 
recommended daily amount of carbohydrates? 


A bacon cheeseburger at a popular fast food 
restaurant contains 2070 milligrams (mg) of 
sodium, which is 86% of the recommended 
daily amount. What is the total recommended 
daily amount of sodium? 


2407 mg 


A grilled chicken salad at a popular fast food 
restaurant contains 650 milligrams (mg) of 
sodium, which is 27% of the recommended 
daily amount. What is the total recommended 
daily amount of sodium? 


The nutrition fact sheet at a fast food restaurant 
says the fish sandwich has 380 calories, and 
171 calories are from fat. What percent of the 
total calories is from fat? 


45% 


The nutrition fact sheet at a fast food restaurant 
says a small portion of chicken nuggets has 190 
calories, and 114 calories are from fat. What 
percent of the total calories is from fat? 


Emma gets paid $3,000 per month. She pays 
$750 a month for rent. What percent of her 
monthly pay goes to rent? 


25% 


Dimple gets paid $3,200 per month. She pays 
$960 a month for rent. What percent of her 


monthly pay goes to rent? 
In the following exercises, solve. 


Tamanika received a raise in her hourly pay, 
from $15.50 to $17.36. Find the percent 
change. 


12% 


Ayodele received a raise in her hourly pay, 
from $24.50 to $25.48. Find the percent 
change. 


Annual student fees at the University of 
California rose from about $4,000 in 2000 to 
about $12,000 in 2010. Find the percent 
change. 


200% 


The price of a share of one stock rose from 
$12.50 to $50. Find the percent change. 


A grocery store reduced the price of a loaf of 
bread from $2.80 to $2.73. Find the percent 


change. 


= 22070 


The price of a share of one stock fell from $8.75 
to $8.54. Find the percent change. 


Hernando’s salary was $49,500 last year. This 
year his salary was cut to $44,055. Find the 
percent change. 


=11% 


In ten years, the population of Detroit fell from 
950,000 to about 712,500. Find the percent 
change. 


In the following exercises, find @ the amount of 
discount and © the sale price. 


Janelle bought a beach chair on sale at 60% off. 
The original price was $44.95. 


@ $26.97 © $17.98 


Errol bought a skateboard helmet on sale at 
40% off. The original price was $49.95. 


In the following exercises, find @ the amount of 
discount and © the discount rate (Round to the 
nearest tenth of a percent if needed.) 


Larry and Donna bought a sofa at the sale price 
of $1,344. The original price of the sofa was 
$1,920. 


@ $576 ® 30% 


Hiroshi bought a lawnmower at the sale price 
of $240. The original price of the lawnmower is 
$300. 


In the following exercises, find @ the amount of the 
mark-up and © the list price. 


Daria bought a bracelet at original cost $16 to 
sell in her handicraft store. She marked the 
price up 45%. What was the list price of the 
bracelet? 


@ $7.20 © $23.20 


Regina bought a handmade quilt at original 
cost $120 to sell in her quilt store. She marked 
the price up 55%. What was the list price of the 
quilt? 


Tom paid $0.60 a pound for tomatoes to sell at 
his produce store. He added a 33% mark-up. 
What price did he charge his customers for the 
tomatoes? 


@ $0.20 ® $0.80 


Flora paid her supplier $0.74 a stem for roses to 
sell at her flower shop. She added an 85% 
mark-up. What price did she charge her 
customers for the roses? 


Solve Simple Interest Applications 


In the following exercises, solve. 


Casey deposited $1,450 in a bank account that 
earned simple interest at an interest rate of 4%. 
How much interest was earned in two years? 


$116 


Terrence deposited $5,720 in a bank account 
that earned simple interest at an interest rate of 
6%. How much interest was earned in four 
years? 


Robin deposited $31,000 in a bank account that 
earned simple interest at an interest rate of 
5.2%. How much interest was earned in three 
years? 


$4836 


Carleen deposited $16,400 in a bank account 
that earned simple interest at an interest rate of 
3.9% How much interest was earned in eight 
years? 


Hilaria borrowed $8,000 from her grandfather 
to pay for college. Five years later, she paid him 
back the $8,000, plus $1,200 interest. What 
was the rate of simple interest? 


3% 


Kenneth lent his niece $1,200 to buy a 
computer. Two years later, she paid him back 


the $1,200, plus $96 interest. What was the rate 
of simple interest? 


Lebron lent his daughter $20,000 to help her 
buy a condominium. When she sold the 
condominium four years later, she paid him the 
$20,000, plus $3,000 interest. What was the 
rate of simple interest? 


3.79% 


Pablo borrowed $50,000 to start a business. 
Three years later, he repaid the $50,000, plus 
$9,375 interest. What was the rate of simple 
interest? 


In 10 years, a bank account that paid 5.25% 
simple interest earned $18,375 interest. What 
was the principal of the account? 


$35,000 


In 25 years, a bond that paid 4.75% simple 
interest earned $2,375 interest. What was the 
principal of the bond? 


Joshua’s computer loan statement said he 
would pay $1,244.34 in simple interest for a 
three-year loan at 12.4%. How much did 
Joshua borrow to buy the computer? 


$3345 


Margaret’s car loan statement said she would 
pay $7,683.20 in simple interest for a five-year 
loan at 9.8%. How much did Margaret borrow 
to buy the car? 


Everyday Math 


Tipping At the campus coffee cart, a medium 
coffee costs $1.65. MaryAnne brings $2.00 with 
her when she buys a cup of coffee and leaves 
the change as a tip. What percent tip does she 
leave? 


17.5% 


Tipping Four friends went out to lunch and the 
bill came to $53.75 They decided to add 
enough tip to make a total of $64, so that they 
could easily split the bill evenly among 


themselves. What percent tip did they leave? 


Writing Exercises 


What has been your past experience solving 
word problems? Where do you see yourself 
moving forward? 


Answers will vary. 


Without solving the problem “44 is 80% of 
what number” think about what the solution 
might be. Should it be a number that is greater 
than 44 or less than 44? Explain your 
reasoning. 


After returning from vacation, Alex said he 
should have packed 50% fewer shorts and 
200% more shirts. Explain what Alex meant. 


Answers will vary. 


Because of road construction in one city, 
commuters were advised to plan that their 
Monday morning commute would take 150% of 


their usual commuting time. Explain what this 
means. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objective of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Solve a Formula for a Specific Variable 
By the end of this section, you will be able to: 


* Solve a formula for a specific variable 
* Use formulas to solve geometry applications 


Before you get started, take this readiness quiz. 


Evaluate 2(x+3) when x=5. 
If you missed this problem, review [link]. 


The length of a rectangle is three less than the 
width. Let w represent the width. Write an 
expression for the length of the rectangle. 

If you missed this problem, review [link]. 


Evaluate 12bh when b=14 and h=9. 
If you missed this problem, review [link]. 


Solve a Formula for a Specific Variable 


We have all probably worked with some geometric 
formulas in our study of mathematics. Formulas are 
used in so many fields, it is important to recognize 
formulas and be able to manipulate them easily. 


It is often helpful to solve a formula for a specific 
variable. If you need to put a formula in a 
spreadsheet, it is not unusual to have to solve it for 
a specific variable first. We isolate that variable on 
one side of the equals sign with a coefficient of one 
and all other variables and constants are on the 
other side of the equal sign. 


Geometric formulas often need to be solved for 
another variable, too. The formula V = 13ar2h is 
used to find the volume of a right circular cone 
when given the radius of the base and height. In the 


next example, we will solve this formula for the 
height. 


Solve the formula V = 13ar2h for h. 


Write the 
formula. 


———_— 
Remove 


the fraction 
on 


. 
rie 
LLIBtite 


Simplify. 


—---_  ___. __ 
Divide both 

sides b 

Ur 


We could now use this formula to find the 
height of a right circular cone when we know 
the volume and the radius of the base, by 


using the formula h= 3Vzr2. 


Use the formula A=12bh to solve for b. 


Use the formula A=12bh to solve for h. 


In the sciences, we often need to change 
temperature from Fahrenheit to Celsius or vice 
versa. If you travel in a foreign country, you may 
want to change the Celsius temperature to the more 
familiar Fahrenheit temperature. 


Solve the formula C= 59(F — 32) for F. 


Write the 
formula. 


Remove 
the fraction 
on 


. 
rine 
LABtLL- 


Simplify. 


Add 32 tc 
both sides. 


We can now use the formula F = 95C + 32 to 
find the Fahrenheit temperature when we 
know the Celsius temperature. 


Solve the formula F=95C +32 for C. 


C=59(F — 32) 


Solve the formula A=12h(b+B) for b. 


The next example uses the formula for the surface 
area of a right cylinder. 


Solve the formula S = 2xr2 + 2mrh for h. 


Write the formula. 


Isolate the h term by 


SU eee | 


Vue o1ur. 


Simplify. 


Solve for h by dividirg 
both sides by 2ar. 


Simplify. 


Solve the formula A=P + Prt for t. 


Solve the formula A=P-+ Prt for r. 


Sometimes we might be given an equation that is 
solved for y and need to solve it for x, or vice versa. 
In the following example, we’re given an equation 
with both x and y on the same side and we'll solve it 
for y. 


Solve the formula 8x+7y=15 for y. 


We will isolate y on 
one side of the 


| 
Subtract 6x from both 
sides to isolate the 


Simplify. 
—- a 
Divide both sides by 7 


to make the coefficient 
of 


Simplify. 


Solve the formula 4x+ 7y =9 for y. 


Solve the formula 5x+ 8y=1 for y. 


Use Formulas to Solve Geometry 
Applications 


In this objective we will use some common 
geometry formulas. We will adapt our problem 


solving strategy so that we can solve geometry 
applications. The geometry formula will name the 
variables and give us the equation to solve. 


In addition, since these applications will all involve 
shapes of some sort, most people find it helpful to 
draw a figure and label it with the given 
information. We will include this in the first step of 
the problem solving strategy for geometry 
applications. 


Solve geometry applications. 


Read the problem and make sure all the words and 
ideas are understood. Identify what you are 
looking for. Name what we are looking for by 
choosing a variable to represent it. Draw the figure 


and label it with the given information. Translate 
into an equation by writing the appropriate 
formula or model for the situation. Substitute in 
the given information. Solve the equation using 
good algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer the 
question with a complete sentence. 


When we solve geometry applications, we often 
have to use some of the properties of the figures. We 


will review those properties as needed. 


The next example involves the area of a triangle. 
The area of a triangle is one-half the base times the 
height. We can write this as A=12bh, where b = 
length of the base and h = height. 


The area of a triangular painting is 126 square 
inches. The base is 18 inches. What is the 
height? 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what height of a triangle 


tradw aran laalina for, 
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tS we LUttsibwe 


Choose a variable to Let h= the height. 


. 
ranracant it 
2Ueprrvowsiie ic. 


Draw the figureand Area = 126 sq. in. 
label it with the given 


infarmatinan 
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Write the appropriate A=12bh 


fa rmiuila 


LULL11LULUe 


Substitute in the given 126=12:18-h 


infarmatian 
SBLALWLLLIULLILVIile 


Step 5. Solve the 126=9h 


. 
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Step 6. Check. 


A=12bh126=? 


19.19.14196—1967 
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Step 7. Answer the ‘The height of the 
question. triangle is 14 inches. 


The area of a triangular church window is 90 
square meters. The base of the window is 15 
meters. What is the window’s height? 


The window’s height is 12 meters. 


A triangular tent door has area 15 square feet. 
The height is five feet. What is the length of 
the base? 


The length of the base is 6 feet. 


In the next example, we will work with a right 
triangle. To solve for the measure of each angle, we 
need to use two triangle properties. In any triangle, 
the sum of the measures of the angles is 180°. We 
can write this as a formula: mzA+mzB 
+mzC=180. Also, since the triangle is a right 
triangle, we remember that a right triangle has one 
90° angle. 


Here, we will have to define one angle in terms of 


another. We will wait to draw the figure until we 
write expressions for all the angles we are looking 
for. 


The measure of one angle of a right triangle is 
40 degrees more than the measure of the 
smallest angle. Find the measures of all three 
angles. 


Step 1. Read the 


Pt Ovuicin. 


Step 2. Identify what the measures of all 
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Step 3. Name. Choose Leta=1stangle.a 
a variable to represerit + 40 = 2ndangle90 = 3rdangle 
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Le LULLY 21 Btit U116ircy 


Draw the figure and 
label it with the given 
information. 


Stan A. Taanalata 
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Write ahs appropriate: 
formula. 


Substitute into the 
formula. 


Step 5. Solve the 
equation. 


Step 6. Check. 


25+65+90=? 


190N1ON—1O0Nn 7 
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Step 7. Answer the The three angles 
question. measure 25°,65°, and 
90°. 


The measure of one angle of a right triangle is 
50 more than the measure of the smallest 
angle. Find the measures of all three angles. 


The measures of the angles are 20°, 70°, and 
90°. 


The measure of one angle of a right triangle is 
30 more than the measure of the smallest 
angle. Find the measures of all three angles. 


The measures of the angles are 30°, 60°, and 
90°. 


The next example uses another important geometry 
formula. The Pythagorean Theorem tells how the 
lengths of the three sides of a right triangle relate to 
each other. Writing the formula in every exercise 
and saying it aloud as you write it may help you 
memorize the Pythagorean Theorem. 


PO 


The Pythagorean Theorem 

In any right triangle, where a and b are the lengths 
of the legs, and c is the length of the hypotenuse, 
the sum of the squares of the lengths of the two 
legs equals the square of the length of the 
hypotenuse. 


We will use the Pythagorean Theorem in the next 
example. 


Use the Pythagorean Theorem to find the 
length of the other leg in 


Step 1. Read the 


am 
pivuviwstiie 


Step 2. Identify what the length of the leg of 
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Choose a variable to Let a = the leg of the 


. . 
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Label side a. 


Sy 
Step-4,Franslate, 

Write the appropriate) a2+b2=c2a2+122=13 
formula. 


Substituto 
VoLLLULLe 


Step 5. Solve the a2+144=169a2=25a= 


5a 


equation. 

Isolate the variable 
term. 

Use the definition of 


en root. 
nlift, 


im 
Simply. 


Step 6. Check. 


165 = 165 77 
Step 7. Answer the The length of the leg is 
question. oy 


Use the Pythagorean Theorem to find the 
length of the leg in the figure. 


The length of the leg is 8. 


Use the Pythagorean Theorem to find the 
length of the leg in the figure. 


The length of the leg is 12. 


LT 


The next example is about the perimeter of a 
rectangle. Since the perimeter is just the distance 
around the rectangle, we find the sum of the lengths 
of its four sides—the sum of two lengths and two 
widths. We can write is as P=2L+2W where L is 
the length and W is the width. To solve the 
example, we will need to define the length in terms 
of the width. 


The length of a rectangle is six centimeters 
more than twice the width. The perimeter is 
96 centimeters. Find the length and width. 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what the length and the 


warn awn Inanlrina Far wart dth 
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Step 3. Name. Choose Let w= width. 
a variable to represerit 2w+6= length 


the width. 
The length is six mor? 
than twice the width. 
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Write the appropriate: 
formula. 


Substitute in the given 


information. 
06 = 2(2W 1 6) s DW 


Step 5. Solve the 


equation. 
96 = 4W+12+2W 


96 =6W+12 
84 = 6W 
14 = W (width) 


2W+6 (length) 
2(14) +6 
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Step 6. Check. 


P=2L+2W96=? 

AAS 214A06 =96f 

Step 7. Answer the The length is 34 cm 
question. and the width is 14 


cm. 


The length of a rectangle is seven more than 
twice the width. The perimeter is 110 inches. 
Find the length and width. 


The length is 39 inches and the width is 16 
inches. 


The width of a rectangle is eight yards less 
than twice the length. The perimeter is 86 
yards. Find the length and width. 


The length is 17 yards and the width is 26 


yards. 


The next example is about the perimeter of a 
triangle. Since the perimeter is just the distance 
around the triangle, we find the sum of the lengths 
of its three sides. We can write this as P=a+b+c, 
where a, b, and c are the lengths of the sides. 


One side of a triangle is three inches more 
than the first side. The third side is two inches 
more than twice the first. The perimeter is 29 
inches. Find the length of the three sides of the 
triangle. 


Step 1. Read the 


pivuviwstiie 


Step 2. Identify what the lengths of the three 
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Step 3. Name. Choose Letx=length 


a variable to oflstside.x + 3 =length 
represent the length of of2ndside2x 
the first side. +2=length of3rdside 


—— 
Step 4. Translate. 


Write the appropriate: 
fo S 

Substitute in the given 
information. 


Step 5. Solve the 
equation. 


Step 6. Check. 


29=?6+9+14 


29=29F 
Step 7. Answer the The lengths of the sides 
question. of the triangle 


are 6, 9, and 14 inches. 


One side of a triangle is seven inches more 
than the first side. The third side is four inches 
less than three times the first. The perimeter is 
28 inches. Find the length of the three sides of 
the triangle. 


The lengths of the sides of the triangle are 5, 
11 and 12 inches. 


One side of a triangle is three feet less than the 
first side. The third side is five feet less than 
twice the first. The perimeter is 20 feet. Find 
the length of the three sides of the triangle. 


The lengths of the sides of the triangle are 4, 7 


and 9 feet. 


The perimeter of a rectangular soccer field is 
360 feet. The length is 40 feet more than the 
width. Find the length and width. 


Step 1. Read the 


Pt VUVVirtlilile 


Step 2. Identify what the length and width of 
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Step 3. Name. Choose Let w = width. 
a variable to represerit w+40= length 
it. 


The length is 40 feet 


2 
Step 4. Translate. 

Write the appropriate: 

fo a eS 
substitute. 


Step 5. Solve the 
equation. 


Step 6. Check. 


P=2L+2W360=? 
9 
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Step 7. Answer the The length of the 

question. soccer field is 110 feet 
and the width is 70 
feet. 


The perimeter of a rectangular swimming pool 
is 200 feet. The length is 40 feet more than the 
width. Find the length and width. 


The length of the swimming pool is 70 feet 
and the width is 30 feet. 


The length of a rectangular garden is 30 yards 
more than the width. The perimeter is 300 
yards. Find the length and width. 


The length of the garden is 90 yards and the 
width is 60 yards. 


Applications of these geometric properties can be 
found in many everyday situations as shown in the 
next example. 


Kelvin is building a gazebo and wants to brace 
each corner by placing a 10” piece of wood 
diagonally as shown. 


How far from the corner should he fasten the 
wood if wants the distances from the corner to 
be equal? Approximate to the nearest tenth of 
an inch. 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what the distance from the 
we are looking for. corner that the 
bracket should be 


attanhad 
uUuviucni1ecuy 


Step 3. Name. Choose Let x= the distance 
a variable to represerit from the corner. 

it. 

Draw the figure and 
la 


rs 
Step 4. Translate. 
Write the appropriate) a2+b2=c2 
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Step 5. Solve the 2x2 = 100x2 = 50x = 50x = 
equation. 

Isolate the variable. 

Use the definition of 

square root. 

Simplify. Approximate 


tran tha nanavnct tanth 
LY UL LLECULLOUVE LULLLLL. 


Step 6. Check. 
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Step 7. Answer the Kelvin should fasten 

question. each piece of wood 
approximately 7.1” 


1 


from the corner. 


John puts the base of a 13-foot ladder five feet 
from the wall of his house as shown in the 
figure. How far up the wall does the ladder 
reach? 


The ladder reaches 12 feet. 


Randy wants to attach a 17-foot string of lights 
to the top of the 15 foot mast of his sailboat, 
as shown in the figure. How far from the base 
of the mast should he attach the end of the 


light string? 


He should attach the lights 8 feet from the 
base of the mast. 


Access this online resource for additional 
instruction and practice with solving for a variable 
in literal equations. 


¢ Solving Literal Equations 


Key Concepts 
* How To Solve Geometry Applications 


Read the problem and make sure all the words 
and ideas are understood. Identify what you 
are looking for. Name what you are looking for 
by choosing a variable to represent it. Draw the 
figure and label it with the given information. 
Translate into an equation by writing the 
appropriate formula or model for the situation. 
Substitute in the given information. Solve the 
equation using good algebra techniques. Check 
the answer in the problem and make sure it 
makes sense. Answer the question with a 
complete sentence. 


* The Pythagorean Theorem 


© In any right triangle, where a and b are 
the lengths of the legs, and c is the length 
of the hypotenuse, the sum of the squares 
of the lengths of the two legs equals the 
square of the length of the hypotenuse. 


Practice Makes Perfect 
Solve a Formula for a Specific Variable 


In the following exercises, solve the given formula 
for the specified variable. 


Solve the formula C=:d for d. 


a=Cr 


Solve the formula C=:ad for x. 


Solve the formula V=LWH for L. 


L=VWH 


Solve the formula V=LWH for H. 


Solve the formula A=12bh for b. 


b=2Ah 


Solve the formula A=12bh for h. 


Solve the formula 
A=12d1d2 for dl. 


di = 2Ad2 


Solve the formula 
A=12d1d2 for d2. 


Solve the formula 
A=12h(b1 + b2) for bl. 


b1 =2Ah—b2 


Solve the formula 
A=12h(b1+b2) for b2. 


Solve the formula 
h=54t+ 12at2 for a. 


a=2h—108tt2 


Solve the formula 
h=48t+ 12at2 for a. 


Solve 180=a+b-+c for a. 


a=180-—b-c 


Solve 180=a+b+c for c. 


Solve the formula 
A=12pl1+B for p. 


p=2A—2Bl 


Solve the formula 
A=12p1+B for lL. 


Solve the formula 
P=2L+2W for L. 


L=P—2W2 


Solve the formula 
P=2L+2W for W. 


In the following exercises, solve for the formula for 
y. 


Solve the formula 
8x+y=15 for y. 


y=15-8x 


Solve the formula 
9x+y=13 for y. 


Solve the formula 
—4x+y=-—6 for y. 


y= —-6+4x 


Solve the formula 
—5x+y=-—1 for y. 


Solve the formula 
x—y=-—4 for y. 


y=4+x 


Solve the formula 
x—y=-3 for y. 


Solve the formula 
4x + 3y=7 for y. 


y=7-—4x3 


Solve the formula 
3x+2y=11 for y. 


Solve the formula 
2x+ 3y =12 for y. 


y=12-2x3 


Solve the formula 
5x + 2y=10 for y. 


Solve the formula 
3x — 2y = 18 for y. 


y=18-3x-2 


Solve the formula 
4x— 3y=12 for y. 


Use Formulas to Solve Geometry Applications 


In the following exercises, solve using a geometry 
formula. 


A triangular flag has area 0.75 square feet and 
height 1.5 foot. What is its base? 


1 foot 


A triangular window has area 24 square feet 
and height six feet. What is its base? 


What is the base of a triangle with area 207 
square inches and height 18 inches? 


23 inches 


What is the height of a triangle with area 893 
square inches and base 38 inches? 


The two smaller angles of a right triangle have 
equal measures. Find the measures of all three 
angles. 


45°,45°,90° 


The measure of the smallest angle of a right 
triangle is 20° less than the measure of the next 
larger angle. Find the measures of all three 
angles. 


The angles in a triangle are such that one angle 
is twice the smallest angle, while the third 
angle is three times as large as the smallest 
angle. Find the measures of all three angles. 


30°,60°,90° 


The angles in a triangle are such that one angle 
is 20 more than the smallest angle, while the 
third angle is three times as large as the 
smallest angle. Find the measures of all three 
angles. 


In the following exercises, use the Pythagorean 
Theorem to find the length of the hypotenuse. 


In the following exercises, use the Pythagorean 
Theorem to find the length of the leg. Round to the 
nearest tenth if necessary. 


9.3 


In the following exercises, solve using a geometry 


formula. 


The width of a rectangle is seven meters less 
than the length. The perimeter is 58 meters. 
Find the length and width. 


18 meters, 11 meters 


The length of a rectangle is eight feet more than 
the width. The perimeter is 60 feet. Find the 
length and width. 


The width of the rectangle is 0.7 meters less 
than the length. The perimeter of a rectangle is 
52.6 meters. Find the dimensions of the 
rectangle. 


13.5'm,.12.8.m 


The length of the rectangle is 1.1 meters less 
than the width. The perimeter of a rectangle is 
49.4 meters. Find the dimensions of the 
rectangle. 


The perimeter of a rectangle of 150 feet. The 
length of the rectangle is twice the width. Find 
the length and width of the rectangle. 


25 ft, 50 ft 


The length of the rectangle is three times the 
width. The perimeter of a rectangle is 72 feet. 
Find the length and width of the rectangle. 


The length of the rectangle is three meters less 
than twice the width. The perimeter of a 
rectangle is 36 meters. Find the dimensions of 
the rectangle. 


7m, 11m 


The length of a rectangle is five inches more 
than twice the width. The perimeter is 34 


inches. Find the length and width. 


The perimeter of a triangle is 39 feet. One side 
of the triangle is one foot longer than the 
second side. The third side is two feet longer 
than the second side. Find the length of each 
side. 


12 ft, 13 ft, 14 ft 


The perimeter of a triangle is 35 feet. One side 
of the triangle is five feet longer than the 
second side. The third side is three feet longer 
than the second side. Find the length of each 
side. 


One side of a triangle is twice the smallest side. 
The third side is five feet more than the shortest 
side. The perimeter is 17 feet. Find the lengths 
of all three sides. 


3 ft, 6:18 ft 


One side of a triangle is three times the smallest 
side. The third side is three feet more than the 
shortest side. The perimeter is 13 feet. Find the 


lengths of all three sides. 


The perimeter of a rectangular field is 560 
yards. The length is 40 yards more than the 
width. Find the length and width of the field. 


120 yd, 160 yd 


The perimeter of a rectangular atrium is 160 
feet. The length is 16 feet more than the width. 
Find the length and width of the atrium. 


A rectangular parking lot has perimeter 250 
feet. The length is five feet more than twice the 
width. Find the length and width of the parking 
lot. 


40 ft, 85 ft 


A rectangular rug has perimeter 240 inches. 
The length is 12 inches more than twice the 
width. Find the length and width of the rug. 


In the following exercises, solve. Approximate 
answers to the nearest tenth, if necessary. 


A 13-foot string of lights will be attached to the 
top of a 12-foot pole for a holiday display as 
shown. How far from the base of the pole 
should the end of the string of lights be 
anchored? 


5 feet 


am wants to put a banner across her garage 
door diagonally, as shown, to congratulate her 
son for his college graduation. The garage door 
is 12 feet high and 16 feet wide. Approximately 
how long should the banner be to fit the garage 
door? 


Chi is planning to put a diagonal path of paving 
stones through her flower garden as shown. The 
flower garden is a square with side 10 feet. 
What will the length of the path be? 


14.1 feet 


Brian borrowed a 20-foot extension ladder to 
use when he paints his house. If he sets the base 
of the ladder six feet from the house as shown, 
how far up will the top of the ladder reach? 


Everyday Math 


Converting temperature While on a tour in 
Greece, Tatyana saw that the temperature was 
40° Celsius. Solve for F in the formula C=59(F 
— 32) to find the Fahrenheit temperature. 


104°F 


Converting temperature Yon was visiting the 
United States and he saw that the temperature 
in Seattle one day was 50° Fahrenheit. Solve for 
C in the formula F = 95C + 32 to find the Celsius 
temperature. 


Christa wants to put a fence around her 
triangular flowerbed. The sides of the flowerbed 
are six feet, eight feet and 10 feet. How many 
feet of fencing will she need to enclose her 
flowerbed? 


240 ft 


Jose just removed the children’s play set from 
his back yard to make room for a rectangular 
garden. He wants to put a fence around the 
garden to keep the dog out. He has a 50-foot 
roll of fence in his garage that he plans to use. 
To fit in the backyard, the width of the garden 
must be 10 feet. How long can he make the 
other side? 


Writing Exercises 


If you need to put tile on your kitchen floor, do 
you need to know the perimeter or the area of 
the kitchen? Explain your reasoning. 


Answers will vary. 


If you need to put a fence around your 
backyard, do you need to know the perimeter 
or the area of the backyard? Explain your 
reasoning. 


Look at the two figures below. 


@ Which figure looks like it has the larger 
area? Which looks like it has the larger 
perimeter? 

® Now calculate the area and perimeter of 
each figure. Which has the larger area? Which 
has the larger perimeter? 

© Were the results of part (b) the same as your 
answers in part (a)? Is that surprising to you? 


@ Answers will vary. ® The areas are the 
same. The 2 x 8 rectangle has a larger perimeter 
than the 4 x 4 square. 

© Answers will vary. 


Write a geometry word problem that relates to 
your life experience, then solve it and explain 


all your steps. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Solve Mixture and Uniform Motion Applications 
By the end of this section, you will be able to: 


* Solve coin word problems 

* Solve ticket and stamp word problems 
* Solve mixture word problems 

¢ Solve uniform motion applications 


Before you get started, take this readiness quiz. 


Simplify: 0.25x + 0.10(x + 4). 
If you missed this problem, review [link]. 


The number of adult tickets is three more than 
twice the number of children tickets. Let c 
represent the number of children tickets. Write 
an expression for the number of adult tickets. 
If you missed this problem, review [link]. 


Convert 4.2% to a decimal. 
If you missed this problem, review [link]. 


Solve Coin Word Problems 


Using algebra to find the number of nickels and 
pennies in a piggy bank may seem silly. You may 
wonder why we just don’t open the bank and count 
them. But this type of problem introduces us to 
some techniques that will be useful as we move 
forward in our study of mathematics. 


If we have a pile of dimes, how would we determine 
its value? If we count the number of dimes, we'll 
know how many we have—the number of dimes. But 
this does not tell us the value of all the dimes. Say 
we counted 23 dimes, how much are they worth? 
Each dime is worth $0.10—that is the value of one 
dime. To find the total value of the pile of 23 dimes, 
multiply 23 by $0.10 to get $2.30. 


The number of dimes times the value of each dime 
equals the total value of the dimes. 


number-value = totalvalue23-$0.10 = $2.30 


This method leads to the following model. 


Total Value of Coins 

For the same type of coin, the total value of a 
mumber of coins is found by using the model 
number-value = totalvalue 


¢ number is the number of coins 
¢ value is the value of each coin 
¢ total value is the total value of all the coins 


If we had several types of coins, we could continue 
this process for each type of coin, and then we 
would know the total value of each type of coin. To 
get the total value of all the coins, add the total 
value of each type of coin. 


Jesse has $3.02 worth of pennies and nickels 
in his piggy bank. The number of nickels is 
three more than eight times the number of 
pennies. How many nickels and how many 
pennies does Jesse have? 


Step 1. Read the 

problem. pennies and nickels 
Determine the types of 

coins involved. Pennies are worth 


Create a table. 
Write in the value of 


oh turan nf 7 
cacti ty vY vw. Coin. 


Step 2. Identify what 


arn lanlina Far 
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Step 3. Name. 
Represent the number 
of each type of coin 
using variables. 

The number of nickels 
is defined in terms of 
the 

number of pennies, so 
start with pennies. 
The number of nickels 
is three more than 
eight times 


wr nfan 


tha mha an 
Llc TLULEIDCL OL pennies. 


In the chart, multiply 
the number and the 
value to 

get the total value of 


oh tunan nf 7 
Cac ty vPY vw. Coin. 


$0.10. 


Nickels are worth 
cn ne 
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the number of pennies 
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Let p= number of 
pennies. 


8p+3= number of 
nickels 


Step 4. Translate. 
Write the equation by 


adding the total value 
EEE 


of all the types of 


enina 


Step 5. Solve the 
equation. 


ey Ee 
How many nickels? 


Step 6. Check the 
answer in the problem 
and make sure it makes 


sense. 
Jesse has 7 pennies 
and 59 nickels. 

Is the total value 
$3.02? 

7(0.01) + 59(0.05) =? 
3.023.02=3.02Y 


Jesse has $6.55 worth of quarters and nickels 
in his pocket. The number of nickels is five 
more than two times the number of quarters. 
How many nickels and how many quarters 
does Jesse have? 


Jess has 41 nickels and 18 quarters. 


Elane has $7.00 total in dimes and nickels in 

her coin jar. The number of dimes that Elane 

has is seven less than three times the number 
of nickels. How many of each coin does Elane 
have? 


Elane has 22 nickels and 59 dimes. 


The steps for solving a coin word problem are 
summarized below. 


Solve coin word problems. 


Read the problem. Make sure all the words and 
ideas are understood. 


* Determine the types of coins involved. 
* Create a table to organize the information. 


99 66 


Label the columns “type,” “number,” 
“value,” and “total value.” 

List the types of coins. 

Write in the value of each type of coin. 


Write in the total value of all the coins. 


1G OR 


| Type | Number + Value($) = Total Value (S) 


Identify what you are looking for. Name what you 
are looking for. Choose a variable to represent that 
quantity. 


* Use variable expressions to represent the 
number of each type of coin and write them in 
the table. 

* Multiply the number times the value to get the 
total value of each type of coin. 


Translate into an equation. 


* It may be helpful to restate the problem in one 
sentence with all the important information. 
Then, translate the sentence into an equation. 

¢ Write the equation by adding the total values 
of all the types of coins. 


Solve the equation using good algebra techniques. 

Check the answer in the problem and make sure it 
makes sense. Answer the question with a complete 
sentence. 


Solve Ticket and Stamp Word Problems 


Problems involving tickets or stamps are very much 
like coin problems. Each type of ticket and stamp 
has a value, just like each type of coin does. So to 
solve these problems, we will follow the same steps 
we used to solve coin problems. 


Danny paid $15.75 for stamps. The number of 
49-cent stamps was five less than three times 
the number of 35-cent stamps. How many 49- 
cent stamps and how many 35-cent stamps did 
Danny buy? 


Step 1. Determine the 49-cent stamps and 35- 
types of stamps cent stamps 


Step 2. Identify we — the number of 49-cent 
are looking for. stamps and the number 


af QE nant ctamna 
VE yy Shit vlUutiipyD 


Step 3. Write variable Let x = number of 35- 
expressions to cent stamps. 
represent the number 


anf aanch tryna af ctamn 
Ci Cactn typLye ve Stamp. 


“The number of 49- 

cent stamps was five 3x—5= number of 49- 
less cent stamps 

than three times the 

number of 35-cent 


etamne ” 
vLUuLiipv. 


a a es 
Step 4. Write the 


equation from the total 
P0493 5) 035% = 1575 


Vv ULULVe 


Step 5. Solve the 
equation. 


How many 49-cent 
stamps? 


isan 
Step 6. Check. 


10(0.35) + 25(0.49) =? 

15.753.50+ 12.25=? 

15-7515:75-=15.75~4 

Step 7. Answer the Danny bought ten 35- 
question with a cent stamps and 


complete sentence. twenty-five 49-cent 
stamps. 


Eric paid $19.88 for stamps. The number of 
49-cent stamps was eight more than twice the 
number of 35-cent stamps. How many 49-cent 
stamps and how many 35-cent stamps did Eric 
buy? 


Eric bought thirty-two 49-cent stamps and 
twelve 35-cent stamps. 


Kailee paid $14.74 for stamps. The number of 
49-cent stamps was four less than three times 
the number of 20-cent stamps. How many 49- 
cent stamps and how many 20-cent stamps did 
Kailee buy? 


Kailee bought twenty-six 49-cent stamps and 
ten 20-cent stamps. 


In most of our examples so far, we have been told 
that one quantity is four more than twice the other, 
or something similar. In our next example, we have 
to relate the quantities in a different way. 


Suppose Aniket sold a total of 100 tickets. Each 
ticket was either an adult ticket or a child ticket. If 
he sold 20 child tickets, how many adult tickets did 
he sell? 


Did you say “80”? How did you figure that out? 
Did you subtract 20 from 100? 


If he sold 45 child tickets, how many adult tickets 
did he sell? 


Did you say “55”? How did you find it? By 
subtracting 45 from 100? 


Now, suppose Aniket sold x child tickets. Then how 
many adult tickets did he sell? To find out, we 
would follow the same logic we used above. In each 
case, we subtracted the number of child tickets from 
100 to get the number of adult tickets. We now do 
the same with x. 


We have summarized this in the table. 


We will apply this technique in the next example. 


A whale-watching ship had 40 paying 
passengers on board. The total revenue 
collected from tickets was $1,196. Full-fare 
passengers paid $32 each and reduced-fare 
passengers paid $26 each. How many full-fare 
passengers and how many reduced-fare 
passengers were on the ship? 


Step 1. Determine the full-fare tickets and 


types of tickets reduced-fare tickets 
tnrtralyad 


Step 2. Identify what the number of full-fare 


we are looking for. tickets and reduced- 


. 
faro tinlrata 
LUI LLLINULD 


Step 3. Name. Let f = the number of 
Represent the number full-fare tickets. 
of each type of ticket 40—f= the number of 


. . 
1W0c1InNTs vrarianhlac reducad fara tinrlrata 
Uvittgs® VULLUVILCDe NEUALOEU LULL LELVILULY 


We know the total 
number of tickets sold 
was 40. This means the 
number of reduced-fare 
tickets is 40 less the 
number of full-fare 
tickets. 

Multiply the number 
times the value to get 
the total value of each 


tia nf tinlrat 
type Ve taesrree. 


eS | LL) 
Step 4. Translate. 


Write the equation by 


2 EC 


af aanokh tiyumna af ticlat 
Vi wun type vai Uren 


Step 5. Solve the 
equation. 


res 
How many reduced- 


fare? 


ey 
Step 6. Check the 


answer. 
There were 26 full-fare 
tickets at $32 each and 
14 reduced-fare tickets 
at $26 each. Is the total 
value $116? 

26°32 = 83214-26 = 364 


11964 
Step 7. Answer the They sold 26 full-fare 
question. and 14 reduced-fare 


tickets. 


During her shift at the museum ticket booth, 
Leah sold 115 tickets for a total of $1,163. 
Adult tickets cost $12 and student tickets cost 
$5. How many adult tickets and how many 
student tickets did Leah sell? 


84 adult tickets, 31 student tickets 


Galen sold 810 tickets for his church’s carnival 
for a total revenue of $2,820. Children’s tickets 
cost $3 each and adult tickets cost $5 each. 
How many children’s tickets and how many 


adult tickets did he sell? 


615 children’s tickets and 195 adult tickets 


Solve Mixture Word Problems 


Now we'll solve some more general applications of 
the mixture model. In mixture problems, we are 
often mixing two quantities, such as raisins and 
nuts, to create a mixture, such as trail mix. In our 
tables we will have a row for each item to be mixed 
as well as one for the final mixture. 


Henning is mixing raisins and nuts to make 25 
pounds of trail mix. Raisins cost $4.50 a pound 
and nuts cost $8 a pound. If Henning wants his 
cost for the trail mix to be $6.60 a pound, how 
many pounds of raisins and how many pounds 


of nuts should he use? 


Step 1. Determine The 25 pounds of trail 
what is being mixed. mix will come from 
mixing raisins and 


nite 
1LULDve 


Step 2. Identify what the number of pounds 


. ee 
TATA TAKA lanlinag far af raiticina anda niita 
VVEe ULY LUYUINILIG LULL. Vi LULdihiiv ULL L1iuULD 


Step 3. Represent the. Let x= number of 

number of each type of pounds of raisins. 

ticket using variables. 25—x= number of 
pounds of nuts 

As before, we fill in a 

chart to organize our 


W 
po 
We multiply the 

number times the value 


to-get-the-total value. 
Notice that the last 
column in the table 
gives 

the information for the 
total amount of the 


. 
mivtiiTra 
SALLIZALCULL Ge 


Step 4. Translate into The value of the raisins 
an equation. plus the value of the 
nuts will be 
the value of the trail 
Step 5. Solve the 
equation. 
Pe ss 
ST ice 
Find the number of 
pounds of nuts. 


Step 6. Check. 
4.5(10) + 8(15) =? 
25(6.60)45 + 120=? 


1G4L14€C~—14£ 7 


abvUVAVY aiwvvv 


Step 7. Answer the Henning mixed ten 
question. pounds of raisins with 
15 pounds of nuts. 


Orlando is mixing nuts and cereal squares to 
make a party mix. Nuts sell for $7 a pound and 
cereal squares sell for $4 a pound. Orlando 
wants to make 30 pounds of party mix at a 


cost of $6.50 a pound, how many pounds of 
nuts and how many pounds of cereal squares 
should he use? 


Orlando mixed five pounds of cereal squares 
and 25 pounds of nuts. 


Becca wants to mix fruit juice and soda to 


make a punch. She can buy fruit juice for $3 a 
gallon and soda for $4 a gallon. If she wants to 
make 28 gallons of punch at a cost of $3.25 a 
gallon, how many gallons of fruit juice and 
how many gallons of soda should she buy? 


Becca mixed 21 gallons of fruit punch and 
seven gallons of soda. 


Solve Uniform Motion Applications 


When you are driving down the interstate using 


your cruise control, the speed of your car stays the 
same—it is uniform. We call a problem in which the 
speed of an object is constant a uniform motion 
application. We will use the distance, rate, and time 
formula, D=rt, to compare two scenarios, such as 
two vehicles travelling at different rates or in 
opposite directions. 


Our problem solving strategies will still apply here, 
but we will add to the first step. The first step will 
include drawing a diagram that shows what is 
happening in the example. Drawing the diagram 
helps us understand what is happening so that we 
will write an appropriate equation. Then we will 
make a table to organize the information, like we 
did for the coin, ticket, and stamp applications. 


The steps are listed here for easy reference: 


Solve a uniform motion application. 


Read the problem. Make sure all the words and 
ideas are understood. 


* Draw a diagram to illustrate what is 
happening. 
* Create a table to organize the information. 


© Label the columns rate, time, distance. 


© List the two scenarios. 
© Write in the information you know. 


Identify what you are looking for. Name what you 
are looking for. Choose a variable to represent that 
quantity. 


* Complete the chart. 

* Use variable expressions to represent that 
quantity in each row. 

* Multiply the rate times the time to get the 
distance. 


Translate into an equation. 


* Restate the problem in one sentence with all 
the important information. 
* Then, translate the sentence into an equation. 


Solve the equation using good algebra techniques. 

Check the answer in the problem and make sure it 
makes sense. Answer the question with a complete 
sentence. 


Wayne and Dennis like to ride the bike path 
from Riverside Park to the beach. Dennis’s 
speed is seven miles per hour faster than 


Wayne’s speed, so it takes Wayne two hours to 
ride to the beach while it takes Dennis 1.5 
hours for the ride. Find the speed of both 
bikers. 


Step 1. Read the problem. Make sure all the 
words and ideas are understood. 


* Draw a diagram to illustrate what it 
happening. Shown below is a sketch of 
what is happening in the example. 


* Create a table to organize the 
information. 


© Label the columns “Rate,” “Time,” 
and “Distance.” 

© List the two scenarios. 

© Write in the information you know. 


Step 2. Identify what you are looking for. 


You are asked to find the speed of both 
bikers. 


Notice that the distance formula uses the 
word “rate,” but it is more common to use 
“speed” 


when we talk about vehicles in everyday 
English. 


Step 3. Name what we are looking for. Choose 
a variable to represent that quantity. 


* Complete the chart 

* Use variable expressions to represent that 
quantity in each row. 
We are looking for the speed of the 
bikers. Let’s let r represent Wayne’s speed. 
Since Dennis’ speed is 7 mph faster, we 
represent that as r+7 
r+7=Dennis’ speedr = Wayne’s speed 
Fill in the speeds into the chart. 


* Multiply the rate times the time to get the 
distance. 


Step 4. Translate into an equation. 


* Restate the problem in one sentence with 
all the important information. 

¢ Then, translate the sentence into an 
equation. 
The equation to model this situation will 
come from the relation between the 
distances. Look at the diagram we drew 
above. How is the distance travelled by 
Dennis related to the distance travelled by 
Wayne? 
Since both bikers leave from Riverside 
and travel to the beach, they travel the 
same distance. So we write: 


Step 5. Solve the equation using algebra 
techniques. 


Now solve this 
equation. 


So Wayne’s speed is 21 


LLLpJite 


Find Dennis’ speed. 


Dennis’ speed 28 mph. 


Step 6. Check the answer in the problem and 
make sure it makes sense. 


Dennis28mph(1.5hours) = 42milesWayne21mph(4fhours 


Step 7. Answer the question with a complete 
sentence. 


Wayne rode at 21 mph and Dennis rode at 28 
mph. 


An express train and a local train leave 
Pittsburgh to travel to Washington, D.C. The 
express train can make the trip in four hours 
and the local train takes five hours for the trip. 
The speed of the express train is 12 miles per 
hour faster than the speed of the local train. 
Find the speed of both trains. 


The speed of the local train is 48 mph and the 
speed of the express train is 60 mph. 


Jeromy can drive from his house in Cleveland 
to his college in Chicago in 4.5 hours. It takes 
his mother six hours to make the same drive. 
Jeromy drives 20 miles per hour faster than 
his mother. Find Jeromy’s speed and his 
mother’s speed. 


Jeromy drove at a speed of 80 mph and his 


mother drove 60 mph. 


In [link], we had two bikers traveling the same 
distance. In the next example, two people drive 
toward each other until they meet. 


Carina is driving from her home in Anaheim to 
Berkeley on the same day her brother is 
driving from Berkeley to Anaheim, so they 
decide to meet for lunch along the way in 
Buttonwillow. The distance from Anaheim to 


Berkeley is 395 miles. It takes Carina three 
hours to get to Buttonwillow, while her 
brother drives four hours to get there. Carina’s 
average speed is 15 miles per hour faster than 
her brother’s average speed. Find Carina’s and 
her brother’s average speeds. 


Step 1. Read the problem. Make sure all the 
words and ideas are understood. 


¢ Draw a diagram to illustrate what it 
happening. Below shows a sketch of what 
is happening in the example. 


* Create a table to organize the 
information. 


© Label the columns rate, time, 
distance. 

© List the two scenarios. 

© Write in the information you know. 


_ Distance 
~ (miles) 


Step 2. Identify what we are looking for. 


We are asked to find the average speeds of 
Carina and her brother. 


Step 3. Name what we are looking for. Choose 
a variable to represent that quantity. 


* Complete the chart. 

* Use variable expressions to represent that 
quantity in each row. 
We are looking for their average speeds. 
Let’s let r represent the average speed of 
Carina's brother. Since Carina’s speed is 


15 mph faster, we represent that as r+15. 
Fill in the speeds into the chart. 

¢ Multiply the rate times the time to get the 
distance. 


Rate . Time _ Distance 
(mph) (hrs) ~ (miles) 


Step 4. Translate into an equation. 


* Restate the problem in one sentence with 
all the important information. 

¢ Then, translate the sentence into an 
equation. 
Again, we need to identify a relationship 
between the distances in order to write an 
equation. Look at the diagram we created 
above and notice the relationship 
between the distance Carina traveled and 
the distance her brother traveled. 
The distance Carina traveled plus the 
distance her brother travel must add up to 
410 miles. So we write: 


distance traveled by Carina + distance traveled by her brother = 395 


Translate to an equation. 3(r + 15) + ar = 395 


Step 5. Solve the equation using algebra 


tachniaiiac 


ewe Vnsssny ave 


Now solve this 


ane 
Sir + 15) + 4r = 395 


3r+45+ 4r=395 


7r +45 = 395 
f= 350 
f= 50 


So Carina’s brother's 


Carina’s speed is r+ 15. 


Carina’s speed was 65 
mph. 


Step 6. Check the answer in the problem and 
make sure it makes sense. 

Carina drove65mph(3hours) = 195milesHer 
brother drove50mph(4hours) = 200miles 
—395milesY 


Step 7. Answer the question with a complete 
sentence. 


Carina drove 65 mph and her brother 50 mph. 


Christopher and his parents live 115 miles 
apart. They met at a restaurant between their 
homes to celebrate his mother’s birthday. 
Christopher drove one and a half hours while 
his parents drove one hour to get to the 
restaurant. Christopher’s average speed was 


ten miles per hour faster than his parents’ 
average speed. What were the average speeds 
of Christopher and of his parents as they drove 
to the restaurant? 


Christopher’s speed was 50 mph and his 
parents’ speed was 40 mph. 


Ashley goes to college in Minneapolis, 234 
miles from her home in Sioux Falls. She wants 
her parents to bring her more winter clothes, 
so they decide to meet at a restaurant on the 
road between Minneapolis and Sioux Falls. 
Ashley and her parents both drove two hours 
to the restaurant. Ashley’s average speed was 
seven miles per hour faster than her parents’ 
average speed. Find Ashley’s and her parents’ 
average speed. 


Ashley’s parents drove 55 mph and Ashley 


drove 62 mph. 


As you read the next example, think about the 
relationship of the distances traveled. Which of the 
previous two examples is more similar to this 
situation? 


Two truck drivers leave a rest area on the 
interstate at the same time. One truck travels 
east and the other one travels west. The truck 


traveling west travels at 70 mph and the truck 
traveling east has an average speed of 60 mph. 
How long will they travel before they are 325 
miles apart? 


Step 1. Read the problem. Make all the words 
and ideas are understood. 


* Draw a diagram to illustrate what it 
happening. 


* Create a table to organize the 
information. 


© Label the columns rate, time, 
distance. 

© List the two scenarios. 

© Write in the information you know. 


Step 2. Identify what we are looking for. 


We are asked to find the amount of time the 
trucks will travel until they are 325 miles 
apart. 


Step 3. Name what we are looking for. Choose 
a variable to represent that quantity. 


* Complete the chart. 

* Use variable expressions to represent that 
quantity in each row. 
We are looking for the time travelled. 
Both trucks will travel the same amount 
of time. 


Let’s call the time t. Since their speeds are 
different, they will travel different 
distances. 


* Multiply the rate times the time to get the 
distance. 


Step 4. Translate into an equation. 


* Restate the problem in one sentence with 
all the important information. 

¢ Then, translate the sentence into an 
equation. 
We need to find a relation between the 
distances in order to write an equation. 
Looking at the diagram, what is the 
relationship between the distances each of 
the trucks will travel? 
The distance travelled by the truck going 
west plus the distance travelled by the 
truck going east must add up to 325 
miles. So we write: 


Step 5. Solve the equation using algebra 
techniques. 


Now solve this equation70t 
+ 60t =325130t=325t=2.5 


So it will take the trucks 2.5 hours to be 325 
miles apart. 


Step 6. Check the answer in the problem and 
make sure it makes sense. 


Truck going 

West70mph(2.5hours) = 175milesTruck going 
East6Omph(2.5hours) = 150miles 
325milesY 


Step 7. Answer the question with a complete 
sentence. 

It will take the trucks 2.5 hours to be 325 
miles apart. 


Pierre and Monique leave their home in 
Portland at the same time. Pierre drives north 
on the turnpike at a speed of 75 miles per hour 
while Monique drives south at a speed of 68 
miles per hour. How long will it take them to 


be 429 miles apart? 


Pierre and Monique will be 429 miles apart in 
3 hours. 


Thanh and Nhat leave their office in 
Sacramento at the same time. Thanh drives 


north on I-5 at a speed of 72 miles per hour. 
Nhat drives south on I-5 at a speed of 76 miles 
per hour. How long will it take them to be 330 
miles apart? 


Thanh and Nhat will be 330 miles apart in 2.2 
hours. 


It is important to make sure that the units match 
when we use the distance rate and time formula. For 
instance, if the rate is in miles per hour, then the 
time must be in hours. 


When Naoko walks to school, it takes her 30 
minutes. If she rides her bike, it takes her 15 
minutes. Her speed is three miles per hour 


faster when she rides her bike than when she 
walks. What is her speed walking and her 
speed riding her bike? 


First, we draw a diagram that represents the 
situation to help us see what is happening. 


We are asked to find her speed walking and 
riding her bike. Let’s call her walking speed r. 
Since her biking speed is three miles per hour 
faster, we will call that speed r+ 3. We write 
the speeds in the chart. 


The speed is in miles per hour, so we need to 
express the times in hours, too, in order for the 
units to be the same. Remember, 1 hour is 60 
minutes. So: 


30 minutes is3060or1 2hour15 minutes 
is1560or14hour 


We write the times in the chart. 


Next, we multiply rate times time to fill in the 
distance column. 


The equation will come from the fact that the 
distance from Naoko’s home to her school is 
the same whether she is walking or riding her 
bike. 

SO we Say: 


Translate to an 
equation. 


—— 2 Fi 
Solve this equation. 


es 1 ae een eed 
Clear the fractions by 


multiplying by the LCD 
es 


° 
than aniuintinn 
tae CYUULLVLIL. 


Simplify. 


wv 


Let’s check if this 
works. 

Walk 3 mph (0.5 
hour) = 1.5milesBike 6 
mph (0.25 

hour) = 1.5miles 


Yes, either way Naoko travels 1.5 miles to 
school. 


Naoko’s walking speed is 3 mph and her speed 
riding her bike is 6 mph. 


Suzy takes 50 minutes to hike uphill from the 
parking lot to the lookout tower. It takes her 

30 minutes to hike back down to the parking 
lot. Her speed going downhill is 1.2 miles per 
hour faster than her speed going uphill. Find 

Suzy’s uphill and downhill speeds. 


Suzy’s speed uphill is 1.8 mph and downhill is 
three mph. 


Llewyn takes 45 minutes to drive his boat 
upstream from the dock to his favorite fishing 
spot. It takes him 30 minutes to drive the boat 
back downstream to the dock. The boat’s 
speed going downstream is four miles per hour 
faster than its speed going upstream. Find the 
boat’s upstream and downstream speeds. 


The boat’s speed upstream is eight mph and 
downstream is12 mph. 


In the distance, rate and time formula, time 
represents the actual amount of elapsed time (in 


hours, minutes, etc.). If a problem gives us starting 
and ending times as clock times, we must find the 
elapsed time in order to use the formula. 


Cruz is training to compete in a triathlon. He 
left his house at 6:00 and ran until 7:30. Then 
he rode his bike until 9:45. He covered a total 


distance of 51 miles. His speed when biking 
was 1.6 times his speed when running. Find 
Cruz’s biking and running speeds. 


A diagram will help us model this trip. 


Next, we create a table to organize the 
information. We know the total distance is 51 
miles. We are looking for the rate of speed for 
each part of the trip. The rate while biking is 
1.6 times the rate of running. If we let r = the 
rate running, then the rate biking is 1.6r. 


The times here are given as clock times. Cruz 
started from home at 6:00 a.m. and started 
biking at 7:30 a.m. So he spent 1.5 hours 
running. Then he biked from 7:30 a.m until 
9:45 a.m. So he spent 2.25 hours biking. 


Now, we multiply the rates by the times. 


By looking at the diagram, we can see that the 
sum of the distance running and the distance 
biking is 255 miles. 


Translate to an 
equation. 


Solve this equation. 


Check. 
RunlOmph(1.5hours) = 15miBikel 6mph(2.25hougs) = 3 
—5lmi 


Hamilton loves to travel to Las Vegas, 255 
miles from his home in Orange County. On his 
last trip, he left his house at 2:00 p.m. The first 
part of his trip was on congested city freeways. 
At 4:00 pm, the traffic cleared and he was able 
to drive through the desert at a speed 1.75 
times as fast as when he drove in the 
congested area. He arrived in Las Vegas at 
6:30 p.m. How fast was he driving during each 


part of his trip? 


Hamilton drove 40 mph in the city and 70 
mph in the desert. 


Phuong left home on his bicycle at 10:00. He 
rode on the flat street until 11:15, then rode 
uphill until 11:45. He rode a total of 31 miles. 
His speed riding uphill was 0.6 times his speed 
on the flat street. Find his speed biking uphill 


and on the flat street. 


Phuong rode uphill at a speed of 12 mph and 
on the flat street at 20 mph. 


Key Concepts 


* Total Value of Coins 
For the same type of coin, the total value of a 
number of coins is found by using the model 
number-value = totalvalue 


© number is the number of coins 


© value is the value of each coin 
© total value is the total value of all the coins 


* How to solve coin word problems. 


Read the problem. Make sure all the words and 
ideas are understood. 
Determine the types of coins involved. 
Create a table to organize the information. 
Label the columns “type,” “number,” 
“value,” “total value.” 
List the types of coins. 
Write in the value of each type of coin. 
Write in the total value of all the coins. 


Identify what you are looking for. Name what 
you are looking for. Choose a variable to 
represent that quantity. 

Use variable expressions to represent the 
number of each type of coin and write them in 
the table. 

Multiply the number times the value to get the 
total value of each type of coin. Translate into 
an equation. 

It may be helpful to restate the problem in one 
sentence with all the important information. 
Then, translate the sentence into an equation. 
Write the equation by adding the total values 
of all the types of coins. Solve the equation 
using good algebra techniques. Check the 


answer in the problem and make sure it makes 
sense. 


Answer the question with a complete sentence. 
How To Solve a Uniform Motion Application 


Read the problem. Make sure all the words and 
ideas are understood. 
Draw a diagram to illustrate what it happening. 
Create a table to organize the information. 
Label the columns rate, time, distance. 
List the two scenarios. 
Write in the information you know. 


Identify what you are looking for. Name what 
you are looking for. Choose a variable to 
represent that quantity. 

Complete the chart. 

Use variable expressions to represent that 
quantity in each row. 

Multiply the rate times the time to get the 
distance. Translate into an equation. 

Restate the problem in one sentence with all 


the important information. 

Then, translate the sentence into an equation. 
Solve the equation using good algebra 
techniques. Check the answer in the problem 
and make sure it makes sense. Answer the 
question with a complete sentence. 


Practice Makes Perfect 
Solve Coin Word Problems 


In the following exercises, solve each coin word 
problem. 


Michaela has $2.05 in dimes and nickels in her 
change purse. She has seven more dimes than 
nickels. How many coins of each type does she 
have? 


nine nickels, 16 dimes 


Liliana has $2.10 in nickels and quarters in her 
backpack. She has 12 more nickels than 
quarters. How many coins of each type does she 
have? 


In a cash drawer there is $125 in $5 and $10 
bills. The number of $10 bills is twice the 
number of $5 bills. How many of each type of 
bill is in the drawer? 


ten $10 bills, five $5 bills 


Sumanta has $175 in $5 and $10 bills in his 
drawer. The number of $5 bills is three times 
the number of $10 bills. How many of each are 
in the drawer? 


Chi has $11.30 in dimes and quarters. The 
number of dimes is three more than three times 
the number of quarters. How many of each are 
there? 


63 dimes, 20 quarters 


Alison has $9.70 in dimes and quarters. The 
number of quarters is eight more than four 
times the number of dimes. How many of each 
coin does she have? 


Mukul has $3.75 in quarters, dimes and nickels 
in his pocket. He has five more dimes than 


quarters and nine more nickels than quarters. 
How many of each coin are in his pocket? 


16 nickels, 12 dimes, seven quarters 


Vina has $4.70 in quarters, dimes and nickels in 
her purse. She has eight more dimes than 
quarters and six more nickels than quarters. 
How many of each coin are in her purse? 


Solve Ticket and Stamp Word Problems 


In the following exercises, solve each ticket or stamp 
word problem. 


The first day of a water polo tournament the 
total value of tickets sold was $17,610. One-day 
passes sold for $20 and tournament passes sold 
for $30. The number of tournament passes sold 
was 37 more than the number of day passes 
sold. How many day passes and how many 
tournament passes were sold? 


330 day passes, 367 tournament passes 


At the movie theater, the total value of tickets 
sold was $2,612.50. Adult tickets sold for $10 


each and senior/child tickets sold for $7.50 
each. The number of senior/child tickets sold 
was 25 less than twice the number of adult 
tickets sold. How many senior/child tickets and 
how many adult tickets were sold? 


Julie went to the post office and bought both 
$0.41 stamps and $0.26 postcards. She spent 
$51.40. The number of stamps was 20 more 
than twice the number of postcards. How many 
of each did she buy? 


40 postcards, 100 stamps 


Jason went to the post office and bought both 
$0.41 stamps and $0.26 postcards and spent 
$10.28 The number of stamps was four more 
than twice the number of postcards. How many 
of each did he buy? 


Hilda has $210 worth of $10 and $12 stock 
shares. The number of $10 shares is five more 
than twice the number of $12 shares. How 
many of each type of share does she have? 


15 $10 shares, five $12 shares 


Mario invested $475 in $45 and $25 stock 
shares. The number of $25 shares was five less 
than three times the number of $45 shares. 
How many of each type of share did he buy? 


The ice rink sold 95 tickets for the afternoon 
skating session, for a total of $828. General 
admission tickets cost $10 each and youth 
tickets cost $8 each. How many general 
admission tickets and how many youth tickets 
were sold? 


34 general, 61 youth 


For the 7:30 show time, 140 movie tickets were 
sold. Receipts from the $13 adult tickets and 
the $10 senior tickets totaled $1,664. How 
many adult tickets and how many senior tickets 
were sold? 


The box office sold 360 tickets to a concert at 
the college. The total receipts were $4,170. 
General admission tickets cost $15 and student 
tickets cost $10. How many of each kind of 
ticket was sold? 


114 general, 246 student 


Last Saturday, the museum box office sold 281 
tickets for a total of $3,954. Adult tickets cost 
$15 and student tickets cost $12. How many of 
each kind of ticket was sold? 


Solve Mixture Word Problems 


In the following exercises, solve each mixture word 
problem. 


Macario is making 12 pounds of nut mixture 
with macadamia nuts and almonds. Macadamia 
nuts cost $9 per pound and almonds cost $5.25 
per pound. How many pounds of macadamia 
nuts and how many pounds of almonds should 
Macario use for the mixture to cost $6.50 per 
pound to make? 


Four pounds of macadamia nuts, eight pounds 
almonds 


Carmen wants to tile the floor of his house. He 
will need 1,000 square feet of tile. He will do 
most of the floor with a tile that costs $1.50 per 
square foot, but also wants to use an accent tile 
that costs $9.00 per square foot. How many 
square feet of each tile should he plan to use if 
he wants the overall cost to be $3 per square 
foot? 


Riley is planning to plant a lawn in his yard. He 
will need nine pounds of grass seed. He wants 
to mix Bermuda seed that costs $4.80 per 
pound with Fescue seed that costs $3.50 per 
pound. How much of each seed should he buy 
so that the overall cost will be $4.02 per 
pound? 


3.6 lbs Bermuda seed, 5.4 lbs Fescue seed 


Vartan was paid $25,000 for a cell phone app 
that he wrote and wants to invest it to save for 
his son’s education. He wants to put some of 
the money into a bond that pays 4% annual 
interest and the rest into stocks that pay 9% 
annual interest. If he wants to earn 7.4% annual 
interest on the total amount, how much money 
should he invest in each account? 


Vern sold his 1964 Ford Mustang for $55,000 
and wants to invest the money to earn him 
5.8% interest per year. He will put some of the 
money into Fund A that earns 3% per year and 
the rest in Fund B that earns 10% per year. 
How much should he invest into each fund if he 
wants to earn 5.8% interest per year on the 
total amount? 


$33,000 in Fund A, $22,000 in Fund B 


Dominic pays 7% interest on his $15,000 
college loan and 12% interest on his $11,000 
car loan. What average interest rate does he pay 
on the total $26,000 he owes? (Round your 
answer to the nearest tenth of a percent.) 


Liam borrowed a total of $35,000 to pay for 
college. He pays his parents 3% interest on the 
$8,000 he borrowed from them and pays the 
bank 6.8% on the rest. What average interest 
rate does he pay on the total $35,000? (Round 
your answer to the nearest tenth of a percent.) 


5.9% 


Solve Uniform Motion Applications 


In the following exercises, solve. 


Lilah is moving from Portland to Seattle. It 
takes her three hours to go by train. Mason 
leaves the train station in Portland and drives 
to the train station in Seattle with all Lilah’s 
boxes in his car. It takes him 2.4 hours to get to 
Seattle, driving at 15 miles per hour faster than 
the speed of the train. Find Mason’s speed and 


the speed of the train. 


Kathy and Cheryl are walking in a fundraiser. 
Kathy completes the course in 4.8 hours and 
Cheryl completes the course in eight hours. 
Kathy walks two miles per hour faster than 
Cheryl. Find Kathy’s speed and Cheryl’s speed. 


Kathy 5 mph, Cheryl 3 mph 


Two busses go from Sacramento to San Diego. 
The express bus makes the trip in 6.8 hours and 
the local bus takes 10.2 hours for the trip. The 
speed of the express bus is 25 mph faster than 
the speed of the local bus. Find the speed of 
both busses. 


A commercial jet and a private airplane fly 
from Denver to Phoenix. It takes the 
commercial jet 1.6 hours for the flight, and it 
takes the private airplane 2.6 hours. The speed 
of the commercial jet is 210 miles per hour 
faster than the speed of the private airplane. 
Find the speed of both airplanes to the nearest 
10 mph. 


commercial 550 mph, private plane 340 mph 


Saul drove his truck three hours from Dallas 
towards Kansas City and stopped at a truck stop 
to get dinner. At the truck stop he met Erwin, 
who had driven four hours from Kansas City 
towards Dallas. The distance between Dallas 
and Kansas City is 542 miles, and Erwin’s speed 
was eight miles per hour slower than Saul’s 
speed. Find the speed of the two truckers. 


Charlie and Violet met for lunch at a restaurant 
between Memphis and New Orleans. Charlie 
had left Memphis and drove 4.8 hours towards 
New Orleans. Violet had left New Orleans and 
drove two hours towards Memphis, at a speed 
10 miles per hour faster than Charlie’s speed. 
The distance between Memphis and New 
Orleans is 394 miles. Find the speed of the two 
drivers. 


Violet 65 mph, Charlie 55 mph 


Sisters Helen and Anne live 332 miles apart. For 
Thanksgiving, they met at their other sister’s 
house partway between their homes. Helen 
drove 3.2 hours and Anne drove 2.8 hours. 
Helen’s average speed was four miles per hour 
faster than Anne’s. Find Helen’s average speed 
and Anne’s average speed. 


Ethan and Leo start riding their bikes at the 
opposite ends of a 65-mile bike path. After 
Ethan has ridden 1.5 hours and Leo has ridden 
two hours, they meet on the path. Ethan’s speed 
is six miles per hour faster than Leo’s speed. 
Find the speed of the two bikers. 


Ethan 22 mph, Leo 16 mph 


Elvira and Aletheia live 3.1 miles apart on the 
same street. They are in a study group that 
meets at a coffee shop between their houses. It 
took Elvira half an hour and Aletheia two-thirds 
of an hour to walk to the coffee shop. Aletheia’s 
speed is 0.6 miles per hour slower than Elvira’s 
speed. Find both women’s walking speeds. 


DaMarcus and Fabian live 23 miles apart and 
play soccer at a park between their homes. 
DaMarcus rode his bike for three-quarters of an 
hour and Fabian rode his bike for half an hour 
to get to the park. Fabian’s speed was six miles 
per hour faster than DaMarcus’ speed. Find the 
speed of both soccer players. 


DaMarcus 16 mph, Fabian 22 mph 


Cindy and Richard leave their dorm in 
Charleston at the same time. Cindy rides her 
bicycle north at a speed of 18 miles per hour. 
Richard rides his bicycle south at a speed of 14 
miles per hour. How long will it take them to 
be 96 miles apart? 


Matt and Chris leave their uncle’s house in 
Phoenix at the same time. Matt drives west on 
I-60 at a speed of 76 miles per hour. Chris 
drives east on I-60 at a speed of 82 miles per 
hour. How many hours will it take them to be 
632 miles apart? 


four hours 


Two busses leave Billings at the same time. The 
Seattle bus heads west on I-90 at a speed of 73 
miles per hour while the Chicago bus heads east 
at a speed of 79 miles an hour. How many 
hours will it take them to be 532 miles apart? 


Two boats leave the same dock in Cairo at the 
same time. One heads north on the Mississippi 
River while the other heads south. The 
northbound boat travels four miles per hour. 
The southbound boat goes eight miles per hour. 
How long will it take them to be 54 miles 


apart? 


4.5 hours 


Lorena walks the path around the park in 30 
minutes. If she jogs, it takes her 20 minutes. 
Her jogging speed is 1.5 miles per hour faster 
than her walking speed. Find Lorena’s walking 
speed and jogging speed. 


Julian rides his bike uphill for 45 minutes, then 
turns around and rides back downhill. It takes 
him 15 minutes to get back to where he started. 
His uphill speed is 3.2 miles per hour slower 
than his downhill speed. Find Julian’s uphill 
and downhill speed. 


uphill 1.6 mph, downhill 4.8 mph 


Cassius drives his boat upstream for 45 
minutes. It takes him 30 minutes to return 
downstream. His speed going upstream is three 
miles per hour slower than his speed going 
downstream. Find his upstream and 
downstream speeds. 


It takes Darline 20 minutes to drive to work in 
light traffic. To come home, when there is 
heavy traffic, it takes her 36 minutes. Her speed 
in light traffic is 24 miles per hour faster than 
her speed in heavy traffic. Find her speed in 
light traffic and in heavy traffic. 


light traffic 54 mph, heavy traffic 30 mph 


At 1:30, Marlon left his house to go to the 
beach, a distance of 7.6 miles. He rode his 
skateboard until 2:15, and then walked the rest 
of the way. He arrived at the beach at 3:00. 
Marlon’s speed on his skateboard is 2.5 times 
his walking speed. Find his speed when 
skateboarding and when walking. 


Aaron left at 9:15 to drive to his mountain 
cabin 108 miles away. He drove on the freeway 
until 10:45 and then drove on a mountain road. 
He arrived at 11:05. His speed on the freeway 
was three times his speed on the mountain 
road. Find Aaron’s speed on the freeway and on 
the mountain road. 


freeway 67 mph, mountain road 22.3 mph 


Marisol left Los Angeles at 2:30 to drive to 
Santa Barbara, a distance of 95 miles. The 
traffic was heavy until 3:20. She drove the rest 
of the way in very light traffic and arrived at 
4:20. Her speed in heavy traffic was 40 miles 
per hour slower than her speed in light traffic. 
Find her speed in heavy traffic and in light 
traffic. 


Lizette is training for a marathon. At 7:00 she 
left her house and ran until 8:15 then she 
walked until 11:15. She covered a total distance 
of 19 miles. Her running speed was five miles 
per hour faster than her walking speed. Find 
her running and walking speeds. 


running eight mph, walking three mph 


Everyday Math 


John left his house in Irvine at 8:35 a.m. to 
drive to a meeting in Los Angeles, 45 miles 
away. He arrived at the meeting at 9:50 a.m.. 
At 5:30 p.m. he left the meeting and drove 
home. He arrived home at 7:18 p.m. 


@) What was his average speed on the drive 


from Irvine to Los Angeles? 


© What was his average speed on the drive 
from Los Angeles to Irvine? 


© What was the total time he spent driving to 
and from this meeting? 


Sarah wants to arrive at her friend’s wedding at 
3:00. The distance from Sarah’s house to the 
wedding is 95 miles. Based on usual traffic 
patterns, Sarah predicts she can drive the first 
15 miles at 60 miles per hour, the next 10 miles 
at 30 miles per hour, and the remainder of the 
drive at 70 miles per hour. 


@ How long will it take Sarah to drive the first 
15 miles? 


® How long will it take Sarah to drive the next 
10 miles? 


© How long will it take Sarah to drive the rest 
of the trip? 


@ What time should Sarah leave her house? 


@ 15 minutes © 20 minutes © one hour (d) 
1:25 


Writing Exercises 


Suppose you have six quarters, nine dimes, and 
four pennies. Explain how you find the total 
value of all the coins. 


Do you find it helpful to use a table when 
solving coin problems? Why or why not? 


Answers will vary. 


In the table used to solve coin problems, one 
column is labeled “number” and another 
column is labeled “value.” What is the 
difference between the “number” and the 
“value”? 


When solving a uniform motion problem, how 
does drawing a diagram of the situation help 
you? 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


2.7 Linear Inequalities and Absolute Value 
Inequalities 
In this section you will: 


¢ Use interval notation. 

* Use properties of inequalities. 

* Solve inequalities in one variable algebraically. 
* Solve absolute value inequalities. 


It is not easy to make the honor role at most top 
universities. Suppose students were required to 
carry a course load of at least 12 credit hours and 
maintain a grade point average of 3.5 or above. 
How could these honor roll requirements be 
expressed mathematically? In this section, we will 
explore various ways to express different sets of 
numbers, inequalities, and absolute value 


inequalities. 


Using Interval Notation 


Indicating the solution to an inequality such as 
x=4 can be achieved in several ways. 


We can use a number line as shown in [link]. The 
blue ray begins at x=4 and, as indicated by the 
arrowhead, continues to infinity, which illustrates 
that the solution set includes all real numbers 
greater than or equal to 4. 


— 


0123 4 5 6 7 8 9 10 11 


We can use set-builder notation: { x|x=4 }, which 
translates to “all real numbers x such that x is 
greater than or equal to 4.” Notice that braces are 
used to indicate a set. 


The third method is interval notation, in which 
solution sets are indicated with parentheses or 
brackets. The solutions to x=>4 are represented as [ 
4, ). This is perhaps the most useful method, as it 
applies to concepts studied later in this course and 
to other higher-level math courses. 


The main concept to remember is that parentheses 
represent solutions greater or less than the number, 
and brackets represent solutions that are greater 


than or equal to or less than or equal to the number. 
Use parentheses to represent infinity or negative 
infinity, since positive and negative infinity are not 
numbers in the usual sense of the word and, 
therefore, cannot be “equaled.” A few examples of 
an interval, or a set of numbers in which a solution 
falls, are [ —2,6 ), or all numbers between —2 and 
6, including —2, but not including 6; ( —1,0), all 
real numbers between, but not including —1 and 
0; and ( — ~,1 J, all real numbers less than and 
including 1. [link] outlines the possibilities. 


Set Indicated Set-Builder Interval 
Notation Notation 

All real numbers {x|a<x<b } (a,b ) 

between a and 5, 

but not including 


aarh 
uvi Vv 


All real numbers { x|x>a } (a,oo ) 
greater than a, 
but not including 


val 
u 


All real numbers { x|x<b } ( —,b) 


less than b, but 
nat inoaliudinag h 
L1VC canteen © ) uu 
All real numbers { x|x>a } [a,c ) 
greater than a, 


. . 
ineluding m 
ee © ied 


All real numbers { x|x<b } ( —,b ] 


less than b, 
eladinac Lh 


ica UuUu111s YU 


All real numbers { x|a<x<b } [ a,b ) 
between a and 3, 
analidina ral 
Adie UUs uUu 
All real numbers { x|a<x<b } (a,b ] 
between a and 56, 

elas dAinnc Lh 


Tica uUuU111s YU 


All real numbers { x|a<x<b } [ a,b ] 
between a and 5, 


eladina A andA kh 
includinge U ULI. YY 


All real numbers { x|x<aandx>-b( — ~,a )U( b, © 


less than a or } ) 

onnatna «tha h 

Br caccr crore uu 

All real numbers { x| ( —c,00 ) 
x is all real numbers 
z 


Using Interval Notation to Express All Real 
Numbers Greater Than or Equal to a 


Use interval notation to indicate all real 
numbers greater than or equal to —2. 


Use a bracket on the left of —2 and 


parentheses after infinity: [ —2,° ). The 
bracket indicates that —2 is included in the 
set with all real numbers greater than —2 to 
infinity. 


Use interval notation to indicate all real 
numbers between and including —3 and 5. 


Using Interval Notation to Express All Real 
Numbers Less Than or Equal to a or Greater 
Than or Equal to b 


Write the interval expressing all real numbers 
less than or equal to —1 or greater than or 
equal to 1. 


We have to write two intervals for this 
example. The first interval must indicate all 
real numbers less than or equal to 1. So, this 
interval begins at — © and ends at —1, 


which is written as ( — <°,-—1 ]. 


The second interval must show all real 
numbers greater than or equal to 1, which is 
written as [ 1,0 ). However, we want to 
combine these two sets. We accomplish this by 
inserting the union symbol, U, between the 
two intervals. 

cs ao el coe) 


Express all real numbers less than —2 or 
greater than or equal to 3 in interval notation. 


( re, UT 3, °° ) 


Using the Properties of Inequalities 


When we work with inequalities, we can usually 
treat them similarly to but not exactly as we treat 
equalities. We can use the addition property and the 
multiplication property to help us solve them. The 


one exception is when we multiply or divide by a 
negative number; doing so reverses the inequality 
symbol. 


Properties of Inequalities 

Addition Property If a<b, thena+c<b+ec. 
Multiplication Property 

If ax<b and c>0, then ac< bce. 

If ax<b and c<0O, then ac> bce. 

These properties also apply to a<b, a>b, and 
a=b. 


Demonstrating the Addition Property 


Illustrate the addition property for inequalities 
by solving each of the following: 


° (a) x-—15<4 
* (b) 6=x-1 
° (c)x+7>9 


The addition property for inequalities states 
that if an inequality exists, adding or 
subtracting the same number on both sides 
does not change the inequality. 


x—-15<4x-154+15<4415 
Add 15 to both sides. x<19 


6=>x-16+1=>x-1+1 
Add 1 to both sides. 7=>x 


X+7>9x1+7-7>9-7 
Subtract 7 from both sides. x >2 


Solve: 3x-2<1. 


Demonstrating the Multiplication Property 


Illustrate the multiplication property for 
inequalities by solving each of the following: 


Ee3x=6 
2. —2x-1=5 
3.5-x>10 


Sx=— 6a 3 (3x) (6) 132 


Se Ni See ee le 2 Je) 
Ga VinltiphyeDy ae eek 
Reverse the inequality. 


Scere Oi ed. Geco 0s Od bY Conde.) =a 05) Cad Wi) 


Multiply by = le x='—5 
Reverse the inequality. 


Solve: 4K +7>2x-—3. 


Solving Inequalities in One Variable 
Algebraically 


As the examples have shown, we can perform the 
same operations on both sides of an inequality, just 


as we do with equations; we combine like terms and 
perform operations. To solve, we isolate the 
variable. 


Solving an Inequality Algebraically 


Solve the inequality: 13 —7x=10x— 4. 


Solving this inequality is similar to solving an 
equation up until the last step. 

13—7x=10x—4 13—-17x= —4 

Move variable terms to one side of the inequality, 
— 17x = —17 Isolate the variable term. x<1 
Dividing both sides by —17 reverses the inequalitfy. 


The solution set is given by the interval ( 


—oo,] ], or all real numbers less than and 
including 1. 


Solve the inequality and write the answer 
using interval notation: —x+4< 12x+l. 


Solving an Inequality with Fractions 


Solve the following inequality and write the 
answer in interval notation: — 34x=>— 58 
RD Age. © 


We begin solving in the same way we do when 

solving an equation. 

AN ot i ate eR Kee Kae 

5 8 Put variable terms on one side. — 9 12 x— 

6 lax 95-3 

Write fractions with common denominator. — 

7 xe OG ee es (el) 

Multiplying by a negative number reverses the ingqualit 
x< 15 34 


The solution set is the interval ( — , 15 34 ]. 


Solve the inequality and write the answer in 
interval notation: — 56x< 34+ 83x. 


Understanding Compound Inequalities 


A compound inequality includes two inequalities 
in one statement. A statement such as 4<x<6 
means 4<x and x<6. There are two ways to solve 
compound inequalities: separating them into two 
separate inequalities or leaving the compound 
inequality intact and performing operations on all 
three parts at the same time. We will illustrate both 
methods. 


Solving a Compound Inequality 


Solve the compound inequality: 3<2x+2<6. 


The first method is to write two separate 
inequalities: 3<2x+2 and 2x+2<6. We 
solve them independently. 

3<2x+2 and 2x+2<61<2x 2x<412 <x 
x<2 


Then, we can rewrite the solution as a 
compound inequality, the same way the 
problem began. 

ez Se? 


In interval notation, the solution is written as 
iia ays 


The second method is to leave the compound 
inequality intact, and perform solving 

procedures on the three parts at the same time. 
3<2x+2<61<2x<4 

Isolate the variable term, and subtract 2 from all three tf 
1 2 <x<2 Divide through all three parts by 2. 


We get the same solution: [ 1 2 ,2 ). 


Solve the compound inequality: 4<2x 
aoe LO 


6<x<9 or (6,9 ] 


Solving a Compound Inequality with the 
Variable in All Three Parts 


Solve the compound inequality with variables 
lnvallsthree patts: 2c = 7x2 x — 0: 


Let's try the first method. Write two 
inequalities: 

3+x>7x—2 and 7x—2>5x—10 3>6x—2 2x 
SS SN) Deh Be Ss Ss SO Sk 
596 -4<x 


The solution set is —4<x< 56 or in interval 
notation ( —4,5 6). Notice that when we 
write the solution in interval notation, the 
smaller number comes first. We read intervals 
from left to right, as they appear on a number 
line. See [link]. 


a 


“4 


Solve the compound inequality: 
Oy =4— oy = Sa oy. 


Solving Absolute Value Inequalities 


As we know, the absolute value of a quantity is a 
positive number or zero. From the origin, a point 
located at ( —x,0 ) has an absolute value of x, as it 
is x units away. Consider absolute value as the 
distance from one point to another point. Regardless 
of direction, positive or negative, the distance 
between the two points is represented as a positive 
number or zero. 


An absolute value inequality is an equation of the 
form 
|A|<B, |A]<B, | A|>B,or | A|=B, 


Where A, and sometimes B, represents an algebraic 
expression dependent on a variable x. Solving the 
inequality means finding the set of all x -values that 
satisfy the problem. Usually this set will be an 
interval or the union of two intervals and will 
include a range of values. 


There are two basic approaches to solving absolute 
value inequalities: graphical and algebraic. The 
advantage of the graphical approach is we can read 
the solution by interpreting the graphs of two 
equations. The advantage of the algebraic approach 
is that solutions are exact, as precise solutions are 
sometimes difficult to read from a graph. 


Suppose we want to know all possible returns on an 


investment if we could earn some amount of money 
within $200 of $600. We can solve algebraically for 
the set of x-values such that the distance between x 
and 600 is less than 200. We represent the distance 
between x and 600 as | x—600 |, and therefore, | x 
—600 | <200 or 

— 200 <x—600<200 — 200+ 600 <x 

— 600 + 600 < 200 + 600 400 <x <800 


This means our returns would be between $400 and 
$800. 


To solve absolute value inequalities, just as with 
absolute value equations, we write two inequalities 
and then solve them independently. 


Absolute Value Inequalities 

For an algebraic expression X, and k>0, an 
absolute value inequality is an inequality of the 
form 


| X |<k is equivalent to —-k<X<k | X | 

>k is equivalent to X< —k or X>k 

These statements also apply to | X |<k and | X | 
>k. 


Determining a Number within a Prescribed 
Distance 


Describe all values x within a distance of 4 
from the number 5. 


We want the distance between x and 5 to be 
less than or equal to 4. We can draw a number 
line, such as in [link], to represent the 
condition to be satisfied. 


4 4 
a ts—titeN 


5 


The distance from x to 5 can be represented 
using an absolute value symbol, | x—5 |. 
Write the values of x that satisfy the condition 
as an absolute value inequality. 


|x-5|<4 


We need to write two inequalities as there are 
always two solutions to an absolute value 
equation. 

x—-5<4 and x—5=>—-4x<9x21 


If the solution set is x<9 and x=1, then the 
solution set is an interval including all real 
numbers between and including 1 and 9. 


So | x—5 |<4 is equivalent to [1,9] in 
interval notation. 


Describe all x-values within a distance of 3 
from the number 2. 


Solving an Absolute Value Inequality 


Solves|x— tan 


[eee Sp oe ee ex = 


Using a Graphical Approach to Solve 
Absolute Value Inequalities 


Given the equation y= — 1 2 | 4x-—5 |+3, 
determine the x-values for which the y-values 
are negative. 


We are trying to determine where y <0, which 
is when — 1 2 | 4x—-5|+3<0O. We begin by 
isolating the absolute value. 

— 12] 4x-—5|<-—3 Multiply both sides by - 


2, and reverse the inequality. | 4x-—5 |>6 


Next, we solve for the equality | 4x—5 | =6. 
4x—5=6 4x—5= —6 4x=11 or 4x= —-1 x= 
114x=-14 


Now, we can examine the graph to observe 
where the y-values are negative. We observe 
where the branches are below the x-axis. 
Notice that it is not important exactly what the 
graph looks like, as long as we know that it 
crosses the horizontal axis at x= — 14 and 
x= 11 4, and that the graph opens 
downward. See [link]. 


y 
bd 


4 3 2 4 ; 
Below x axis Below x axis 


Solve —2|)k—4) |= 6: 


k<1 or k=7; in interval notation, this would 
be (— ,1]U[7, °°). 


Access these online resources for additional 
instruction and practice with linear inequalities 
and absolute value inequalities. 


Interval notation 

How to solve linear inequalities 
How to solve an inequality 
Absolute value equations 
Compound inequalities 


¢ Absolute value inequalities 


Key Concepts 


Interval notation is a method to indicate the 
solution set to an inequality. Highly applicable 
in calculus, it is a system of parentheses and 
brackets that indicate what numbers are 
included in a set and whether the endpoints are 
included as well. See [link] and [link]. 
Solving inequalities is similar to solving 
equations. The same algebraic rules apply, 
except for one: multiplying or dividing by a 
negative number reverses the inequality. See 
flink], [link], [link], and [link]. 

Compound inequalities often have three parts 
and can be rewritten as two independent 
inequalities. Solutions are given by boundary 
values, which are indicated as a beginning 
boundary or an ending boundary in the 
solutions to the two inequalities. See [link] and 
[link]. 

Absolute value inequalities will produce two 
solution sets due to the nature of absolute 
value. We solve by writing two equations: one 
equal to a positive value and one equal to a 
negative value. See [link] and [link]. 


¢ Absolute value inequalities can also be solved 
by graphing. At least we can check the 
algebraic solutions by graphing, as we cannot 
depend on a visual for a precise solution. See 
[link]. 


Section Exercises 


Verbal 


When solving an inequality, explain what 
happened from Step 1 to Step 2: 


step 1 —2x>6 Step 2x<=—3 

When we divide both sides by a negative it 
changes the sign of both sides so the sense of 
the inequality sign changes. 

When solving an inequality, we arrive at: 
X+2<xX4+3:2<3 


Explain what our solution set is. 


When writing our solution in interval notation, 
how do we represent all the real numbers? 


( — 0,00 ) 


When solving an inequality, we arrive at: 
SZ > K S23 


Explain what our solution set is. 


Describe how to graph y=| x—3 | 


We start by finding the x-intercept, or where 
the function = 0. Once we have that point, 
which is (3,0), we graph to the right the 
straight line graph y=x-—3, and then when we 
draw it to the left we plot positive y values, 
taking the absolute value of them. 


Algebraic 


For the following exercises, solve the inequality. 
Write your final answer in interval notation. 


4x-—7<9 


3x+2>7x-1 


(-~,34] 


—2x+3>x-—5 


4(x+3)=2x-1 


P=—13:2.29-) 


= Lo k= SoS. 2X 


—5(x-1)+3>3x-—4-4x 


( —-,3 ) 


—3(2x+1)> -—2(x+4) 


x+38 -—-x+55 2310 


x-134+x4+25<35 


For the following exercises, solve the inequality 
involving absolute value. Write your final answer in 
interval notation. 


|x+9|=>-6 


All real numbers ( — °,°0 ) 


(2x43) <7 


[3x-1|>11 


| 2x+1|+1<6 


|x=2 | +4210 


| =2x4+7 213 


Ix-—7|<-4 


No solution 


|x —20| > =i 
|x-34|<2 


For the following exercises, describe all the x-values 
within or including a distance of the given values. 


Distance of 5 units from the number 7 


Distance of 3 units from the number 9 


[ 6,12 ] 


Distance of10 units from the number 4 


Distance of 11 units from the number 1 


b= 10,12.) 


For the following exercises, solve the compound 
inequality. Express your answer using inequality 
signs, and then write your answer using interval 
notation. 


—4<3x+2=18 


3x+1>2x-—5>x-7 


x>-—6 and x>-—2 
Take the intersection of two sets. x> — 2, 
( > 2; a co ) 


Sys o=—2y<7+y 


2x-—-5<-11 or 5x+12=6 


R33. Or) (x 
Take the union of the two sets. (— «,—3) U 
[1, °°) 


x+7<x+2 


Graphical 


For the following exercises, graph the function. 
Observe the points of intersection and shade the x- 
axis representing the solution set to the inequality. 
Show your graph and write your final answer in 
interval notation. 


|Ix-—1|>2 


( ==) JUC 3,0 ) 


|x+3|=5 


|x+7|<4 


[—11,-3] 


“14 “12 “10 “8 “6 4 


|x-2|<7 


|x-2|<0 


It is never less than zero. No solution. 


For the following exercises, graph both straight lines 
(left-hand side being y1 and right-hand side being 
y2) on the same axes. Find the point of intersection 
and solve the inequality by observing where it is 
true comparing the y-values of the lines. 


x+3<3x-4 


x-2>2x+1 


Where the blue line is above the orange line; 
point of intersection is x= —3. 


(S253 } 


x+1>x+4 


12x+1>12x-5 


Where the blue line is above the orange line; 
always. All real numbers. 


(— °° — co 
5) 


4x+1< 12x+3 


Numeric 


For the following exercises, write the set in interval 
notation. 


{x| -—1<x<3} 


( =1,3.) 


4x) x7} 


{x| x<4} 


( —~,4) 


{ x| x is all real numbers } 


For the following exercises, write the interval in set- 
builder notation. 


( —-,6 ) 


1&| x=c6: } 


LAs ee J 


[ O50) 


{x| -3=sx<5} 


[—4,1]UTY, -) 


For the following exercises, write the set of numbers 
represented on the number line in interval notation. 


( —-,4 ] 


Technology 


For the following exercises, input the left-hand side 
of the inequality as a Y1 graph in your graphing 
utility. Enter y2 = the right-hand side. Entering the 
absolute value of an expression is found in the 
MATH menu, Num, 1:abs(. Find the points of 
intersection, recall (2nd CALC 5:intersection, 1st 
curve, enter, 2nd curve, enter, guess, enter). Copy a 
sketch of the graph and shade the x-axis for your 
solution set to the inequality. Write final answers in 
interval notation. 


|x+2|-5<2 


—12|x+2|<4 


Where the blue is below the orange; always. All 
real numbers. (— °,+°). 


“1p [-@ |-¢ [-fer%> 2laleé | & lab 
72 
“4 
-6 
-8 
-10 
|4x+1|-3>2 
|x-4|<3 


Where the blue is below the orange; (1,7 ). 


|x+2|=5 


Extensions 


Solve | 3x+1 |=| 2x+3 | 


x=2, -—45 


Solve x 2 —x>12 


X—-5x+7 <0,x#—-7 


( 7d 


p=-— x2 +130x—3000 is a profit formula for 
a small business. Find the set of x-values that 
will keep this profit positive. 


Real-World Applications 


In chemistry the volume for a certain gas is 
given by V=20T, where V is measured in cc 
and T is temperature in °C. If the temperature 
varies between 80°C and 120°C, find the set of 
volume values. 


80<T<120 1,600 <20T <2,400 


[ 1,600, 2,400 ] 


A basic cellular package costs $20/mo. for 60 
min of calling, with an additional charge of 
$.30/min beyond that time.. The cost formula 
would be C=$20+.30(x— 60). If you have to 
keep your bill lower than $50, what is the 
maximum calling minutes you can use? 


Glossary 


compound inequality 
a problem or a statement that includes two 
inequalities 


interval 
an interval describes a set of numbers within 
which a solution falls 


interval notation 
a mathematical statement that describes a 
solution set and uses parentheses or brackets 
to indicate where an interval begins and ends 


linear inequality 
similar to a linear equation except that the 
solutions will include sets of numbers 


Functions and Function Notation 
In this section, you will: 


* Determine whether a relation represents a 
function. 

* Find the value of a function. 

* Determine whether a function is one-to-one. 

* Use the vertical line test to identify functions. 

¢ Graph the functions listed in the library of 
functions. 


A jetliner changes altitude as its distance from the 
starting point of a flight increases. The weight of a 
growing child increases with time. In each case, one 
quantity depends on another. There is a relationship 
between the two quantities that we can describe, 
analyze, and use to make predictions. In this 
section, we will analyze such relationships. 

(a) This relationship is a function because each 
input is associated with a single output. Note that 
input q and r both give output n. (b) This 
relationship is also a function. In this case, each 
input is associated with a single output. (c) This 
relationship is not a function because input q is 
associated with two different outputs. 


Determining Whether a Relation 
Represents a Function 


A relation is a set of ordered pairs. The set of the 
first components of each ordered pair is called the 
domain and the set of the second components of 
each ordered pair is called the range. Consider the 
following set of ordered pairs. The first numbers in 
each pair are the first five natural numbers. The 
second number in each pair is twice that of the first. 
{(1,2),(2,4),(3,6),(4,8),(5,10)} 


The domain is {1,2,3,4,5}. The range is 
{2,4,6,8,10}. 


Note that each value in the domain is also known as 
an input value, or independent variable, and is 
often labeled with the lowercase letter x. Each value 
in the range is also known as an output value, or 
dependent variable, and is often labeled lowercase 
letter y. 


A function f is a relation that assigns a single value 
in the range to each value in the domain. In other 
words, no x-values are repeated. For our example 
that relates the first five natural numbers to 
numbers double their values, this relation is a 
function because each element in the domain, 
{1,2,3,4,5}, is paired with exactly one element in 
the range, {2,4,6,8,10}. 


Now let’s consider the set of ordered pairs that 
relates the terms “even” and “odd” to the first five 
natural numbers. It would appear as 


{ (odd,1),(even,2),(odd,3),(even,4),(odd,5) } 


Notice that each element in the domain, {even,odd} 
is not paired with exactly one element in the range, 
{1,2,3,4,5}. For example, the term “odd” 
corresponds to three values from the range, {1,3,5} 
and the term “even” corresponds to two values from 
the range, {2,4}. This violates the definition of a 
function, so this relation is not a function. 


[link] compares relations that are functions and not 
functions. 


Relation is a Function Relation is a Function Relation is NOT a Function 


Inputs Outputs Inputs Outputs Inputs Outputs 


(b) (c) 


Function 
A function is a relation in which each possible 
input value leads to exactly one output value. We 


say “the output is a function of the input.” 
The input values make up the domain, and the 
output values make up the range. 


Given a relationship between two quantities, 
determine whether the relationship is a 
function. 


1. Identify the input values. 

2. Identify the output values. 

3. If each input value leads to only one output 
value, classify the relationship as a function. If 
any input value leads to two or more outputs, 
do not classify the relationship as a function. 


Determining If Menu Price Lists Are 
Functions 


The coffee shop menu, shown in [link] consists 
of items and their prices. 


1. Is price a function of the item? 
2. Is the item a function of the price? 


Item 
Plain Donut 
Jelly Donut 
Chocolate Donut 


1. Let’s begin by considering the input as the 
items on the menu. The output values are 
then the prices. See [link]. 


Menu 


Item 
Plain Donut 
Jelly Donut 
Chocolate Donut -----0ecscreeeeem 1! 


Each item on the menu has only one 
price, so the price is a function of the 
item. 

2. Two items on the menu have the same 
price. If we consider the prices to be the 
input values and the items to be the 
output, then the same input value could 
have more than one output associated 
with it. See [link]. 


Plain Donut ~ 
Jelly Donut = 
Chocolate Donut <---- 


Therefore, the item is a not a function of 
price. 


Determining If Class Grade Rules Are 
Functions 


In a particular math class, the overall percent 

grade corresponds to a grade point average. Is 
grade point average a function of the percent 

grade? Is the percent grade a function of the 


grade point average? [link] shows a possible 
rule for assigning grade points. 


Percdht5657-- 62- 67-- 72-- 78- 87-- 92- 
grace 61,— 66,71. — 77 8691, 100 
Grad@.0 1.0 1.8 2.0 25 3.0 3.5 4.0 
point 

average 


For any percent grade earned, there is an 
associated grade point average, so the grade 
point average is a function of the percent 
grade. In other words, if we input the percent 
grade, the output is a specific grade point 
average. 


In the grading system given, there is a range of 
percent grades that correspond to the same 
grade point average. For example, students 
who receive a grade point average of 3.0 could 
have a variety of percent grades ranging from 
78 all the way to 86. Thus, percent grade is 
not a function of grade point average. 


[link][footnote] lists the five greatest baseball 
players of all time in order of rank. 
http://www. baseball-almanac.com/legendary/ 


ESAS Va Waves ree | A ~~ ~~~ AN/INASIANIAA 


m1.--.-. Mm ~—1- 
riay cL ANCLLIN 
Daha Diith 1 
WuUvVe LULL a 
WTillin NAatra 9) 
Vaitit ivauyu = 
kr Cahh 2 
a, UULUYL v 
Waltar Tahnanan A 
UVLO VLL 1 
Hank Aaron 5 


@ Is the rank a function of the player 
name? 

® Is the player name a function of the 
rank? 


@ yes 
® yes. (Note: If two players had been tied 


for, say, 4th place, then the name would not 
have been a function of rank.) 


Using Function Notation 


Once we determine that a relationship is a function, 
we need to display and define the functional 


relationships so that we can understand and use 
them, and sometimes also so that we can program 
them into computers. There are various ways of 
representing functions. A standard function notation 
is one representation that facilitates working with 
functions. 


To represent “height is a function of age,” we start 
by identifying the descriptive variables h for height 
and a for age. The letters f,g, and h are often used to 
represent functions just as we use x,y, and z to 
represent numbers and A,B, and C to represent sets. 
his f ofa 

We name the function f; height is a function of age. 
h=f(a) 

We use parentheses to indicate the function input. 
f(a) 

We name the function f; the expression is read as “f of a.” 


Remember, we can use any letter to name the 
function; the notation h( a ) shows us that h 
depends on a. The value a must be put into the 
function h to get a result. The parentheses indicate 
that age is input into the function; they do not 
indicate multiplication. 


We can also give an algebraic expression as the 
input to a function. For example f( a+b ) means 
“first add a and b, and the result is the input for the 
function f.” The operations must be performed in 
this order to obtain the correct result. 


Function Notation 

The notation y= f( x ) defines a function named f. 
This is read as “y is a function of x.” The letter x 
represents the input value, or independent 
variable. The letter y, or f( x ), represents the 
output value, or dependent variable. 


Using Function Notation for Days in a 
Month 


Use function notation to represent a function 
whose input is the name of a month and 
output is the number of days in that month. 
Assume that the domain does not include leap 
years. 


The number of days in a month is a function of 
the name of the month, so if we name the 
function f, we write days = f(month) or 
d=f(m). The name of the month is the input to 
a “rule” that associates a specific number (the 
output) with each input. 


31 = f (January) 
output input 


rule 


For example, f( March )=31, because March 


has 31 days. The notation d=f( m ) reminds us 
that the number of days, d (the output), is 
dependent on the name of the month, m (the 
input). 


nalysis 


Note that the inputs to a function do not have to be 
numbers; function inputs can be names of people, 
labels of geometric objects, or any other element 
that determines some kind of output. However, 
most of the functions we will work with in this 
book will have numbers as inputs and outputs. 


Interpreting Function Notation 


A function N=f( y ) gives the number of police 
officers, N, in a town in year y. What does f( 
2005 )=300 represent? 


When we read f( 2005 )=300, we see that the 
input year is 2005. The value for the output, 
the number of police officers ( N ), is 300. 
Remember, N=f( y ). The statement f( 2005 
)=300 tells us that in the year 2005 there 
were 300 police officers in the town. 


Use function notation to express the weight of 
a pig in pounds as a function of its age in days 


Instead of a notation such as y= f(x), could we 
use the same symbol for the output as for the 
function, such as y=y(x), meaning “y is a 
function of x?” 
Yes, this is often done, especially in applied subjects 
that use higher math, such as physics and engineering. 
owever, in exploring math itself we like to maintain a 
distinction between a function such as f, which is a 
rule or procedure, and the output y we get by applying 
to a particular input x. This is why we usually use 
notation such as y=f( x ),P = W¢(d ), and so on. 


Representing Functions Using Tables 


A common method of representing functions is in 
the form of a table. The table rows or columns 
display the corresponding input and output 

values. In some cases, these values represent all we 


know about the relationship; other times, the table 
provides a few select examples from a more 
complete relationship. 


[link] lists the input number of each month 
(January = 1, February = 2, and so on) and the 
output value of the number of days in that month. 
This information represents all we know about the 
months and days for a given year (that is not a leap 
year). Note that, in this table, we define a days-in-a- 
month function f where D=f( m ) identifies months 
by an integer rather than by name. 


Month 2 3 4 5 6 7 8 9 10 11 12 


Day8l 23 31 30 31 30 31 31 30 31 30 31 
iti 

month, 

D 

(output) 


[link] defines a function Q=g(n ). Remember, this 
notation tells us that g is the name of the function 
that takes the input n and gives the output Q. 


1 Q A i 
1 rw7 I Vv 


n 
ak 


2 
Q 8 6 7 6 8 


[link] displays the age of children in years and their 
corresponding heights. This table displays just some 
of the data available for the heights and ages of 
children. We can see right away that this table does 
not represent a function because the same input 
value, 5 years, has two different output values, 40 
in. and 42 in. 


nant) 


Heigh#O 42 44 47 #=#950 #52 £454 
in 

inches, 

h 

(output) 


Given a table of input and output values, 
determine whether the table represents a 


function. 


1. Identify the input and output values. 

2. Check to see if each input value is paired with 
only one output value. If so, the table 
represents a function. 


Identifying Tables that Represent Functions 


Which table, [link], [link], or [link], 
represents a function (if any)? 
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[link] and [link] define functions. In both, 
each input value corresponds to exactly one 
output value. [link] does not define a function 
because the input value of 5 corresponds to 
two different output values. 


When a table represents a function, 
corresponding input and output values can 
also be specified using function notation. 


The function represented by [link] can be 
represented by writing 
f(2) =1,f(5) =3,and f(8) =6 


Similarly, the statements 
g( —3 )=5,g( 0 )=1,and g( 4)=5 


represent the function in [link]. 


[link] cannot be expressed in a similar way 
because it does not represent a function. 


Does [link] represent a function? 
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ALipuc VULpUL 
1 Tn 

i av 

9 TAN 

pa LuUY 

3 1000 


http://www.kgbanswers.com/how-long-is-a-dogs- 
memory-span/4221590. Accessed 3/24/2014. 


Finding Input and Output Values of a 
Function 


When we know an input value and want to 
determine the corresponding output value for a 
function, we evaluate the function. Evaluating will 
always produce one result because each input value 
of a function corresponds to exactly one output 
value. 


When we know an output value and want to 
determine the input values that would produce that 
output value, we set the output equal to the 
function’s formula and solve for the input. Solving 
can produce more than one solution because 
different input values can produce the same output 
value. 


Evaluation of Functions in Algebraic Forms 


When we have a function in formula form, it is 
usually a simple matter to evaluate the function. For 
example, the function f( x )=5—3 x 2 can be 
evaluated by squaring the input value, multiplying 
by 3, and then subtracting the product from 5. 


Given the formula for a function, evaluate. 


1. Replace the input variable in the formula with 
the value provided. 
2. Calculate the result. 


Evaluating Functions at Specific Values 


Evaluate f(x )= x 2 +3x-—4 at 


4, fait hy) tC a) a 


Replace the x in the function with each 
specified value. 


1. Because the input value is a number, 2, 
we can use simple algebra to simplify. 
f(2)= 22 +3(2)-—4 =4+6-4 =6 

2. In this case, the input value is a letter so 
we cannot simplify the answer any 
further. 
f(a)=a2+3a—4 

3. With an input value of a+h, we must use 
the distributive property. 
f(a+h)= (a+h) 2 +3(ath)—-4 = a2 
-2dhe hoa toh 4 

4. In this case, we apply the input values to 
the function more than once, and then 
perform algebraic operations on the 
result. We already found that 
f(ath)= a2 +2ah+ h2 +3a+3h-4 


and we know that 


ffia)=a2+3a-4 


Now we combine the results and simplify. 
f(ath)—f(a)h = (a2 +2ah+ h2+3a 
+3h-—4)-(a2+3a-4)h 

= 2ah+ h2 +3hh 

= h(2a+h+3)h 
Factor out h. =2a+h+3 
Simplify. 


Evaluating Functions 


Given the function h( p )= p 2 +2p, evaluate 
h( 4). 


To evaluate h( 4 ), we substitute the value 4 
for the input variable p in the given function. 
h(p)= p2 +2p h(4)= (4) 2 +2(4) 

=16+8 = 24 


Therefore, for an input of 4, we have an 
output of 24. 


Given the function g( m )= m—4, evaluate g( 
A: 


Solving Functions 


Given the function h( p )= p 2 +2p, solve for 
hip) 3. 


h(p)=3 p2+2p=3 
Substitute the original function h(p)= p 2 
ar Oe p2 +2Zp—s—0 
Subtract 3 from each side. (p+ 3)(p—1)=0 
Factor. 


If (p+3 )( p—1 )=0, either (p+3)=0or(p 
—1)=0 (or both of them equal 0). We will set 
each factor equal to 0 and solve for p in each 
case. 

(Coy Psy 0, es (Co) i), oa 


This gives us two solutions. The output h( p 
)=3 when the input is either p=1 or p= —3. 
We can also verify by graphing as in [link]. 
The graph verifies that h( 1 )=h( —3 )=3 and 
h( 4 )=24. 


h(p) 


Given the function g( m )= m—4, solve g(m 


Evaluating Functions Expressed in Formulas 


Some functions are defined by mathematical rules 
or procedures expressed in equation form. If it is 
possible to express the function output with a 


formula involving the input quantity, then we can 
define a function in algebraic form. For example, 
the equation 2n+ 6p=12 expresses a functional 
relationship between n and p. We can rewrite it to 
decide if p is a function of n. 


Given a function in equation form, write its 
algebraic formula. 


1. Solve the equation to isolate the output 
variable on one side of the equal sign, with 
the other side as an expression that involves 
only the input variable. 

. Use all the usual algebraic methods for solving 
equations, such as adding or subtracting the 
same quantity to or from both sides, or 
multiplying or dividing both sides of the 
equation by the same quantity. 


Finding an Equation of a Function 


Express the relationship 2n+ 6p=12 asa 
function p=f(n ), if possible. 


To express the relationship in this form, we 
need to be able to write the relationship where 


p is a function of n, which means writing it as 
p=l[expressioninvolvingn]. 

2n+ 6p=12 6p=12-2n 

Subtract 2n from both sides. p= 12—2n6 
Divide both sides by 6 and simplify. p= 126 
— 2n6op=2-13n 


Therefore, p as a function of n is written as 
p=f(n)=2-13n 


nalysis 


It is important to note that not every relationship 
expressed by an equation can also be expressed as 
a function with a formula. 


Expressing the Equation of a Circle as a 
Function 


Does the equation x 2 + y 2 =1 represent a 
function with x as input and y as output? If so, 
express the relationship as a function y=f( x ). 


First we subtract x 2 from both sides. 
V2 lS xe 


We now try to solve for y in this equation. 
Va se Sa x2 xe sandr =a x 2 


We get two outputs corresponding to the same 
input, so this relationship cannot be 
represented as a single function y =f( x ). 


If x—8 y 3 =O, express y as a function of x. 


Are there relationships expressed by an 
equation that do represent a function but 
which still cannot be represented by an 
algebraic formula? 
Yes, this can happen. For example, given the equation 

=y+ 2y, if we want to express y as a function of 

, there is no simple algebraic formula involving only x 
that equals y. However, each x does determine a 
unique value for y, and there are mathematical 
procedures by which y can be found to any desired 
accuracy. In this case, we say that the equation gives 
an implicit (implied) rule for y as a function of x, even 
though the formula cannot be written explicitly. 


Evaluating a Function Given in Tabular Form 


As we saw above, we can represent functions in 
tables. Conversely, we can use information in tables 
to write functions, and we can evaluate functions 
using the tables. For example, how well do our pets 
recall the fond memories we share with them? 
There is an urban legend that a goldfish has a 
memory of 3 seconds, but this is just a myth. 
Goldfish can remember up to 3 months, while the 
beta fish has a memory of up to 5 months. And 
while a puppy’s memory span is no longer than 30 
seconds, the adult dog can remember for 5 minutes. 
This is meager compared to a cat, whose memory 
span lasts for 16 hours. 


The function that relates the type of pet to the 
duration of its memory span is more easily 
visualized with the use of a table. See [link]. 
[footnote] 
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Beta fish 3600 


At times, evaluating a function in table form may be 
more useful than using equations. Here let us call 
the function P. The domain of the function is the 
type of pet and the range is a real number 
representing the number of hours the pet’s memory 
span lasts. We can evaluate the function P at the 
input value of “goldfish.” We would write 
P(goldfish) = 2160. Notice that, to evaluate the 
function in table form, we identify the input value 
and the corresponding output value from the 
pertinent row of the table. The tabular form for 
function P seems ideally suited to this function, 
more so than writing it in paragraph or function 
form. 


Given a function represented by a table, 
identify specific output and input values. 


. Find the given input in the row (or column) of 
input values. 

. Identify the corresponding output value paired 
with that input value. 

. Find the given output values in the row (or 
column) of output values, noting every time 
that output value appears. 

. Identify the input value(s) corresponding to 
the given output value. 


Evaluating and Solving a Tabular Function 


Using [link], 


1. Evaluate g( 3 ). 
2. Solve g(n )=6. 


1 
aL 


nr 
an 


g(n) 8 


1. Evaluating g(3) means determining the 
output value of the function g for the 
input value of n=3. The table output 
value corresponding to n=3 is 7, so 
g(3) =7. 

2. Solving g(n) =6 means identifying the 
input values, n, that produce an output 
value of 6. [link] shows two solutions: 2 
and 4. 


4 i 5 
g(n) 8 6 7 6 8 


When we input 2 into the function g, our 
output is 6. When we input 4 into the function 
g, our output is also 6. 


Using [link], evaluate g( 1 ). 


Finding Function Values from a Graph 


Evaluating a function using a graph also requires 
finding the corresponding output value for a given 
input value, only in this case, we find the output 
value by looking at the graph. Solving a function 
equation using a graph requires finding all instances 
of the given output value on the graph and 
observing the corresponding input value(s). 


Reading Function Values from a Graph 


Given the graph in [link], 


1. Evaluate f( 2 ). 
2. Solve f( x )=4. 


1. To evaluate f( 2 ), locate the point on the 
curve where x= 2, then read the y- 
coordinate of that point. The point has 
coordinates (2,1), so f( 2 )=1. See [link]. 


0 
-44 
2 
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2. To solve f( x )=4, we find the output 
value 4 on the vertical axis. Moving 
horizontally along the line y=4, we 
locate two points of the curve with output 
value 4: (— 1,4) and (3,4). These points 
represent the two solutions to f( x ) = 4: 
—1 or 3. This means f( —1 )=4 and f( 3 
)=4, or when the input is —1 or 3, the 
output is 4. See [link]. 


f(x) 
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Using [link], solve f(x )=1. 


Determining Whether a Function is One- 
to-One 


Some functions have a given output value that 
corresponds to two or more input values. For 
example, in the stock chart shown in [link] at the 
beginning of this chapter, the stock price was $1000 
on five different dates, meaning that there were five 
different input values that all resulted in the same 
output value of $1000. 


However, some functions have only one input value 
for each output value, as well as having only one 
output for each input. We call these functions one- 
to-one functions. As an example, consider a school 
that uses only letter grades and decimal equivalents, 
as listed in [link]. 
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This grading system represents a one-to-one 
function, because each letter input yields one 
particular grade point average output and each 
grade point average corresponds to one input letter. 


To visualize this concept, let’s look again at the two 
simple functions sketched in [link](a) and [link](b). 
The function in part (a) shows a relationship that is 
not a one-to-one function because inputs q and r 
both give output n. The function in part (b) shows a 
relationship that is a one-to-one function because 
each input is associated with a single output. 


One-to-One Function 
A one-to-one function is a function in which each 


output value corresponds to exactly one input 
value. 


Determining Whether a Relationship Is a 
One-to-One Function 


Is the area of a circle a function of its radius? 
If yes, is the function one-to-one? 


A circle of radius r has a unique area measure 
given by A=z r 2, so for any input, r, there is 
only one output, A. The area is a function of 
radius r. 


If the function is one-to-one, the output value, 
the area, must correspond to a unique input 
value, the radius. Any area measure A is given 
by the formula A= r 2 . Because areas and 
radii are positive numbers, there is exactly one 
solution: A z . So the area of a circle is a one- 
to-one function of the circle’s radius. 


@ Is a balance a function of the bank 
account number? 

® Is a bank account number a function of 
the balance? 

© Is a balance a one-to-one function of the 
bank account number? 


@ yes, because each bank account has a 
single balance at any given time 
® no, because several bank account 


numbers may have the same balance 
© no, because the same output may 
correspond to more than one input. 


Evaluate the following: 


@ If each percent grade earned in a course 
translates to one letter grade, is the letter 
grade a function of the percent grade? 

® If so, is the function one-to-one? 


@ Yes, letter grade is a function of percent 
grade; 

® No, it is not one-to-one. There are 100 
different percent numbers we could get but 
only about five possible letter grades, so 
there cannot be only one percent number 
that corresponds to each letter grade. 


Using the Vertical Line Test 


As we have seen in some examples above, we can 
represent a function using a graph. Graphs display a 
great many input-output pairs in a small space. The 
visual information they provide often makes 
relationships easier to understand. By convention, 
graphs are typically constructed with the input 
values along the horizontal axis and the output 
values along the vertical axis. 


The most common graphs name the input value x 
and the output value y, and we say y is a function of 
x, or y=f( x ) when the function is named f. The 
graph of the function is the set of all points (x,y) in 
the plane that satisfies the equation y = f( x ). If the 
function is defined for only a few input values, then 
the graph of the function is only a few points, where 
the x-coordinate of each point is an input value and 
the y-coordinate of each point is the corresponding 
output value. For example, the black dots on the 
graph in [link] tell us that f( 0 )=2 and f( 6 )=1. 
However, the set of all points (x,y) satisfying y =f( x 
) is a curve. The curve shown includes (0,2) and 
(6,1) because the curve passes through those points. 


The vertical line test can be used to determine 
whether a graph represents a function. If we can 
draw any vertical line that intersects a graph more 
than once, then the graph does not define a function 
because a function has only one output value for 
each input value. See [link]. 


Function Not a Function Not a Function 


Given a graph, use the vertical line test to 
determine if the graph represents a function. 


1. Inspect the graph to see if any vertical line 
drawn would intersect the curve more than 
once. 


2. If there is any such line, determine that the 
graph does not represent a function. 


Applying the Vertical Line Test 


Which of the graphs in [link] represent(s) a 
function y=f( x )? 
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If any vertical line intersects a graph more 
than once, the relation represented by the 
graph is not a function. Notice that any 
vertical line would pass through only one 
point of the two graphs shown in parts (a) and 
(b) of [link]. From this we can conclude that 
these two graphs represent functions. The 
third graph does not represent a function 
because, at most x-values, a vertical line would 
intersect the graph at more than one point, as 
shown in [link]. 


f(x) 


Does the graph in [link] represent a function? 


y 


yes 


Using the Horizontal Line Test 


Once we have determined that a graph defines a 
function, an easy way to determine if it is a one-to- 
one function is to use the horizontal line test. 
Draw horizontal lines through the graph. If any 
horizontal line intersects the graph more than once, 
then the graph does not represent a one-to-one 
function. 


Given a graph of a function, use the horizontal 
line test to determine if the graph represents a 
one-to-one function. 


1. Inspect the graph to see if any horizontal line 
drawn would intersect the curve more than 


once. 
2. If there is any such line, determine that the 
function is not one-to-one. 


Applying the Horizontal Line Test 


Consider the functions shown in [link](a) and 
[link](b). Are either of the functions one-to- 
one? 


The function in [link](a) is not one-to-one. The 
horizontal line shown in [link] intersects the 
graph of the function at two points (and we 
can even find horizontal lines that intersect it 
at three points.) 


The function in [link](b) is one-to-one. Any 
horizontal line will intersect a diagonal line at 
most once. 


Is the graph shown in [link] one-to-one? 


No, because it does not pass the horizontal line 
test. 


Identifying Basic Toolkit Functions 


In this text, we will be exploring functions—the 
shapes of their graphs, their unique characteristics, 
their algebraic formulas, and how to solve problems 
with them. When learning to read, we start with the 
alphabet. When learning to do arithmetic, we start 
with numbers. When working with functions, it is 
similarly helpful to have a base set of building-block 
elements. We call these our “toolkit functions,” 
which form a set of basic named functions for which 
we know the graph, formula, and special properties. 
Some of these functions are programmed to 
individual buttons on many calculators. For these 
definitions we will use x as the input variable and 

y =f( x ) as the output variable. 


We will see these toolkit functions, combinations of 
toolkit functions, their graphs, and their 


transformations frequently throughout this book. It 
will be very helpful if we can recognize these toolkit 
functions and their features quickly by name, 
formula, graph, and basic table properties. The 
graphs and sample table values are included with 
each function shown in [link]. 
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Identity f(x )=x 


Absolute value f(x )=| x | 
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Cube root f(k)=x3 


Access the following online resources for additional 
instruction and practice with functions. 


Determine if a Relation is a Function 
Vertical Line Test 

Introduction to Functions 

Vertical Line Test on Graph 
One-to-one Functions 

Graphs as One-to-one Functions 


Key Equations 
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Key Concepts 


¢ A relation is a set of ordered pairs. A function is 
a specific type of relation in which each 
domain value, or input, leads to exactly one 
range value, or output. See [link] and [link]. 
Function notation is a shorthand method for 


relating the input to the output in the form 
y =f( x ). See [link] and [link]. 

¢ In tabular form, a function can be represented 
by rows or columns that relate to input and 
output values. See [link]. 

* To evaluate a function, we determine an output 
value for a corresponding input value. 
Algebraic forms of a function can be evaluated 
by replacing the input variable with a given 
value. See [link] and [link]. 

* To solve for a specific function value, we 
determine the input values that yield the 
specific output value. See [link]. 

¢ An algebraic form of a function can be written 
from an equation. See [link] and [link]. 

¢ Input and output values of a function can be 
identified from a table. See [link]. 

¢ Relating input values to output values on a 
graph is another way to evaluate a function. 
See [link]. 

¢ A function is one-to-one if each output value 
corresponds to only one input value. See [link]. 

¢ A graph represents a function if any vertical 
line drawn on the graph intersects the graph at 
no more than one point. See [link]. 

* The graph of a one-to-one function passes the 
horizontal line test. See [link]. 


Section Exercises 


Verbal 


What is the difference between a relation and a 
function? 


A relation is a set of ordered pairs. A function is 
a special kind of relation in which no two 
ordered pairs have the same first coordinate. 


What is the difference between the input and 
the output of a function? 


Why does the vertical line test tell us whether 
the graph of a relation represents a function? 


When a vertical line intersects the graph of a 
relation more than once, that indicates that for 
that input there is more than one output. At any 
particular input value, there can be only one 
output if the relation is to be a function. 


How can you determine if a relation is a one-to- 
one function? 


Why does the horizontal line test tell us 


whether the graph of a function is one-to-one? 


When a horizontal line intersects the graph of a 
function more than once, that indicates that for 
that output there is more than one input. A 
function is one-to-one if each output 
corresponds to only one input. 


Algebraic 


For the following exercises, determine whether the 
relation represents a function. 


{ (a,b ),( c,d ),( a,c ) } 


{(a,b),(b,c),(c,c)} 


function 


For the following exercises, determine whether the 
relation represents y as a function of x. 


ox + 2y=10 


y=x2 


function 


x= y2 
3x2 +y=14 
function 
2x+ y2 =6 


y=-2x2 +40x 


function 


y=1x 


x= 3y+57y-1 


function 


x=1-y2 


y= 3x+5 7x-1 


function 


x2+y2=9 


2xy=1 


function 


x=y3 


y=x3 


function 


y=1-x2 


ca. Ly 


function 


not a function 


y3=x2 


For the following exercises, evaluate the function f 
at the indicated values f(—3),f(2),f(— a), —f(a),f(a 
+h). 


f(x) =2x—-—5 
f(—3)=—-11; 
f(2)= -1; 
f(—a)= —2a—5; 
— f(a) = —2a+5; 


f(at+h)=2a+2h—5 


f(x)=-5x2+2x-1 


f(x)= 2-x +5 


f(—3)= 5 +5; 


f(2)=5; 

f(—a)= 2+a +5; 
—f(a)= — 2-a —5; 
ffat+th)= 2—a-h +5 


f(x)= 6x—1 5x+2 


f(x)=|x-1|-|x+1| 


f(—3)=2; f(2)=1-3=-2; 
f(—a)=| —a—1|-| -—a+1 |; 
—f(a)=—|a-—1]+]|a+1 |; 
f(a+h)=|a+h-—1|-|at+h+1| 


Given the function g(x) =5— x 2, evaluate g(x 
+h)-— g(x) h ,h=0. 


Given the function g(x)= x 2 + 2x, evaluate 
g(x) — g(a) x—a ,x#a. 


g(x)— g(a) x-a =x+at+2,x4#a 


Given the function k(t) =2t—1: 


@ Evaluate k(2). 
® Solve k(t) =7. 


Given the function f(x) = 8 — 3x: 
@ Evaluate f(—2). 
® Solve f(x)= —1. 


@ f(-2)=14; 
® x=3 


Given the function p(c)= c 2 +c: 


@ Evaluate p(-—3). 
® Solve p(c) =2. 


Given the function f(x)= x 2 —3x: 


@ Evaluate f(5). 
® Solve f(x) =4. 


@ f(5)=10; 
® x=-—1lorx=4 


Given the function f(x)= x+2: 


@ Evaluate f(7). 
© Solve f(x) =4. 


Consider the relationship 3r+ 2t=18. 


@) Write the relationship as a function 
r= f(t). 

® Evaluate f(—3). 

© Solve f(t) =2. 


@ f(t)=6-— 23t 


® f(-3)=8; 
© t=6 
Graphical 


For the following exercises, use the vertical line test 
to determine which graphs show relations that are 
functions. 


not a function 


function 
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function 


Given the following graph, 


@® Evaluate f(—1). 
© Solve for f(x) =3. 


Given the following graph, 


@ Evaluate f(0). 
® Solve for f(x) = —3. 


@ f(0)=1; 
© f(x) = —3,x= -—2 or x=2 


Given the following graph, 


@ Evaluate f(4). 
© Solve for f(x) =1. 


For the following exercises, determine if the given 
graph is a one-to-one function. 


not a function so it is also not a one-to-one 


function 


one-to-one function 


function, but not one-to-one 


Numeric 


For the following exercises, determine whether the 
relation represents a function. 


4 ( ae tet ),¢ = 2, 2) OS Oe) 


{ (3,4 ),04,5 ),05,6 ) + 


function 


{ (2,5),(7,11),15,8),(7,9) + 


For the following exercises, determine if the relation 
represented in table form represents y as a function 
of x. 


function 


x 5 10 15 
y 3 8 8 
x 5 10 10 
y 3 8 14 


not a function 


For the following exercises, use the function f 
represented in [link]. 
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Evaluate f(3). 


Solve f(x) =1. 


f(x) =1,x=2 


For the following exercises, evaluate the function f 
at the values f( — 2 ),f(—1),f(0),f(1), and f(2). 


f(x )=4-2x 


f(x )=8-—3x 


f(—2)=14; f(— 1) =11; f(0) =8; f(1) =5; 
f(2)=2 


f(x)=8x2 —7x+3 


f(x )=3+ x+3 


f(—2)=4; f(—1)=4.414; f(0) = 4.732; 
f(1)=5; f(2) =5.236 


f(x)= x-2x+3 
f{Cx)= 3x 


f(—2)= 19; f(-1)= 1 3; f(O)=1; f(1) =3; 
f(2)=9 


For the following exercises, evaluate the 
expressions, given functions f,g, and h: 


° f(x) =3x-2 
* g(x)=5-— x2 
° h(x)=—-2x2 +3x-1 


3fC 1 )—4g( —2) 


(C7 -3y—ht.=2:) 


20 


Technology 


For the following exercises, graph y= x 2 on the 
given viewing window. Determine the 
corresponding range for each viewing window. 
Show each graph. 


L=0.1,0.1) 
[—10, 10] 
LO, 100] 


[=100,100] 


For the following exercises, graph y= x 3 on the 
given viewing window. Determine the 
corresponding range for each viewing window. 


Show each graph. 


[=0.1,0.1) 


[—0.001, 0.001] 


[—10, 10] 


[—100, 100] 


[ — 1,000,000, 1,000,000] 


For the following exercises, graph y= x on the 
given viewing window. Determine the 
corresponding range for each viewing window. 
Show each graph. 
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LO, 100] 
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For the following exercises, graph y= x 3 on the 
given viewing window. Determine the 
corresponding range for each viewing window. 
Show each graph. 


[ —0.001,0.001 ] 


[—0.1,0.1] 


x 
~0.001 —0.0005 0.0005 0.001 
-0.02 


[ —1000,1000] 


[ — 1,000,000,1,000,000] 


[—100, 100] 


x 
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Real-World Applications 


The amount of garbage, G, produced by a city 
with population p is given by G=f( p ). Gis 
measured in tons per week, and p is measured 
in thousands of people. 


@ The town of Tola has a population of 
40,000 and produces 13 tons of garbage each 
week. Express this information in terms of 
the function f. 


® Explain the meaning of the statement f( 5 
)=2. 


The number of cubic yards of dirt, D, needed to 
cover a garden with area a square feet is given 
by D=g(a). 


@ A garden with area 5000 ft2 requires 50 
yds of dirt. Express this information in terms 
of the function g. 

® Explain the meaning of the statement g( 
100 )=1. 


@ g(5000) = 50; 
© The number of cubic yards of dirt required 
for a garden of 100 square feet is 1. 


Let f( t ) be the number of ducks in a lake t 
years after 1990. Explain the meaning of each 
statement: 


@ f( 5 )=30 
® f( 10 )=40 


Let h(t ) be the height above ground, in feet, of 


a rocket t seconds after launching. Explain the 
meaning of each statement: 


h( 1 )=200 
h( 2 )=350 


@ The height of a rocket above ground after 
1 second is 200 ft. 

© the height of a rocket above ground after 
2 seconds is 350 ft. 


Show that the function f(x )=3 (x-5)2 +7 
is not one-to-one. 


Glossary 


dependent variable 
an output variable 


domain 
the set of all possible input values for a 
relation 


function 
a relation in which each input value yields a 
unique output value 


horizontal line test 


a method of testing whether a function is one- 
to-one by determining whether any horizontal 
line intersects the graph more than once 


independent variable 
an input variable 


input 
each object or value in a domain that relates 
to another object or value by a relationship 
known as a function 


one-to-one function 
a function for which each value of the output 
is associated with a unique input value 


output 
each object or value in the range that is 
produced when an input value is entered into 
a function 


range 
the set of output values that result from the 
input values in a relation 


relation 
a set of ordered pairs 


vertical line test 
a method of testing whether a graph 
represents a function by determining whether 
a vertical line intersects the graph no more 


than once 


Domain and Range 
In this section, you will: 


* Find the domain of a function defined by an 
equation. 
* Graph piecewise-defined functions. 


If you’re in the mood for a scary movie, you may 
want to check out one of the five most popular 
horror movies of all time—I am Legend, Hannibal, 
The Ring, The Grudge, and The Conjuring. [link] 
shows the amount, in dollars, each of those movies 
grossed when they were released as well as the 
ticket sales for horror movies in general by year. 
Notice that we can use the data to create a function 
of the amount each movie earned or the total ticket 
sales for all horror movies by year. In creating 
various functions using the data, we can identify 
different independent and dependent variables, and 
we can analyze the data and the functions to 
determine the domain and range. In this section, we 
will investigate methods for determining the domain 
and range of functions such as these. 

Based on data compiled by www.the-numbers.com. 
[footnote]The Numbers: Where Data and the Movie 
Business Meet. “Box Office History for Horror 
Movies.” http://www.the-numbers.com/market/ 
genre/Horror. Accessed 3/24/2014 


Top-Five Grossing Horror Movies Market Share of Horror Movies, 


for years 2000-2013 by Year 
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Finding the Domain of a Function 
Defined by an Equation 


In Functions and Function Notation, we were 
introduced to the concepts of domain and range. In 
this section, we will practice determining domains 
and ranges for specific functions. Keep in mind that, 
in determining domains and ranges, we need to 
consider what is physically possible or meaningful 
in real-world examples, such as tickets sales and 
year in the horror movie example above. We also 
need to consider what is mathematically permitted. 
For example, we cannot include any input value that 
leads us to take an even root of a negative number if 
the domain and range consist of real numbers. Or in 
a function expressed as a formula, we cannot 
include any input value in the domain that would 
lead us to divide by 0. 


We can visualize the domain as a “holding area” 
that contains “raw materials” for a “function 


machine” and the range as another “holding area” 
for the machine’s products. See [link]. 


Domain Panchos Range 


machine 


oe 
AY 


We can write the domain and range in interval 
notation, which uses values within brackets to 
describe a set of numbers. In interval notation, we 
use a square bracket [ when the set includes the 
endpoint and a parenthesis ( to indicate that the 
endpoint is either not included or the interval is 
unbounded. For example, if a person has $100 to 
spend, he or she would need to express the interval 
that is more than 0 and less than or equal to 100 
and write (0,100 |]. We will discuss interval 
notation in greater detail later. 


Let’s turn our attention to finding the domain of a 
function whose equation is provided. Oftentimes, 
finding the domain of such functions involves 
remembering three different forms. First, if the 
function has no denominator or an odd root, 
consider whether the domain could be all real 
numbers. Second, if there is a denominator in the 
function’s equation, exclude values in the domain 
that force the denominator to be zero. Third, if there 


is an even root, consider excluding values that 
would make the radicand negative. 


Before we begin, let us review the conventions of 
interval notation: 


* The smallest term from the interval is written 
first. 

¢ The largest term in the interval is written 
second, following a comma. 

¢ Parentheses, ( or ), are used to signify that an 

endpoint is not included, called exclusive. 

Brackets, [ or ], are used to indicate that an 

endpoint is included, called inclusive. 


See [link] for a summary of interval notation. 
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x is greater than 
or equal to a 


X is less than or 
equal toa 


X is strictly between 
aandb 


x is between a and b, 
to include a 


X is between a and b, 
to include b 


x is between a and b, 
to include a and b 


Finding the Domain of a Function as a Set 
of Ordered Pairs 


Find the domain of the following function: { ( 
210) (310 Cr 20 Cs 20) oa) 


First identify the input values. The input value 
is the first coordinate in an ordered pair. There 
are no restrictions, as the ordered pairs are 

simply listed. The domain is the set of the first 


coordinates of the ordered pairs. 
{2,3,4,5,6} 


Find the domain of the function: 


{ (= 5,4),(0,0),(5, me 4),(10, i SCS. ae 12) i 


{5,000 9a: 


Given a function written in equation form, find 
the domain. 


1. Identify the input values. 

2. Identify any restrictions on the input and 
exclude those values from the domain. 

3. Write the domain in interval form, if possible. 


Finding the Domain of a Function 


Find the domain of the function f(x) = x 2 —1. 


The input value, shown by the variable x in 
the equation, is squared and then the result is 
lowered by one. Any real number may be 
squared and then be lowered by one, so there 
are no restrictions on the domain of this 
function. The domain is the set of real 
numbers. 


In interval form, the domain of f is ( — ~,°° ). 


Find the domain of the function: f(x)=5-—x+ 
bee Be 


Given a function written in an equation form 
that includes a fraction, find the domain. 


1. Identify the input values. 

2. Identify any restrictions on the input. If there 
is a denominator in the function’s formula, set 
the denominator equal to zero and solve for x 
. If the function’s formula contains an even 
root, set the radicand greater than or equal to 


0, and then solve. 

3. Write the domain in interval form, making 
sure to exclude any restricted values from the 
domain. 


Finding the Domain of a Function Involving 
a Denominator 


Find the domain of the function f(x)= x+1 
2-X. 


When there is a denominator, we want to 
include only values of the input that do not 
force the denominator to be zero. So, we will 
set the denominator equal to 0 and solve for x. 
2k Oak 


Now, we will exclude 2 from the domain. The 
answers are all real numbers where x< 2 or 

x >2. We can use a symbol known as the 
union, U, to combine the two sets. In interval 
notation, we write the solution: ( — -,2 )U( 
Dice: ji 


x<2orx>2 


; 


(-™, 2) U (2, *) 


In interval form, the domain of f is ( — ~,2 )U( 
2,°° ). 


Find the domain of the function: f(x)= 1+4x 
2x—1. 


Given a function written in equation form 
including an even root, find the domain. 


1. Identify the input values. 

2. Since there is an even root, exclude any real 
numbers that result in a negative number in 
the radicand. Set the radicand greater than or 
equal to zero and solve for x. 

3. The solution(s) are the domain of the function. 
If possible, write the answer in interval form. 


Finding the Domain of a Function with an 
Even Root 


Find the domain of the function f(x)= 7-—x. 


When there is an even root in the formula, we 
exclude any real numbers that result in a 
negative number in the radicand. 


Set the radicand greater than or equal to zero 
and solve for x. 
WY fora A OR Ce? Ci | 


Now, we will exclude any number greater than 


7 from the domain. The answers are all real 
numbers less than or equal to 7, or (— ~,7]. 


Find the domain of the function f(x) = 5+ 2x. 


Can there be functions in which the domain 


and range do not intersect at all? 
Yes. For example, the function f(x) = — 1 x has the 
et of all positive real numbers as its domain but the 
et of all negative real numbers as its range. As a more 


extreme example, a function’s inputs and outputs can 
be completely different categories (for example, names 
of weekdays as inputs and numbers as outputs, as on 
an attendance chart), in such cases the domain and 
range have no elements in common. 


Using Notations to Specify Domain and 
Range 


In the previous examples, we used inequalities and 
lists to describe the domain of functions. We can 
also use inequalities, or other statements that might 
define sets of values or data, to describe the 
behavior of the variable in set-builder notation. 
For example, { x|10<x<30 } describes the 
behavior of x in set-builder notation. The braces {} 
are read as “the set of,” and the vertical bar | is read 
as “such that,” so we would read { x|10<x<30 } as 
“the set of x-values such that 10 is less than or equal 
to x, and x is less than 30.” 


[link] compares inequality notation, set-builder 
notation, and interval notation. 


Inequality Set-builder Interval 
Notation Notation Notation 


5<h=10 lh|5<h=10} (5, 10) 
5<h<10 h|5=h<10} |5, 10) 
5<h<10 h|5<h<10} (5, 10) 


To combine two intervals using inequality notation 
or set-builder notation, we use the word “or.” As we 
saw in earlier examples, we use the union symbol, 
U, to combine two unconnected intervals. For 
example, the union of the sets {2,3,5} and {4,6} is 
the set {2,3,4,5,6}. It is the set of all elements that 
belong to one or the other (or both) of the original 
two sets. For sets with a finite number of elements 
like these, the elements do not have to be listed in 
ascending order of numerical value. If the original 
two sets have some elements in common, those 
elements should be listed only once in the union set. 
For sets of real numbers on intervals, another 
example of a union is 

{x| |x |=3}=( —~,-3]U[ 3, ) 


Set-Builder Notation and Interval Notation 
Set-builder notation is a method of specifying a 
set of elements that satisfy a certain condition. It 
takes the form {x|statement about x} which is read 
as, “the set of all x such that the statement about x 
is true.” For example, 

{ x|4<x<12} 

Interval notation is a way of describing sets that 
include all real numbers between a lower limit that 
may or may not be included and an upper limit 
that may or may not be included. The endpoint 
values are listed between brackets or parentheses. 

A square bracket indicates inclusion in the set, and 
a parenthesis indicates exclusion from the set. For 
example, 

( 4,12 ] 


Given a line graph, describe the set of values 
using interval notation. 


1. Identify the intervals to be included in the set 
by determining where the heavy line overlays 
the real line. 

2. At the left end of each interval, use [ with 
each end value to be included in the set (solid 
dot) or ( for each excluded end value (open 
dot). 

3. At the right end of each interval, use ] with 
each end value to be included in the set (filled 


dot) or ) for each excluded end value (open 
dot). 

4. Use the union symbol U to combine all 
intervals into one set. 


Describing Sets on the Real-Number Line 


Describe the intervals of values shown in 
[link] using inequality notation, set-builder 


notation, and interval notation. 


To describe the values, x, included in the 
intervals shown, we would say, “ x is a real 
number greater than or equal to 1 and less 
than or equal to 3, or a real number greater 
than) 5.” 
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Interval notation 


Remember that, when writing or reading 
interval notation, using a square bracket 
means the boundary is included in the set. 
Using a parenthesis means the boundary is not 
included in the set. 


Given [link], specify the graphed set in 


. words 
. set-builder notation 
. interval notation 


. values that are less than or equal to —2, or 
values that are greater than or equal to —-1 
and less than 3; 

2 dpe = Zoli ee cer} 

ieee) 


Finding Domain and Range from Graphs 


Another way to identify the domain and range of 
functions is by using graphs. Because the domain 
refers to the set of possible input values, the domain 
of a graph consists of all the input values shown on 
the x-axis. The range is the set of possible output 
values, which are shown on the y-axis. Keep in mind 
that if the graph continues beyond the portion of the 
graph we can see, the domain and range may be 
greater than the visible values. See [link]. 


Domain 


We can observe that the graph extends horizontally 
from —5 to the right without bound, so the domain 
is [ —5,c ). The vertical extent of the graph is all 
range values 5 and below, so the range is ( — ~,5 ]. 
Note that the domain and range are always written 
from smaller to larger values, or from left to right 


for domain, and from the bottom of the graph to the 
top of the graph for range. 


Finding Domain and Range from a Graph 


Find the domain and range of the function f 
whose graph is shown in [link]. 


We can observe that the horizontal extent of 
the graph is -3 to 1, so the domain of f is ( 
— 3,1 ]. 


The vertical extent of the graph is 0 to —4, so 
the range is [ —4, 0 ]. See [link]. 


Domain 


Finding Domain and Range from a Graph of 
Oil Production 


Find the domain and range of the function f 
whose graph is shown in [link]. 

(credit: modification of work by the U.S. 
Energy Information Administration) 

[footnote] http://www.eia.gov/dnav/pet/hist/ 
LeafHandler.ashx? 

n=PET&s = MCRFPAK2&f= A. 


Alaska Crude Oil Production 


Thousand barrels per day 
= 
So 
S 
oO 


1975 1980 1985 1990 1995 2000 2005 


The input quantity along the horizontal axis is 
“years,” which we represent with the variable 
t for time. The output quantity is “thousands 
of barrels of oil per day,” which we represent 
with the variable b for barrels. The graph may 
continue to the left and right beyond what is 
viewed, but based on the portion of the graph 
that is visible, we can determine the domain as 


1973 <t< 2008 and the range as 
approximately 180 <b< 2010. 


In interval notation, the domain is [1973, 
2008], and the range is about [180, 2010]. For 
the domain and the range, we approximate the 
smallest and largest values since they do not 
fall exactly on the grid lines. 


Given [link], identify the domain and range 
using interval notation. 


World Population Increase 


Millions of people 


1950 1960 1970 1980 1990 2000 
Year 


domain =[1950,2002] range = 
[47,000,000,89,000,000] 


Can a function’s domain and range be the 
same? 

Yes. For example, the domain and range of the cube 
root function are both the set of all real numbers. 


For the constant function f(x) =c, the domain 
consists of all real numbers; there are no restrictions 
on the input. The only output value is the constant 
c, so the range is the set {c} that contains this single 


element. In interval notation, this is written as [c,c], 
the interval that both begins and ends with c. For 
the identity function f(x) =x, there is no restriction 
on x. Both the domain and range are the set of all 
real numbers. For the absolute value function 

f(x) =| x |, there is no restriction on x. However, 
because absolute value is defined as a distance from 
0, the output can only be greater than or equal to 0. 
For the quadratic function f(x)= x 2 , the domain 
is all real numbers since the horizontal extent of the 
graph is the whole real number line. Because the 
graph does not include any negative values for the 
range, the range is only nonnegative real numbers. 
For the cubic function f(x) = x 3 , the domain is all 
real numbers because the horizontal extent of the 
graph is the whole real number line. The same 
applies to the vertical extent of the graph, so the 
domain and range include all real numbers. For the 
reciprocal function f(x)= 1 x , we cannot divide 
by 0, so we must exclude 0 from the domain. 
Further, 1 divided by any value can never be 0, so 
the range also will not include 0. In set-builder 
notation, we could also write {x|x +0}, the set of all 
real numbers that are not zero. For the reciprocal 
squared function f(x)= 1 x 2 , we cannot divide by 
0, so we must exclude 0 from the domain. There is 
also no x that can give an output of 0, so 0 is 
excluded from the range as well. Note that the 
output of this function is always positive due to the 
square in the denominator, so the range includes 
only positive numbers. For the square root 


function f(x)= x , we cannot take the square root 
of a negative real number, so the domain must be 0 
or greater. The range also excludes negative 
numbers because the square root of a positive 
number x is defined to be positive, even though the 
square of the negative number — x also gives us x. 
For the cube root function f(x) = x 3 , the domain 
and range include all real numbers. Note that there 
is no problem taking a cube root, or any odd-integer 
root, of a negative number, and the resulting output 
is negative (it is an odd function). 


Finding Domains and Ranges of the 
Toolkit Functions 


We will now return to our set of toolkit functions to 
determine the domain and range of each. 


f(x) 


f(x) =c 


Domain: (—2, 2%) 
Range: [c,c] 


F(x) 


Domain: (—2, 2) 
Range: (—, °°) 


f(x) 


Domain: (—2, %) 
Range: [0, ~) 


f(x) 


Domain: (—2, 2%) 
Range: [0, ~) 


Domain: (~~, ~) 
Range: (—*, *) 


Domain: (—%, 0) v (0, ~) 
Range: (—, 0) u (0, ~) 


Domain: (—%, 0) v (0, ~) 
Range: (0, °) 


Domain: [0, °) 
Range: [0, °) 
f(x) 


Domain: (—2, 2%) 
Range: (—%, 2) 


Given the formula for a function, determine the 
domain and range. 


1. Exclude from the domain any input values 
that result in division by zero. 

2. Exclude from the domain any input values 
that have nonreal (or undefined) number 
outputs. 

. Use the valid input values to determine the 
range of the output values. 

. Look at the function graph and table values to 
confirm the actual function behavior. 


Finding the Domain and Range Using 


Toolkit Functions 

Find the domain and range of f(x) =2 x 3 —x. 
There are no restrictions on the domain, as any 
real number may be cubed and then subtracted 


from the result. 


The domain is ( — ~,- ) and the range is also 


( a cats ca i): 


Finding the Domain and Range 


Find the domain and range of f(x)= 2x+1. 


We cannot evaluate the function at —1 
because division by zero is undefined. The 
domain is ( — ~,—1 )U( —1,° ). Because the 
function is never zero, we exclude 0 from the 
range. The range is ( — ~,0 )U( 0, ). 


Finding the Domain and Range 


Find the domain and range of f(k)=2 x+4. 


We cannot take the square root of a negative 
number, so the value inside the radical must 
be nonnegative. 

x+4=>0 when x= —4 


The domain of f(x ) is [—4,°). 


We then find the range. We know that f( — 4 
)=0, and the function value increases as x 
increases without any upper limit. We 
conclude that the range of fis [0, ~ ). 


Analysis 


[link] represents the function f. 


f(x) 


Find the domain and range of f(x )=— 2-—x. 


domain: ( — ~,2 ]; range: ( — ~,0 ] 


Graphing Piecewise-Defined Functions 


Sometimes, we come across a function that requires 


more than one formula in order to obtain the given 
output. For example, in the toolkit functions, we 
introduced the absolute value function f(x) =| x |. 
With a domain of all real numbers and a range of 
values greater than or equal to 0, absolute value can 
be defined as the magnitude, or modulus, of a real 
number value regardless of sign. It is the distance 
from 0 on the number line. All of these definitions 
require the output to be greater than or equal to 0. 


If we input 0, or a positive value, the output is the 
same as the input. 
f(x) =xifx=0 


If we input a negative value, the output is the 
opposite of the input. 
f(x) = —xifx<0O 


Because this requires two different processes or 
pieces, the absolute value function is an example of 
a piecewise function. A piecewise function is a 
function in which more than one formula is used to 
define the output over different pieces of the 
domain. 


We use piecewise functions to describe situations in 
which a rule or relationship changes as the input 
value crosses certain “boundaries.” For example, we 
often encounter situations in business for which the 
cost per piece of a certain item is discounted once 
the number ordered exceeds a certain value. Tax 


brackets are another real-world example of 
piecewise functions. For example, consider a simple 
tax system in which incomes up to $10,000 are 
taxed at 10%, and any additional income is taxed at 
20%. The tax on a total income S would be 0.1S if 
S<$10,000 and $1000 + 0.2(S — $10,000) if S> 
$10,000. 


Piecewise Function 

piecewise function is a function in which more 
than one formula is used to define the output. Each 
formula has its own domain, and the domain of the 
function is the union of all these smaller domains. 
We notate this idea like this: 


f(x)={formulal if xis in domain 1 

formula2 if xis in domain 2 

formula3 if xis in domain 3 

In piecewise notation, the absolute value function 
is 

|x|={x if x=0 —x if x<0 


Given a piecewise function, write the formula 
and identify the domain for each interval. 


1. Identify the intervals for which different rules 
apply. 
2. Determine formulas that describe how to 


calculate an output from an input in each 
interval. 

3. Use braces and if-statements to write the 
function. 


Writing a Piecewise Function 


A museum charges $5 per person for a guided 
tour with a group of 1 to 9 people or a fixed 


$50 fee for a group of 10 or more people. 
Write a function relating the number of 
people, n, to the cost, C. 


Two different formulas will be needed. For n- 
values under 10, C=5n. For values of n that 
are 10 or greater, C=50. 

C(n)={ 5n if O<n<10 50ifn=10 


Analysis 


The function is represented in [link]. The graph is 
a diagonal line from n=0 to n=10 and a constant 
after that. In this example, the two formulas agree 
at the meeting point where n= 10, but not all 
piecewise functions have this property. 


C(n) 


C(n) 


Working with a Piecewise Function 


A cell phone company uses the function below 


to determine the cost, C, in dollars for g 
gigabytes of data transfer. 
C(g)={ 25 if0<g<2 254+10(g—2) if g=2 


Find the cost of using 1.5 gigabytes of data 
and the cost of using 4 gigabytes of data. 


To find the cost of using 1.5 gigabytes of data, 
C(1.5), we first look to see which part of the 
domain our input falls in. Because 1.5 is less 
than 2, we use the first formula. 


C(1.5)=$25 


To find the cost of using 4 gigabytes of data, 
C(4), we see that our input of 4 is greater than 
2, SO we use the second formula. 

C(4) = 254+ 10(4-2)=$45 


nalysis 


The function is represented in [link]. We can see 
where the function changes from a constant to a 
shifted and stretched identity at g=2. We plot the 
graphs for the different formulas on a common set 
of axes, making sure each formula is applied on its 
proper domain. 


C(g) 
60 
50 
40 
C(g) 
30 
20 


10 


g 


0 05115 2 25 335 4 


Given a piecewise function, sketch a graph. 


1. Indicate on the x-axis the boundaries defined 
by the intervals on each piece of the domain. 

2. For each piece of the domain, graph on that 
interval using the corresponding equation 
pertaining to that piece. Do not graph two 
functions over one interval because it would 


violate the criteria of a function. 


Graphing a Piecewise Function 


Sketch a graph of the function. 
i(oo=4 x2 ifx=l 38 la x=2x i xe 2 


Each of the component functions is from our 
library of toolkit functions, so we know their 
shapes. We can imagine graphing each 
function and then limiting the graph to the 
indicated domain. At the endpoints of the 
domain, we draw open circles to indicate 
where the endpoint is not included because of 
a less-than or greater-than inequality; we draw 
a closed circle where the endpoint is included 
because of a less-than-or-equal-to or greater- 
than-or-equal-to inequality. 


[link] shows the three components of the 
piecewise function graphed on separate 
coordinate systems. 
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Now that we have sketched each piece 
individually, we combine them in the same 
coordinate plane. See [link]. 


f(x) 


nalysis 


Note that the graph does pass the vertical line test 
even at x=1 and x=2 because the points (1,3) and 
(2,2 ) are not part of the graph of the function, 
though (1,1) and (2,3) are. 


Graph the following piecewise function. 
f()={xsitx— —) —2if —1-x- 4x x4 


Can more than one formula from a piecewise 
function be applied to a value in the domain? 

o. Each value corresponds to one equation in a 
piecewise formula. 


ccess these online resources for additional 
instruction and practice with domain and range. 


Domain and Range of Square Root Functions 
Determining Domain and Range 

Find Domain and Range Given the Graph 
Find Domain and Range Given a Table 

Find Domain and Range Given Points on a 
Coordinate Plane 


Key Concepts 


The domain of a function includes all real input 
values that would not cause us to attempt an 
undefined mathematical operation, such as 
dividing by zero or taking the square root of a 
negative number. 

The domain of a function can be determined by 
listing the input values of a set of ordered pairs. 
See [link]. 

The domain of a function can also be 
determined by identifying the input values of a 
function written as an equation. See [link], 
[link], and [link]. 

Interval values represented on a number line 
can be described using inequality notation, set- 
builder notation, and interval notation. See 
[link]. 

For many functions, the domain and range can 
be determined from a graph. See [link] and 


[link]. 

¢ An understanding of toolkit functions can be 
used to find the domain and range of related 
functions. See [link], [link], and [link]. 

* A piecewise function is described by more than 
one formula. See [link] and [link]. 

* A piecewise function can be graphed using 
each algebraic formula on its assigned 
subdomain. See [link]. 


Section Exercises 


Verbal 


Why does the domain differ for different 
functions? 


The domain of a function depends upon what 
values of the independent variable make the 
function undefined or imaginary. 


How do we determine the domain of a function 
defined by an equation? 


Explain why the domain of f(x)= x 3 is 


different from the domain of f(x)= x. 


There is no restriction on x for f(x)= x 3 
because you can take the cube root of any real 
number. So the domain is all real numbers, 

(— c,co). When dealing with the set of real 
numbers, you cannot take the square root of 
negative numbers. So x -values are restricted for 
f(x) = x to nonnegative numbers and the 
domain is [0,°°). 


When describing sets of numbers using interval 
notation, when do you use a parenthesis and 
when do you use a bracket? 


How do you graph a piecewise function? 


Graph each formula of the piecewise function 
over its corresponding domain. Use the same 
scale for the x -axis and y -axis for each graph. 
Indicate inclusive endpoints with a solid circle 
and exclusive endpoints with an open circle. 
Use an arrow to indicate — ©» or ~. Combine 
the graphs to find the graph of the piecewise 
function. 


Algebraic 


For the following exercises, find the domain of each 
function using interval notation. 


f(x) = — 2x(x-—1)(x-2) 


f(x)=5-2x2 
(— ~,0) 
f(x)=3x-2 


f(x )=3- 6-2x 


(= co ,3] 


f(x)= 4-3x 


f(x)= x2 4+4 


(— 0,00) 


f(x)= 1-2x3 


f(x)= x-13 


(— 0,00) 


f(x)= 9x-6 


f(x )= 3x+14x+2 


f(x)= x+4x-4 


f(x)= x-3x2 +9x-22 


f(x)= 1x2 -x-6 


f(x)= 2x3 -—250x2 —2x-15 


5x-3 


2x+15-x 


(= 00,5) 


f(x)= x-4x-6 


f(x)= x-6x-4 


[6,-°) 


f(x)= xx 


f(x)= x2 —9xx 2 -81 


Find the domain of the function f(x)= 2x 3 


— 50x by: 


1. using algebra. 
2. graphing the function in the radicand and 
determining intervals on the x-axis for 


which the radicand is nonnegative. 


Graphical 


For the following exercises, write the domain and 
range of each function using interval notation. 


10 
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x 
0 24 6 8 10 


domain: (2,8], range [6,8) 
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x 
0 24 6 8 10 


x 
“4°53 2° OO ft 23.4.5 


domain: [—4, 4], range: [0, 2] 
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domain: [—5,3), range: [ 0,2 ] 


x 
43213104312 3 4 


domain: (— ~,1], range: [0, ~) 


domain: [ —6,— 16 ]U[ 16,6]; range: [ —6, 
—16]U[16,6] 
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x 
430232031223 4 «5 6 7 


domain: [—3,-); range: [0, ) 


For the following exercises, sketch a graph of the 
piecewise function. Write the domain in interval 
notation. 


f(x)={x+1 ifx< -—2 -2x-3ifx=>-—2 
f(x) ={ 2x-1ifx<11+xifx=1 


domain: (— °,°°) 


f(x) ={ x+1lifx<0 x-—lifx>0 


f(x )={3ifx<Oxifx=0 


domain: (— °,°°) 


iixn=1 x2 ifx<0O1-x ifx>0 


f(x)={x 2x+2 ifx<0 ifx=0 


domain: (— °,°) 


mem NM Ww 


f(x )={x+lifx<1x3ifx=1 


iG) ={ |x| Lifk<2 ifk>=2 


domain: (— °,°) 
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&—_____}s- | 


x 
382103142 3 4 


Numeric 


For the following exercises, given each function f, 
evaluate f(—3),f(—2),f(—1), and f(0). 


f(x)={x+1 ifx< -—2 -—2x-3ifx=>-2 
f(y={lifxs—-30ifx>-—-3 
f(—3)=1; f(—2) =0; f(—1) =0; f(0)=0 


fyy={ -—2x2 +3 ifxs -—1 5x-—7ifx>-1 


For the following exercises, given each function f, 
evaluate f(—1),f(0),f(2), and f(4). 


f(x)={ 7x+3 if x<0 7x+6 if x=0 


f(—1)= —4; f(0) =6; f(2) = 20; f(4) =34 


f(x)={x2 -2ifx<24+|x-5| ifx=2 


f(x )={ 5xifx<0 3if0<x<3x2ifx>3 


f(—1)= —5; f(0) =3; f(2) =3; f(4) =16 


For the following exercises, write the domain for the 
piecewise function in interval notation. 


f(x)={x+1 ifx< -—2 —2x-3ifx=> -—2 


f(x)={x 2 -—2ifx<1 — x2 +2ifx>1 


domain: (— -,1)U(1,°) 


f(x)={ 2x-—3 -3x2ifxk<0Oifk=2 


Technology 


Graph y= 1 x 2 on the viewing window [-—0.5, 
—0.1] and [0.1,0.5]. Determine the 
corresponding range for the viewing window. 
Show the graphs. 


05 O04 03 02 0.1 0 


window: [— 0.5, —0.1]; range: [4,100] 


0 0.1 0.2 0.3 0.4 0.5 


window: [0.1,0.5]; range: [4,100] 


Graph y= 1 x on the viewing window [-—0.5, 
—0.1] and [0.1,0.5]. Determine the 
corresponding range for the viewing window. 
Show the graphs. 


Extension 


Suppose the range of a function f is [—5,8]. 


What is the range of |f(x)|? 


[0,8] 


Create a function in which the range is all 
nonnegative real numbers. 


Create a function in which the domain is x>2. 


Many answers. One function is f(x)= 1 x-2. 


Real-World Applications 


The height h of a projectile is a function of the 
time t it is in the air. The height in feet for t 
seconds is given by the function h(t)= —16 t 2 
+ 96t. What is the domain of the function? 
What does the domain mean in the context of 
the problem? 


The cost in dollars of making x items is given 
by the function C(x) = 10x + 500. 


1. The fixed cost is determined when zero 
items are produced. Find the fixed cost for 


this item. 

2. What is the cost of making 25 items? 

3. Suppose the maximum cost allowed is 
$1500. What are the domain and range of 
the cost function, C(x)? 


Glossary 


interval notation 
a method of describing a set that includes all 
numbers between a lower limit and an upper 
limit; the lower and upper values are listed 
between brackets or parentheses, a square 
bracket indicating inclusion in the set, and a 
parenthesis indicating exclusion 


piecewise function 
a function in which more than one formula is 
used to define the output 


set-builder notation 
a method of describing a set by a rule that all 
of its members obey; it takes the form {x| 
statement about x} 


Rates of Change and Behavior of Graphs 
In this section, you will: 


* Find the average rate of change of a function. 

* Use a graph to determine where a function is 
increasing, decreasing, or constant. 

* Use a graph to locate local maxima and local 
minima. 

* Use a graph to locate the absolute maximum 
and absolute minimum. 


Gasoline costs have experienced some wild 
fluctuations over the last several decades. [link] 
[footnote] lists the average cost, in dollars, of a 
gallon of gasoline for the years 2005-2012. The cost 
of gasoline can be considered as a function of year. 
http://www.eia.gov/totalenergy/data/annual/ 


showt Phosrk cfm ?t— ptbOs24 A rnancan A2Q/E 7201 A. 
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ay DOE DOE 2007 20:2 200.0 2010 201 1 201 2 


CC )2.31 2.62 2.84 3.31) 2.41 2.84 3.53 3.68 


If we were interested only in how the gasoline 
prices changed between 2005 and 2012, we could 
compute that the cost per gallon had increased from 
$2.31 to $3.68, an increase of $1.37. While this is 
interesting, it might be more useful to look at how 
much the price changed per year. In this section, we 
will investigate changes such as these. 


Finding the Average Rate of Change of a 
Function 


The price change per year is a rate of change 
because it describes how an output quantity changes 
relative to the change in the input quantity. We can 
see that the price of gasoline in [link] did not 
change by the same amount each year, so the rate of 
change was not constant. If we use only the 
beginning and ending data, we would be finding the 
average rate of change over the specified period of 
time. To find the average rate of change, we divide 
the change in the output value by the change in the 
input value. 
Average rate of change = Change in output 
Change in input = Ay Ax 
=y2~=—ylx2—x1 
= f(x2)-f(xl)x2-~x 
1 


The Greek letter A (delta) signifies the change in a 
quantity; we read the ratio as “delta-y over delta-x” 
or “the change in y divided by the change in x. ” 
Occasionally we write Af instead of Ay, which still 
represents the change in the function’s output value 
resulting from a change to its input value. It does 
not mean we are changing the function into some 
other function. 


In our example, the gasoline price increased by 
$1.37 from 2005 to 2012. Over 7 years, the average 


rate of change was 
Ay Ax = $1.37 7 years ~ 0.196 dollars per year 


On average, the price of gas increased by about 
19.6¢ each year. 


Other examples of rates of change include: 


¢ A population of rats increasing by 40 rats per 
week 

¢ Acar traveling 68 miles per hour (distance 
traveled changes by 68 miles each hour as time 
passes) 

* Acar driving 27 miles per gallon (distance 
traveled changes by 27 miles for each gallon) 

¢ The current through an electrical circuit 
increasing by 0.125 amperes for every volt of 
increased voltage 

* The amount of money in a college account 
decreasing by $4,000 per quarter 


Rate of Change 

rate of change describes how an output quantity 
changes relative to the change in the input 
quantity. The units on a rate of change are “output 
units per input units.” 
The average rate of change between two input 
values is the total change of the function values 
(output values) divided by the change in the input 


values. 
NY Axe) x ee xd 


Given the value of a function at different 
points, calculate the average rate of change of a 
function for the interval between two values x 
landx2. 


1. Calculate the difference y 2 — y 1 =Ay. 
2. Calculate the difference x 2 — x 1 =Ax. 
3. Find the ratio Ay Ax . 


Computing an Average Rate of Change 


Using the data in [link], find the average rate 
of change of the price of gasoline between 
2007 and 2009. 


In 2007, the price of gasoline was $2.84. In 
2009, the cost was $2.41. The average rate of 
change is 

Ay Ax = y2—y1x2-—x1 = $2.41-—$2.84 
2009 — 2007 = — $0.43 2 years = — 

$0.22 per year 


Analysis 


Note that a decrease is expressed by a negative 
change or “negative increase.” A rate of change is 
negative when the output decreases as the input 
increases or when the output increases as the input 
decreases. 


Using the data in [link], find the average rate 
of change between 2005 and 2010. 


$2.84 —$2.31 5 years = $0.53 5 years = 
$0.106 per year. 


Computing Average Rate of Change from a 
Graph 


Given the function g( t ) shown in [link], find 
the average rate of change on the interval [ 
= 11.24 |. 


At t= —1, [link] shows g( —1 )=4. At t=2, 
the graph shows g( 2 )=1. 


g(t) 


The horizontal change At =3 is shown by the 
red arrow, and the vertical change Ag(t) = —3 
is shown by the turquoise arrow. The output 
changes by —-3 while the input changes by 3, 
giving an average rate of change of 

42] = — 


nalysis 


Note that the order we choose is very important. If, 
for example, we use y 2 — y1x1 — x2, wewill 
not get the correct answer. Decide which point will 
be 1 and which point will be 2, and keep the 
coordinates ixedas (x ly land (x 2 y 2): 


Computing Average Rate of Change from a 
Table 


After picking up a friend who lives 10 miles 
away, Anna records her distance from home 
over time. The values are shown in [link]. Find 
her average speed over the first 6 hours. 


t 0 1 2 3i) 4] Si 6F] 7 


Cha---= -\ 


\sevv7unv) 


D@) 10 55 90 153 214 240 292 300 


(mites} 


Here, the average speed is the average rate of 
change. She traveled 282 miles in 6 hours, for 
an average speed of 

292-10 6—0 = 282 6 =47 


The average speed is 47 miles per hour. 


nalysis 


Because the speed is not constant, the average 
speed depends on the interval chosen. For the 
interval [2,3], the average speed is 63 miles per 
hour. 


Computing Average Rate of Change for a 
Function Expressed as a Formula 


Compute the average rate of change of f( x )= 
x 2 — 1x 0n the interval [2,4]. 


We can start by computing the function values 
at each endpoint of the interval. 
f(Q=22-12f()= 42-14 =4-12 
=16-—14=72=634 


Now we compute the average rate of change. 
Average rate of change= f(4)—f(2) 4-2 
= 634 -724-2 
= 4942 
= 498 


Find the average rate of change of f(x )=x—2 
x on the interval [1,9]. 


Finding the Average Rate of Change of a 
Force 


The electrostatic force F, measured in newtons, 
between two charged particles can be related 
to the distance between the particles d, in 
centimeters, by the formula F(d)= 2d2. 
Find the average rate of change of force if the 
distance between the particles is increased 
from 2 cm to 6 cm. 


We are computing the average rate of change 
of F(d )= 2d 2 on the interval [2,6]. 
Average rate of change = F(6)—F(2) 6-2 = 
262 — 2226-2 Simplify. = 236 —- 244 
= — 16 36 4 Combine numerator terms. = — 
1 9 Simplify 


The average rate of change is — 1 9 newton 
per centimeter. 


Finding an Average Rate of Change as an 
Expression 


Find the average rate of change of g(t )= t 2 
+3t+1 on the interval [0,a]. The answer will 
be an expression involving a. 


We use the average rate of change formula. 
Average rate of change= g(a) —g(0) a—O 
Evaluate. =(a2+3a 
+1)—(0 2 +3(0)+1) a—O Simplify. 

ate re (As sie Maarten] Me 
Simplify and factor. = 
a(a+ 3) a Divide by the common factor a. 

=at+3 


This result tells us the average rate of change 
in terms of a between t=0 and any other point 
t=a. For example, on the interval [0,5], the 
average rate of change would be 5+3=8. 


Find the average rate of change of f(x )= x 2 
+ 2x —8 on the interval [5,a]. 


The function f( x )= x 3 — 12x is increasing on ( 
—oo,—2)U (2, ) and is decreasing on 
(—2,2).Definition of a local maximum 


Using a Graph to Determine Where a 
Function is Increasing, Decreasing, or 
Constant 


As part of exploring how functions change, we can 
identify intervals over which the function is 
changing in specific ways. We say that a function is 
increasing on an interval if the function values 
increase as the input values increase within that 
interval. Similarly, a function is decreasing on an 
interval if the function values decrease as the input 
values increase over that interval. The average rate 
of change of an increasing function is positive, and 
the average rate of change of a decreasing function 
is negative. [link] shows examples of increasing and 
decreasing intervals on a function. 


f(x) 


421 Decreasing 
Increasing 


Increasing 


f(b) > f(a) f(b) < f(a) f(b) > f(a) 
where b> a where b> a where b > a 
<+— er = eC 


While some functions are increasing (or decreasing) 
over their entire domain, many others are not. A 
value of the input where a function changes from 
increasing to decreasing (as we go from left to right, 
that is, as the input variable increases) is the 
location of a local maximum. The function value at 
that point is the local maximum. If a function has 
more than one, we say it has local maxima. 
Similarly, a value of the input where a function 
changes from decreasing to increasing as the input 
variable increases is the location of a local 


minimum. The function value at that point is the 
local minimum. The plural form is “local minima.” 
Together, local maxima and minima are called local 
extrema, or local extreme values, of the function. 
(The singular form is “extremum.”) Often, the term 
local is replaced by the term relative. In this text, we 
will use the term local. 


Clearly, a function is neither increasing nor 
decreasing on an interval where it is constant. A 
function is also neither increasing nor decreasing at 
extrema. Note that we have to speak of local 
extrema, because any given local extremum as 
defined here is not necessarily the highest maximum 
or lowest minimum in the function’s entire domain. 


For the function whose graph is shown in [link], the 
local maximum is 16, and it occurs at x= — 2. The 
local minimum is — 16 and it occurs at x=2. 


local maximum = 16 F(x) 
occurs at x = —2 


2 
(—2, 16) 
16+ Decreasing 


Increasing 


Increasing 


(2, —16) 


local minimum = —16 
occurs at x = 2 


To locate the local maxima and minima from a 
graph, we need to observe the graph to determine 
where the graph attains its highest and lowest 
points, respectively, within an open interval. Like 
the summit of a roller coaster, the graph of a 
function is higher at a local maximum than at 
nearby points on both sides. The graph will also be 
lower at a local minimum than at neighboring 
points. [link] illustrates these ideas for a local 
maximum. 

f(x) 


Local maximum 


\ 


Increasing | Decreasing 
function function 


f(b) 


a b c 


These observations lead us to a formal definition of 
local extrema. 


Local Minima and Local Maxima 


function f is an increasing function on an open 
interval if f(b )>f( a ) for every a, b interval 
here b>a. 


function f is a decreasing function on an open 
interval if f(b )<f(a ) for every a, b interval 


function f has a local maximum at a point b in an 
open interval (a,c) if f(b) is greater than or equal to 
f(x) for every point x ( x does not equal b ) in the 
interval. Likewise, f has a local minimum at a point 
b in (a,c) if f(b) is less than or equal to f(x) for 
every x ( x does not equal b ) in the interval. 


Finding Increasing and Decreasing 
Intervals on a Graph 


Given the function p(t ) in [link], identify the 
intervals on which the function appears to be 
increasing. 


We see that the function is not constant on any 


interval. The function is increasing where it 
slants upward as we move to the right and 
decreasing where it slants downward as we 
move to the right. The function appears to be 
increasing from t=1 to t=3 and from t=4 on. 


In interval notation, we would say the function 
appears to be increasing on the interval (1,3) 
and the interval (4,). 


nalysis 


Notice in this example that we used open intervals 
(intervals that do not include the endpoints), 
because the function is neither increasing nor 
decreasing at t=1,t=3, and t=4. These points 
are the local extrema (two minima and a 
maximum). 


Finding Local Extrema from a Graph 


Graph the function f(x )= 2x + x3.Then 


use the graph to estimate the local extrema of 
the function and to determine the intervals on 
which the function is increasing. 


Using technology, we find that the graph of 
the function looks like that in [link]. It appears 


there is a low point, or local minimum, 
between x= 2 and x=3, and a mirror-image 
high point, or local maximum, somewhere 
between x= —3 and x= —2. 


nalysis 


Most graphing calculators and graphing utilities 
can estimate the location of maxima and minima. 
[link] provides screen images from two different 
technologies, showing the estimate for the local 
maximum and minimum. 


2.4494898, 1.6329932 


Maxim 


imum 
X=-—2.449491l) Y=—1.632993 


(a) 


Based on these estimates, the function is increasing 
on the interval (— °°, —2.449) and (2.449, ~). 
Notice that, while we expect the extrema to be 
symmetric, the two different technologies agree 
only up to four decimals due to the differing 
approximation algorithms used by each. (The exact 
location of the extrema is at + 6, but determining 
this requires calculus.) 


Graph the tunchon 1x )—=x 3° —6 x 2 — 15x 
+20 to estimate the local extrema of the 


function. Use these to determine the intervals 
on which the function is increasing and 
decreasing. 


The local maximum appears to occur at 
(—1,28), and the local minimum occurs at (5, 
— 80). The function is increasing on (— ~, 

— 1)U(5, ©) and decreasing on (—1,5). 


(5, —80) 


Finding Local Maxima and Minima from a 
Graph 


For the function f whose graph is shown in 
[link], find all local maxima and minima. 


Observe the graph of f. The graph attains a 
local maximum at x=1 because it is the 
highest point in an open interval around x=1. 
The local maximum is the y -coordinate at 

x — 1) wiici is 2: 


The graph attains a local minimum at x= —1 
because it is the lowest point in an open 
interval around x= —1. The local minimum is 
the y-coordinate at x= —1, which is —2. 


Analyzing the Toolkit Functions for 
Increasing or Decreasing Intervals 


We will now return to our toolkit functions and 
discuss their graphical behavior in [link], [link], 
and [link]. 


Constant Function Neither increasing nor decreasing 


f(x) =c 


Identity Function Increasing 
f(x) =x 


Quadratic Function Increasing on (0, ) 
Decreasing on (—, 0) 


= x2 
f(x) = x Minimum at x = 0 


Cubic Function Increasing 
f(x) = x° 


Reciprocal Decreasing (—2, 0)U(0, °) 


f(x) = 2 


Reciprocal Squared Increasing on (—29, 0) 


Decreasing on (0, ~) 
1 
f(x) = 53 


Cube Root Increasing 
f(x) = 3x 

Square Root Increasing on (0, ~) 
f(x) = \x 

Absolute Value Increasing on (0, ~) 


Decreasing on (-, 0) 
f(x) = |x| 


y 
4 


Use A Graph to Locate the Absolute 
Maximum and Absolute Minimum 


There is a difference between locating the highest 
and lowest points on a graph in a region around an 
open interval (locally) and locating the highest and 
lowest points on the graph for the entire domain. 
The y- coordinates (output) at the highest and 
lowest points are called the absolute maximum 
and absolute minimum, respectively. 


To locate absolute maxima and minima from a 
graph, we need to observe the graph to determine 
where the graph attains it highest and lowest points 
on the domain of the function. See [link]. 


y Absolute maximum is 
f(2) =2 


Absolute minimum is 
f(0) = -2 


Not every function has an absolute maximum or 
minimum value. The toolkit function f( x )= x 3 is 
one such function. 


Absolute Maxima and Minima 

The absolute maximum of f at x=c is f( c ) where 
f( c )=f( x ) for all x in the domain of f. 

The absolute minimum of f at x=d is f( d ) where 
f( d )<f( x ) for all x in the domain of f. 


Finding Absolute Maxima and Minima from 
a Graph 


For the function f shown in [link], find all 
absolute maxima and minima. 


Observe the graph of f. The graph attains an 
absolute maximum in two locations, x = — 2 
and x= 2, because at these locations, the graph 


attains its highest point on the domain of the 
function. The absolute maximum is the y- 
coordinate at x = — 2 and x=2, which is 16. 


The graph attains an absolute minimum at 

x =3, because it is the lowest point on the 
domain of the function’s graph. The absolute 
minimum is the y-coordinate at x= 3, which is 
= INO) 


Access this online resource for additional 
instruction and practice with rates of change. 


* Average Rate of Change 


Key Equations 


Average rate of change Ay Ax = f(x2)-f( x1) 
x2 =x 


Key Concepts 


A rate of change relates a change in an output 
quantity to a change in an input quantity. The 
average rate of change is determined using only 
the beginning and ending data. See [link]. 
Identifying points that mark the interval on a 
graph can be used to find the average rate of 
change. See [link]. 

Comparing pairs of input and output values in 
a table can also be used to find the average rate 
of change. See [link]. 

An average rate of change can also be 
computed by determining the function values 
at the endpoints of an interval described by a 
formula. See [link] and [link]. 

The average rate of change can sometimes be 
determined as an expression. See [link]. 

A function is increasing where its rate of 
change is positive and decreasing where its rate 
of change is negative. See [link]. 

A local maximum is where a function changes 
from increasing to decreasing and has an 
output value larger (more positive or less 
negative) than output values at neighboring 
input values. 

A local minimum is where the function changes 
from decreasing to increasing (as the input 
increases) and has an output value smaller 


(more negative or less positive) than output 
values at neighboring input values. 

¢ Minima and maxima are also called extrema. 

* We can find local extrema from a graph. See 
[link] and [link]. 

* The highest and lowest points on a graph 
indicate the maxima and minima. See [link]. 


Section Exercises 


Verbal 


Can the average rate of change of a function be 
constant? 


Yes, the average rate of change of all linear 
functions is constant. 


If a function f is increasing on (a,b) and 
decreasing on (b,c), then what can be said 
about the local extremum of f on (a,c)? 


How are the absolute maximum and minimum 
similar to and different from the local extrema? 


The absolute maximum and minimum relate to 
the entire graph, whereas the local extrema 
relate only to a specific region around an open 
interval. 


How does the graph of the absolute value 
function compare to the graph of the quadratic 
function, y= x 2, in terms of increasing and 
decreasing intervals? 


Algebraic 


For the following exercises, find the average rate of 
change of each function on the interval specified for 
real numbers b or h. 


f(x )=4x 2 —7 on [1,b] 
4(b+1 ) 
g(x )=2x2 —9on[4,b] 


p(x )=3x+4 on [2,2+h] 


k(x )=4x-—2 on [3,3+h] 


f(x)=2x2 +1 0n[x,xt+h] 


4x+2h 


g(x )=3 x 2 —2 0n [x,x+h] 


a(t )= 1t+4o0n [9,9+h] 


=L13013+h) 


b( x)= 1x+3 on [1,1+h] 


jx )=3x30n[1,1+h] 


3h2+9h+9 


r(t)=4t3 on [2,2+h] 


f(x )=2x2 —3xon [x,xt+h] 


4x+2h—3 


Graphical 


For the following exercises, consider the graph of f 
shown in [link]. 
y 
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Estimate the average rate of change from x=1 
to x=4. 


Estimate the average rate of change from x= 2 
to x=0. 


43 


For the following exercises, use the graph of each 
function to estimate the intervals on which the 
function is increasing or decreasing. 


increasing on ( — ©,—2.5 )U( 1, ), decreasing 
on (—2.5,1) 


increasing on ( — ~,1 )U( 3,4 ), decreasing on ( 
1,3 )U( 4, 2 ) 


For the following exercises, consider the graph 
shown in [link]. 


y 


Estimate the intervals where the function is 
increasing or decreasing. 


Estimate the point(s) at which the graph of f 
has a local maximum or a local minimum. 


local maximum: (— 3,50), local minimum: (3, 
—50) 


For the following exercises, consider the graph in 


[link]. 


If the complete graph of the function is shown, 
estimate the intervals where the function is 
increasing or decreasing. 


If the complete graph of the function is shown, 
estimate the absolute maximum and absolute 
minimum. 


absolute maximum at approximately (7,150), 
absolute minimum at approximately (—7.5, 


—220) 


Numeric 


[link] gives the annual sales (in millions of 
dollars) of a product from 1998 to 2006. What 
was the average rate of change of annual sales 
(a) between 2001 and 2002, and (b) between 
2001 and 2004? 


Year Sales (millions of 
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[link] gives the population of a town (in 
thousands) from 2000 to 2008. What was the 
average rate of change of population (a) 
between 2002 and 2004, and (b) between 2002 
and 2006? 


Year Population 
(thawacnnda) 
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a. -3000; b. -1250 


For the following exercises, find the average rate of 
change of each function on the interval specified. 


f(x )= x2 0n [1,5] 


h(x )=5-—2 x2 0n [-2,4] 


4 


q(x )= x3 on [—4,2] 


g(x )=3 x3 —10n[—3,3] 


27 


y= 1xon([l1, 3] 


p(t)= (t2 —4)(t+1)t2 +3 on [-3,1] 


—0.167 


k(t)=6t2 + 4t3 on [-1,3] 


Technology 


For the following exercises, use a graphing utility to 
estimate the local extrema of each function and to 
estimate the intervals on which the function is 
increasing and decreasing. 


f(x)=x4-4x3+4+5 


Local minimum at (3, — 22), decreasing on 
(— ~,3), increasing on (3, ~°) 


h(x)=x5+4+5x4410x3 +10x2 -1 


e(t)=tt+3 


Local minimum at (— 2, — 2), decreasing on 
(—3,-—2), increasing on (—2,) 


k(t)=3t23-t 


m(x)= x4+42x3 -—12x2 —-10x+4 


Local maximum at (—0.5,6), local minima at 
(— 3.25, — 47) and (2.1, — 32), decreasing on 
(— ,—3.25) and (—0.5,2.1), increasing on 
(-—3.25, —0.5) and (2.1, °) 


n(x)= x4 -8x3 +18x2 —6x+2 


Extension 


The graph of the function f is shown in [link]. 


Maximum 
X=1.3333324 | Y=5.1851852 


Based on the calculator screen shot, the point 
(1.333,5.185) is which of the following? 


1. a relative (local) maximum of the function 
2. the vertex of the function 

3. the absolute maximum of the function 

4. a zero of the function 


A 


Let f(x) = 1 x. Find a number c such that the 
average rate of change of the function f on the 
interval (1,c) is — 14. 


Let f(x )= 1x. Find the number b such that 
the average rate of change of f on the interval 
(2,b) is — 110. 


b=5 


Real-World Applications 


At the start of a trip, the odometer on a car read 
21,395. At the end of the trip, 13.5 hours later, 
the odometer read 22,125. Assume the scale on 
the odometer is in miles. What is the average 
speed the car traveled during this trip? 


A driver of a car stopped at a gas station to fill 
up his gas tank. He looked at his watch, and the 
time read exactly 3:40 p.m. At this time, he 
started pumping gas into the tank. At exactly 
3:44, the tank was full and he noticed that he 
had pumped 10.7 gallons. What is the average 
rate of flow of the gasoline into the gas tank? 


2.7 gallons per minute 


Near the surface of the moon, the distance that 
an object falls is a function of time. It is given 


by d( t )=2.6667 t 2 , where t is in seconds and 
d( t ) is in feet. If an object is dropped from a 
certain height, find the average velocity of the 
object from t=1 to t=2. 


The graph in [link] illustrates the decay of a 
radioactive substance over t days. 
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Use the graph to estimate the average decay 
rate from t=5 to t=15. 


approximately —0.6 milligrams per day 


Glossary 


absolute maximum 


the greatest value of a function over an 
interval 


absolute minimum 
the lowest value of a function over an interval 


average rate of change 
the difference in the output values of a 
function found for two values of the input 
divided by the difference between the inputs 


decreasing function 
a function is decreasing in some open interval 
if f(b )<f(.a ) for any two input values a and 
b in the given interval where b>a 


increasing function 
a function is increasing in some open interval 
if f(b )>f( a) for any two input values a and 
b in the given interval where b>a 


local extrema 
collectively, all of a function's local maxima 
and minima 


local maximum 
a value of the input where a function changes 
from increasing to decreasing as the input 
value increases. 


local minimum 
a value of the input where a function changes 


from decreasing to increasing as the input 
value increases. 


rate of change 
the change of an output quantity relative to 
the change of the input quantity 


Composition of Functions 
In this section, you will: 


* Combine functions using algebraic operations. 

* Create a new function by composition of 
functions. 

* Evaluate composite functions. 

¢ Find the domain of a composite function. 

* Decompose a composite function into its 
component functions. 


Suppose we want to calculate how much it costs to 
heat a house on a particular day of the year. The 
cost to heat a house will depend on the average 
daily temperature, and in turn, the average daily 
temperature depends on the particular day of the 
year. Notice how we have just defined two 
relationships: The cost depends on the temperature, 
and the temperature depends on the day. 


Using descriptive variables, we can notate these two 
functions. The function C( T ) gives the cost C of 
heating a house for a given average daily 
temperature in T degrees Celsius. The function T( d 
) gives the average daily temperature on day d of 
the year. For any given day, Cost =C( T( d ) ) means 
that the cost depends on the temperature, which in 
turns depends on the day of the year. Thus, we can 
evaluate the cost function at the temperature T( d ). 
For example, we could evaluate T( 5 ) to determine 


the average daily temperature on the 5th day of the 
year. Then, we could evaluate the cost function at 
that temperature. We would write C( T( 5 ) ). 


Cost for the temperature 


C(7(5)) 


| 


Temperature on day 5 


By combining these two relationships into one 
function, we have performed function composition, 
which is the focus of this section. 


Combining Functions Using Algebraic 
Operations 


Function composition is only one way to combine 
existing functions. Another way is to carry out the 
usual algebraic operations on functions, such as 
addition, subtraction, multiplication and division. 
We do this by performing the operations with the 
function outputs, defining the result as the output of 
our new function. 


Suppose we need to add two columns of numbers 

that represent a husband and wife’s separate annual 
incomes over a period of years, with the result being 
their total household income. We want to do this for 


every year, adding only that year’s incomes and 
then collecting all the data in a new column. If w(y) 
is the wife’s income and h(y) is the husband’s 
income in year y, and we want T to represent the 
total income, then we can define a new function. 
TCy )=hCy )+wly ) 


If this holds true for every year, then we can focus 
on the relation between the functions without 
reference to a year and write 

T=h+w 


Just as for this sum of two functions, we can define 
difference, product, and ratio functions for any pair 
of functions that have the same kinds of inputs (not 
necessarily numbers) and also the same kinds of 
outputs (which do have to be numbers so that the 
usual operations of algebra can apply to them, and 
which also must have the same units or no units 
when we add and subtract). In this way, we can 
think of adding, subtracting, multiplying, and 
dividing functions. 


For two functions f( x ) and g( x ) with real number 
outputs, we define new functions f+¢,f—g,fg, and f 
g by the relations 

(f+ g)(x) =f(«) + g(x) (f-g)@)=f@)-g) (fg) 
@W=fWg&) (Cfg)@= fX) g&) 


Performing Algebraic Operations on 
Functions 


Find and simplify the functions ( g—f )( x ) 
and (gf )( x), given f(x )=x—1 and g(x )= 
x 2 —1. Are they the same function? 


Begin by writing the general form, and then 
substitute the given functions. 
(g—f)(x) = g(x) - f(x) (g -N(x)= x2 -1-(& 
—1) = x2 -x = x(x—1) 
(gfo\®@=e@f—%) (Cgfl®@=x2-1 
x-1 = (x+1)(xk-1)x-1 
where x#1 =< ++ | 


No, the functions are not the same. 


Note: For ( g f )( x ), the condition x #1 is 
necessary because when x=1, the 
denominator is equal to 0, which makes the 
function undefined. 


Find and simplify the functions ( fg )( x ) and ( 
fe) x5). 
f(x)=x-1 and g(x)=x2-1 


Are they the same function? 


(fg (x )=f( x )g(x )=(x-1)(x2 -1)=x 
ee ee 8) ek) — te) Oe) ae 


== (x2 x 


No, the functions are not the same. 


Create a Function by Composition of 
Functions 


Performing algebraic operations on functions 
combines them into a new function, but we can also 
create functions by composing functions. When we 
wanted to compute a heating cost from a day of the 
year, we created a new function that takes a day as 
input and yields a cost as output. The process of 
combining functions so that the output of one 
function becomes the input of another is known as a 
composition of functions. The resulting function is 
known as a composite function. We represent this 
combination by the following notation: 


( fog )C x J=fC gC x ) ) 


We read the left-hand side as “f composed with g at 
x,” and the right-hand side as “f of g of x.” The two 
sides of the equation have the same mathematical 

meaning and are equal. The open circle symbol ° is 


called the composition operator. We use this 
operator mainly when we wish to emphasize the 
relationship between the functions themselves 
without referring to any particular input value. 
Composition is a binary operation that takes two 
functions and forms a new function, much as 
addition or multiplication takes two numbers and 
gives a new number. However, it is important not to 
confuse function composition with multiplication 
because, as we learned above, in most cases 
f(g(x)) = f(x)g(x). 


It is also important to understand the order of 
operations in evaluating a composite function. We 
follow the usual convention with parentheses by 
starting with the innermost parentheses first, and 
then working to the outside. In the equation above, 
the function g takes the input x first and yields an 
output g( x ). Then the function f takes g( x ) as an 
input and yields an output f( g( x ) ). 


g(x), the output of g 
is the input of f 


(fF g)(x) = (G@) 


f 


x is the input of g 


In general, fog and gef are different functions. In 
other words, in many cases f( g( x ) )g( f(x ) ) for 
all x. We will also see that sometimes two functions 


can be composed only in one specific order. 


For example, if f(x )= x 2 and g( x )=x+2, then 


f(g(x)) = f(x + 2) = (x+2) 2 = xX 
2+4x+4 

but 

g(f(x)) = g(x 2 ) =x2+2 


These expressions are not equal for all values of x, 
so the two functions are not equal. It is irrelevant 
that the expressions happen to be equal for the 
single input valuex=— 12. 


Note that the range of the inside function (the first 
function to be evaluated) needs to be within the 
domain of the outside function. Less formally, the 
composition has to make sense in terms of inputs 
and outputs. 


Composition of Functions 

When the output of one function is used as the 
input of another, we call the entire operation a 
composition of functions. For any input x and 
functions f and g, this action defines a composite 
function, which we write as feg such that 

( fog (x )=fC g(x) ) 

The domain of the composite function feg is all x 
such that x is in the domain of g and g(x ) is in the 


domain of f. 

It is important to realize that the product of 
functions fg is not the same as the function 
composition f( g( x ) ), because, in general, f( x )g( 
x )= fC g(x ) ). 


Determining whether Composition of 
Functions is Commutative 


Using the functions provided, find f( g( x ) ) 
and g( f( x ) ). Determine whether the 
composition of the functions is commutative. 
f(x) = 2x+ 1g(x)=3-x 


Let’s begin by substituting g( x ) into f(x ). 
f(g(x)) =2(38 —x)+1 =6-2x+1 
aX 


Now we can substitute f( x ) into g(x ). 
g(f(x)) =3—-(2x+1) =3-2x-1 
=—2x+2 


We find that g(f(x)) = f(g(x)), so the operation 
of function composition is not commutative. 


Interpreting Composite Functions 


The function c(s) gives the number of calories 
burned completing s sit-ups, and s(t) gives the 
number of sit-ups a person can complete in t 
minutes. Interpret c(s(3)). 


The inside expression in the composition is 
s(3). Because the input to the s-function is 
time, t=3 represents 3 minutes, and s(3) is the 
number of sit-ups completed in 3 minutes. 


Using s(3) as the input to the function c(s) 
gives us the number of calories burned during 


the number of sit-ups that can be completed in 
3 minutes, or simply the number of calories 
burned in 3 minutes (by doing sit-ups). 


Investigating the Order of Function 
Composition 


Suppose f(x) gives miles that can be driven in 
x hours and g(y) gives the gallons of gas used 
in driving y miles. Which of these expressions 
is meaningful: f( g(y) ) or g( f(x) )? 


The function y = f( x ) is a function whose 


output is the number of miles driven 
corresponding to the number of hours driven. 
number of miles =f(number of hours) 


The function g( y ) is a function whose output 
is the number of gallons used corresponding to 
the number of miles driven. This means: 
number of gallons = g(number of miles) 


The expression g(y) takes miles as the input 
and a number of gallons as the output. The 
function f(x) requires a number of hours as the 
input. Trying to input a number of gallons 
does not make sense. The expression f( g(y) ) 
is meaningless. 


The expression f(x) takes hours as input and a 
number of miles driven as the output. The 
function g(y) requires a number of miles as the 
input. Using f(x) (miles driven) as an input 
value for g(y), where gallons of gas depends 
on miles driven, does make sense. The 
expression g( f(x) ) makes sense, and will yield 
the number of gallons of gas used, g, driving a 
certain number of miles, f(x), in x hours. 


re there any situations where f(g(y)) and g(f(x)) 
ould both be meaningful or useful expressions? 
Yes. For many pure mathematical functions, both 


compositions make sense, even though they usually 
roduce different new functions. In real-world 
roblems, functions whose inputs and outputs have the 
ame units also may give compositions that are 
meaningful in either order. 


The gravitational force on a planet a distance r 
from the sun is given by the function G(r). The 
acceleration of a planet subjected to any force 
F is given by the function a(F). Form a 
meaningful composition of these two 


functions, and explain what it means. 


A gravitational force is still a force, so a( G(r) ) 
makes sense as the acceleration of a planet at a 
distance r from the Sun (due to gravity), but 
G( a(F) ) does not make sense. 


Evaluating Composite Functions 


Once we compose a new function from two existing 
functions, we need to be able to evaluate it for any 


input in its domain. We will do this with specific 
numerical inputs for functions expressed as tables, 
graphs, and formulas and with variables as inputs to 
functions expressed as formulas. In each case, we 
evaluate the inner function using the starting input 
and then use the inner function’s output as the input 
for the outer function. 


Evaluating Composite Functions Using Tables 


When working with functions given as tables, we 
read input and output values from the table entries 
and always work from the inside to the outside. We 
evaluate the inside function first and then use the 
output of the inside function as the input to the 
outside function. 


Using a Table to Evaluate a Composite 
Function 


Using [link], evaluate f(g(3)) and g(f(3)). 
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To evaluate f(g(3)), we start from the inside 
with the input value 3. We then evaluate the 
inside expression g(3) using the table that 
defines the function g: g(3) = 2. We can then 
use that result as the input to the function f, so 
g(3) is replaced by 2 and we get f(2). Then, 
using the table that defines the function f, we 
find that f(2) =8. 

g(3)=2 f(g(3)) =f(2) =8 


To evaluate g(f(3)), we first evaluate the inside 
expression f(3) using the first table: f(3) =3. 
Then, using the table for g, we can evaluate 


g(f(3)) =g(3)=2 


[link] shows the composite functions f°g and 
gef as tables. 


Using [link], evaluate f(g(1)) and g(f(4)). 


f(g(1)) = £(3) =3 and g(f(4))= gd.) =3 


Evaluating Composite Functions Using Graphs 


When we are given individual functions as graphs, 
the procedure for evaluating composite functions is 
similar to the process we use for evaluating tables. 
We read the input and output values, but this time, 
from the x- and y- axes of the graphs. 


Given a composite function and graphs of its 
individual functions, evaluate it using the 
information provided by the graphs. 


1. Locate the given input to the inner function on 
the x- axis of its graph. 
2. Read off the output of the inner function from 


the y- axis of its graph. 

3. Locate the inner function output on the x- axis 
of the graph of the outer function. 

4. Read the output of the outer function from the 
y- axis of its graph. This is the output of the 


composite function. 


Using a Graph to Evaluate a Composite 
Function 


Using [link], evaluate f(g(1)). 
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To evaluate f(g(1)), we start with the inside 
evaluation. See [link]. 
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g(1) =3 : £(3)=6 


We evaluate g(1) using the graph of g(x), 


finding the input of 1 on the x- axis and 
finding the output value of the graph at that 
input. Here, g(1)=3. We use this value as the 
input to the function f. 

f(g(1)) = £(3) 


We can then evaluate the composite function 
by looking to the graph of f(x), finding the 
input of 3 on the x- axis and reading the 
output value of the graph at this input. Here, 
f(3) =6, so f(g(1)) =6. 


nalysis 
[link] shows how we can mark the graphs with 


arrows to trace the path from the input value to the 
output value. 
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Using [link], evaluate g(f(2)). 


g(f(2)) =g(5)=3 


Evaluating Composite Functions Using Formulas 


When evaluating a composite function where we 
have either created or been given formulas, the rule 
of working from the inside out remains the same. 
The input value to the outer function will be the 
output of the inner function, which may be a 
numerical value, a variable name, or a more 
complicated expression. 


While we can compose the functions for each 
individual input value, it is sometimes helpful to 
find a single formula that will calculate the result of 
a composition f( g( x ) ). To do this, we will extend 
our idea of function evaluation. Recall that, when 
we evaluate a function like f(t)= t 2 —t, we 
substitute the value inside the parentheses into the 
formula wherever we see the input variable. 


Given a formula for a composite function, 
evaluate the function. 


1. Evaluate the inside function using the input 
value or variable provided. 

2. Use the resulting output as the input to the 
outside function. 


Evaluating a Composition of Functions 
Expressed as Formulas with a Numerical 
Input 


Given f(t)= t 2 —t and h(x) =3x+2, evaluate 
f(h(1)). 


Because the inside expression is h(1), we start 
by evaluating h(x) at 1. 
hd) =301)+2 hd)=5 


Then f(h(1)) = f(5), so we evaluate f(t) at an 
input of 5. 
f(h(1)) = f(5) fth(1)) = 5 2 —5 f(t h(1)) =20 


Analysis 


It makes no difference what the input variables t 
and x were called in this problem because we 
evaluated for specific numerical values. 


Given f(t)= t 2 —t and h(x) =3x+2, evaluate 


1. h(f(2)) 
22) 


Finding the Domain of a Composite 
Function 


As we discussed previously, the domain of a 
composite function such as feg is dependent on the 
domain of g and the domain of f. It is important to 
know when we can apply a composite function and 
when we cannot, that is, to know the domain of a 
function such as feg. Let us assume we know the 
domains of the functions f and g separately. If we 
write the composite function for an input x as f( g( x 
) ), we can see right away that x must be a member 
of the domain of g in order for the expression to be 
meaningful, because otherwise we cannot complete 
the inner function evaluation. However, we also see 
that g( x ) must be a member of the domain of f, 
otherwise the second function evaluation in f( g( x ) 
) cannot be completed, and the expression is still 


undefined. Thus the domain of feg consists of only 
those inputs in the domain of g that produce outputs 
from g belonging to the domain of f. Note that the 
domain of f composed with g is the set of all x such 
that x is in the domain of g and g(x ) is in the 
domain of f. 


Domain of a Composite Function 

The domain of a composite function f( g( x ) ) is 
the set of those inputs x in the domain of g for 
which g( x ) is in the domain of f. 


Given a function composition f(g(x)), determine 


its domain. 


1. Find the domain of g. 

2. Find the domain of f. 

3. Find those inputs x in the domain of g for 
which g( x ) is in the domain of f. That is, 
exclude those inputs x from the domain of g 
for which g( x ) is not in the domain of f. The 
resulting set is the domain of feg. 


Finding the Domain of a Composite 


Function 


Find the domain of 
( fog )(x) wheref(x)= 5 x—1 andg(x)= 4 3x 
—2 


The domain of g( x ) consists of all real 
numbers except x= 2 3, since that input value 
would cause us to divide by 0. Likewise, the 
domain of f consists of all real numbers except 
1. So we need to exclude from the domain of 
g( x ) that value of x for which g( x )=1. 

4 3x-—2 =1 4=3x—-2 6=3x x=2 


So the domain of feg is the set of all real 
numbers except 2 3 and 2. This means that 
x# 23 orx#2 


We can write this in interval notation as 


Finding the Domain of a Composite 
Function Involving Radicals 


Find the domain of 
( fog )(x) wheref(x)= x+2 andg(x)= 3-—x 


Because we cannot take the square root of a 
negative number, the domain of g is ( — ~,3 ]. 
Now we check the domain of the composite 
function 

( fog )(x)= 3-x+2 


For (ies )\) = 3— x12) 3x42 =O) since 
the radicand of a square root must be positive. 
Since square roots are positive, 3—x =O, or, 
3—x =0, which gives a domain of (-~,3]. 


Analysis 


This example shows that knowledge of the range of 
functions (specifically the inner function) can also 


be helpful in finding the domain of a composite 
function. It also shows that the domain of f°g can 
contain values that are not in the domain of f, 
though they must be in the domain of g. 


Find the domain of 
( fog )(x) wheref(x)= 1x—-2 andg(x)= x+4 


Decomposing a Composite Function into 
its Component Functions 


In some cases, it is necessary to decompose a 
complicated function. In other words, we can write 
it as a composition of two simpler functions. There 
may be more than one way to decompose a 
composite function, so we may choose the 
decomposition that appears to be most expedient. 


Decomposing a Function 


Write f(x) = 5— x 2 as the composition of two 
functions. 


We are looking for two functions, g and h, so 
f(x) = g(h(x)). To do this, we look for a 
function inside a function in the formula for 
f(x). As one possibility, we might notice that 
the expression 5— x 2 is the inside of the 
square root. We could then decompose the 
function as 

h(x)=5— x2 and g(x)= x 


We can check our answer by recomposing the 


functions. 
eg(h(x))=e(5- x2)=5-x2 


Write f(x) = 4 3-— 4+ x 2 as the composition 
of two functions. 


Possible answer: 
g(x)= 4+ x2 


h( x)= 43-x 
f=heg 


Access these online resources for additional 
instruction and practice with composite functions. 


* Composite Functions 

* Composite Function Notation Application 
Composite Functions Using Graphs 
Decompose Functions 
Composite Function Values 


Key Equation 


Composite function ( fog )( x )=fC g(x ) ) 


Key Concepts 


We can perform algebraic operations on 
functions. See [link]. 

When functions are combined, the output of 
the first (inner) function becomes the input of 
the second (outer) function. 

The function produced by combining two 
functions is a composite function. See [link] 
and [link]. 

The order of function composition must be 
considered when interpreting the meaning of 
composite functions. See [link]. 

A composite function can be evaluated by 
evaluating the inner function using the given 
input value and then evaluating the outer 
function taking as its input the output of the 
inner function. 

A composite function can be evaluated from a 
table. See [link]. 


A composite function can be evaluated from a 
graph. See [link]. 

A composite function can be evaluated from a 
formula. See [link]. 

The domain of a composite function consists of 
those inputs in the domain of the inner 
function that correspond to outputs of the inner 
function that are in the domain of the outer 
function. See [link] and [link]. 

Just as functions can be combined to form a 
composite function, composite functions can be 
decomposed into simpler functions. 

Functions can often be decomposed in more 
than one way. See [link]. 


Section Exercises 


Verbal 


How does one find the domain of the quotient 
of two functions, f g ? 


Find the numbers that make the function in the 
denominator g equal to zero, and check for any 
other domain restrictions on f and g, such as an 
even-indexed root or zeros in the denominator. 


What is the composition of two functions, fg? 


If the order is reversed when composing two 
functions, can the result ever be the same as the 
answer in the original order of the 
composition? If yes, give an example. If no, 
explain why not. 


Yes. Sample answer: Let f(x)=x+1 and g(x) =x 
—1. Then f(g(x)) =f(k-—1) =(k-1)+1=x and 
g(f(x)) =g(k+1)=(K+1)—-1=x. So fog =gef. 


How do you find the domain for the 
composition of two functions, fg? 


Algebraic 


Given f(x)= x 2 + 2x and g(x)=6- x 2, find f 
+ ¢,f—g,fg, and f g . Determine the domain for 
each function in interval notation. 

(f+ g)( x )=2x+6, domain: (— ©, ) 


(f—g)(x )=2x 2 +2x—6, domain: (— ~,~) 


(fg)(x)=- x4 -2x3 +6x2 +12x, domain: 


(— 0,00) 


(fg)( x)= x2 +2x 6— x2, domain: (— ~,— 
6 JU(— 6, 6 JU( 6,0) 


Given f(x) = —3 x 2 +x and g(x)=5, find f+ ¢,f 
—g,fg, and f g . Determine the domain for each 
function in interval notation. 


Given f(x) =2 x 2 + 4x and g(x)= 1 2x, find f 
+¢,f—g,fg, and f g . Determine the domain for 
each function in interval notation. 


(f+g)(x)=4x3+4+8x2 +1 2x, domain: 
(- co ,0)U(O, ~ ) 


(f-g)(x)= 4x3 +8x2 —1 2x, domain: 
(- co ,0)U(O, © ) 


(fg)( x )=x+2, domain: (— ~,0)U(0, ~) 
(f¢)(x)=4x3 +8x2, domain: 
(-— co ,0)U(O, © ) 


Given f(x)= 1 x—4 and g(x)= 1 6—x, find f 
+¢,f—g,fg, and f g . Determine the domain for 
each function in interval notation. 


Given f(x) =3 x 2 and g(x)= x—5, find f+ ¢,f 
— g,fg, and f g . Determine the domain for each 
function in interval notation. 

(f+ g)(x)=3 x 2 + x—5, domain: [5,<) 
(f—g)(x)=3 x 2 — x—5, domain: [5,) 
(fg)(x)=3 x 2x—5, domain: [5,-) 

(fg )()= 3x2x-—5, domain: (5,) 

Given f(x)= x and g(x)=|x—3]|, find gf. 


Determine the domain of the function in 
interval notation. 


Given f(x) =2 x 2 +1 and g(x) =3x-—5, find the 
following: 


1. f(g(2)) 

2. f(g(x)) 

3. g(f(x)) 

4. ( gg )( x) 
5. ( fef )( —2) 


a. 3; b. f( g(x) )=2(3x-5) 2 +15 c¢. g( f(x) 
)=6x 2 —2; d. ( geg )(xX) =3(3x—5) -5=9x 
— 20; e. ( fof )( —2 )=163 


For the following exercises, use each pair of 
functions to find f( g(x ) ) and g( f( x ) ). Simplify 
your answers. 


f(x)= x2 +1,g(x)= x+2 


fx)= x +2,g(x)= x2 +3 


f(g(x))= x2 +3 +2,¢(f(x))=x+4x +7 


f(x) =| x |,g(x)=5x+1 


f(x)= x 3 ,g(x)= x+1x3 


f(g(x))= x+1x33 = x+13x,g(f(x)= x3 
+1x 


f(x)= 1x—6,g(x)= 7x +6 


f(x)= 1x—-4,g(x)= 2x +4 


(fog )(x%)= 12x +4-4 = x2 ,( gof )(x) =2x 
—4 


For the following exercises, use each set of functions 
to find f( g( h(x) ) ). Simplify your answers. 


f(x)= x 4 +6, g(x) =x—6, and h(x)= x 


f(x)= x2 +1, g(x)= 1x, and h(x)=x+3 


f(g(h(x))) = (1 x+3)2+4+1 


Given f(x)= 1 x and g(x) =x— 3, find the 
following: 


1. (fog) (x) 

2. the domain of (f°g)(x) in interval notation 
3. (g°f)(x) 

4. the domain of (gef)(x) 

Hs fox 


Given f(x) = 2—4x and g(x)= — 3x, find the 
following: 


1. (g°f)(x) 


2. the domain of (gef)(x) in interval notation 


a. (gef)(x) = — 3 2-—4x;b.( —~,12) 


Given the functions f(x)= 1—x x andg(x)= 1 
1+ x 2, find the following: 


1. (gef)(x) 
2. (gef)(2) 


Given functions p(x)= 1 x and m(x)= x 2 —4, 
state the domain of each of the following 
functions using interval notation: 


1. p(x) m(x) 
2. p(m(x)) 
3. m(p(x)) 


a. (0,2)U(2, -- ); De (= of, — 2)U(2, 2 ); Cc. (0, °°) 


Given functions q(x)= 1 x and h(x)= x 2 —9, 
state the domain of each of the following 
functions using interval notation. 


1. q(x) h(x) 
2. q( h(x) ) 
3. h( q(x) ) 


For f(x) = 1 x and g(x)= x—1, write the 
domain of (f°g)(x) in interval notation. 


(1) 


For the following exercises, find functions f(x) and 
g(x) so the given function can be expressed as 
h(x) = f( g(x) ). 


h(x)= (x+2) 2 


h(x)= (x-5) 3 


sample: f(x)= x 3 g(x)=x-—5 


h(x)= 3x-5 


h(x)= 4 (x+2) 2 


sample: f(x)= 4 x g(x) = (x+2) 2 


h(x)=4+ x3 


h(x)= 1 2x-33 


sample: f(x)= x 3 g(x)= 1 2x-3 


h(x)= 1(3 x2 -—4) -3 


h(x)= 3x-2x+54 


sample: f(x)= x 4 g(x) = 3x-2x+5 


h(x)= (8+ x38-—x3)4 


h(x) = 2x+6 


sample: f(x)= x 
g(x) =2x+6 


h(x)= (5x-1) 3 


h(x)= x-13 


sample: f(x)= x 3 
g(x) =(k—-1) 


h(x)=|x2 +7 | 


h(x)= 1 (x-2)3 


sample: f(x)= x 3 
g(x)= 1x-2 


h(x)= (1 2x-3)2 


h(x)= 2x-—1 3x+4 


sample: f(x)= x 
g(x)= 2x—1 3x+4 


Graphical 
For the following exercises, use the graphs of f, 


shown in [link], and g, shown in [link], to evaluate 
the expressions. 


fC g(3) ) 


fC g(1) ) 


g( f(1) ) 


g( (0) ) 


f( f(S) ) 


f( f(4) ) 


g( g(2) ) 


g( g(0) ) 


For the following exercises, use graphs of f(x), 
shown in [link], g(x), shown in [link], and h(x), 
shown in [link], to evaluate the expressions. 
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Numeric 


For the following exercises, use the function values 
for f and g shown in [link] to evaluate each 
expression. 
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fC f( 4) ) 


f(f( 1) ) 


g( g( 2) ) 


g( g( 6 ) ) 


For the following exercises, use the function values 
for f and g shown in [link] to evaluate the 
expressions. 
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(fog) (1) 


(fog) (2) 


11 


(gef)(2) 


(gef)(3) 


(geg)(1) 


(fef)(3) 
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For the following exercises, use each pair of 
functions to find f( g( 0 ) ) and g( f(O) ). 


f(x) =4x+8,g(x%)=7- x2 


f(x) =5x+7,g(x%)=4-2x2 


f(g(0)) = 27,g( f(0) )= —94 


f(x) = x+4 ,g(x)=12—-— x3 


f(x)= 1x+2 ,g(x)=4x+3 


f(g(0))= 15 ,g(f(0))=5 


For the following exercises, use the functions f(x) =2 
x 2 +1 and g(x) =3x+5 to evaluate or find the 
composite function as indicated. 


fC g(2) ) 


fC g(x) ) 


18x 2 +60x +51 


sell =3)) 


(g°g)(x) 


goe(x) =9x + 20 


Extensions 


For the following exercises, use f(x) = x 3 +1 and 
g(x)= x-13. 


Find (feg)(x) and (gef)(x). Compare the two 
answers. 


Find (f°g)(2) and (gef)(2). 


What is the domain of (gef)(x)? 


What is the domain of (feg)(x)? 


(— 0,00) 


Let f(x)= 1x. 


1. Find (fef)(x). 

2. Is (fef)(x) for any function f the same result 
as the answer to part (a) for any function? 
Explain. 


For the following exercises, let F(x) = (x+1)5, 
f(x)= x 5, and g(x)=x+1. 


True or False: (gef)(x) = F(x). 


False 


True or False: (feg)(x) = F(x). 


For the following exercises, find the composition 
when f(x) = x 2 +2 for all x=>0O and g(x)= x-2. 


(fog)(6);(g°f)(6) 


(fog)(6) =6 ; (gef)(6) =6 


(gef)(a);(feg)(a) 


(feg)(11);(gef)(11) 


(fog)(11) =11,(gef)(11) =11 


Real-World Applications 


The function D(p) gives the number of items 
that will be demanded when the price is p. The 
production cost C(x) is the cost of producing x 
items. To determine the cost of production 
when the price is $6, you would do which of 
the following? 


1. Evaluate D( C(6) ). 
2. Evaluate C( D(6) ). 
3. Solve D( C(x) )=6. 
4. Solve C( D(p) )=6. 


The function A(d) gives the pain level on a 
scale of 0 to 10 experienced by a patient with d 
milligrams of a pain-reducing drug in her 
system. The milligrams of the drug in the 
patient’s system after t minutes is modeled by 
m(t). Which of the following would you do in 
order to determine when the patient will be at a 
pain level of 4? 


1. Evaluate A( m(4) ). 
2. Evaluate m( A(4) ). 


3. Solve A( m(t) )=4. 
4. Solve m( A(d) )=4. 


A store offers customers a 30% discount on the 
price x of selected items. Then, the store takes 
off an additional 15% at the cash register. Write 
a price function P(x) that computes the final 
price of the item in terms of the original price 
x. (Hint: Use function composition to find your 
answer.) 


A rain drop hitting a lake makes a circular 
ripple. If the radius, in inches, grows as a 
function of time in minutes according to 
r(t)=25 t+2, find the area of the ripple as a 
function of time. Find the area of the ripple at 
t=2. 


A(t)=a (25t+2)2 and AQ2Q)=7(254)2 
= 2500zx square inches 


A forest fire leaves behind an area of grass 
burned in an expanding circular pattern. If the 
radius of the circle of burning grass is 
increasing with time according to the formula 


r(t)=2t+1, express the area burned as a 
function of time, t (minutes). 


Use the function you found in the previous 
exercise to find the total area burned after 5 
minutes. 


A(5) =a ( 2(5) +1 ) 2 =121m square units 


The radius r, in inches, of a spherical balloon is 
related to the volume, V, by r(V)= 3V 473. 
Air is pumped into the balloon, so the volume 
after t seconds is given by V(t)=10+ 20t. 


1. Find the composite function r( V(t) ). 
2. Find the exact time when the radius 
reaches 10 inches. 


The number of bacteria in a refrigerated food 
product is given by N(T)=23 T 2 —56T +1, 
3<T<33, where T is the temperature of the 
food. When the food is removed from the 
refrigerator, the temperature is given by 

T(t) =5t+1.5, where t is the time in hours. 


1. Find the composite function N( T(t) ). 
2. Find the time (round to two decimal 


places) when the bacteria count reaches 
6752. 


a. N(T(t)) = 23 (5t+ 1.5) 2 —56(5t+1.5)+1; b. 
3.38 hours 


Glossary 


composite function 
the new function formed by function 
composition, when the output of one function 
is used as the input of another 


Transformation of Functions 
In this section, you will: 


* Graph functions using vertical and horizontal 
shifts. 

* Graph functions using reflections about the x - 

axis and the y -axis. 

Determine whether a function is even, odd, or 

neither from its graph. 

Graph functions using compressions and 

stretches. 

Combine transformations. 


(credit: "Misko"/Flickr) 


We all know that a flat mirror enables us to see an 
accurate image of ourselves and whatever is behind 
us. When we tilt the mirror, the images we see may 


shift horizontally or vertically. But what happens 
when we bend a flexible mirror? Like a carnival 
funhouse mirror, it presents us with a distorted 
image of ourselves, stretched or compressed 
horizontally or vertically. In a similar way, we can 
distort or transform mathematical functions to 
better adapt them to describing objects or processes 
in the real world. In this section, we will take a look 
at several kinds of transformations. 

Vertical shift by k=1 of the cube root function 

f(x) = x 3. Horizontal shift of the function f(x)= x 3 
. Note that (x+ 1) means h=-1 which shifts the 
graph to the left, that is, towards negative values of 
x 


Graphing Functions Using Vertical and 
Horizontal Shifts 


Often when given a problem, we try to model the 
scenario using mathematics in the form of words, 
tables, graphs, and equations. One method we can 
employ is to adapt the basic graphs of the toolkit 
functions to build new models for a given scenario. 
There are systematic ways to alter functions to 
construct appropriate models for the problems we 
are trying to solve. 


Identifying Vertical Shifts 


One simple kind of transformation involves shifting 


the entire graph of a function up, down, right, or 
left. The simplest shift is a vertical shift, moving 
the graph up or down, because this transformation 
involves adding a positive or negative constant to 
the function. In other words, we add the same 
constant to the output value of the function 
regardless of the input. For a function g(x) = f(x) +k, 
the function f( x ) is shifted vertically k units. See 
[link] for an example. 


To help you visualize the concept of a vertical shift, 
consider that y=f( x ). Therefore, f( x )+k is 
equivalent to y+k. Every unit of y is replaced by y 
+k, so the y- value increases or decreases 
depending on the value of k. The result is a shift 
upward or downward. 


ertical Shift 
Given a function f( x ), a new function 


g(x) =f(x) +k, where k is a constant, is a vertical 
shift of the function f( x ). All the output values 
change by k units. If k is positive, the graph will 
shift up. If k is negative, the graph will shift down. 


Adding a Constant to a Function 


To regulate temperature in a green building, 
airflow vents near the roof open and close 
throughout the day. [link] shows the area of 
open vents V (in square feet) throughout the 
day in hours after midnight, t. During the 
summer, the facilities manager decides to try 
to better regulate temperature by increasing 
the amount of open vents by 20 square feet 
throughout the day and night. Sketch a graph 
of this new function. 
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We can sketch a graph of this new function by 
adding 20 to each of the output values of the 
original function. This will have the effect of 
shifting the graph vertically up, as shown in 
[link]. 


t 
8 12 16 20 24 


Notice that in [link], for each input value, the 
output value has increased by 20, so if we call 
the new function S( t ), we could write 

S(t) = V(t) + 20 


This notation tells us that, for any value of 
t,S(t) can be found by evaluating the function 
V at the same input and then adding 20 to the 
result. This defines S as a transformation of the 
function V, in this case a vertical shift up 20 
units. Notice that, with a vertical shift, the 
input values stay the same and only the output 
values change. See [link]. 
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Given a tabular function, create a new row to 
represent a vertical shift. 


1. Identify the output row or column. 

2. Determine the magnitude of the shift. 

3. Add the shift to the value in each output cell. 
Add a positive value for up or a negative value 
for down. 


Shifting a Tabular Function Vertically 


A function f(x ) is given in [link]. Create a 
table for the function g(x) = f(x) —3. 


f(x) 1 3 Te 11 


The formula g(x) = f(x) — 3 tells us that we can 
find the output values of g by subtracting 3 
from the output values of f. For example: 
f(2)=1 Given g(x)=f(x)—-3 

Given transformation g(2)=f(2)-3 =1-3 = 
== 


Subtracting 3 from each f( x ) value, we can 
complete a table of values for g( x ) as shown 
in [link]. 


As with the earlier vertical shift, notice the input 
values stay the same and only the output values 
change. 


The function h(t) = —4.9 t 2 + 30t gives the 


height h of a ball (in meters) thrown upward 
from the ground after t seconds. Suppose the 
ball was instead thrown from the top of a 10- 
m building. Relate this new height function 
b(t) to h(t), and then find a formula for b(t). 


b(t)=h(t)+10= —4.9t 2 +30t+10 


Identifying Horizontal Shifts 


We just saw that the vertical shift is a change to the 
output, or outside, of the function. We will now look 
at how changes to input, on the inside of the 
function, change its graph and meaning. A shift to 
the input results in a movement of the graph of the 
function left or right in what is known as a 
horizontal shift, shown in [link]. 


For example, if f(x)= x 2, then g(x)= (x—2) 2isa 
new function. Each input is reduced by 2 prior to 
squaring the function. The result is that the graph is 
shifted 2 units to the right, because we would need 
to increase the prior input by 2 units to yield the 
same output value as given in f. 


Horizontal Shift 

Given a function f, a new function g( x )=f( x—h), 
where h is a constant, is a horizontal shift of the 
function f. If h is positive, the graph will shift right. 
If h is negative, the graph will shift left. 


Adding a Constant to an Input 


Returning to our building airflow example 
from [link], suppose that in autumn the 
facilities manager decides that the original 
venting plan starts too late, and wants to begin 
the entire venting program 2 hours earlier. 
Sketch a graph of the new function. 


We can set V(t ) to be the original program 
and F(t ) to be the revised program. 

V(t )= the original venting plan F(t 
)=starting 2 hrs sooner 


In the new graph, at each time, the airflow is 
the same as the original function V was 2 
hours later. For example, in the original 
function V, the airflow starts to change at 8 
a.m., whereas for the function F, the airflow 
starts to change at 6 a.m. The comparable 
function values are V(8) =F(6). See [link]. 
Notice also that the vents first opened to 220 
ft 2 at 10 a.m. under the original plan, while 
under the new plan the vents reach 220 ft 2 at 
8 a.m., so V(10) =F(8). 


In both cases, we see that, because F(t ) starts 
2 hours sooner, h= — 2. That means that the 
same output values are reached when 
F()=Vit—( —2))=V(t+2 ). 
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Note that V(t+ 2) has the effect of shifting the 
graph to the left. 


Horizontal changes or “inside changes” affect the 
domain of a function (the input) instead of the 
range and often seem counterintuitive. The new 
function F(t ) uses the same outputs as V(t ), but 
matches those outputs to inputs 2 hours earlier 
than those of V(t ). Said another way, we must add 
2 hours to the input of V to find the corresponding 
output for F:F(t)=V(t+ 2). 


Given a tabular function, create a new row to 
represent a horizontal shift. 


1. Identify the input row or column. 
2. Determine the magnitude of the shift. 
3. Add the shift to the value in each input cell. 


Shifting a Tabular Function Horizontally 


A function f(x) is given in [link]. Create a table 
for the function g(x) = f(x — 3). 


to 

NS 
cn 
ide) 


4 


f(x) 1 3 H. 11 


The formula g(x) = f(x — 3) tells us that the 
output values of g are the same as the output 
value of f when the input value is 3 less than 
the original value. For example, we know that 
f(2)=1. To get the same output from the 
function g, we will need an input value that is 
3 larger. We input a value that is 3 larger for 
g(x) because the function takes 3 away before 
evaluating the function f. 

g(5)=f(5—3) =f(2) =1 


We continue with the other values to create 
[link]. 
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The result is that the function g(x) has been 
shifted to the right by 3. Notice the output 
values for g(x) remain the same as the output 
values for f(x), but the corresponding input 


values, x, have shifted to the right by 3. 
Specifically, 2 shifted to 5, 4 shifted to 7, 6 
shifted to 9, and 8 shifted to 11. 


nalysis 


[link] represents both of the functions. We can see 
the horizontal shift in each point. 
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Identifying a Horizontal Shift of a Toolkit 
Function 


[link] represents a transformation of the 
toolkit function f(x)= x 2. Relate this new 
function g(x) to f(x), and then find a formula 
for g(x). 


Notice that the graph is identical in shape to 
the f(x) = x 2 function, but the x-values are 
shifted to the right 2 units. The vertex used to 
be at (0,0), but now the vertex is at (2,0). The 
graph is the basic quadratic function shifted 2 
units to the right, so 

g(x) = f(x —2) 


Notice how we must input the value x= 2 to 
get the output value y=0; the x-values must 
be 2 units larger because of the shift to the 
right by 2 units. We can then use the 


definition of the f(x) function to write a 
formula for g(x) by evaluating f(x — 2). 

f(x) = x 2 g(x) =f(x— 2) g(x) =f(k-—2)= (x-2) 
2 


nalysis 


'To determine whether the shift is +2 or —2, 
consider a single reference point on the graph. For 
a quadratic, looking at the vertex point is 
convenient. In the original function, f(0) =0. In our 
shifted function, g(2) =0. To obtain the output 
value of 0 from the function f, we need to decide 
whether a plus or a minus sign will work to satisfy 
g(2) = f(x — 2) =f(0) =0. For this to work, we will 
need to subtract 2 units from our input values. 


Interpreting Horizontal versus Vertical 
Shifts 


The function G(m) gives the number of gallons 
of gas required to drive m miles. Interpret 
GGn)+10 and G(m+ 10). 


G(m) +10 can be interpreted as adding 10 to 

the output, gallons. This is the gas required to 
drive m miles, plus another 10 gallons of gas. 
The graph would indicate a vertical shift. 


G(Gm+ 10) can be interpreted as adding 10 to 
the input, miles. So this is the number of 
gallons of gas required to drive 10 miles more 
than m miles. The graph would indicate a 
horizontal shift. 


Given the function f(x) = x , graph the original 
function f(x) and the transformation g(x) = f(x 
+2) on the same axes. Is this a horizontal or a 
vertical shift? Which way is the graph shifted 
and by how many units? 


The graphs of f(x) and g(x) are shown below. 
The transformation is a horizontal shift. The 
function is shifted to the left by 2 units. 
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Combining Vertical and Horizontal Shifts 


Now that we have two transformations, we can 
combine them together. Vertical shifts are outside 
changes that affect the output ( y- ) axis values and 
shift the function up or down. Horizontal shifts are 
inside changes that affect the input ( x- ) axis values 
and shift the function left or right. Combining the 
two types of shifts will cause the graph of a function 
to shift up or down and right or left. 


Given a function and both a vertical and a 
horizontal shift, sketch the graph. 


1. Identify the vertical and horizontal shifts from 
the formula. 

2. The vertical shift results from a constant 
added to the output. Move the graph up for a 


positive constant and down for a negative 
constant. 

. The horizontal shift results from a constant 
added to the input. Move the graph left for a 
positive constant and right for a negative 
constant. 

. Apply the shifts to the graph in either order. 


Graphing Combined Vertical and 


Horizontal Shifts 


Given f(x) =| x |, sketch a graph of h(x) = f(x 
+1)-3. 


The function f is our toolkit absolute value 
function. We know that this graph has a V 
shape, with the point at the origin. The graph 
of h has transformed f in two ways: f(x+1) is a 
change on the inside of the function, giving a 
horizontal shift left by 1, and the subtraction 
by 3 in f(x+1)-—3 is a change to the outside of 
the function, giving a vertical shift down by 3. 
The transformation of the graph is illustrated 
in [link]. 


Let us follow one point of the graph of f(x) =| 


* The point (0,0) is transformed first by 
shifting left 1 unit: (0,0)—(—1,0) 

* The point (— 1,0) is transformed next by 
shiftine down 3 units: (— 1,0)—(— 1 — 3) 


y=|x+1| y= 
¢ 


y=|x+1|-3 


Given f(x) =| x |, sketch a graph of h(x) = f(x 


Acs 


h(x) = |x — 2| +4 


Identifying Combined Vertical and 
Horizontal Shifts 


Write a formula for the graph shown in [link], 
which is a transformation of the toolkit square 
root function. 


The graph of the toolkit function starts at the 
origin, so this graph has been shifted 1 to the 
right and up 2. In function notation, we could 
write that as 

h(x) =f(x-1)+2 


Using the formula for the square root function, 


we can write 
h(x)= x-1 +2 


Analysis 
Note that this transformation has changed the 


domain and range of the function. This new graph 
has domain [1,°°) and range [2,). 


Write a formula for a transformation of the 
toolkit reciprocal function f( x )= 1 x that 


shifts the function’s graph one unit to the right 
and one unit up. 


a(x )="Tx-l +1 


Vertical and horizontal reflections of a function. 


Graphing Functions Using Reflections 
about the Axes 


Another transformation that can be applied to a 
function is a reflection over the x- or y-axis. A 
vertical reflection reflects a graph vertically across 
the x-axis, while a horizontal reflection reflects a 
graph horizontally across the y-axis. The reflections 
are shown in [link]. 


% Horizontal 
s,reflection Original 


function 


be Vertical 
*s, reflection 


Notice that the vertical reflection produces a new 
graph that is a mirror image of the base or original 
graph about the x-axis. The horizontal reflection 
produces a new graph that is a mirror image of the 
base or original graph about the y-axis. 


Reflections 

Given a function f(x), a new function g(x) = — f(x) 
is a vertical reflection of the function f(x), 
sometimes called a reflection about (or over, or 
through) the x-axis. 

Given a function f(x), a new function g(x) =f(— x) 


is a horizontal reflection of the function f(x), 
sometimes called a reflection about the y-axis. 


Given a function, reflect the graph both 
vertically and horizontally. 


1. Multiply all outputs by —1 for a vertical 
reflection. The new graph is a reflection of the 
original graph about the x-axis. 

. Multiply all inputs by —1 for a horizontal 
reflection. The new graph is a reflection of the 
original graph about the y-axis. 


Reflecting a Graph Horizontally and 
Vertically 


Reflect the graph of s(t)= t (a) vertically and 
(b) horizontally. 


1. Reflecting the graph vertically means that 
each output value will be reflected over 
the horizontal t-axis as shown in [link]. 
Vertical reflection of the square root 
function 


Because each output value is the opposite 
of the original output value, we can write 
V(t) = —s(t) or V(t)= — t 


Notice that this is an outside change, or 
vertical shift, that affects the output s(t) 
values, so the negative sign belongs 
outside of the function. 


. Reflecting horizontally means that each 
input value will be reflected over the 
vertical axis as shown in [link]. 
Horizontal reflection of the square root 
function 


5 4-3-3 ot 


Because each input value is the opposite 
of the original input value, we can write 
H(t)=s(—t) or H(t)= —t 


Notice that this is an inside change or 
horizontal change that affects the input 


values, so the negative sign is on the 
inside of the function. 


Note that these transformations can affect 
the domain and range of the functions. 
While the original square root function 
has domain [0, °°) and range [0, °°), the 
vertical reflection gives the V(t) function 
the range ( — ~,0 ] and the horizontal 
reflection gives the H(t) function the 
domain ( — ~,0 ]. 


Reflect the graph of f(x) = |x—1| (a) vertically 
and (b) horizontally. 


Reflecting a Tabular Function Horizontally 
and Vertically 


A function f(x) is given as [link]. Create a 
table for the functions below. 


1. g(x) = — f(x) 
2. h(x) =f(-—x) 


1. For g(x), the negative sign outside the 
function indicates a vertical reflection, so 
the x-values stay the same and each 


output value will be the opposite of the 
original output value. See [link]. 


wv 9 A 4B Q 
at ! wv Vv 
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g(x}+—-1 = =F —14 


. For h(x), the negative sign inside the 
function indicates a horizontal reflection, 
so each input value will be the opposite of 
the original input value and the h(x) 
values stay the same as the f(x) values. 
See [link]. 


A function f(x) is given as [link]. Create a 
table for the functions below. 


1, 369 = 1169) 
2. h(x) =f(-—x) 
aE = a 2 A 
f(x) 5 10 15 20 
1. g(x) = — f(x) 
x 2 D 2 4 
g(x) —5 —10 —15 — 20 


2. h(x) =f(-—x) 


h(x) 15 10 5 unknown 


Applying a Learning Model Equation 


A common model for learning has an equation 
similar to k(t)= — 2 —t +1, where k is the 
percentage of mastery that can be achieved 
after t practice sessions. This is a 
transformation of the function f(t)= 2 t shown 
in [link]. Sketch a graph of k(t). 


(t) 
i 


‘i + 
“§ -4 “3 “2 -1 


This equation combines three transformations 


into one equation. 


¢ A horizontal reflection: f(—t)= 2 —t 
¢ A vertical reflection: —f(—t)=—-— 2 -t 
¢ A vertical shift: —f(—t)+1=-— 2 -t+1 


We can sketch a graph by applying these 
transformations one at a time to the original 
function. Let us follow two points through 
each of the three transformations. We will 
choose the points (0, 1) and (1, 2). 


1. First, we apply a horizontal reflection: (0, 
1) (-1, 2). 

2. Then, we apply a vertical reflection: (0, 
—1) (1, -2). 

3. Finally, we apply a vertical shift: (0, 0) 
(-1, -1). 


This means that the original points, (0,1) and 
(1,2) become (0,0) and (-1,-1) after we apply 
the transformations. 


In [link], the first graph results from a 
horizontal reflection. The second results from 
a vertical reflection. The third results from a 
vertical shift up 1 unit. 


k(t) 
54 


nalysis 
s a model for learning, this function would be 
limited to a domain of t=0, with corresponding 


range [0,1). 


Given the toolkit function f(x)= x 2 , graph 


g(x) = —f(x) and h(x) =f(—x). Take note of 
any surprising behavior for these functions. 


5 
4 
f(x) = x2 
3 
A(x) = f(-x) = (-x)? 
2 
+ 
a + + + + +X 
“5 -4 "3 -2 -1 3. 4 5 
9%) =f) + 2 


Notice: g(x) =f(—x) looks the same as f(x) . 


(a) The cubic toolkit function (b) Horizontal 
reflection of the cubic toolkit function (c) Horizontal 
and vertical reflections reproduce the original cubic 
function. 


Determining Even and Odd Functions 


Some functions exhibit symmetry so that reflections 
result in the original graph. For example, 
horizontally reflecting the toolkit functions f(x) = x 
2 or f(x) =| x | will result in the original graph. We 
say that these types of graphs are symmetric about 
the y-axis. Functions whose graphs are symmetric 


about the y-axis are called even functions. 


If the graphs of f(x)= x 3 or f(x)= 1 x were 
reflected over both axes, the result would be the 
original graph, as shown in [link]. 


We say that these graphs are symmetric about the 
origin. A function with a graph that is symmetric 
about the origin is called an odd function. 


Note: A function can be neither even nor odd if it 
does not exhibit either symmetry. For example, 
f(x) = 2 x is neither even nor odd. Also, the only 
function that is both even and odd is the constant 
function f(x)=0. 


Even and Odd Functions 
function is called an even function if for every 


The graph of an even function is symmetric about 
the y- axis. 


function is called an odd function if for every 


The graph of an odd function is symmetric about 
the origin. 


Given the formula for a function, determine if 
the function is even, odd, or neither. 


. Determine whether the function satisfies 
f(x) = f(—x). If it does, it is even. 

. Determine whether the function satisfies 
f(x) = —f(—x). If it does, it is odd. 

. If the function does not satisfy either rule, it is 
neither even nor odd. 


Determining whether a Function Is Even, 
Odd, or Neither 


Is the function f(x) = x 3 + 2x even, odd, or 
neither? 


Without looking at a graph, we can determine 
whether the function is even or odd by finding 
formulas for the reflections and determining if 
they return us to the original function. Let’s 


begin with the rule for even functions. 
f(-—x)= (-—x) 3 +2(-x)=- x3 -2x 


This does not return us to the original 
function, so this function is not even. We can 
now test the rule for odd functions. 
—f(-—x)=-( -—- x3 -2x)= x3 +2x 


Because — f(—x)=f(x), this is an odd function. 


nalysis 


Consider the graph of f in [link]. Notice that the 
graph is symmetric about the origin. For every 
point ( x,y ) on the graph, the corresponding point 
( —x,—y ) is also on the graph. For example, (1, 3) 
is on the graph of f, and the corresponding point 
(—1,-—3) is also on the graph. 


f(x) 
4 


Is the function f(s)= s 4 +3s 2 +7 even, odd, 
or neither? 


Vertical stretch and compression 


Graphing Functions Using Stretches and 
Compressions 


Adding a constant to the inputs or outputs of a 
function changed the position of a graph with 
respect to the axes, but it did not affect the shape of 
a graph. We now explore the effects of multiplying 
the inputs or outputs by some quantity. 


We can transform the inside (input values) of a 
function or we can transform the outside (output 
values) of a function. Each change has a specific 
effect that can be seen graphically. 


Vertical Stretches and Compressions 


When we multiply a function by a positive constant, 
we get a function whose graph is stretched or 


compressed vertically in relation to the graph of the 
original function. If the constant is greater than 1, 
we get a vertical stretch; if the constant is between 
O and 1, we get a vertical compression. [link] 
shows a function multiplied by constant factors 2 
and 0.5 and the resulting vertical stretch and 
compression. 


¢ 
Vertical / 
stretch ? 


Vertical 
compression 


ertical Stretches and Compressions 
Given a function f(x), a new function g(x) =af(x), 
where a is a constant, is a vertical stretch or 
vertical compression of the function f(x). 


¢ Ifa>1, then the graph will be stretched. 

* If O0<a<1, then the graph will be compressed. 

¢ If a<O, then there will be combination of a 
vertical stretch or compression with a vertical 


reflection. 


Given a function, graph its vertical stretch. 


1. Identify the value of a. 
2. Multiply all range values by a. 


3. If a>1, the graph is stretched by a factor of a. 


If 0<a<1, the graph is compressed by a 
factor of a. 


If a<O, the graph is either stretched or 
compressed and also reflected about the x- 
axis. 


Graphing a Vertical Stretch 


A function P( t ) models the population of fruit 
flies. The graph is shown in [link]. 


A scientist is comparing this population to 
another population, Q, whose growth follows 
the same pattern, but is twice as large. Sketch 
a graph of this population. 


Because the population is always twice as 
large, the new population’s output values are 
always twice the original function’s output 
values. Graphically, this is shown in [link]. 


If we choose four reference points, (0, 1), (3, 
3), (6, 2) and (7, 0) we will multiply all of the 
outputs by 2. 


The following shows where the new points for 
the new graph will be located. 

(0,1 J—( 0,2 ) (3,3 J>( 3,6 ) (6,2 )—( 6,4 ) ( 
7,0 )—(7,0 ) 


Symbolically, the relationship is written as 


Q(t) = 2P(t) 


This means that for any input t, the value of 
the function Q is twice the value of the 
function P. Notice that the effect on the graph 
is a vertical stretching of the graph, where 
every point doubles its distance from the 
horizontal axis. The input values, t, stay the 
same while the output values are twice as 
large as before. 


Given a tabular function and assuming that the 
transformation is a vertical stretch or 
compression, create a table for a vertical 
compression. 


1. Determine the value of a. 
2. Multiply all of the output values by a. 


Finding a Vertical Compression of a 
Tabular Function 


A function f is given as [link]. Create a table 
for the function g(x)= 1 2 f(x). 


The formula g(x)= 1 2 f(x) tells us that the 
output values of g are half of the output values 
of f with the same inputs. For example, we 
know that f(4) =3. Then 

(N= 12fHM=12C3)= 32 


We do the same for the other values to 
produce [link]. 


x 2 A & g 
g(x) sa a 32 sae 2 +H 
nalysis 


The result is that the function g(x) has been 
compressed vertically by 1 2 . Each output value is 
divided in half, so the graph is half the original 
height. 


A function f is given as [link]. Create a table 
for the function g(x)= 3 4 f(x). 


x 2 A 6 8 
f(x) 12 16 20 0 


g(x) 9 12 15 0 


Recognizing a Vertical Stretch 


The graph in [link] is a transformation of the 
toolkit function f(x)= x 3. Relate this new 
function g(x) to f(x), and then find a formula 
for g(x). 


When trying to determine a vertical stretch or 
shift, it is helpful to look for a point on the 
graph that is relatively clear. In this graph, it 
appears that g(2)=2. With the basic cubic 


function at the same input, f(2)= 2 3 =8. 
Based on that, it appears that the outputs of g 
are 1 4 the outputs of the function f because 
g(2)= 1 4 f(2). From this we can fairly safely 
conclude that g(x)= 1 4 f(x). 


We can write a formula for g by using the 
definition of the function f. 
g(x)= 14f®)=14x3 


Write the formula for the function that we get 
when we stretch the identity toolkit function 
by a factor of 3, and then shift it down by 2 


units. 


Horizontal Stretches and Compressions 


Now we consider changes to the inside of a 

function. When we multiply a function’s input by a 
positive constant, we get a function whose graph is 
stretched or compressed horizontally in relation to 
the graph of the original function. If the constant is 


between 0 and 1, we get a horizontal stretch; if the 
constant is greater than 1, we get a horizontal 
compression of the function. 
y 
= 2x 2 = x2 
POA owl! Si 
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y = (0.5x)? 


Horizontal 
stretch 


Given a function y = f(x), the form y = f(bx) results 
in a horizontal stretch or compression. Consider the 
function y= x 2. Observe [link]. The graph of y= ( 
0.5x ) 2 is a horizontal stretch of the graph of the 
function y= x 2 by a factor of 2. The graph of y= ( 
2x ) 2 is a horizontal compression of the graph of 
the function y= x 2 by a factor of 2. 


Horizontal Stretches and Compressions 

Given a function f(x), a new function g(x) = f(bx), 
where b is a constant, is a horizontal stretch or 
horizontal compression of the function f(x). 


* If b>1, then the graph will be compressed by 
Labs, 

* If 0<b<1, then the graph will be stretched by 
iow 

¢ If b<O, then there will be combination of a 
horizontal stretch or compression with a 
horizontal reflection. 


Given a description of a function, sketch a 
horizontal compression or stretch. 


1. Write a formula to represent the function. 
2. Set g(x) = f(bx) where b>1 for a compression 
or 0<b<1 fora stretch. 


Graphing a Horizontal Compression 


Suppose a scientist is comparing a population 
of fruit flies to a population that progresses 
through its lifespan twice as fast as the original 
population. In other words, this new 


population, R, will progress in 1 hour the same 
amount as the original population does in 2 
hours, and in 2 hours, it will progress as much 
as the original population does in 4 hours. 
Sketch a graph of this population. 


Symbolically, we could write 
R(1) =P(2), R(2) = P(4), and in general, 
R(t) = P(2t). 


See [link] for a graphical comparison of the 
original population and the compressed 
population. 

(a) Original population graph (b) Compressed 
population graph 


y 
7 


Analysis 


Note that the effect on the graph is a horizontal 
compression where all input values are half of their 
original distance from the vertical axis. 


Finding a Horizontal Stretch for a Tabular 


Function 


A function f(x) is given as [link]. Create a 
table for the function g(x) =f( 1 2 x). 


The formula g(x) =f( 1 2 x ) tells us that the 
output values for g are the same as the output 
values for the function f at an input half the 
size. Notice that we do not have enough 
information to determine g(2) because g(2) =f( 
1 2:2 )=f(1), and we do not have a value for 
f(1) in our table. Our input values to g will 
need to be twice as large to get inputs for f 
that we can evaluate. For example, we can 
determine g(4). 

g(4)=f(12-4)=f(2)=1 


We do the same for the other values to 
produce [link]. 


w A 


: 
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[link] shows the graphs of both of these sets of 
points. 
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nalysis 


Because each input value has been doubled, the 


result is that the function g(x) has been stretched 
horizontally by a factor of 2. 


Recognizing a Horizontal Compression on a 
Graph 


Relate the function g(x) to f(x) in [link]. 


The graph of g(x) looks like the graph of f(x) 
horizontally compressed. Because f(x) ends at 
(6,4) and g(x) ends at (2,4), we can see that 
the x- values have been compressed by 1 3 , 
because 6( 1 3 )=2. We might also notice that 


g(2)=f( 6 ) and g(1) =f( 3 ). Either way, we 
can describe this relationship as g(x) =f( 3x ). 
This is a horizontal compression by 1 3. 


Analysis 


Notice that the coefficient needed for a horizontal 
stretch or compression is the reciprocal of the 
stretch or compression. So to stretch the graph 
horizontally by a scale factor of 4, we need a 
coefficient of 1 4 in our function: f( 1 4 x ). This 
means that the input values must be four times 
larger to produce the same result, requiring the 
input to be larger, causing the horizontal 
stretching. 


Write a formula for the toolkit square root 
function horizontally stretched by a factor of 
3: 


g(x) =f( 1 3 x ) so using the square root 
function we get g(x)= 13x 


Performing a Sequence of 
Transformations 


When combining transformations, it is very 
important to consider the order of the 
transformations. For example, vertically shifting by 
3 and then vertically stretching by 2 does not create 
the same graph as vertically stretching by 2 and 
then vertically shifting by 3, because when we shift 
first, both the original function and the shift get 
stretched, while only the original function gets 
stretched when we stretch first. 


When we see an expression such as 2f(x) + 3, which 
transformation should we start with? The answer 
here follows nicely from the order of operations. 
Given the output value of f(x), we first multiply by 


2, causing the vertical stretch, and then add 3, 
causing the vertical shift. In other words, 
multiplication before addition. 


Horizontal transformations are a little trickier to 
think about. When we write g(x) =f(2x+ 3), for 
example, we have to think about how the inputs to 
the function g relate to the inputs to the function f. 
Suppose we know f(7)=12. What input to g would 
produce that output? In other words, what value of 
x will allow g(x) =f(2x+ 3)=12? We would need 2x 
+3=7. To solve for x, we would first subtract 3, 
resulting in a horizontal shift, and then divide by 2, 
causing a horizontal compression. 


This format ends up being very difficult to work 
with, because it is usually much easier to 
horizontally stretch a graph before shifting. We can 
work around this by factoring inside the function. 
f(bx+p)=f( b(x+ pb) ) 


Let’s work through an example. 
f(x )= (2x+4)2 


We can factor out a 2. 
f(x )= (2(x+2))2 


Now we can more clearly observe a horizontal shift 
to the left 2 units and a horizontal compression. 
Factoring in this way allows us to horizontally 
stretch first and then shift horizontally. 


Combining Transformations 

When combining vertical transformations written 
in the form af(x) +k, first vertically stretch by a 
and then vertically shift by k. 

When combining horizontal transformations 
written in the form f(bx-h), first horizontally shift 


by h and then horizontally stretch by 1b. 

When combining horizontal transformations 
written in the form f(b(x-h)), first horizontally 
stretch by 1 b and then horizontally shift by h. 
Horizontal and vertical transformations are 
independent. It does not matter whether horizontal 
or vertical transformations are performed first. 


Finding a Triple Transformation of a 
Tabular Function 


Given [link] for the function f(x), create a 
table of values for the function 
g(x) = 2f(3x) +1. 


There are three steps to this transformation, 
and we will work from the inside out. Starting 
with the horizontal transformations, f(3x) is a 
horizontal compression by 1 3 , which means 
we multiply each x- value by 1 3 . See [link]. 


3 2 4 6 & 
f(3x) 10 14 15 17 


Looking now to the vertical transformations, 
we Start with the vertical stretch, which will 
multiply the output values by 2. We apply this 
to the previous transformation. See [link]. 


w m) A a 
1 Vv 


—_— 


Q 
2f(3x) 20 28 30 34 


Finally, we can apply the vertical shift, which 
will add 1 to all the output values. See [link]. 
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g(x) =2f(3k)+1 29 31 35 


Finding a Triple Transformation of a Graph 


Use the graph of f( x ) in [link] to sketch a 
graph of k(x) =f( 1 2x+1)-3. 


f(x) 
4 


To simplify, let’s start by factoring out the 
inside of the function. 
f(12x+1)-—3=f( 1 2@+2))-3 


By factoring the inside, we can first 


horizontally stretch by 2, as indicated by the 1 
2 on the inside of the function. Remember that 
twice the size of 0 is still 0, so the point (0,2) 
remains at (0,2) while the point (2,0) will 
stretch to (4,0). See [link]. 


Next, we horizontally shift left by 2 units, as 
indicated by x+ 2. See [link]. 


Last, we vertically shift down by 3 to complete 
our sketch, as indicated by the —3 on the 
outside of the function. See [link]. 


Access this online resource for additional 
instruction and practice with transformation of 
functions. 


¢ Function Transformations 


Key Equations 


Vertical shift g(x) =f(x) +k (up for k>0 
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Horizontal compression de f(bx) (b 


Key Concepts 


A function can be shifted vertically by adding a 
constant to the output. See [link] and [link]. 
A function can be shifted horizontally by 
adding a constant to the input. See [link], 
[link], and [link]. 

Relating the shift to the context of a problem 
makes it possible to compare and interpret 
vertical and horizontal shifts. See [link]. 
Vertical and horizontal shifts are often 
combined. See [link] and [link]. 

A vertical reflection reflects a graph about the 
x- axis. A graph can be reflected vertically by 
multiplying the output by -1. 

A horizontal reflection reflects a graph about 
the y- axis. A graph can be reflected 
horizontally by multiplying the input by -1. 


A graph can be reflected both vertically and 
horizontally. The order in which the reflections 
are applied does not affect the final graph. See 
[link]. 

A function presented in tabular form can also 
be reflected by multiplying the values in the 
input and output rows or columns accordingly. 
See [link]. 

A function presented as an equation can be 
reflected by applying transformations one at a 
time. See [link]. 

Even functions are symmetric about the y- axis, 
whereas odd functions are symmetric about the 
origin. 

Even functions satisfy the condition 

f(x) =f(-— x). 

Odd functions satisfy the condition f(x) = 

— f(—x). 

A function can be odd, even, or neither. See 
[link]. 

A function can be compressed or stretched 
vertically by multiplying the output by a 
constant. See [link], [link], and [link]. 

A function can be compressed or stretched 
horizontally by multiplying the input by a 
constant. See [link], [link], and [link]. 

The order in which different transformations 
are applied does affect the final function. Both 
vertical and horizontal transformations must be 
applied in the order given. However, a vertical 
transformation may be combined with a 


horizontal transformation in any order. See 
[link] and [link]. 


Section Exercises 


Verbal 


When examining the formula of a function that 
is the result of multiple transformations, how 
can you tell a horizontal shift from a vertical 
shift? 


A horizontal shift results when a constant is 
added to or subtracted from the input. A 
vertical shifts results when a constant is added 
to or subtracted from the output. 


When examining the formula of a function that 
is the result of multiple transformations, how 
can you tell a horizontal stretch from a vertical 
stretch? 


When examining the formula of a function that 
is the result of multiple transformations, how 
can you tell a horizontal compression from a 


vertical compression? 


A horizontal compression results when a 
constant greater than 1 is multiplied by the 
input. A vertical compression results when a 
constant between 0 and 1 is multiplied by the 
output. 


When examining the formula of a function that 
is the result of multiple transformations, how 
can you tell a reflection with respect to the x- 
axis from a reflection with respect to the y-axis? 


How can you determine whether a function is 
odd or even from the formula of the function? 


For a function f, substitute (— x) for (x) in f(x). 
Simplify. If the resulting function is the same as 
the original function, f(—x)=f(x), then the 
function is even. If the resulting function is the 
opposite of the original function, f(—x) = — f(x), 
then the original function is odd. If the function 
is not the same or the opposite, then the 
function is neither odd nor even. 


Algebraic 


Write a formula for the function obtained when 
the graph of f(x) = x is shifted up 1 unit and to 
the left 2 units. 


Write a formula for the function obtained when 
the graph of f(x) =| x | is shifted down 3 units 
and to the right 1 unit. 


g(x) =|x-1|-—3 


Write a formula for the function obtained when 
the graph of f(x) = 1 x is shifted down 4 units 
and to the right 3 units. 


Write a formula for the function obtained when 
the graph of f(x) = 1 x 2 is shifted up 2 units 
and to the left 4 units. 


g(x)= 1(«+4)24+2 


For the following exercises, describe how the graph 
of the function is a transformation of the graph of 
the original function f. 


y = f(x — 49) 


y=f(x+ 43) 


The graph of f(x+ 43) is a horizontal shift to the 
left 43 units of the graph of f. 


y=f(x+3) 


y=f(x-4) 


The graph of f(x-4) is a horizontal shift to the 
right 4 units of the graph of f. 


y=f(x)+5 


y=f(x)+8 


The graph of f(x) + 8 is a vertical shift up 8 
units of the graph of f. 


y=f(x)-2 


y=f(x)—7 


The graph of f(x) —7 is a vertical shift down 7 
units of the graph of f. 


y=f(x-—2)+3 


y=f(x+4)-1 


The graph of f(x+ 4)—1 is a horizontal shift to 
the left 4 units and a vertical shift down 1 unit 
of the graph of f. 


For the following exercises, determine the 
interval(s) on which the function is increasing and 
decreasing. 


f(x) =4 (x+1)2 -5 


g(x) =5 (x+3) 2 —-2 


decreasing on (— ©, —3) and increasing on 
( v= 35 co ) 


a(x)= -—x+4 


k(x)=-3x -1 


decreasing on (0, ~) 


Graphical 


For the following exercises, use the graph of f(x)= 2 
x shown in [link] to sketch a graph of each 
transformation of f(x). 


g(x)= 2x +1 


h(x)= 2x -3 


w(x)= 2x-1 


For the following exercises, sketch a graph of the 
function as a transformation of the graph of one of 
the toolkit functions. 


f(t)= (t+1)2 -3 


h(x) =|x-—1|+4 


k(x)= (x-2)3 -1 


ot ta 2 


m(t) 


Numeric 


Tabular representations for the functions f,g, 
and h are given below. Write g(x) and h(x) as 
transformations of f(x). 


x —2 A. 9 4. 2 
f(x) —2 —1 —3 1 2 
x —-fL o 1. 2 2 
g(x) —2 —] —3 1 2 
3 mM —f 0 a 2 


g(x) = f(x-1),h(x) = f(x) +1 


Tabular representations for the functions f,g, 
and h are given below. Write g(x) and h(x) as 
transformations of f(x). 


x 2 —t 0 1 2 
f(x) —1 — 4 2 1 
x 3 —ia —f 9 4 
g(x) —tt —p 4 2 1 


ie) 


For the following exercises, write an equation for 
each graphed function by using transformations of 
the graphs of one of the toolkit functions. 


f(x) = |x-3| —2 


f(x)= x+3 -1 


= 
oO 


9 
8 
7 
6 
5 
4 
3 
2 
i: 


f(x)= (x-2) 2 


f(x) =|x+3]-2 


For the following exercises, use the graphs of 
transformations of the square root function to find a 
formula for each of the functions. 


0 12345 


f(x)=—- x 
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For the following exercises, use the graphs of the 
transformed toolkit functions to write a formula for 
each of the resulting functions. 


“4 “3 
f(x)= -x +1 


For the following exercises, determine whether the 
function is odd, even, or neither. 


f(x)=3x4 
even 

g(x)= x 
h(x)= 1x +3x 
odd 

f(x)= (x-2) 2 
g(x)=2 x 4 
even 

h(x) =2x-— x3 


For the following exercises, describe how the graph 
of each function is a transformation of the graph of 
the original function f. 


g(x) = — f(x) 


The graph of g is a vertical reflection (across 
the x -axis) of the graph of f. 


g(x) =f(—-x) 


g(x) = 4fCx) 


The graph of g is a vertical stretch by a factor of 
4 of the graph of f. 


g(x) = 6f(x) 


g(x) = (Sx) 


The graph of g is a horizontal compression by a 
factor of 1 5 of the graph of f. 


g(x) = f(2x) 


g(x) =fC1 3 x) 


The graph of g is a horizontal stretch by a 
factor of 3 of the graph of f. 


g(x) =fC15 x) 


g(x) = 3f( —x ) 


The graph of g is a horizontal reflection across 
the y -axis and a vertical stretch by a factor of 3 
of the graph of f. 


g(x) = — (3x) 


For the following exercises, write a formula for the 
function g that results when the graph of a given 
toolkit function is transformed as described. 


The graph of f(x) = |x| is reflected over the y - 
axis and horizontally compressed by a factor of 
14. 


g(x) =|—4x| 


The graph of f(x) = x is reflected over the x - 
axis and horizontally stretched by a factor of 2. 


The graph of f(x) = 1 x 2 is vertically 
compressed by a factor of 1 3 , then shifted to 
the left 2 units and down 3 units. 


g(x)= 13 (x+2)2 —-3 


The graph of f(x) = 1 x is vertically stretched by 
a factor of 8, then shifted to the right 4 units 
and up 2 units. 


The graph of f(x) = x 2 is vertically compressed 
by a factor of 1 2 , then shifted to the right 5 
units and up 1 unit. 


g(x)= 12 (x-5) 2 +1 


The graph of f(x) = x 2 is horizontally stretched 
by a factor of 3, then shifted to the left 4 units 
and down 3 units. 


For the following exercises, describe how the 
formula is a transformation of a toolkit function. 
Then sketch a graph of the transformation. 


g(x)=4 (k+1)2—-5 


The graph of the function f(x)= x 2 is shifted to 
the left 1 unit, stretched vertically by a factor of 
4, and shifted down 5 units. 


g(x) =5 (x+3) 2 —-2 


h(x) = —2|x—4|+3 


The graph of f(x) = |x| is stretched vertically by 
a factor of 2, shifted horizontally 4 units to the 
right, reflected across the horizontal axis, and 
then shifted vertically 3 units up. 


k(x)=-3x-1 


m(x)= 12x3 


The graph of the function f(x) = x 3 is 
compressed vertically by a factor of 1 2. 


n(x)= 13 |x—-2| 


pixJ=(1sx)3-3 


The graph of the function is stretched 
horizontally by a factor of 3 and then shifted 
vertically downward by 3 units. 


q(x)=(14x)3 +1 


a(x)= —-x+4 


The graph of f(x) = x is shifted right 4 units and 
then reflected across the vertical line x = 4. 


y 
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For the following exercises, use the graph in [link] 
to sketch the given transformations. 


g(x) = f(x) — 2 


g(x) = — f(x) 


g(x) =f +1) 


g(x) = f(x — 2) 


+—++> “<< 
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Glossary 


even function 
a function whose graph is unchanged by 
horizontal reflection, f(x) =f(—x), and is 
symmetric about the y- axis 


horizontal compression 
a transformation that compresses a function’s 
graph horizontally, by multiplying the input 
by a constant b>1 


horizontal reflection 
a transformation that reflects a function’s 


graph across the y-axis by multiplying the 
input by —1 


horizontal shift 
a transformation that shifts a function’s graph 
left or right by adding a positive or negative 
constant to the input 


horizontal stretch 
a transformation that stretches a function’s 
graph horizontally by multiplying the input 
by a constant 0<b<1 


odd function 
a function whose graph is unchanged by 
combined horizontal and vertical reflection, 
f(x) = —f(—x), and is symmetric about the 
origin 


vertical compression 
a function transformation that compresses the 
function’s graph vertically by multiplying the 
output by a constant 0<a<1 


vertical reflection 
a transformation that reflects a function’s 
graph across the x-axis by multiplying the 
output by —1 


vertical shift 
a transformation that shifts a function’s graph 
up or down by adding a positive or negative 


constant to the output 


vertical stretch 
a transformation that stretches a function’s 
graph vertically by multiplying the output by 
a constant a>1 


Absolute Value Functions 
In this section you will: 


¢ Graph an absolute value function. 
* Solve an absolute value equation. 


Distances in deep space can be measured in all 
directions. As such, it is useful to consider distance 
in terms of absolute values. (credit: "s58y'/Flickr) 


Until the 1920s, the so-called spiral nebulae were 
believed to be clouds of dust and gas in our own 
galaxy, some tens of thousands of light years away. 
Then, astronomer Edwin Hubble proved that these 
objects are galaxies in their own right, at distances 
of millions of light years. Today, astronomers can 
detect galaxies that are billions of light years away. 
Distances in the universe can be measured in all 


directions. As such, it is useful to consider distance 
as an absolute value function. In this section, we 
will continue our investigation of absolute value 
functions. 


Understanding Absolute Value 


Recall that in its basic form f(x)=| x |, the absolute 
value function is one of our toolkit functions. The 
absolute value function is commonly thought of as 
providing the distance the number is from zero on a 
number line. Algebraically, for whatever the input 
value is, the output is the value without regard to 
sign. Knowing this, we can use absolute value 
functions to solve some kinds of real-world 
problems. 


Absolute Value Function 
The absolute value function can be defined as a 


piecewise function 
f(x)=|x |={xifx=0 —xifx<0 


Using Absolute Value to Determine 
Resistance 


Electrical parts, such as resistors and 
capacitors, come with specified values of their 
operating parameters: resistance, capacitance, 
etc. However, due to imprecision in 
manufacturing, the actual values of these 
parameters vary somewhat from piece to 
piece, even when they are supposed to be the 
same. The best that manufacturers can do is to 
try to guarantee that the variations will stay 
within a specified range, often +1%, +5%, or 
+10%. 


Suppose we have a resistor rated at 680 ohms, 
+5%. Use the absolute value function to 
express the range of possible values of the 
actual resistance. 


We can find that 5% of 680 ohms is 34 ohms. 
The absolute value of the difference between 
the actual and nominal resistance should not 


exceed the stated variability, so, with the 
resistance R in ohms, 
| R—680 | <34 


Students who score within 20 points of 80 will 
pass a test. Write this as a distance from 80 


using absolute value notation. 


using the variable p for passing, | p—80 | 


<20 


(a) The absolute value function does not intersect 
the horizontal axis. (b) The absolute value function 
intersects the horizontal axis at one point. (c) The 
absolute value function intersects the horizontal axis 
at two points. 


Graphing an Absolute Value Function 


The most significant feature of the absolute value 
graph is the corner point at which the graph 
changes direction. This point is shown at the origin 
in [link]. 


y 


[link] shows the graph of y=2| x-3 |+4. The 
graph of y=| x | has been shifted right 3 units, 
vertically stretched by a factor of 2, and shifted up 4 
units. This means that the corner point is located at 
(3,4 ) for this transformed function. 
y=2|x-3| y y=2|x-3|+4 
vertical stretch up 4 


’ 
a yi=|x- 3 
1 941 right 3 


Writing an Equation for an Absolute Value 
Function Given a Graph 


Write an equation for the function graphed in 
[link]. 


The basic absolute value function changes 
direction at the origin, so this graph has been 
shifted to the right 3 units and down 2 units 
from the basic toolkit function. See [link]. 


= + + + + 
ee i oe oe 


We also notice that the graph appears 
vertically stretched, because the width of the 


final graph on a horizontal line is not equal to 
2 times the vertical distance from the corner to 
this line, as it would be for an unstretched 
absolute value function. Instead, the width is 
equal to 1 times the vertical distance as shown 
in [link]. 


y 
all 
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From this information we can write the 
equation 

f(x) = 2|x—3|-2, 

treating the stretch as a vertical stretch,or f(x) 
= |2(x-3)|-2, 

treating the stretch as a horizontal compression. 


nalysis 


Note that these equations are algebraically 

equivalent—the stretch for an absolute value 
function can be written interchangeably as a 
vertical or horizontal stretch or compression. 


If we couldn’t observe the stretch of the 
function from the graphs, could we 
algebraically determine it? 

Yes. If we are unable to determine the stretch based on 
the width of the graph, we can solve for the stretch 
actor by putting in a known pair of values for x and 


ow substituting in the point (1, 2) 
2 = ajl1—3|-—24 = 2aa=2 


Write the equation for the absolute value 
function that is horizontally shifted left 2 
units, is vertically flipped, and vertically 
shifted up 3 units. 


OCS = | eae 2 a 


Do the graphs of absolute value functions 
always intersect the vertical axis? The 
horizontal axis? 

Yes, they always intersect the vertical axis. The graph 
of an absolute value function will intersect the vertical 
axis when the input is zero. 


o, they do not always intersect the horizontal axis. 
The graph may or may not intersect the horizontal 
axis, depending on how the graph has been shifted and 
reflected. It is possible for the absolute value function 
to intersect the horizontal axis at zero, one, or two 

oints (see [link]). 
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Solving an Absolute Value Equation 


In Other Type of Equations, we touched on the 
concepts of absolute value equations. Now that we 
understand a little more about their graphs, we can 
take another look at these types of equations. Now 
that we can graph an absolute value function, we 
will learn how to solve an absolute value equation. 
To solve an equation such as 8=| 2x—6 |, we 
notice that the absolute value will be equal to 8 if 
the quantity inside the absolute value is 8 or -8. This 
leads to two different equations we can solve 


independently. 
2x—6 = 8or 2x—-6 = —8 2x = 142x = -2x= 
7x > =1 


Knowing how to solve problems involving absolute 
value functions is useful. For example, we may need 
to identify numbers or points on a line that are at a 
specified distance from a given reference point. 


An absolute value equation is an equation in which 
the unknown variable appears in absolute value 
bars. For example, 

| x |=4, | 2x-1 |=3,or | 5x+2 |-4=9 


Solutions to Absolute Value Equations 

For real numbers A and B , an equation of the form 
| A |=B, with B=0, will have solutions when A=B 
or A= —B. If B<O, the equation | A |=B has no 
solution. 


Given the formula for an absolute value 
function, find the horizontal intercepts of its 
graph. 


1. Isolate the absolute value term. 
2. Use | A|=B to write A=B or —A=B, 
assuming B>0. 


3. Solve for x. 


Finding the Zeros of an Absolute Value 
Function 


For the function f(x) = |4x+1|—7, find the 


values of x such that f(x)=0. 


0 = |4x+1|-—7 Substitute 0 for f(x). 7 = |4x 

+1| 

Isolate the absolute value on one side of the equafion. 
7 = 4x+1 or -7 = 4x+1 

Break into two separate equations and solve. 6 

= 4x -8 = 4xx = 64 =15x = -84= 

= 


The function outputs O when x= 32 or x= 
— 2. See [link]. 


x where f(x) = 0 


x where f(x) = 0 


For the function f(x)=| 2x—1 |—3, find the 
values of x such that f(x) =0. 


Should we always expect two answers when 
solving | A | =B? 
o. We may find one, two, or even no answers. For 


example, there is no solution to 2+| 3x—5 |=1. 


Access these online resources for additional 
instruction and practice with absolute value. 


¢ Graphing Absolute Value Functions 
¢ Graphing Absolute Value Functions 2 


Key Concepts 


¢ Applied problems, such as ranges of possible 
values, can also be solved using the absolute 
value function. See [link]. 

* The graph of the absolute value function 
resembles a letter V. It has a corner point at 
which the graph changes direction. See [link]. 

* In an absolute value equation, an unknown 
variable is the input of an absolute value 
function. 

¢ If the absolute value of an expression is set 
equal to a positive number, expect two 
solutions for the unknown variable. See [link]. 


Section Exercises 


Verbal 


How do you solve an absolute value equation? 


Isolate the absolute value term so that the 
equation is of the form |A|=B. Form one 
equation by setting the expression inside the 
absolute value symbol, A, equal to the 
expression on the other side of the equation, B. 


Form a second equation by setting A equal to 
the opposite of the expression on the other side 
of the equation, —B. Solve each equation for 
the variable. 


How can you tell whether an absolute value 
function has two x-intercepts without graphing 
the function? 


When solving an absolute value function, the 
isolated absolute value term is equal to a 
negative number. What does that tell you about 
the graph of the absolute value function? 


The graph of the absolute value function does 
not cross the x -axis, so the graph is either 
completely above or completely below the x - 
axis. 


How can you use the graph of an absolute value 
function to determine the x-values for which 
the function values are negative? 


Algebraic 


Describe all numbers x that are at a distance of 


4 from the number 8. Express this set of 
numbers using absolute value notation. 


Describe all numbers x that are at a distance of 
12 from the number —4. Express this set of 
numbers using absolute value notation. 


Ix+4|=12 


Describe the situation in which the distance 
that point x is from 10 is at least 15 units. 
Express this set of numbers using absolute value 
notation. 


Find all function values f(x) such that the 
distance from f(x) to the value 8 is less than 
0.03 units. Express this set of numbers using 
absolute value notation. 


|f(x) — 8| <0.03 


For the following exercises, find the x- and y- 
intercepts of the graphs of each function. 


f(x)=4| x-3|+4 


f(x)= -—3|x-2|-1 


(0,—7 ); no x -intercepts 


f(x)= —2|x+1|+6 


f(x) = —5|x+2/+15 


(0, 3);(4,0),4 o 5,0) 


f(x) =2|x—1|-6 


(0, _ 4),(4,0),( hes 2,0) 


f(x) =|-—2x+1|-13 


(0, = 12)5¢ _ 6,0),(7,0) 


f(x) = —|x-—9|+16 


(0;7);(25;0),6 = 7,0) 


Graphical 
For the following exercises, graph the absolute value 


function. Plot at least five points by hand for each 
graph. 


y=|x-1| 


y=|x+1| 


y=|x|+1 


For the following exercises, graph the given 
functions by hand. 


y=|x|-2 


y=—|x| 


f(x) = —|x-—1|-2 


f(x) = —|x+3|+4 


Bf7 6 5 43212 


f(x) =2|x+3|+1 


f(x) =3| x-2|+3 
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f(x) =| 2x-4|-3 


f(x )=|3x+9|+2 


x 
So 43 21 


f(x)=—-|x-1|-3 


f(x)= —|x+4|-3 
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f(yy= 12|[x+4|-3 


Technology 


Use a graphing utility to graph f(x) =10|x—2| 
on the viewing window [ 0,4 ]. Identify the 
corresponding range. Show the graph. 


range: [ 0,20 ] 


20 
18 
16 
14 
12 
10 
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x 
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Use a graphing utility to graph f(x) = —100|x| 
+100 on the viewing window [ —5,5 ]. 
Identify the corresponding range. Show the 
graph. 


For the following exercises, graph each function 
using a graphing utility. Specify the viewing 
window. 


f(x) = —0.1| 0.1(0.2—x) |+0.3 


x- intercepts: 


f(x)=4x 109|x-(Gx 109) |+2x 109 
Extensions 
For the following exercises, solve the inequality. 


If possible, find all values of a such that there 
are no x- intercepts for f(x) =2| x+1 |+a. 


If possible, find all values of a such that there 
are no y -intercepts for f(x)=2| x+1|+a. 


There is no solution for a that will keep the 
function from having a y -intercept. The 


absolute value function always crosses the y - 
intercept when x=0. 


Real-World Applications 


Cities A and B are on the same east-west line. 
Assume that city A is located at the origin. If 
the distance from city A to city B is at least 100 
miles and x represents the distance from city B 
to city A, express this using absolute value 
notation. 


The true proportion p of people who give a 
favorable rating to Congress is 8% with a 
margin of error of 1.5%. Describe this statement 
using an absolute value equation. 


| p—0.08 | <0.015 


Students who score within 18 points of the 
number 82 will pass a particular test. Write this 
statement using absolute value notation and use 
the variable x for the score. 


A machinist must produce a bearing that is 
within 0.01 inches of the correct diameter of 


5.0 inches. Using x as the diameter of the 
bearing, write this statement using absolute 
value notation. 


| x—5.0 | <0.01 


The tolerance for a ball bearing is 0.01. If the 
true diameter of the bearing is to be 2.0 inches 
and the measured value of the diameter is x 
inches, express the tolerance using absolute 
value notation. 


Inverse Functions 


In this section, you will: 


Verify inverse functions. 

Determine the domain and range of an inverse 
function, and restrict the domain of a function 
to make it one-to-one. 

Find or evaluate the inverse of a function. 

Use the graph of a one-to-one function to graph 
its inverse function on the same axes. 


A reversible heat pump is a climate-control system 
that is an air conditioner and a heater in a single 
device. Operated in one direction, it pumps heat out 
of a house to provide cooling. Operating in reverse, 
it pumps heat into the building from the outside, 
even in cool weather, to provide heating. As a 
heater, a heat pump is several times more efficient 
than conventional electrical resistance heating. 


If some physical machines can run in two directions, 
we might ask whether some of the function 
“machines” we have been studying can also run 
backwards. [link] provides a visual representation 
of this question. In this section, we will consider the 
reverse nature of functions. 

Can a function “machine” operate in reverse? 


Verifying That Two Functions Are Inverse 
Functions 


Suppose a fashion designer traveling to Milan for a 
fashion show wants to know what the temperature 
will be. He is not familiar with the Celsius scale. To 
get an idea of how temperature measurements are 
related, he asks his assistant, Betty, to convert 75 
degrees Fahrenheit to degrees Celsius. She finds the 
formula 

C= 59 (F—32) 


and substitutes 75 for F to calculate 
5 9 (75-32) = 24°C. 


Knowing that a comfortable 75 degrees Fahrenheit 
is about 24 degrees Celsius, he sends his assistant 
the week’s weather forecast from [link] for Milan, 
and asks her to convert all of the temperatures to 
degrees Fahrenheit. 
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26C| 19°C 29°C | 19°C 30°C | 20°C 26C | 18°C 


At first, Betty considers using the formula she has 
already found to complete the conversions. After all, 
she knows her algebra, and can easily solve the 
equation for F after substituting a value for C. For 
example, to convert 26 degrees Celsius, she could 
write 

26= 5 9 (F—32) 26-95 =F-—32 F=26-95 
+32=79 


After considering this option for a moment, 
however, she realizes that solving the equation for 
each of the temperatures will be awfully tedious. 
She realizes that since evaluation is easier than 
solving, it would be much more convenient to have 
a different formula, one that takes the Celsius 
temperature and outputs the Fahrenheit 
temperature. 


The formula for which Betty is searching 
corresponds to the idea of an inverse function, 
which is a function for which the input of the 
original function becomes the output of the inverse 
function and the output of the original function 
becomes the input of the inverse function. 


Given a function f(x), we represent its inverse as f 
—1 (x), read as “f inverse of x.” The raised —1 is 
part of the notation. It is not an exponent; it does 
not imply a power of —1. In other words, f —1 (x) 
does not mean 1 f(x) because 1 f(x) is the reciprocal 
of f and not the inverse. 


The “exponent-like” notation comes from an 
analogy between function composition and 
multiplication: just asa —1a=1 (1 is the identity 
element for multiplication) for any nonzero number 
a, so f —1 of equals the identity function, that is, 

(f —1 of )&)= f -—1( f(x) )= f -1(Cy)=x 


This holds for all x in the domain of f. Informally, 
this means that inverse functions “undo” each other. 
However, just as zero does not have a reciprocal, 
some functions do not have inverses. 


Given a function f(x), we can verify whether some 
other function g(x) is the inverse of f(x) by checking 
whether either g(f(x)) =x or f(g(x)) =x is true. We 
can test whichever equation is more convenient to 
work with because they are logically equivalent 
(that is, if one is true, then so is the other.) 


For example, y=4x and y= 1 4 x are inverse 
functions. 
(f —1 of )(x)= f -1( 4x )= 14( 4x )=x 


and 
(feof —1 )(x)=f(14x)=4(14x)=x 


A few coordinate pairs from the graph of the 
function y=4x are (—2, —8), (0, 0), and (2, 8). A 
few coordinate pairs from the graph of the function 
y= 14x are (—8, —2), (0, 0), and (8, 2). If we 
interchange the input and output of each coordinate 
pair of a function, the interchanged coordinate pairs 
would appear on the graph of the inverse function. 


Inverse Function 


For any one-to-one function f(x) =y, a function f 
—1 (x) is an inverse function of f if f —1 (y) =x. 
This can also be written as f —1 (f(x)) =x for all x 
in the domain of f. It also follows that f( f —1 

(x)) =x for all x in the domain of f —1 if f —1 is 
the inverse of f. 


The notation f —1 is read “ f inverse.” Like any 
other function, we can use any variable name as 
the input for f —1 , so we will often write f —1 (x), 
which we read as “f inverse of x.” Keep in mind 
that 

f —1 (x)= 1 f(x) 

and not all functions have inverses. 


Identifying an Inverse Function for a Given 
Input-Output Pair 


If for a particular one-to-one function f(2) =4 


and f(5) =12, what are the corresponding 
input and output values for the inverse 
function? 


The inverse function reverses the input and 
output quantities, so if 

f{(2)=4, then f —1 (4)=2; f(5)=12, then f 
—1(12)=5. 


Alternatively, if we want to name the inverse 
function g, then g(4) =2 and g(12)=5. 


nalysis 
Notice that if we show the coordinate pairs in a 


table form, the input and output are clearly 
reversed. See [link]. 
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Given that h —1 (6)=2, what are the 


corresponding input and output values of the 
original function h? 


Given two functions f(x) and g(x), test whether 
the functions are inverses of each other. 


1. Determine whether f(g(x)) =x or g(f(x)) =x. 

2. If both statements are true, then g= f —1 and 
f= g —1. If either statement is false, then 
both are false, and g# f —l andf# g —-1. 


Testing Inverse Relationships Algebraically 


If f(x )= 1x+2 and g(x)=1x —-2,isg=f 
—1? 


e(f(x))= 1(C1x+2) -—2 =x+2-2 =x 


0) 
g=f-—1 andf=g-1 


This is enough to answer yes to the question, 
but we can also verify the other formula. 


f(g(x))= 11x -2+2 =11x =x 


nalysis 


Notice the inverse operations are in reverse order 
of the operations from the original function. 


If f(x )= x3 —4 and g(x)=x+43,isg=f 
—l? 


Determining Inverse Relationships for 
Power Functions 


If f(x) = x 3 (the cube function) and g(x)= 1 3 
x,isg=f-—1? 


fC g(x) )= x3 27 =x 


No, the functions are not inverses. 


Analysis 


The correct inverse to the cube is, of course, the 


cube root x 3 = x 1 3, that is, the one-third is an 
exponent, not a multiplier. 


If f(x )= (x—1) 3 andg(x)= x3 +1, is g= 
Poe 


Domain and range of a function and its inverse 


Finding Domain and Range of Inverse 
Functions 


The outputs of the function f are the inputs to f —1, 
so the range of f is also the domain of f —1. 
Likewise, because the inputs to f are the outputs of f 
—1, the domain of f is the range of f —1. We can 
visualize the situation as in [link]. 


Domain of f F(x) Range of f 


f-*(x) 


Range of f-1 Domain of f-* 


When a function has no inverse function, it is 
possible to create a new function where that new 
function on a limited domain does have an inverse 
function. For example, the inverse of f(x) = x is f 
—1 (x)= x 2, because a square “undoes” a square 
root; but the square is only the inverse of the square 
root on the domain [ 0,- ), since that is the range 
of f(x)= x. 


We can look at this problem from the other side, 
starting with the square (toolkit quadratic) function 
f(x) = x 2 . If we want to construct an inverse to this 
function, we run into a problem, because for every 
given output of the quadratic function, there are 
two corresponding inputs (except when the input is 
0). For example, the output 9 from the quadratic 
function corresponds to the inputs 3 and —3. But an 
output from a function is an input to its inverse; if 
this inverse input corresponds to more than one 
inverse output (input of the original function), then 
the “inverse” is not a function at all! To put it 
differently, the quadratic function is not a one-to- 
one function; it fails the horizontal line test, so it 
does not have an inverse function. In order for a 
function to have an inverse, it must be a one-to-one 
function. 


In many cases, if a function is not one-to-one, we 
can still restrict the function to a part of its domain 
on which it is one-to-one. For example, we can 
make a restricted version of the square function 


f(x) = x 2 with its domain limited to [ 0,°¢ ), which 
is a one-to-one function (it passes the horizontal line 
test) and which has an inverse (the square-root 
function). 


If f(x) = (x-—1)2o0n[1,° ), then the inverse 
function is f —1 (x)= x +1. 


* The domain of f = range of f —1 = [1,~ ). 
* The domain of f —1 = range of f = [ 0, ). 


Is it possible for a function to have more than 
one inverse? 

o. If two supposedly different functions, say, g and h, 
both meet the definition of being inverses of another 

nction f, then you can prove that g=h. We have just 

een that some functions only have inverses if we 
restrict the domain of the original function. In these 
cases, there may be more than one way to restrict the 
domain, leading to different inverses. However, on any 
one domain, the original function still has only one 
unique inverse. 


Domain and Range of Inverse Functions 

The range of a function f(x) is the domain of the 
inverse function f —1 (x). 

The domain of f(x) is the range of f —1 (x). 


Given a function, find the domain and range of 
its inverse. 


. If the function is one-to-one, write the range 
of the original function as the domain of the 
inverse, and write the domain of the original 


function as the range of the inverse. 

. If the domain of the original function needs to 
be restricted to make it one-to-one, then this 
restricted domain becomes the range of the 
inverse function. 


Finding the Inverses of Toolkit Functions 


Identify which of the toolkit functions besides 
the quadratic function are not one-to-one, and 
find a restricted domain on which each 
function is one-to-one, if any. The toolkit 
functions are reviewed in [link]. We restrict 
the domain in such a fashion that the function 
assumes all y-values exactly once. 
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The constant function is not one-to-one, and 

there is no domain (except a single point) on 
which it could be one-to-one, so the constant 
function has no meaningful inverse. 


The absolute value function can be restricted 
to the domain [ 0, ), where it is equal to the 
identity function. 


The reciprocal-squared function can be 
restricted to the domain ( 0, ). 


nalysis 


We can see that these functions (if unrestricted) are 
not one-to-one by looking at their graphs, shown in 
[link]. They both would fail the horizontal line 
test. However, if a function is restricted to a certain 
domain so that it passes the horizontal line test, 
then in that restricted domain, it can have an 
inverse. 

(a) Absolute value (b) Reciprocal squared 
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The domain of function f is (1, °°) and the 
range of function f is (— ©, —2). Find the 
domain and range of the inverse function. 


The domain of function f —1 is (— %°,—2) and 
the range of function f —1 is (1,-). 


Finding and Evaluating Inverse Functions 


Once we have a one-to-one function, we can 
evaluate its inverse at specific inverse function 
inputs or construct a complete representation of the 
inverse function in many cases. 


Inverting Tabular Functions 


Suppose we want to find the inverse of a function 
represented in table form. Remember that the 
domain of a function is the range of the inverse and 
the range of the function is the domain of the 
inverse. So we need to interchange the domain and 
range. 


Each row (or column) of inputs becomes the row (or 
column) of outputs for the inverse function. 
Similarly, each row (or column) of outputs becomes 
the row (or column) of inputs for the inverse 
function. 


Interpreting the Inverse of a Tabular 
Function 


A function f(t) is given in [link], showing 
distance in miles that a car has traveled in t 
minutes. Find and interpret f —1 (70). 
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The inverse function takes an output of f and 
returns an input for f. So in the expression f 
—1 (70), 70 is an output value of the original 
function, representing 70 miles. The inverse 
will return the corresponding input of the 
original function f, 90 minutes, so f —1 
(70)=90. The interpretation of this is that, to 


drive 70 miles, it took 90 minutes. 


Alternatively, recall that the definition of the 
inverse was that if f(a)=b, then f —1 (b)=a. 
By this definition, if we are given f —1 
(70)=a, then we are looking for a value a so 
that f(a) = 70. In this case, we are looking for a 
t so that f(t) = 70, which is when t= 90. 


Using [link], find and interpret (a) f(60), and 
(b) f —1 (60). 
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f(t 20 40 50 60 70 


1. {(60) =50. In 60 minutes, 50 miles are 
traveled. 
2. f —1 (60)=70. To travel 60 miles, it will 


take 70 minutes. 


Evaluating the Inverse of a Function, Given a 
Graph of the Original Function 


We saw in Functions and Function Notation that the 
domain of a function can be read by observing the 
horizontal extent of its graph. We find the domain 
of the inverse function by observing the vertical 
extent of the graph of the original function, because 
this corresponds to the horizontal extent of the 
inverse function. Similarly, we find the range of the 
inverse function by observing the horizontal extent 
of the graph of the original function, as this is the 
vertical extent of the inverse function. If we want to 
evaluate an inverse function, we find its input 
within its domain, which is all or part of the vertical 
axis of the original function’s graph. 


Given the graph of a function, evaluate its 
inverse at specific points. 


1. Find the desired input on the y-axis of the 
given graph. 

2. Read the inverse function’s output from the x- 
axis of the given graph. 


Evaluating a Function and Its Inverse from 
a Graph at Specific Points 


A function g(x) is given in [link]. Find g(3) 
and g —1 (3). 


To evaluate g(3), we find 3 on the x-axis and 
find the corresponding output value on the y- 
axis. The point ( 3,1 ) tells us that g(3) =1. 


To evaluate g —1 (3), recall that by definition 
g —1 (3) means the value of x for which 


g(x) =3. By looking for the output value 3 on 
the vertical axis, we find the point (5,3 ) on 
the graph, which means g(5) =3, so by 
definition, g —1 (3)=5. See [link]. 


Using the graph in [link], (a) find g —1 (1), 
and (b) estimate g —1 (4). 


Finding Inverses of Functions Represented by 
Formulas 


Sometimes we will need to know an inverse 
function for all elements of its domain, not just a 
few. If the original function is given as a formula— 


for example, y as a function of x— we can often 
find the inverse function by solving to obtain x as a 
function of y. 


Given a function represented by a formula, find 
the inverse. 


1. Make sure f is a one-to-one function. 
2. Solve for x. 
3. Interchange x and y. 


Inverting the Fahrenheit-to-Celsius 
Function 


Find a formula for the inverse function that 
gives Fahrenheit temperature as a function of 
Celsius temperature. 

C= 59 (F-32) 


C= 5: 9'(F=32)'G.9'>) P= 37 h— 95 C+ 32 


By solving in general, we have uncovered the 
inverse function. If 
C=h(F)= 5 9 (F-32), 


then 
F= h -—1(C)=95C+32. 


In this case, we introduced a function h to 
represent the conversion because the input and 
output variables are descriptive, and writing C 
—1 could get confusing. 


Solve for x in terms of y given y= 1 3 (x—5) 


Solving to Find an Inverse Function 


Find the inverse of the function f(x )= 2 x-3 
+4, 


y= 2x—3 +4 Set up an equation. y—4= 2x 
— 3 Subtract 4 from both sides. x-3= 2 y—4 
Multiply both sides by x—3 and divide by y 
—4.x= 2y—4 +3 Add 3 to both sides. 


Sof -1l(y)= 2y—4 +3orf -—1(x)=2x 
—4 +3. 


Analysis 


The domain and range of f exclude the values 3 
and 4, respectively. f and f —1 are equal at two 
points but are not the same function, as we can see 
by creating [link]. 


Solving to Find an Inverse with Radicals 


Find the inverse of the function f(x)=2+ x—4 


y=2+ x-—4(y—-2) 2 =x—-4 x= (y-2)2 +4 
Sof —1( x)= (x-2)2 +4. 


The domain of f is [4,-°). Notice that the range 
of f is [2,--), so this means that the domain of 
the inverse function f —1 is also [2,-). 


Analysis 


The formula we found for f —1 ( x ) looks like it 
would be valid for all real x. However, f —1 itself 


must have an inverse (namely, f ) so we have to 
restrict the domain of f —1 to [2,°°) in order to 
make f —1 a one-to-one function. This domain of f 
—1 is exactly the range of f. 


What is the inverse of the function f(x)=2-— x 
? State the domains of both the function and 
the inverse function. 


f —1 (x)= (2-x ) 2 ;domainoff:[ 0, - 
);domainof f —1 :( — °,2 ] 


Quadratic function with domain restricted to [0, 
co), Square and square-root functions on the non- 
negative domain 


Finding Inverse Functions and Their 
Graphs 


Now that we can find the inverse of a function, we 
will explore the graphs of functions and their 
inverses. Let us return to the quadratic function 

f(x) = x 2 restricted to the domain [0,-), on which 
this function is one-to-one, and graph it as in [link]. 


Restricting the domain to [0,) makes the function 
one-to-one (it will obviously pass the horizontal line 
test), so it has an inverse on this restricted domain. 


We already know that the inverse of the toolkit 
quadratic function is the square root function, that 
is, f —1 (x)= x. What happens if we graph both f 
and f —1 on the same set of axes, using the x- axis 
for the input to both f and f —1? 


We notice a distinct relationship: The graph of f —1 
(x) is the graph of f(x) reflected about the diagonal 
line y=x, which we will call the identity line, 
shown in [link]. 


This relationship will be observed for all one-to-one 
functions, because it is a result of the function and 
its inverse swapping inputs and outputs. This is 
equivalent to interchanging the roles of the vertical 
and horizontal axes. 


Finding the Inverse of a Function Using 
Reflection about the Identity Line 


Given the graph of f(x) in [link], sketch a 
Srapimort — ls), 
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This is a one-to-one function, so we will be 
able to sketch an inverse. Note that the graph 
shown has an apparent domain of ( 0,°° ) and 
range of ( — ~, ), so the inverse will have a 
domain of ( — ~,- ) and range of (0, ). 


If we reflect this graph over the line y=x, the 
point (1,0 ) reflects to (0,1 ) and the point ( 
4,2 ) reflects to ( 2,4 ). Sketching the inverse 
on the same axes as the original graph gives 
[link]. 

The function and its inverse, showing 
reflection about the identity line 


Draw graphs of the functions f and f —1 from 
[link]. 


Is there any function that is equal to its own 
inverse? 

Yes. If f= f —1, then f( f(x ) )=x, and we can 
think of several functions that have this property. The 
identity function does, and so does the reciprocal 
unction, because 

11x =x 

Any function f( x )=c—x, where c is a constant, is 
also equal to its own inverse. 


Access these online resources for additional 
instruction and practice with inverse functions. 


¢ Inverse Functions 

¢ Inverse Function Values Using Graph 

¢ Restricting the Domain and Finding the 
Inverse 


Visit this website for additional practice questions 
from Learningpod. 


Key Concepts 


* If g(x) is the inverse of f(x), then 
g(f(x)) = f(g(x)) =x. See [link], [link], and 


[link]. 
* Each of the toolkit functions has an inverse. See 
[link]. 
* For a function to have an inverse, it must be 
one-to-one (pass the horizontal line test). 
¢ A function that is not one-to-one over its entire 
domain may be one-to-one on part of its 
domain. 
* For a tabular function, exchange the input and 
output rows to obtain the inverse. See [link]. 
The inverse of a function can be determined at 
specific points on its graph. See [link]. 
To find the inverse of a formula, solve the 
equation y = f(x) for x as a function of y. Then 
exchange the labels x and y. See [link], [link], 
and [link]. 
The graph of an inverse function is the 
reflection of the graph of the original function 
across the line y=x. See [link]. 


Section Exercises 


Verbal 


Describe why the horizontal line test is an 
effective way to determine whether a function 
is one-to-one? 


Each output of a function must have exactly 
one output for the function to be one-to-one. If 
any horizontal line crosses the graph of a 
function more than once, that means that y - 
values repeat and the function is not one-to- 
one. If no horizontal line crosses the graph of 
the function more than once, then no y -values 
repeat and the function is one-to-one. 


Why do we restrict the domain of the function 
f(x) = x 2 to find the function’s inverse? 


Can a function be its own inverse? Explain. 


Yes. For example, f(x)= 1 x is its own inverse. 


Are one-to-one functions either always 
increasing or always decreasing? Why or why 
not? 


How do you find the inverse of a function 
algebraically? 


Given a function y= f(x), solve for x in terms of 
y. Interchange the x and y. Solve the new 
equation for y. The expression for y is the 


inverse, y= f —1 (x). 


Algebraic 


Show that the function f(x) =a—.x is its own 
inverse for all real numbers a. 


For the following exercises, find f —1 (x) for each 
function. 


f(x)=x+3 


f —1 (x)=x-3 


f(x)=x+5 


f(x) =2-x 


f —1 (x)=2-x 


f(x) =3-x 


f(x)= xx+2 


f —1 (x)= -2xx-1 


f(x)= 2x+3 5x+4 


For the following exercises, find a domain on which 
each function f is one-to-one and non-decreasing. 
Write the domain in interval notation. Then find the 
inverse of f restricted to that domain. 


f(x) = (x+7) 2 

domain of f(x):[—7, °°); f -1 (x)= x -7 

f(x) = (x—6) 2 

f(x)= x2 —5 

domain of f(x):[0, °°); f —1 (x)= x+5 

Given f(x )= x 2+x and g(x)= 2x1-x: 
1. Find f(g(x)) and g(f(x)). 


2. What does the answer tell us about the 
relationship between f(x) and g(x)? 


a. f(g(x)) =x and g(f(x)) =x. b. This tells us that 
f and g are inverse functions 


For the following exercises, use function 
composition to verify that f(x) and g(x) are inverse 
functions. 


f(x)= x-—1 3 and g(x)= x3 +1 


f(g(x)) =x,g(f(x)) =x 


f(x) = —3x+5 and g(x)= x—5 —-3 


Graphical 


For the following exercises, use a graphing utility to 
determine whether each function is one-to-one. 


f(x)= x 
one-to-one 
f(x)= 3x+13 


f(x) = —5x+1 


one-to-one 


f(x)= x3 -—27 


For the following exercises, determine whether the 
graph represents a one-to-one function. 


not one-to-one 


x 
“10 -8 -6 ~4 “25 2 4 6 8 10 


“4 


f 


For the following exercises, use the graph of f shown 
in [link]. 


Find f( 0 ). 


Solve f(x) =0. 


Find f —1 (0). 


Solve f —1 (x )=0. 


For the following exercises, use the graph of the 
one-to-one function shown in [link]. 
¥ 
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Sketch the graph of f —1. 


Find f(6) and f —1 (2). 


If the complete graph of f is shown, find the 
domain of f. 


[ 2,10 ] 


If the complete graph of f is shown, find the 
range of f. 


Numeric 


For the following exercises, evaluate or solve, 
assuming that the function f is one-to-one. 


If {(6) =7, find f —1 (7). 


If {(3) =2, find f —1 (2). 


Iff —1( —4)=—8, find f(— 8). 


—4 


If f —1( —2)=~—1, find f(—1). 


For the following exercises, use the values listed in 
[link] to evaluate or solve. 
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Find f( 1 ). 


Solve f(x) =3. 


Find f —1 (0). 


Solve f —1 (x )=7. 


Use the tabular representation of f in [link] to 
create a table for f —1 (x). 


x 2 6 9 1 14 
f(x) 1 4 7 12 16 
5 1 4 7 12 16 
eo 6 9 3 14 


Technology 


For the following exercises, find the inverse 
function. Then, graph the function and its inverse. 


f(Xx)= 3x-2 


fxs)= x3 -1 


f —1 (x)= (1+x)1/3 


Find the inverse function of f(x)= 1 x-—1.Use 
a graphing utility to find its domain and range. 
Write the domain and range in interval 
notation. 


Real-World Applications 


To convert from x degrees Celsius to y degrees 
Fahrenheit, we use the formula f(x)= 95x 
+32. Find the inverse function, if it exists, and 
explain its meaning. 


f —1 (x)= 59(x-—382 ). Given the Fahrenheit 
temperature, x, this formula allows you to 
calculate the Celsius temperature. 


The circumference C of a circle is a function of 
its radius given by C(r) = 2mr. Express the radius 
of a circle as a function of its circumference. 
Call this function r(C). Find r(36a1) and 
interpret its meaning. 


A car travels at a constant speed of 50 miles per 
hour. The distance the car travels in miles is a 
function of time, t, in hours given by d(t) = 50t. 
Find the inverse function by expressing the time 
of travel in terms of the distance traveled. Call 


this function t(d). Find t(180) and interpret its 
meaning. 


t(d)= d 50, t(180)= 180 50. The time for the 
car to travel 180 miles is 3.6 hours. 


Chapter Review Exercises 


Functions and Function Notation 


For the following exercises, determine whether the 
relation is a function. 


{ (a,b),(c,d),(e,d) } 
function 
{ (5,2),(6,1),(6,2),(4,8) } 


y 2 +4=x, for x the independent variable and 
y the dependent variable 


not a function 


Is the graph in [link] a function? 


For the following exercises, evaluate the function at 
the indicated values: f( — 3);f(2);f( — a); — f(a);f(a 
+h). 


f(x)= -2x2 +3x 


f(-—3)= —27; f(2)= —2; f(—a)= —2a2 —3a; 
—f(a)=2 a2 —3a; f(ath)=—2a2 +3a—4ah 
+3h-2h2 


f(x)=2| 3x—1 | 


For the following exercises, determine whether the 


functions are one-to-one. 


f(x)= -—3x+5 
one-to-one 
f(x)=|x-3 | 


For the following exercises, use the vertical line test 
to determine if the relation whose graph is provided 
is a function. 


function 


4 


function 
For the following exercises, graph the functions. 


f(x)=|x+1 | 


f(x)= x2 -2 


For the following exercises, use [link] to 
approximate the values. 
y 


f(2) 


i(—2) 


If f(x) = — 2, then solve for x. 


If f(x) =1, then solve for x. 


x=-1.8o0r orx=1.8 


For the following exercises, use the function h(t) = 
—16t2 +80t to find the values. 


h(2)—-h(1) 2-1 


h(a)—h(1) a-1 


—64+80a-—16a2 —1+a =—16a+ 64 


Domain and Range 


For the following exercises, find the domain of each 
function, expressing answers using interval notation. 


f(x)= 23x+2 


f(x)= x-3x2 -—4x-12 


f(x)= x-6x-4 


Graph this piecewise function: f(x) ={ x 
+1 Ke = 2 =2i—3: XS 2 


Rates of Change and Behavior of Graphs 


For the following exercises, find the average rate of 


change of the functions from x=1 to x=2. 


f(x) =4x-3 


f(x)=10x2 +x 


a1 


f(x)=- 2x2 


For the following exercises, use the graphs to 
determine the intervals on which the functions are 
increasing, decreasing, or constant. 


increasing ( 2,0 ); decreasing (— ~,2) 


increasing ( —3,1 ); constant (— ©, —3)U( 1, 


) 


Find the local minimum of the function graphed 
in [link]. 


Find the local extrema for the function graphed 
in [link]. 


local minimum ( —2,—3 ); local maximum ( 
1,3.) 


For the graph in [link], the domain of the 
function is [ —3,3 ]. The range is [ —10,10 ]. 
Find the absolute minimum of the function on 
this interval. 


Find the absolute maximum of the function 
graphed in [link]. 


Absolute Maximum: 10 


Composition of Functions 


For the following exercises, find (f°g)(x) and (gef)(x) 
for each pair of functions. 


f(x) =4-—x,g(x) = —4x 


f(x) = 3x + 2,g(x) =5 — 6x 


( fog )(x) =17 —18x;( gof )(x) = —7—-18x 


f(x)= x 2 +2x,g(x)=5x+1 


f(x) = x+2 ,g(x)= 1x 


( fog (x)= 1x +2;( gof (x)= 1x+2 


f(x) = x+3 2 ,g(x)= 1-x 


For the following exercises, find ( fg ) and the 
domain for ( feg )(x) for each pair of functions. 


f(x)= x+1x+4,g9(%)= 1x 


(feg)(x) = 1+x1+4x ,x+0,.x4- 14 


fx)= 1x+3,g(x)= 1x-9 


f(x)= 1x ,g(x)= x 


( fog )(x) = 1x ,x>0 


fxX)= 1x2 -—1,g(%)= x+1 


For the following exercises, express each function H 
as a composition of two functions f and g where 
H(x) = (feg)(x). 


H(x)= 2x-—1 3x+4 


sample: g(x)= 2x—1 3x+4 ;f(x)= x 


H(x)= 1(8x 2 -4) -3 


Transformation of Functions 


For the following exercises, sketch a graph of the 
given function. 


f(x)= (x-3) 2 
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x 
123 4 5 


f(x)= (x+4) 3 


fxy=x+5 


< 


8 

7 

6 

5 

4 

3 

2 

1 
0423845 
fx)=- x3 


f(x)= -x3 


f(x)=5 -—x -4 


f(x) =4[ | x-2|-6] 


f(x)= — (x+2)2 -1 


For the following exercises, sketch the graph of the 
function g if the graph of the function f is shown in 
[link]. 


wo hon DD 


x 
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g(x) =f(x—1) 


Nw fk OD 


x 
2103123 4 


g(x) = 3f(x) 


For the following exercises, write the equation for 
the standard function represented by each of the 
graphs below. 


2.0 


f(x) =| x-3 | 


For the following exercises, determine whether each 
function below is even, odd, or neither. 


f(Xx)=3x4 
even 

g(x)= x 

h(x)= 1x +3x 
odd 


For the following exercises, analyze the graph and 


determine whether the graphed function is even, 
odd, or neither. 


x 
“10-8 6 -4 -2 0 2 4 6 8 10 


even 


Absolute Value Functions 


For the following exercises, write an equation for 
the transformation of f(x) =| x |. 


x 
5 -4-3-2-1 0 


f(x)= 12|x+2|[4+1 


oOorFRF NM W Ff 


f(x) = -—3| x-3|+3 


For the following exercises, graph the absolute value 
function. 


f(x)=|x-5 | 


f(x)=—-|x-3| 


0 12345 6 


f(x) =| 2x—4 | 


For the following exercises, solve the absolute value 
equation. 


|x+4|=18 
x= —22,x=14 


|13x+5 |=|34x-2| 


For the following exercises, solve the inequality and 
express the solution using interval notation. 


| 3x-2|<7 

(= 53,3) 

|13x-2|<7 
Inverse Functions 


For the following exercises, find f —1 (x) for each 
function. 


f(x) =9+ 10x 
f —1 (x) = x-l 
f(x)= xx+2 


For the following exercise, find a domain on which 
the function f is one-to-one and non-decreasing. 
Write the domain in interval notation. Then find the 
inverse of f restricted to that domain. 


f(x)= x2+4+1 


Given f(x )= x 3 —5 and g(x)= x+53: 


1. Find f(g(x)) and g(f(x)). 
2. What does the answer tell us about the 
relationship between f(x) and g(x)? 


For the following exercises, use a graphing utility to 
determine whether each function is one-to-one. 


f(x)= 1x 


The function is one-to-one. 


f(x)=-3x2 +x 


The function is not one-to-one. 


If {05 )=2, find f —1 (2). 


If f( 1 )=4, find f —1 (4). 


Practice Test 


For the following exercises, determine whether each 
of the following relations is a function. 


y=2x+8 
The relation is a function. 


{ (231)3(3,2)36 1,1),(0, ~ 2) } 


For the following exercises, evaluate the function 
f(x) = —3 x 2 +2x at the given input. 


f(-—2) 
—16 
f(a) 


Show that the function f(x) = —2 (x—1) 2 +3 is 
not one-to-one. 


The graph is a parabola and the graph fails the 
horizontal line test. 


Write the domain of the function f(x)= 3-—xin 
interval notation. 


Given f(x) =2 x 2 —5x, find f(a+1)-f(1). 


2a2—-—a 


Graph the function f(x_)={x+1 if -—2<x<3 
—-x if x=3 


Find the average rate of change of the function 
f(x) =3-—2x2 +x by finding f(b) — f(a) b—a. 


—2(a+b)+1 


For the following exercises, use the functions 
f(x) =3-—2x 2 +x and g(x)= x to find the 
composite functions. 


( gef )(x) 


( gef )(1) 


Express H(x)= 5 x 2 — 3x 3 as a composition of 
two functions, f and g, where ( f°g )(x) =H(x). 


For the following exercises, graph the functions by 
translating, stretching, and/or compressing a toolkit 
function. 


f(x)= x+6 -1 


f(x)= 1x+2 -1 


For the following exercises, determine whether the 
functions are even, odd, or neither. 


f(y=-5x2+4+9x6 


even 


fxy=-5x34+9x5 


f(x)= 1x 


odd 


Graph the absolute value function f(x) = —2| x 
—1 |+3. 


Solve | 2x—3 |=17. 


x= —7 and x=10 


Solve —| 1 3 x—3 |=17. Express the solution 
in interval notation. 


For the following exercises, find the inverse of the 
function. 


f(x) =3x-—5 


f—-1l(x)=x+53 


f(x)= 4x+7 


For the following exercises, use the graph of g 
shown in [link]. 


On what intervals is the function increasing? 


(— co,—1.1) and (1.1,<) 


On what intervals is the function decreasing? 


Approximate the local minimum of the 
function. Express the answer as an ordered pair. 


C11,-09 ) 


Approximate the local maximum of the 
function. Express the answer as an ordered pair. 


For the following exercises, use the graph of the 
piecewise function shown in [link]. 
y 


5 4 3 


Find f(2). 


f(2)=2 


Find f(— 2). 


Write an equation for the piecewise function. 


f(x) ={ | x lifk<2 3ifk>2 


For the following exercises, use the values listed in 
[link]. 
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Find F(6). 


Solve the equation F(x) =5. 


* 
II 
i) 


Is the graph increasing or decreasing on its 
domain? 


Is the function represented by the graph one-to- 
one? 


yes 
Find F —1 (15). 

Given f(x) = —2x+11, find f —1 (x). 
f —1(x)=- x-112 


Glossary 


inverse function 
for any one-to-one function f(x), the inverse is 
a function f —1 (x) such that f —1 ( f(x ) 
) =x for all x in the domain of f; this also 
implies that f( f —1 (x ) )=x for all x in the 


domain of f —1 


Linear Functions 
In this section you will: 


* Represent a linear function. 

* Determine whether a linear function is 
increasing, decreasing, or constant. 

¢ Interpret slope as a rate of change. 

¢ Write and interpret an equation for a linear 
function. 

* Graph linear functions. 

* Determine whether lines are parallel or 
perpendicular. 

* Write the equation of a line parallel or 
perpendicular to a given line. 


Shanghai MagLev Train (credit: "kanegen"/Flickr) 


Just as with the growth of a bamboo plant, there are 
many situations that involve constant change over 


time. Consider, for example, the first commercial 
maglev train in the world, the Shanghai MagLev 
Train ([{link]). It carries passengers comfortably for 
a 30-kilometer trip from the airport to the subway 
station in only eight minutes[footnote]. 
http://www.chinahighlights.com/shanghai/ 
transportation/maglev-train.htm 


Suppose a maglev train travels a long distance, and 
maintains a constant speed of 83 meters per second 
for a period of time once it is 250 meters from the 
station. How can we analyze the train’s distance 
from the station as a function of time? In this 
section, we will investigate a kind of function that is 
useful for this purpose, and use it to investigate real- 
world situations such as the train’s distance from the 
station at a given point in time. 

Tabular representation of the function D showing 
selected input and output values The graph of 

D(t) =83t+ 250 . Graphs of linear functions are 
lines because the rate of change is constant. 


Representing Linear Functions 


The function describing the train’s motion is a linear 
function, which is defined as a function with a 
constant rate of change. This is a polynomial of 
degree 1. There are several ways to represent a 
linear function, including word form, function 
notation, tabular form, and graphical form. We will 
describe the train’s motion as a function using each 


method. 


Representing a Linear Function in Word Form 


Let’s begin by describing the linear function in 
words. For the train problem we just considered, the 
following word sentence may be used to describe 
the function relationship. 


* The train’s distance from the station is a function 
of the time during which the train moves at a 
constant speed plus its original distance from the 
station when it began moving at constant speed. 


The speed is the rate of change. Recall that a rate of 
change is a measure of how quickly the dependent 
variable changes with respect to the independent 
variable. The rate of change for this example is 
constant, which means that it is the same for each 
input value. As the time (input) increases by 1 
second, the corresponding distance (output) 
increases by 83 meters. The train began moving at 
this constant speed at a distance of 250 meters from 
the station. 


Representing a Linear Function in Function 
Notation 


Another approach to representing linear functions is 
by using function notation. One example of function 
notation is an equation written in the slope- 


intercept form of a line, where x is the input value, 
m is the rate of change, and b is the initial value of 
the dependent variable. 

Equation form y=mx-+b Function notation 
f(x)=mx+b 


In the example of the train, we might use the 
notation D(t) where the total distance D isa 
function of the time t. The rate, m, is 83 meters 
per second. The initial value of the dependent 
variable b is the original distance from the station, 
250 meters. We can write a generalized equation to 
represent the motion of the train. 

D(t) = 83t+ 250 


Representing a Linear Function in Tabular Form 


A third method of representing a linear function is 
through the use of a table. The relationship between 
the distance from the station and the time is 
represented in [link]. From the table, we can see 
that the distance changes by 83 meters for every 1 


second increase in time. 
1second i1second 1second 


eo 
re 
ig eae age ne cae 


83 meters 83 meters 83 meters 


Can the input in the previous example be any 
real number? 
o. The input represents time so while nonnegative 


rational and irrational numbers are possible, negative 
real numbers are not possible for this example. The 
input consists of non-negative real numbers. 


Representing a Linear Function in Graphical 
Form 


Another way to represent linear functions is 
visually, using a graph. We can use the function 
relationship from above, D(t)=83t+250, to draw a 
graph as represented in [link]. Notice the graph is a 
line. When we plot a linear function, the graph is 
always a line. 


The rate of change, which is constant, determines 
the slant, or slope of the line. The point at which the 
input value is zero is the vertical intercept, or y- 
intercept, of the line. We can see from the graph 
that the y-intercept in the train example we just saw 
is (0,250) and represents the distance of the train 
from the station when it began moving at a constant 
speed. 


Distance (m) 


O 42 3 4 5 
Time (s) 


Notice that the graph of the train example is 
restricted, but this is not always the case. Consider 
the graph of the line f(x)=2x+1. Ask yourself 
what numbers can be input to the function. In other 
words, what is the domain of the function? The 
domain is comprised of all real numbers because 
any number may be doubled, and then have one 
added to the product. 


Linear Function 
A linear function is a function whose graph is a 
line. Linear functions can be written in the slope- 


where b is the initial or starting value of the 
function (when input, x=0 ), and m is the 
constant rate of change, or slope of the function. 
The y-intercept is at (0,b). 


Using a Linear Function to Find the 
Pressure on a Diver 


The pressure, P, in pounds per square inch 
(PSI) on the diver in [link] depends upon her 
depth below the water surface, d, in feet. This 
relationship may be modeled by the equation, 
P(d) = 0.434d + 14.696. Restate this function 
in words. 


To restate the function in words, we need to 
describe each part of the equation. The 
pressure as a function of depth equals four 
hundred thirty-four thousandths times depth 
plus fourteen and six hundred ninety-six 
thousandths. 


Analysis 


The initial value, 14.696, is the pressure in PSI on 
the diver at a depth of O feet, which is the surface 
of the water. The rate of change, or slope, is 0.434 
PSI per foot. This tells us that the pressure on the 
diver increases 0.434 PSI for each foot her depth 
increases. 


Determining Whether a Linear Function 
Is Increasing, Decreasing, or Constant 


The linear functions we used in the two previous 
examples increased over time, but not every linear 
function does. A linear function may be increasing, 
decreasing, or constant. For an increasing function, 
as with the train example, the output values 
increase as the input values increase. The graph of 
an increasing function has a positive slope. A line 
with a positive slope slants upward from left to right 
as in [link](a). For a decreasing function, the slope 
is negative. The output values decrease as the input 
values increase. A line with a negative slope slants 
downward from left to right as in [link](b). If the 
function is constant, the output values are the same 
for all input values so the slope is zero. A line with a 
slope of zero is horizontal as in [link](c). 


Increasing function Decreasing function Constant function 
f(x) f(x) f(x) 
4 4 


~X ~X ~X 


(a) (b) (c) 


Increasing and Decreasing Functions 

The slope determines if the function is an 
increasing linear function, a decreasing linear 
function, or a constant function. 


* f(x)=mx-+b is an increasing function if 
m>0O. 

* f(x)=mx-+b is a decreasing function if m<0O. 

* f(x)=mx+b is a constant function if m=0. 


Deciding Whether a Function Is Increasing, 
Decreasing, or Constant 


Some recent studies suggest that a teenager 
sends an average of 60 texts per day[footnote]. 
For each of the following scenarios, find the 
linear function that describes the relationship 
between the input value and the output value. 
Then, determine whether the graph of the 


function is increasing, decreasing, or constant. 

http:// 
www.cbsnews.com/8301-501465_162-57400228-60146 
teens-are-sending-60-texts-a-day-study-says/ 


1. The total number of texts a teen sends is 
considered a function of time in days. The 
input is the number of days, and output is 
the total number of texts sent. 

2. A teen has a limit of 500 texts per month 
in his or her data plan. The input is the 
number of days, and output is the total 
number of texts remaining for the month. 

3. A teen has an unlimited number of texts 
in his or her data plan for a cost of $50 
per month. The input is the number of 
days, and output is the total cost of 
texting each month. 


Analyze each function. 


1. The function can be represented as 
f(x) =60x where x is the number of days. 
The slope, 60, is positive so the function 
is increasing. This makes sense because 
the total number of texts increases with 
each day. 

. The function can be represented as 

f(x) =500—60x where x is the number of 
days. In this case, the slope is negative so 
the function is decreasing. This makes 


sense because the number of texts 
remaining decreases each day and this 
function represents the number of texts 
remaining in the data plan after x days. 

3. The cost function can be represented as 
f(x) =50 because the number of days does 
not affect the total cost. The slope is 0 so 
the function is constant. 


The slope of a function is calculated by the change 
in y divided by the change in x. It does not matter 
which coordinate is used as the (x 2, y 2) and 
which is the (x 1,y 1), as long as each calculation 
is started with the elements from the same 
coordinate pair. 


Interpreting Slope as a Rate of Change 


In the examples we have seen so far, the slope was 
provided to us. However, we often need to calculate 
the slope given input and output values. Recall that 
given two values for the input, x 1and x2, and 
two corresponding values for the output, y1 and 
y 2 —which can be represented by a set of points, 
(x1, yl) and (x2, y2)—wecan calculate the 
slope m. 

m= change in output (rise) change in input (run) = 


Ay Ax =y2-—-y1x2- xl 


Note that in function notation we can obtain two 
corresponding values for the output y1 and y2 
for the function f, y1 =f(x1) and y2 =f( x2), 
so we could equivalently write 

m= f(x 2 )-f(x1)x2-x1 


[link] indicates how the slope of the line between 
the points, (x1,y1) and (x2,y2), is 
calculated. Recall that the slope measures steepness, 
or slant. The greater the absolute value of the slope, 
the steeper the slant is. 


re the units for slope always 
units for the output units for the input ? 
Yes. Think of the units as the change of output value 
or each unit of change in input value. An example of 


lope could be miles per hour or dollars per day. 
Otice the units appear as a ratio of units for the 
output per units for the input. 


Calculate Slope 

The slope, or rate of change, of a function m can 
be calculated according to the following: 

m= change in output (rise) change in input (run) 
NV NR Ve 

Where x1 and x2 areinput values, y1 and 
y 2 are output values. 


Given two points from a linear function, 
calculate and interpret the slope. 


. Determine the units for output and input 
values. 

. Calculate the change of output values and 
change of input values. 

. Interpret the slope as the change in output 
values per unit of the input value. 


Finding the Slope of a Linear Function 


If f(x) is a linear function, and (3,—2) and 
(8,1) are points on the line, find the slope. Is 
this function increasing or decreasing? 


The coordinate pairs are (3,—2) and (8,1). 
To find the rate of change, we divide the 
change in output by the change in input. 
m= change in output change in input = 
(2) oer 


We could also write the slope as m=0.6. The 
function is increasing because m>0. 


Analysis 


As noted earlier, the order in which we write the 
points does not matter when we compute the slope 
of the line as long as the first output value, or y- 
coordinate, used corresponds with the first input 
value, or x-coordinate, used. Note that if we had 
reversed them, we would have obtained the same 


slope. 
m= ( -—2)—-(1) 3-8 = -3-5=35 


If f(x) is a linear function, and (2,3) and 
(0,4) are points on the line, find the slope. Is 
this function increasing or decreasing? 


m= 4—-30-2 = 1 —2 =— 1 2; decreasing 
because m< 0. 


Finding the Population Change from a 
Linear Function 


The population of a city increased from 23,400 
to 27,800 between 2008 and 2012. Find the 
change of population per year if we assume 
the change was constant from 2008 to 2012. 


The rate of change relates the change in 


population to the change in time. The 
population increased by 

27,800 — 23,400 = 4400 people over the four- 
year time interval. To find the rate of change, 
divide the change in the number of people by 
the number of years. 

4,400 people 4 years =1,100 people year 


So the population increased by 1,100 people 
per year. 

Analysis 

Because we are told that the population increased, 


we would expect the slope to be positive. This 
positive slope we calculated is therefore 


reasonable. 


The population of a small town increased from 
1,442 to 1,868 between 2009 and 2012. Find 
the change of population per year if we 


assume the change was constant from 2009 to 
2002: 


m= 1,868 — 1,442 2,012—2,009 = 426 3 
= 142 people per year 


Writing and Interpreting an Equation for 
a Linear Function 


Recall from Equations and Inequalities that we 
wrote equations in both the slope-intercept form 
and the point-slope form. Now we can choose which 
method to use to write equations for linear functions 
based on the information we are given. That 
information may be provided in the form of a graph, 
a point and a slope, two points, and so on. Look at 
the graph of the function f in [link]. 


x 
123 45 6 7 8 


We are not given the slope of the line, but we can 
choose any two points on the line to find the slope. 
Let’s choose (0,7) and (4,4). 
m=y2-y1lx2-x1l=4-74-0= -34 


Now we can substitute the slope and the coordinates 
of one of the points into the point-slope form. 
y-yl=m(- x1) y-4= -34(«-4) 


If we want to rewrite the equation in the slope- 
intercept form, we would find 
y-4=-34(«-4)y-4= —-34x+3y=-3 
4x+7 


If we want to find the slope-intercept form without 
first writing the point-slope form, we could have 
recognized that the line crosses the y-axis when the 
output value is 7. Therefore, b=7. We now have 


the initial value b and the slope m so we can 
substitute m and b into the slope-intercept form of 
a line. 


f(x) = mx + b 


3 

“a a 
ie 

(x)= —{x+7 


So the function is f(x) = — 3 4x+7, and the linear 
equation would be y= — 34x+7. 


Given the graph of a linear function, write an 
equation to represent the function. 


1. Identify two points on the line. 
2. Use the two points to calculate the slope. 
3. Determine where the line crosses the y-axis to 
identify the y-intercept by visual inspection. 
. Substitute the slope and y-intercept into the 
slope-intercept form of a line equation. 


Writing an Equation for a Linear Function 


Write an equation for a linear function given a 


graph of f shown in [link]. 


lg 


x 
2 4 6 8 10 


Identify two points on the line, such as (0,2) 
and (—2,—4). Use the points to calculate the 
slope. 

m—y2—y blx2— xl — —4_-2 —2_0 — 
= = = 3 


Substitute the slope and the coordinates of one 
of the points into the point-slope form. 

y-yl =m(—- x1)y—-(-4) = 3 -(-2)) 
yt+4 = 3(x+2) 


We can use algebra to rewrite the equation in 
the slope-intercept form. 


yt+4 = 3(x+2) y+4 = 3x+6y = 3x+2 


nalysis 


This makes sense because we can see from [link] 
that the line crosses the y-axis at the point (0, 2 ), 
which is the y-intercept, so b=2. 


“10 °8 6-4 2 


Writing an Equation for a Linear Cost 
Function 


Suppose Ben starts a company in which he 
incurs a fixed cost of $1,250 per month for the 
overhead, which includes his office rent. His 
production costs are $37.50 per item. Write a 
linear function C where C(x ) is the cost for 
x items produced in a given month. 


The fixed cost is present every month, $1,250. 
The costs that can vary include the cost to 
produce each item, which is $37.50. The 
variable cost, called the marginal cost, is 
represented by 37.5. The cost Ben incurs is 
the sum of these two costs, represented by C( 
x )=1250 + 37.5x. 


Analysis 


If Ben produces 100 items in a month, his monthly 
cost is found by substituting 100 for x. 
C(100) = 1250+ 37.5(100) = 5000 


So his monthly cost would be $5,000. 


Writing an Equation for a Linear Function 
Given Two Points 


If f is a linear function, with f(3)= —2, and 
f(8) =1, find an equation for the function in 


slope-intercept form. 


We can write the given points using 
coordinates. 
f(3) = —2-—(3, —2) f(8) = 1—(8,1) 


We can then use the points to calculate the 
slope. 
m=y2-y1lx2-—-x1l=1-(-2)8-3= 
35 


Substitute the slope and the coordinates of one 
of the points into the point-slope form. 
y-yl =m(x- x1)y—-(—2) = 35 (x-3) 


We can use algebra to rewrite the equation in 


the slope-intercept form. 
yr2 = so (X— 3) +2 = 3 ox— Foy — 35 
X= 95 


If f(x) is a linear function, with f(2)=-11, 
and f(4)= — 25, write an equation for the 
function in slope-intercept form. 


Modeling Real-World Problems with 
Linear Functions 


In the real world, problems are not always explicitly 
stated in terms of a function or represented with a 
graph. Fortunately, we can analyze the problem by 
first representing it as a linear function and then 
interpreting the components of the function. As long 
as we know, or can figure out, the initial value and 
the rate of change of a linear function, we can solve 
many different kinds of real-world problems. 


Given a linear function f and the initial value 
and rate of change, evaluate f(c ). 


1. Determine the initial value and the rate of 
change (slope). 

2. Substitute the values into f(x)=mx-+b. 

3. Evaluate the function at x=c. 


Using a Linear Function to Determine the 
Number of Songs in a Music Collection 


Marcus currently has 200 songs in his music 


collection. Every month, he adds 15 new 
songs. Write a formula for the number of 
songs, N, in his collection as a function of 
time, t, the number of months. How many 
songs will he own at the end of one year? 


The initial value for this function is 200 
because he currently owns 200 songs, so 
N(0O) = 200, which means that b= 200. 


The number of songs increases by 15 songs per 
month, so the rate of change is 15 songs per 
month. Therefore we know that m=15. We 
can substitute the initial value and the rate of 
change into the slope-intercept form of a line. 


f(x) = mx +b 


15-200 
N(t) = 15t + 200 


We can write the formula N(t)=15t+ 200. 


With this formula, we can then predict how 
many songs Marcus will have at the end of one 
year (12 months). In other words, we can 
evaluate the function at t=12. 

N(12) = 15(412)+200 = 180+200 = 380 


Marcus will have 380 songs in 12 months. 


nalysis 


Notice that N is an increasing linear function. As 
the input (the number of months) increases, the 
output (number of songs) increases as well. 


Using a Linear Function to Calculate Salary 
Based on Commission 


Working as an insurance salesperson, Ilya 

earns a base salary plus a commission on each 
new policy. Therefore, Ilya’s weekly income I, 
depends on the number of new policies, n, he 


sells during the week. Last week he sold 3 new 
policies, and earned $760 for the week. The 
week before, he sold 5 new policies and 
earned $920. Find an equation for I(n), and 
interpret the meaning of the components of 
the equation. 


The given information gives us two input- 
output pairs: (3,760) and (5,920). We start 
by finding the rate of change. 

m = 920—760 5—3 = $160 2 policies = 
$80 per policy 


Keeping track of units can help us interpret 
this quantity. Income increased by $160 when 


the number of policies increased by 2, so the 
rate of change is $80 per policy. Therefore, 
Ilya earns a commission of $80 for each policy 
sold during the week. 


We can then solve for the initial value. 
I(n) = 80n+b 760 = 80(3)+b when 
n=3,1(3) =760 760 — 80(3)=b 520 = b 


The value of b is the starting value for the 
function and represents Ilya’s income when 
n=0, or when no new policies are sold. We 
can interpret this as Ilya’s base salary for the 
week, which does not depend upon the 
number of policies sold. 


We can now write the final equation. 
I(n) = 80n+ 520 


Our final interpretation is that Ilya’s base 
salary is $520 per week and he earns an 
additional $80 commission for each policy 
sold. 


Using Tabular Form to Write an Equation 
for a Linear Function 


[link] relates the number of rats in a 


population to time, in weeks. Use the table to 
write a linear equation. 


number 0 2 4 6 

of 

weeks, 

number 1000 1080 1160 1240 
of rats, 

P(w) 


We can see from the table that the initial value 
for the number of rats is 1000, so b=1000. 


Rather than solving for m, we can tell from 
looking at the table that the population 
increases by 80 for every 2 weeks that pass. 
This means that the rate of change is 80 rats 
per 2 weeks, which can be simplified to 40 rats 


per week. 
P(w) = 40w + 1000 


If we did not notice the rate of change from 
the table we could still solve for the slope 
using any two points from the table. For 
example, using (2,1080) and (6,1240) 


m = 1240—1080 6—2 = 1604 = 40 


Is the initial value always provided in a table of 
values like [link] ? 

o. Sometimes the initial value is provided in a table 
of values, but sometimes it is not. If you see an input o 
0, then the initial value would be the corresponding 
output. If the initial value is not provided because there 
is no value of input on the table equal to O, find the 

lope, substitute one coordinate pair and the slope into 
fd) =mx-+b, and solve for b. 


A new plant food was introduced to a young 
tree to test its effect on the height of the tree. 
[link] shows the height of the tree, in feet, x 
months since the measurements began. Write a 
linear function, H(x), where x is the number 
of months since the start of the experiment. 


ie) 
ie) 
= 
de) 
roy 
ie) 


38 


A(x)| 12.5] 13.5) 145] 16.5] 185 


H( x )=0.5x+12.5 


Vertical stretches and compressions and reflections 
on the function f(x)=xThis graph illustrates vertical 
shifts of the function f(x) =x. 


Graphing Linear Functions 


Now that we’ve seen and interpreted graphs of 
linear functions, let’s take a look at how to create 
the graphs. There are three basic methods of 
graphing linear functions. The first is by plotting 
points and then drawing a line through the points. 
The second is by using the y-intercept and slope. 
And the third method is by using transformations of 
the identity function f(x) =x. 


Graphing a Function by Plotting Points 


To find points of a function, we can choose input 
values, evaluate the function at these input values, 
and calculate output values. The input values and 
corresponding output values form coordinate pairs. 
We then plot the coordinate pairs on a grid. In 
general, we should evaluate the function at a 


minimum of two inputs in order to find at least two 
points on the graph. For example, given the 
function, f(x) =2x, we might use the input values 1 
and 2. Evaluating the function for an input value of 
1 yields an output value of 2, which is represented 
by the point (1,2). Evaluating the function for an 
input value of 2 yields an output value of 4, which 
is represented by the point (2,4). Choosing three 
points is often advisable because if all three points 
do not fall on the same line, we know we made an 
error. 


Given a linear function, graph by plotting 
points. 


1. Choose a minimum of two input values. 
2. Evaluate the function at each input value. 
3. Use the resulting output values to identify 
coordinate pairs. 
. Plot the coordinate pairs on a grid. 
. Draw a line through the points. 


Graphing by Plotting Points 


Graph f(x)= — 23x+5 by plotting points. 


Begin by choosing input values. This function 
includes a fraction with a denominator of 3, so 
let’s choose multiples of 3 as input values. We 
will choose 0, 3, and 6. 


Evaluate the function at each input value, and 
use the output value to identify coordinate 
pairs. 

x=0 f(0)= — 23 (0)+5=55(0,5) x=3 f(3)= 
— 23(3)+5=35(3,3) x=6 f(6)= — 23 
(6)+5=1>(6,1) 


Plot the coordinate pairs and draw a line 
through the points. [link] represents the graph 
of the function f(x)= —- 23x+5. 

The graph of the linear function f(x)= — 23x 
PO: 
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The graph of the function is a line as expected for a 
linear function. In addition, the graph has a 
downward slant, which indicates a negative slope. 
This is also expected from the negative, constant 
rate of change in the equation for the function. 


Graph f(x)= — 3 4x+6 by plotting points. 


Graphing a Function Using y-intercept and Slope 


Another way to graph linear functions is by using 
specific characteristics of the function rather than 
plotting points. The first characteristic is its y- 


intercept, which is the point at which the input 
value is zero. To find the y-intercept, we can set 
x=0 in the equation. 


The other characteristic of the linear function is its 
slope. 


Let’s consider the following function. 
f(x)= 12x+1 


The slope is 12. Because the slope is positive, we 
know the graph will slant upward from left to right. 
The y-intercept is the point on the graph when 

x=0. The graph crosses the y-axis at (0,1). Now we 
know the slope and the y-intercept. We can begin 
graphing by plotting the point (0,1). We know that 
the slope is the change in the y-coordinate over the 
change in the x-coordinate. This is commonly 
referred to as rise over run, m= rise run. From our 
example, we have m= 1 2, which means that the 
rise is 1 and the run is 2. So starting from our y- 
intercept (0,1), we can rise 1 and then run 2, or run 
2 and then rise 1. We repeat until we have a few 
points, and then we draw a line through the points 
as shown in [link]. 


Graphical Interpretation of a Linear Function 
In the equation f(x)=mx+b 


* b is the y-intercept of the graph and indicates 
the point (0,b) at which the graph crosses the 
y-axis. 

¢ m is the slope of the line and indicates the 
vertical displacement (rise) and horizontal 
displacement (run) between each successive 
pair of points. Recall the formula for the slope: 


m= change in output (rise) change in input (run) 
AV NK Vim eX ee 


Do all linear functions have y-intercepts? 
Yes. All linear functions cross the y-axis and therefore 


have y-intercepts. (Note: A vertical line is parallel to 
the y-axis does not have a y-intercept, but it is not a 


Given the equation for a linear function, graph 
the function using the y-intercept and slope. 


. Evaluate the function at an input value of zero 
to find the y-intercept. 

. Identify the slope as the rate of change of the 
input value. 

. Plot the point represented by the y-intercept. 

. Use rise run to determine at least two more 
points on the line. 

. Sketch the line that passes through the points. 


Graphing by Using the y-intercept and 
Slope 


Graph f(x)= — 23x+5 using the y-intercept 
and slope. 


Evaluate the function at x=0 to find the y- 
intercept. The output value when x=0 is 5, so 
the graph will cross the y-axis at (0,5). 


According to the equation for the function, the 
slope of the line is — 23. This tells us that 
for each vertical decrease in the “rise” of —2 
units, the “run” increases by 3 units in the 
horizontal direction. We can now graph the 
function by first plotting the y-intercept on the 
graph in [link]. From the initial value (0,5) 
we move down 2 units and to the right 3 units. 
We can extend the line to the left and right by 
repeating, and then drawing a line through the 
points. 

Graph of f(x) = — 2/3x+5 and shows how to 


calculate the rise over run for the slope. 
F(x) 
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The graph slants downward from left to right, 
which means it has a negative slope as expected. 


Find a point on the graph we drew in [link] 
that has a negative x-value. 


Possible answers include (—3,7), (—6,9), or 
(-—9,11). 


Graphing a Function Using Transformations 


Another option for graphing is to use a 
transformation of the identity function f(x)=x. A 
function may be transformed by a shift up, down, 
left, or right. A function may also be transformed 
using a reflection, stretch, or compression. 


Vertical Stretch or Compression 


In the equation f(x)=mx, the m is acting as the 
vertical stretch or compression of the identity 
function. When m is negative, there is also a 
vertical reflection of the graph. Notice in [link] that 
multiplying the equation of f(x)=x by m stretches 
the graph of f by a factor of m units if m>1 and 
compresses the graph of f by a factor of m units if 
0<m<1. This means the larger the absolute value 
of m, the steeper the slope. 


y f(x) = 3x f(x) = 2x f(x) = x 


—— f(x) = $x 


<— f(x) = $x 


f(x) = -2x —= w— f(x) =-x 


Vertical Shift 


In f(x)=mx-+b, the b acts as the vertical shift, 
moving the graph up and down without affecting 
the slope of the line. Notice in [link] that adding a 
value of b to the equation of f(x )=x shifts the 
graph of f a total of b units up if b is positive and 
|b] units down if b is negative. 


y f(x) =x +4 f(x) =x+2 


—— f(x) =x-2 


—— fx) =x-4 
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Using vertical stretches or compressions along with 
vertical shifts is another way to look at identifying 
different types of linear functions. Although this 
may not be the easiest way to graph this type of 
function, it is still important to practice each 
method. 


Given the equation of a linear function, use 
transformations to graph the linear function in 
the form f(x )=mx+b. 


1. Graph f(x )=x. 
2. Vertically stretch or compress the graph by a 


factor m. 
3. Shift the graph up or down Db units. 


Graphing by Using Transformations 


Graph f(x)= 1 2 x—3 using transformations. 


The equation for the function shows that m= 
12 so the identity function is vertically 
compressed by 12. The equation for the 
function also shows that b= —3 so the 
identity function is vertically shifted down 3 
units. First, graph the identity function, and 
show the vertical compression as in [link]. 
The function, y=x, compressed by a factor of 
2 


Then show the vertical shift as in [link]. 
The function y= 1 2 x, shifted down 3 units 


y 
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Graph f(x)=4+2x using transformations. 


In , could we have sketched the graph by 
reversing the order of the transformations? 

o. The order of the transformations follows the order 
of operations. When the function is evaluated at a 
given input, the corresponding output is calculated by 

ollowing the order of operations. This is why we 
performed the compression first. For example, 
ollowing the order: Let the input be 2. 
(2) = 12()-3 =1-3= -2 


A horizontal line representing the function f(x) =2 


Example of how a line has a vertical slope. 0 in the 
denominator of the slope. The vertical line, x= 2, 
which does not represent a function 


Writing the Equation for a Function from 
the Graph of a Line 


Earlier, we wrote the equation for a linear function 
from a graph. Now we can extend what we know 
about graphing linear functions to analyze graphs a 
little more closely. Begin by taking a look at [link]. 
We can see right away that the graph crosses the y- 
axis at the point (0,4) so this is the y-intercept. 


x 
2 4 6 8 10 


Then we can calculate the slope by finding the rise 
and run. We can choose any two points, but let’s 
look at the point (—2,0). To get from this point to 
the y-intercept, we must move up 4 units (rise) and 
to the right 2 units (run). So the slope must be 

m= riserun = 42 =2 


Substituting the slope and y-intercept into the slope- 
intercept form of a line gives 
y=2x+4 


Given a graph of linear function, find the 
equation to describe the function. 


1. Identify the y-intercept of an equation. 

2. Choose two points to determine the slope. 

3. Substitute the y-intercept and slope into the 
slope-intercept form of a line. 


Matching Linear Functions to Their Graphs 


Match each equation of the linear functions 
with one of the lines in [link]. 

a. f(x) = 2x+3 b. g(x) = 2x—3c. h(x) = 
2k od or— 2 x 


Analyze the information for each function. 


1. This function has a slope of 2 and a y- 
intercept of 3. It must pass through the 
point (0, 3) and slant upward from left to 
right. We can use two points to find the 
slope, or we can compare it with the 
other functions listed. Function g has the 
same slope, but a different y-intercept. 
Lines I and III have the same slant 
because they have the same slope. Line III 
does not pass through (0,3) so f must be 
represented by line I. 

. This function also has a slope of 2, but a 
y-intercept of —3. It must pass through 
the point (0,—3 ) and slant upward from 
left to right. It must be represented by 
line III. 

3. This function has a slope of —2 and a y- 


intercept of 3. This is the only function 
listed with a negative slope, so it must be 
represented by line IV because it slants 
downward from left to right. 

4. This function has a slope of 12 anday- 
intercept of 3. It must pass through the 
point (0, 3) and slant upward from left to 
right. Lines I and II pass through (0,3), 
but the slope of j is less than the slope of 
f so the line for j must be flatter. This 
function is represented by Line II. 


Now we can re-label the lines as in [link]. 


g(x) = 2x - 3 


f(x) =|2x + 3 


Finding the x-intercept of a Line 


So far we have been finding the y-intercepts of a 


function: the point at which the graph of the 
function crosses the y-axis. Recall that a function 
may also have an x-intercept, which is the x- 
coordinate of the point where the graph of the 
function crosses the x-axis. In other words, it is the 
input value when the output value is zero. 


To find the x-intercept, set a function f(x) equal to 
zero and solve for the value of x. For example, 
consider the function shown. 

f(x) =3x-6 


Set the function equal to 0 and solve for x. 
0 = 3x-66 = 3x2=xx=2 


The graph of the function crosses the x-axis at the 
point (2,0). 


Do all linear functions have x-intercepts? 

o. However, linear functions of the form y=c, where 
c is anonzero real number are the only examples of 
linear functions with no x-intercept. For example, 

=5 is a horizontal line 5 units above the x-axis. This 

nction has no x-intercepts, as shown in [link]. 


-intercept 
The x-intercept of the function is value of x when 
f(x) =0. It can be solved by the equation 0=mx 
+b. 


Finding an x-intercept 


Find the x-intercept of f(x)= 1 2 x—3. 


Set the function equal to zero to solve for x. 
O=12x-33=12x6=xx=6 


The graph crosses the x-axis at the point (6,0). 


Analysis 


graph of the function is shown in [link]. We can 
see that the x-intercept is (6,0) as we expected. 


Find the x-intercept of f(x)= 14x-—4. 


Describing Horizontal and Vertical Lines 


There are two special cases of lines on a graph— 
horizontal and vertical lines. A horizontal line 
indicates a constant output, or y-value. In [link], we 
see that the output has a value of 2 for every input 
value. The change in outputs between any two 
points, therefore, is 0. In the slope formula, the 
numerator is 0, so the slope is 0. If we use m=O in 
the equation f(x)=mx+b, the equation simplifies to 
f(x) =b. In other words, the value of the function is 
a constant. This graph represents the function 

xy =2: 


A vertical line indicates a constant input, or x-value. 
We can see that the input value for every point on 
the line is 2, but the output value varies. Because 
this input value is mapped to more than one output 
value, a vertical line does not represent a function. 
Notice that between any two points, the change in 
the input values is zero. In the slope formula, the 
denominator will be zero, so the slope of a vertical 
line is undefined. 


A vertical line, such as the one in [link], has an x- 
intercept, but no y-intercept unless it’s the line 
x=0. This graph represents the line x=2. 
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Horizontal and Vertical Lines 

Lines can be horizontal or vertical. 

A horizontal line is a line defined by an equation 
in the form f(x)=b. 

A vertical line is a line defined by an equation in 
the form x=a. 


Writing the Equation of a Horizontal Line 


Write the equation of the line graphed in 
[link]. 


For any x-value, the y-value is —4, so the 
equation is y= —4. 


Writing the Equation of a Vertical Line 


Write the equation of the line graphed in 
[link]. 


The constant x-value is 7, so the equation is 
xX=7. 


Parallel lines Perpendicular lines 


Determining Whether Lines are Parallel 
or Perpendicular 


The two lines in [link] are parallel lines: they will 
never intersect. They have exactly the same 
steepness, which means their slopes are identical. 


The only difference between the two lines is the y- 
intercept. If we shifted one line vertically toward 
the other, they would become coincident. 


We can determine from their equations whether two 
lines are parallel by comparing their slopes. If the 
slopes are the same and the y-intercepts are 
different, the lines are parallel. If the slopes are 
different, the lines are not parallel. 

f(x) = —2x+ 6 f(x) = — 2x—4 } parallel f(x) =3x+2 
f(x) =2x+2 } not parallel 


Unlike parallel lines, perpendicular lines do 
intersect. Their intersection forms a right, or 90- 
degree, angle. The two lines in [link] are 
perpendicular. 


Perpendicular lines do not have the same slope. The 
slopes of perpendicular lines are different from one 
another in a specific way. The slope of one line is 
the negative reciprocal of the slope of the other line. 
The product of a number and its reciprocal is 1. So, 
if m1 and m2 are negative reciprocals of one 
another, they can be multiplied together to yield —1. 
mim2=-1 


To find the reciprocal of a number, divide 1 by the 
number. So the reciprocal of 8 is 18, andthe 
reciprocal of 18 is 8. To find the negative 
reciprocal, first find the reciprocal and then change 
the sign. 


As with parallel lines, we can determine whether 
two lines are perpendicular by comparing their 
slopes, assuming that the lines are neither 
horizontal nor vertical. The slope of each line below 
is the negative reciprocal of the other so the lines 
are perpendicular. 

f(x) = 1 4x+2 negative reciprocal of 14 is —4 
f(x) = —4x+3 negative reciprocal of —4 is 1 4 


The product of the slopes is -1. 
—4(14)=-1 


Parallel and Perpendicular Lines 

Two lines are parallel lines if they do not 
intersect. The slopes of the lines are the same. 
f(x)= m1x+ bil andg(x)= m2x+ b2 

are parallel if and only if m1 = m2 

If and only if b1 =b2 and ml =m2, we 


say the lines coincide. Coincident lines are the 
same line. 

Two lines are perpendicular lines if they intersect 
to form a right angle. 

f(x)= mi1x+ bil andg(x)=m2x+b2 

are perpendicular if and only if 
mim2=—l1,som2=—-1ml1 


Identifying Parallel and Perpendicular 


Lines 


Given the functions below, identify the 


functions whose graphs are a pair of parallel 
lines and a pair of perpendicular lines. 

f(x) = 2x+3 h(x) = —2x+2 g(x) =12x-4 
j() = 2x-6 


Parallel lines have the same slope. Because the 
functions f(x)=2x+3 and j(x)=2x—6 each 
have a slope of 2, they represent parallel lines. 
Perpendicular lines have negative reciprocal 
slopes. Because —2 and 12 are negative 
reciprocals, the functions g(x)= 1 2 x—4 and 
h(x) = —2x+2 represent perpendicular lines. 


Analysis 


A graph of the lines is shown in [link]. 


h(x) = -2x + 2 ot f(x) = 2x +3 


The graph shows that the lines f(x)=2x+3 and 
j(x) = 2x-6 are parallel, and the lines g(x)= 1 2 x- 
4 and h(x)= —2x+2 are perpendicular. 


Writing the Equation of a Line Parallel or 
Perpendicular to a Given Line 


If we know the equation of a line, we can use what 
we know about slope to write the equation of a line 
that is either parallel or perpendicular to the given 

line. 


Writing Equations of Parallel Lines 


Suppose for example, we are given the equation 
shown. 
f(x) =3x+1 


We know that the slope of the line formed by the 
function is 3. We also know that the y-intercept is 
(0,1). Any other line with a slope of 3 will be 
parallel to f(x). So the lines formed by all of the 
following functions will be parallel to f(x). 

g(x) = 3x+6 h(x) = 3x+1 p(x) = 3x+ 23 


Suppose then we want to write the equation of a 
line that is parallel to f and passes through the 
point (1,7). This type of problem is often described 
as a point-slope problem because we have a point 
and a slope. In our example, we know that the slope 
is 3. We need to determine which value of b will 
give the correct line. We can begin with the point- 
slope form of an equation for a line, and then 
rewrite it in the slope-intercept form. 

y- yl = m(- x1)y-7 = 3-1) y-7 = 3x 
—3y = 3x+4 


So g(x)=3x+4 is parallel to f(x )=3x+1 and 
passes through the point (1,7). 


Given the equation of a function and a point 


through which its graph passes, write the 
equation of a line parallel to the given line that 
passes through the given point. 


1. Find the slope of the function. 

2. Substitute the given values into either the 
general point-slope equation or the slope- 
intercept equation for a line. 

3. Simplify. 


Finding a Line Parallel to a Given Line 


Find a line parallel to the graph of f(x)=3x 
+6 that passes through the point (3,0). 


The slope of the given line is 3. If we choose 
the slope-intercept form, we can substitute 
m=3,x=3, and f(x)=0 into the slope- 
intercept form to find the y-intercept. 

g(x) = 3x+b0 = 3(3)+bb = -9 


The line parallel to f(x) that passes through 
(3,0) is g(x) =3x—-9. 

Analysis 

We can confirm that the two lines are parallel by 


graphing them. [link] shows that the two lines will 
mever intersect. 


Writing Equations of Perpendicular Lines 


We can use a very similar process to write the 
equation for a line perpendicular to a given line. 
Instead of using the same slope, however, we use 
the negative reciprocal of the given slope. Suppose 
we are given the function shown. 

f(x )=2x+4 


The slope of the line is 2, and its negative reciprocal 


is — 12. Any function with aslope of — 12 will 
be perpendicular to f(x). So the lines formed by all 
of the following functions will be perpendicular to 
f(x). 

g(x) = —12x+4h() = — 12x+4+2 p(x) = - 1 
2X12 


As before, we can narrow down our choices for a 
particular perpendicular line if we know that it 
passes through a given point. Suppose then we want 
to write the equation of a line that is perpendicular 
to f(x) and passes through the point (4,0). We 
already know that the slope is — 12. Now we can 
use the point to find the y-intercept by substituting 
the given values into the slope-intercept form of a 
line and solving for b. 

g(x) = mx+b0O = — 12(4)+b0 = —2+b2=b 
b=2 


The equation for the function with a slope of — 1 2 
and a y-intercept of 2 is 
g(x)=- 12x+2 


So g(x)= — 12x+2 is perpendicular to f( x )=2x 
+4 and passes through the point (4,0). Be aware 
that perpendicular lines may not look obviously 
perpendicular on a graphing calculator unless we 
use the square zoom feature. 


horizontal line has a slope of zero and a 
vertical line has an undefined slope. These two 
lines are perpendicular, but the product of their 
slopes is not -1. Doesn’t this fact contradict the 
definition of perpendicular lines? 

o. For two perpendicular linear functions, the 
product of their slopes is —1. However, a vertical line is 
not a function so the definition is not contradicted. 


Given the equation of a function and a point 
through which its graph passes, write the 
equation of a line perpendicular to the given 
line. 


1. Find the slope of the function. 
. Determine the negative reciprocal of the slope. 
. Substitute the new slope and the values for x 
and y from the coordinate pair provided into 
g(x )=mx-+b. 
. Solve for b. 
. Write the equation of the line. 


Finding the Equation of a Perpendicular 
Line 


Find the equation of a line perpendicular to 


f(x) =3x+3 that passes through the point 
(3,0). 


The original line has slope m=3, so the slope 
of the perpendicular line will be its negative 
reciprocal, or — 13. Using this slope and the 
given point, we can find the equation of the 
line. 

g(x) = -13x+b0 =-13(3)+b1 =bb= 
1 


The line perpendicular to f(x) that passes 
through (3,0) is gx)=—- 13x+1. 
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graph of the two lines is shown in [link]. 


“ae, 


Note that that if we graph perpendicular lines on a 
graphing calculator using standard zoom, the lines 
may not appear to be perpendicular. Adjusting the 
window will make it possible to zoom in further to 
see the intersection more closely. 


Given the function h(x) = 2x-—4, write an 
equation for the line passing through (0,0 ) 
that is 


1. parallel to h(x) 


2. perpendicular to h(x) 


a. f(x)=2x; b. gx) =—- 12x 


Given two points on a line and a third point, 
write the equation of the perpendicular line 
that passes through the point. 


. Determine the slope of the line passing 
through the points. 

. Find the negative reciprocal of the slope. 

. Use the slope-intercept form or point-slope 
form to write the equation by substituting the 
known values. 

. Simplify. 


Finding the Equation of a Line 
Perpendicular to a Given Line Passing 
through a Point 


A line passes through the points (— 2,6) and 
(4,5). Find the equation of a perpendicular 
line that passes through the point (4,5). 


From the two points of the given line, we can 
calculate the slope of that line. 
ml = 5-64-(-—-2) = -16= —-16 


Find the negative reciprocal of the slope. 
m2= -1-—-16= -1(-61)=6 


We can then solve for the y-intercept of the 
line passing through the point (4,5). 

g(x) = 6x+b5 = 6(4)+b5 = 24+b -19 = 
bb = —-19 


The equation for the line that is perpendicular 
to the line passing through the two given 
points and also passes through point (4,5) is 
y=6x-19 


A line passes through the points, (— 2, — 15) 
and (2,—3). Find the equation of a 
perpendicular line that passes through the 
point, (6,4). 


Access this online resource for additional 
instruction and practice with linear functions. 


¢ Linear Functions 

¢ Finding Input of Function from the Output and 
Graph 

¢ Graphing Functions using Tables 


Key Concepts 


¢ Linear functions can be represented in words, 
function notation, tabular form, and graphical 
form. See [link]. 

¢ An increasing linear function results in a graph 
that slants upward from left to right and has a 
positive slope. A decreasing linear function 
results in a graph that slants downward from 
left to right and has a negative slope. A 
constant linear function results in a graph that 
is a horizontal line. See [link]. 

* Slope is a rate of change. The slope of a linear 
function can be calculated by dividing the 
difference between y-values by the difference in 
corresponding x-values of any two points on 
the line. See [link] and [link]. 

¢ An equation for a linear function can be written 
from a graph. See [link]. 


The equation for a linear function can be 
written if the slope m and initial value b are 
known. See [link] and [link]. 

A linear function can be used to solve real- 
world problems given information in different 
forms. See [link], [link], and [link]. 

Linear functions can be graphed by plotting 
points or by using the y-intercept and slope. 
See [link] and [link]. 

Graphs of linear functions may be transformed 
by using shifts up, down, left, or right, as well 
as through stretches, compressions, and 
reflections. See [link]. 

The equation for a linear function can be 
written by interpreting the graph. See [link]. 
The x-intercept is the point at which the graph 
of a linear function crosses the x-axis. See 
[link]. 

Horizontal lines are written in the form, 
f(x)=b. See [link]. 

Vertical lines are written in the form, x=b. 
See [link]. 

Parallel lines have the same slope. 
Perpendicular lines have negative reciprocal 
slopes, assuming neither is vertical. See [link]. 
A line parallel to another line, passing through 
a given point, may be found by substituting the 
slope value of the line and the x- and y-values 
of the given point into the equation, f(x) =mx 
+b, and using the b that results. Similarly, the 
point-slope form of an equation can also be 


used. See [link]. 

¢ A line perpendicular to another line, passing 
through a given point, may be found in the 
same manner, with the exception of using the 
negative reciprocal slope. See [link] and [link]. 


Section Exercises 


Verbal 


Terry is skiing down a steep hill. Terry's 
elevation, E(t), in feet after t seconds is given 
by E(t)=3000-—70t. Write a complete sentence 
describing Terry’s starting elevation and how it 
is changing over time. 


Terry starts at an elevation of 3000 feet and 
descends 70 feet per second. 


Jessica is walking home from a friend’s house. 
After 2 minutes she is 1.4 miles from home. 
Twelve minutes after leaving, she is 0.9 miles 
from home. What is her rate in miles per hour? 


A boat is 100 miles away from the marina, 


sailing directly toward it at 10 miles per hour. 
Write an equation for the distance of the boat 
from the marina after t hours. 


d( t )=100—10t 


If the graphs of two linear functions are 
perpendicular, describe the relationship 
between the slopes and the y-intercepts. 


If a horizontal line has the equation f(x )=a 
and a vertical line has the equation x=a, what 
is the point of intersection? Explain why what 
you found is the point of intersection. 


The point of intersection is (a, a). This is 
because for the horizontal line, all of the y 
coordinates are a and for the vertical line, all 
of the x coordinates are a. The point of 
intersection is on both lines and therefore will 
have these two characteristics. 


Algebraic 


For the following exercises, determine whether the 


equation of the curve can be written as a linear 
function. 


y= 14x+6 


y=3x-5 


Yes 


y=3x2-2 


3x+5y=15 


Yes 


3x2 +5y=15 


oer oy 2 —15 


No 


=2h2 +3 yY2 =6 


= Xoo = 2y 


Yes 


For the following exercises, determine whether each 
function is increasing or decreasing. 


f(x )=4x+3 
g(x )=5x+6 
Increasing 

a(x )=5—2x 
b( x )=8-3x 
Decreasing 

h(x )=—-2x+4 
k(x )= -—4x+4+1 


Decreasing 


j(x)=12x-3 


p(x)=14x-5 


Increasing 


n(x)=-—-13x-2 


m(x)=- 38x+3 


Decreasing 


For the following exercises, find the slope of the line 
that passes through the two given points. 


(2,4) and (4,10) 


(1,5) and (4,11) 


(-1,4) and (5,2) 


(8,-2) and (4,6) 


—2 


(6,11) and (-4,3) 


For the following exercises, given each set of 
information, find a linear equation satisfying the 
conditions, if possible. 


f(—5)= —4, and f(5)=2 


y= 35x-1l 


f(—1)=4, and f(5)=1 


Passes through (2,4) and (4,10) 


y=3x-2 


Passes through (1,5) and (4,11) 


Passes through (—1,4) and (5,2) 


y=-13x+113 


Passes through (—2,8) and (4,6) 


x intercept at (— 2,0) and y intercept at (0, —3) 


y=-—-1.5x-3 


x intercept at (—5,0) and y intercept at (0,4) 


For the following exercises, determine whether the 
lines given by the equations below are parallel, 
perpendicular, or neither. 


4x—7y=10 7x+4y=1 


perpendicular 


3y+x=12 -—y=8x+1 


3y+4x=12 -—6y=8x+1 


parallel 


6x—9y=10 3x+2y=1 


For the following exercises, find the x- and y- 
intercepts of each equation. 


f(x )=-x+2 


f(0) = — (0) +2 f(0) =2 y—int:(0,2) O= —x+2x 
— int:(2,0) 


g(x )=2x+4 
h(x )=3x-5 


h(O) =3(0)—5 h(0)= —5 y—int:(0, —5) 0=3x 
—5 x-int(53,0) 


k(x )= —5x+1 
—2x+ 5y = 20 


—2x+5y=20 —2(0)+5y=20 5y=20 y=4 y 
—int:(0,4) —2x+5(0)=20 x= —10 x—int: 
(— 10,0) 


7X+2y=56 


For the following exercises, use the descriptions of 
each pair of lines given below to find the slopes of 
Line 1 and Line 2. Is each pair of lines parallel, 
perpendicular, or neither? 


Line 1: Passes through (0,6) and (3, — 24) 


Line 2: Passes through (—1,19) and (8,—71) 


Line 1: m = -10 Line 2: m = -10 Parallel 


Line 1: Passes through (—8,—55) and (10,89) 


Line 2: Passes through (9,—44) and (4,—14) 


Line 1: Passes through (2,3) and (4,—1) 


Line 2: Passes through (6,3) and (8,5) 


Line 1: m = —2 Line 2: m = 1 Neither 


Line 1: Passes through (1,7) and (5,5) 


Line 2: Passes through (—1,—3) and (1,1) 


Line 1: Passes through (2,5) and (5,—1) 


Line 2: Passes through (—3,7) and (3,—5) 


Line 1: m=-—2 Line 2: m=-—2 Parallel 


For the following exercises, write an equation for 
the line described. 


Write an equation for a line parallel to f(x )= 
—5x-—3 and passing through the point (2,-12). 


Write an equation for a line parallel to 
g(x) =3x—1 and passing through the point 
(4,9). 


y=3x-3 


Write an equation for a line perpendicular to 
h(t) = — 2t+4 and passing through the point 
( ~~ 4,-1 Je 


Write an equation for a line perpendicular to 
p(t)=3t+4 and passing through the point 
(3,1). 


y=-13t+2 


Graphical 


For the following exercises, find the slope of the 
line graphed. 


PrhHwo st OT D 


x 
65 43 2 1° 12345 6 


For the following exercises, write an equation for 
the line graphed. 


-6 -5 -4 -3 -2 tee 


“2 
“3 
“4 
as) 
“6 


yo -—24275 


y=3x-1 


x 
123 4 & 6 


x 
123 4 5 6 


For the following exercises, match the given linear 
equation with its graph in [link]. 


f(x )=-x-1 
f(x )= -2x-1 
F 


f(x )=2+x 
f(x )=3x+2 
A 


For the following exercises, sketch a line with the 
given features. 


An x-intercept of (-4,0) and y-intercept of (0,- 
2) 


An x-intercept (—2,0) and y-intercept of (0,4) 


A y-intercept of (0,7) and slope — 32 


A y-intercept of (0,3) and slope 25 


Passing through the points (-6,-2) and (6,-6) 


Passing through the points (—3,-4) and (3,0) 


For the following exercises, sketch the graph of each 
equation. 


f(x )= -2x-1 


f(x )=—-—3x+2 


f(x)=13x+2 


f(x)=23x-3 


-6 -5 -4 -3 -2 -1 0 
~4 


f(t )=3+2t 


p(t)=—2+3t 


r(x )=4 


For the following exercises, write the equation of 
the line shown in the graph. 


x 
123 4 5 6 


Numeric 


For the following exercises, which of the tables 
could represent a linear function? For each that 
could be linear, find a linear equation that models 
the data. 


x 0 5 
g(x) 5 -10 -25 -40 


Linear, g(x) = —3x+5 


x D 5 
h(x ) 5 30 
x D 5 
f(x) —5 20 


Linear, f(x)=5x—5 


av 


90 


au 


38 


OV <D 
| 
— 
No) 
| 
aN 
aN 


g(x) 


Linear, g(x)=— 252x+6 


h(x ) 13 23 43 


f(x) —4 16 36 


de) 


36 


Linear, f(x) =10x—24 


Technology 


For the following exercises, use a calculator or 
graphing technology to complete the task. 


If f is a linear function, 
f(0.1)=11.5, and f(0.4) =-5.9, find an equation 
for the function. 


f(x) = —58x+17.3 


Graph the function f on a domain of [- 
10,10]:f(x) =0.02x—0.01. Enter the function in 
a graphing utility. For the viewing window, set 
the minimum value of x to be —10 and the 
maximum value of x to be 10. 


Graph the function f on a domain of [- 
10,10]:fx) = 2,500x + 4,000 


[link] shows the input, w, and output, k, fora 
linear function k. a. Fill in the missing values 
of the table. b. Write the linear function k, 
round to 3 decimal places. 


y =3.613x—6.129 


[link] shows the input, p, and output, q, fora 
linear function q. a. Fill in the missing values 
of the table. b. Write the linear function k. 


1,000,000 


Graph the linear function f on a domain of [ 
—10,10 ] for the function whose slope is 1 8 
and y-intercept is 31 16. Label the points for 
the input values of —10 and 10. 


(10, 3.1875) 


(—10, 0.6875) 


x 
2 4 6 8 10 


Graph the linear function f on a domain of [ 

—0.1,0.1 ] for the function whose slope is 75 
and y-intercept is — 22.5. Label the points for 
the input values of —0.1 and 0.1. 


Graph the linear function f where f(x )=ax 
+b on the same set of axes on a domain of [ 
— 4,4] for the following values of a and b. 


1,a=2:b=2 
2.a=2;b=4 
3. a=2;b=—4 


4.a=2;b=-5 


f(x) = 2x + 3 


Extensions 


Find the value of x if a linear function goes 
through the following points and has the 
following slope: (x,2),(—4,6),m=3 


Find the value of y if a linear function goes 
through the following points and has the 
following slope: (10,y),(25,100),m=—5 


y =175 


Find the equation of the line that passes 
through the following points: 


(a,b) and (a, b+1 ) 
Find the equation of the line that passes 
through the following points: 


(2a,b) and (a,b+1) 


y=-12x+b+2 


Find the equation of the line that passes 
through the following points: 
(a,0) and (c,d) 


Find the equation of the line parallel to the line 
g( x )= —0.01x+ 2.01 through the point (1,2). 


y = -0.01x + 2.01 


Find the equation of the line perpendicular to 
the line g( x )= —0.01x+2.01 through the 
point (1,2). 


For the following exercises, use the functions f( x 
)= —0.1x+ 200 and g( x )=20x+0.1. 


Find the point of intersection of the lines f and 
g. 


( 1999 201 , 400,001 2010 ) 


Where is f( x ) greater than g(x )? Where is g( 
x ) greater than f(x )? 


Real-World Applications 


At noon, a barista notices that she has $20 in 
her tip jar. If she makes an average of $0.50 
from each customer, how much will she have in 
her tip jar if she serves n more customers 
during her shift? 


2037 O-5n 


A gym membership with two personal training 
sessions costs $125, while gym membership 
with five personal training sessions costs $260. 
What is cost per session? 


A clothing business finds there is a linear 
relationship between the number of shirts, n, it 
can sell and the price, p, it can charge per shirt. 
In particular, historical data shows that 1,000 
shirts can be sold at a price of $30, while 3,000 
shirts can be sold at a price of $22. Find a 
linear equation in the form p(n)=mn-+b that 
gives the price p they can charge for n shirts. 


p(n) = —0.004n + 34 


A phone company charges for service according 
to the formula: C(n) =24+0.1n, where n is the 
number of minutes talked, and C(n) is the 
monthly charge, in dollars. Find and interpret 
the rate of change and initial value. 


A farmer finds there is a linear relationship 
between the number of bean stalks, n, she 
plants and the yield, y, each plant produces. 
When she plants 30 stalks, each plant yields 30 
oz of beans. When she plants 34 stalks, each 
plant produces 28 oz of beans. Find a linear 
relationships in the form y=mn+bD that gives 
the yield when n stalks are planted. 


y= —0.5n+45 


A city’s population in the year 1960 was 
287,500. In 1989 the population was 275,900. 
Compute the rate of growth of the population 
and make a statement about the population rate 
of change in people per year. 


A town’s population has been growing linearly. 
In 2003, the population was 45,000, and the 
population has been growing by 1,700 people 
each year. Write an equation, P(t), for the 
population t years after 2003. 


P(t) =1700t + 45,000 


Suppose that average annual income (in 
dollars) for the years 1990 through 1999 is 
given by the linear function: I(x) =1054x 

+ 23,286, where x is the number of years after 
1990. Which of the following interprets the 
slope in the context of the problem? 


1. As of 1990, average annual income was 
$23,286. 

2. In the ten-year period from 1990-1999, 
average annual income increased by a total 
of $1,054. 

3. Each year in the decade of the 1990s, 
average annual income increased by 
$1,054. 


4. Average annual income rose to a level of 
$23,286 by the end of 1999. 


When temperature is 0 degrees Celsius, the 
Fahrenheit temperature is 32. When the Celsius 
temperature is 100, the corresponding 
Fahrenheit temperature is 212. Express the 
Fahrenheit temperature as a linear function of 
C, the Celsius temperature, F( C ). 


1. Find the rate of change of Fahrenheit 
temperature for each unit change 
temperature of Celsius. 

2. Find and interpret F(28). 

3. Find and interpret F(—40). 


1. Rate of change = AF AC = 212-32 

100-0 

= 1.8 degrees F for one degree change in C 
2. F(28) = 1.8(28) + 32 = 82.4 degrees F is 28 degrees ( 
3. F(— 40) =1.8(—40)+ 32= 

— 40 degrees F is -40 degrees C 


Glossary 


decreasing linear function 
a function with a negative slope: If f(x) =mx 


+b, then m<0O. 


horizontal line 
a line defined by f(x)=b, where b is a real 
number. The slope of a horizontal line is 0. 


increasing linear function 
a function with a positive slope: If f(x) =mx 
+b, then m>0. 


linear function 
a function with a constant rate of change that 
is a polynomial of degree 1, and whose graph 
is a straight line 


parallel lines 
two or more lines with the same slope 


perpendicular lines 
two lines that intersect at right angles and 
have slopes that are negative reciprocals of 
each other 


point-slope form 
the equation for a line that represents a linear 
function of the form y— y 1 =m(x-— x1) 


slope 
the ratio of the change in output values to the 
change in input values; a measure of the 
steepness of a line 


slope-intercept form 


the equation for a line that represents a linear 
function in the form f(x)=mx+b 


vertical line 
a line defined by x=a, where a is a real 
number. The slope of a vertical line is 
undefined. 


Solve Geometry Applications: Triangles, Rectangles, 
and the Pythagorean Theorem 


By the end of this section, you will be able to: 


* Solve applications using properties of triangles 
* Use the Pythagorean Theorem 
¢ Solve applications using rectangle properties 


Before you get started, take this readiness quiz. 


1. Simplify: 12(6h). 
If you missed this problem, review [link]. 

2. The length of a rectangle is three less than the 
width. Let w represent the width. Write an 


expression for the length of the rectangle. 
If you missed this problem, review [link]. 
. Solve: A=12bh for b when A= 260 and h=52. 
If you missed this problem, review [link]. 
. Simplify: 144. 
If you missed this problem, review [link]. 


Triangle ABC has vertices A, B, and C. The lengths 
of the sides are a, b, and c. The formula for the area 
of AABC is A=12bh, where b is the base and h is 
the height. 


Solve Applications Using Properties of 
Triangles 


In this section we will use some common geometry 
formulas. We will adapt our problem-solving 
strategy so that we can solve geometry applications. 
The geometry formula will name the variables and 
give us the equation to solve. In addition, since 
these applications will all involve shapes of some 
sort, most people find it helpful to draw a figure and 
label it with the given information. We will include 
this in the first step of the problem solving strategy 
for geometry applications. 


Solve Geometry Applications. 


Read the problem and make sure all the words and 
ideas are understood. Draw the figure and label it 
with the given information. Identify what we are 
looking for. Label what we are looking for by 
choosing a variable to represent it. Translate into 
an equation by writing the appropriate formula or 


model for the situation. Substitute in the given 
information. Solve the equation using good algebra 
techniques. Check the answer by substituting it 
back into the equation solved in step 5 and by 
making sure it makes sense in the context of the 
problem. Answer the question with a complete 
sentence. 


We will start geometry applications by looking at 
the properties of triangles. Let’s review some basic 
facts about triangles. Triangles have three sides and 
three interior angles. Usually each side is labeled 
with a lowercase letter to match the uppercase letter 
of the opposite vertex. 


The plural of the word vertex is vertices. All triangles 
have three vertices. Triangles are named by their 
vertices: The triangle in [link] is called AABC. 


The three angles of a triangle are related in a special 
way. The sum of their measures is 180°. Note that 
we read mZA as “the measure of angle A.” So in 
AABC in [link], 

mzA+mzB+mzC=180° 


Because the perimeter of a figure is the length of its 
boundary, the perimeter of AABC is the sum of the 
lengths of its three sides. 

P=a+b+c 


To find the area of a triangle, we need to know its 


base and height. The height is a line that connects 
the base to the opposite vertex and makes a 90° 
angle with the base. We will draw AABC again, and 
now show the height, h. See [link]. 


Triangle Properties 


For AABC 
ngle measures: 
mZzA+mzB+mzC=180 


* The sum of the measures of the angles of a 
triangle is 180°. 


Perimeter: 
P=a+b+c 


* The perimeter is the sum of the lengths of the 
sides of the triangle. 


rea: 
= 12bh,b = base,h = height 


* The area of a triangle is one-half the base 
times the height. 


The measures of two angles of a triangle are 


55 and 82 degrees. Find the measure of the 
third angle. 


Solution 


Step 1. Read the 
problem. Draw the 


TT =) 
Step 2. Identify what the measure of the 
you are looking for. _third angle ina 


trianala 
Ce a @ ye 


Step 3. Name. Choose Let x= the measure of 
a variable to represerit the angle. 


° 
at 
Lle 


Stan A Tranalata 


~-P be BR BULALAVILULLW 


Write the appropriate mzA+mzB 


farmiuila and substituta tm s7lC—19On 


SVLLLLULU ULL JVUYVVDLLLULLY 1 titeews LUV 


Step 5. Solve the 55+82+x=180137+x= 


ani119atinn 
veyuuauvil. 


Step 6. Check. 


55.+-82+-432180180=—1807 
Step 7. Answer the The measure of the 
question. third angle is 43 


degrees. 


The measures of two angles of a triangle are 
31 and 128 degrees. Find the measure of the 
third angle. 


21 degrees 


The measures of two angles of a triangle are 
49 and 75 degrees. Find the measure of the 
third angle. 


56 degrees 


The perimeter of a triangular garden is 24 feet. 
The lengths of two sides are four feet and nine 
feet. How long is the third side? 


Solution 


Step 1. Read the 
problem. Draw the 


Step 2. Identify what jp ae of the third side 


moi an laalina for, afia anala 
you are LUUINIAIL &+ VL a triangle 


Step 3. Name. Choose Let c= the third side. 
a variable to represent 


Can A Tuanalata 


(A Be BR SULAAILLLLWe 


Write the appropriate: 
formula and substitute. 


PP lt UD 
Substitute in the given 
information. 


Step 5. Solve the 
equation. 


Step 6. Check. 


P=a+b 


LADIA2ALALI19NA~OA SF 
Peer r— Pt yt phew oot 


Step 7. Answer the The third side is 11 
question. feet long. 


The perimeter of a triangular garden is 48 feet. 
The lengths of two sides are 18 feet and 22 
feet. How long is the third side? 


The lengths of two sides of a triangular 
window are seven feet and five feet. The 
perimeter is 18 feet. How long is the third 
side? 


The area of a triangular church window is 90 


square meters. The base of the window is 15 
meters. What is the window’s height? 


Solution 


Step 1. Read the 
problem. Draw the 
fi 


Arann —ANmM OY 
f£abeu” yvviltiai 


Step 2. Identify what height of a triangle 
you are locking for. 

Step 3. Name. Choose Let h= the height. 
a variable to represent 


Can A Tuanalata 
VLTp fe saetssvswtre 


Write the appropriate: 
formula. 


Substitute in the given 
information 


Step 5. Solve the 
equation. 


Step 6. Check. 


A —19hHhON219.16.190N —~QAN 7 


2.07” fBewdbayVvKdoe de te PACs i 


Step 7. Answer the ‘The height of the 
question. triangle is 12 meters. 


The area of a triangular painting is 126 square 
inches. The base is 18 inches. What is the 
height? 


A triangular tent door has area 15 square feet. 
The height is five feet. What is the base? 


The triangle properties we used so far apply to all 
triangles. Now we will look at one specific type of 
triangle—a right triangle. A right triangle has one 
90° angle, which we usually mark with a small 
square in the corner. 


Right Triangle 
A right triangle has one 90° angle, which is often 
marked with a square at the vertex. 


One angle of a right triangle measures 28’. 
What is the measure of the third angle? 


Solution 


Step 1. Read the 
problem. Draw the 


TS CT 
Step 2. Identify what the measure of an 


an laalina far anala 
you are RON ARSEENS) LvV.ie ULtoit 


Step 3. Name. Choose Let x= the measure of 
a variable to represerit an angle. 


1 
ite 


Step 4. Translate. mzA+mzB 


tm sC—19ONn 


1 Llle ww” 1 


Write the apptopraes x+90+28=180 


Ffarmiuila and anhati 


14 =~ 
VLAN ULL Ssupstitnw me 


Step 5. Solve the x+118=180x=62 


naiw4ntinn 
Veyuatrvit. 


Step 6. Check. 


180290-+284+62180=180,/ 
Step 7. Answer the The measure of the 
question. third angle is 62°. 


One angle of a right triangle measures 56’. 
What is the measure of the other small angle? 


One angle of a right triangle measures 45’. 
What is the measure of the other small angle? 


In the examples we have seen so far, we could draw 
a figure and label it directly after reading the 
problem. In the next example, we will have to 
define one angle in terms of another. We will wait 
to draw the figure until we write expressions for all 
the angles we are looking for. 


po 


The measure of one angle of a right triangle is 


20 degrees more than the measure of the 
smallest angle. Find the measures of all three 
angles. 


Solution 


Step 1. Read the 


Priv Daciile 


Step 2. Identify what the measures of all 


m1 an laanlina Far thean nala 
you are LUVINLILL 6 1V2- LiL CU an6:0S 


Step 3. Name. Choose Let a= 1st angle. 
a variable to represerit a+ 20=2nd angle 
it. 90= = 3rd angle (the 


aht an 
r ie di Ulipirvy 


Draw the figure and 
label it with the given 


Sy a 
Step 4. Translate 


Write the appropriate: 
formula. 
SURE CE EE 


farm al nn 
LULU. 


Step 5. Solve the 
equation. 


Ol 
Ol 


90 third 


anala 
a1161e 


Step 6. Check. 


9F 1 FE 1 ON210N10ON—190N F 
GIT VOT FUK— LUV ALYY LUV 


Step 7. Answer the The three angles 
question. measure 35°, 55°, and 


90°. 


The measure of one angle of a right triangle is 
50° more than the measure of the smallest 
angle. Find the measures of all three angles. 


207570 907 


The measure of one angle of a right triangle is 
30° more than the measure of the smallest 
angle. Find the measures of all three angles. 


30360 .,00- 


Use the Pythagorean Theorem 


We have learned how the measures of the angles of 
a triangle relate to each other. Now, we will learn 
how the lengths of the sides relate to each other. An 
important property that describes the relationship 
among the lengths of the three sides of a right 
triangle is called the Pythagorean Theorem. This 
theorem has been used around the world since 
ancient times. It is named after the Greek 
philosopher and mathematician, Pythagoras, who 
lived around 500 BC. 


Before we state the Pythagorean Theorem, we need 
to introduce some terms for the sides of a triangle. 
Remember that a right triangle has a 90° angle, 
marked with a small square in the corner. The side 
of the triangle opposite the 90° angle is called the 
hypotenuse and each of the other sides are called 
legs. 


The Pythagorean Theorem tells how the lengths of 
the three sides of a right triangle relate to each 
other. It states that in any right triangle, the sum of 
the squares of the lengths of the two legs equals the 
square of the length of the hypotenuse. In symbols 
we Say: in any right triangle, a2+ b2 =c2, where 
aandb are the lengths of the legs and c is the length 
of the hypotenuse. 


Writing the formula in every exercise and saying it 
aloud as you write it, may help you remember the 
Pythagorean Theorem. 


The Pythagorean Theorem 
In any right triangle, a2 + b2=c2. 


where a and b are the lengths of the legs, c is the 
length of the hypotenuse. 


To solve exercises that use the Pythagorean 
Theorem, we will need to find square roots. We 
have used the notation m and the definition: 

If m=n2, then m=n, for n=0. 


For example, we found that 25 is 5 because 25 =52. 


Because the Pythagorean Theorem contains 
variables that are squared, to solve for the length of 


a side in a right triangle, we will have to use square 
roots. 


Use the Pythagorean Theorem to find the 
length of the hypotenuse shown below. 


Solution 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what the length of the 
you are looking for. hypotenuse of the 


trianal 


Step 3. Name. Choose Let c = the length of 


a variable to represerit the hypotenuse. 
it. 

Label side c on the 

figure. 


Stony A Tranala 
VP “Te prans:ate: 


Write the appropriate) a2+b2=c2 
far 


mila 
LVL11LU1Ue 


Cathaotituita 2S) A) — a) 
WULYILILUELLYe ve ii aa 
Step 5. Solve the 9+16=c2 
naiwu4ntinn 

Vee uatirvit. 

Cimntlifr 2 — 2‘) 
Uiliitpiiy. au — ve 


Use the definition of 25=c 


anii94aTKM KANnt 
RAS [EASES avuvvVtle 


Cimnlifrxr a 
vu 


eS PAS) / . =f e 


Step 6. Check. 


T_ 25 =2Z57__ 7 
Step 7. Answer the ‘The length of the 
question. hypotenuse is 5. 


Use the Pythagorean Theorem to find the 
length of the hypotenuse in the triangle shown 
below. 


Use the Pythagorean Theorem to find the 
length of the hypotenuse in the triangle shown 
below. 


Use the Pythagorean Theorem to find the 
length of the leg shown below. 


Solution 


Step 1. Read 


tha nronhla 


mm 
4d PLyuiTiine 


Step 2. 
Identify what 
you are looking 


far 
LuU4Le 


Step 3. Name. 
Choose a 
variable to 


. 
ranracant it 
2Ueprrvowiie ic. 


Lable side b. 


Step 4. 


Tannalata 
£2 PULL 


Write the 
appropriate 


Ffarmiuila 
bvLsi1uiu.e 


Cathotituita 
VLLLULL. 


Step 5. Solve 


. 
than aniuintinn 
tae CYUULLVLIL. 


Isolate the 


. 
xrarinhla tarm 
VULLUWLY LOLI. 


Use the 
definition of 


anii94aKM KANnt 
vyuusr tyvveE 


Cimntlifr 


Urliipiizy. 


the length of 
the leg of the 
triangle 


Let b = the leg 
of the triangle. 


a2'+b2=c2 


fey TL No) yp) 
va — bons 


i oe 


25+b2=169 
b2=144 


b2=144 


Step 6. Check. 


169; a 
Step 7. The length of 
Answer the the leg is 12. 
question. 


Use the Pythagorean Theorem to find the 
length of the leg in the triangle shown below. 


Use the Pythagorean Theorem to find the 
length of the leg in the triangle shown below. 


Kelvin is building a gazebo and wants to brace 
each corner by placing a 10” piece of wood 
diagonally as shown above. 


If he fastens the wood so that the ends of the 
brace are the same distance from the corner, 
what is the length of the legs of the right 
triangle formed? Approximate to the nearest 
tenth of an inch. 


Solution 


Step 1. Read the 


pivviwtiie 


Step 2. Identify what the distance from the 


we are looking for. corner that the bracket 
should ha attached 


Step 3. Name. Choose Let x= the distance 

a variable to represerit from the corner. 

Step 4. Translate a2 + b2=c2x2+x2=102 
Write the appropriate 


farmiuila and substituta 
RPWLALLULLUL ULLAL JUYUILIELUELIY 


Step 5. Solve the 2x2 = 100x2 = 50x = 50x = 
equation. 

Isolate the variable. 

Use the definition of 

square root. 

Simplify. Approximate 


tn tha naonvract tenth 
Ly ULLY 11CULLEDUE LELLLIL. 


Step 6. Check. 


19 LAD — 29077 119 107 1N90 ~1NONVa4e 
ua 1 vet eas elt ya 1 Leg et 


Jeo’ ~— BVaeitrve 


Step 7. Answer the Kelvin should fasten 

question. each piece of wood 
approximately 7.1" 
from the corner. 


John puts the base of a 13-foot ladder five feet 
from the wall of his house as shown below. 
How far up the wall does the ladder reach? 


Randy wants to attach a 17 foot string of lights 
to the top of the 15 foot mast of his sailboat, 
as shown below. How far from the base of the 
mast should he attach the end of the light 
string? 


Solve Applications Using Rectangle 
Properties 


You may already be familiar with the properties of 
rectangles. Rectangles have four sides and four right 
(90°) angles. The opposite sides of a rectangle are 
the same length. We refer to one side of the 
rectangle as the length, L, and its adjacent side as 
the width, W. 


The distance around this rectangle is L+W+L+W, 
or 2L+2W. This is the perimeter, P, of the 
rectangle. 

P=2L+2W 


What about the area of a rectangle? Imagine a 
rectangular rug that is 2-feet long by 3-feet wide. Its 
area is 6 square feet. There are six squares in the 
figure. 


A=6A=2:33A=LW 
The area is the length times the width. 


The formula for the area of a rectangle is A=LW. 


Properties of Rectangles 

Rectangles have four sides and four right (90°) 
angles. 

The lengths of opposite sides are equal. 

The perimeter of a rectangle is the sum of twice the 
length and twice the width. 

P=2L+2W 

The area of a rectangle is the product of the length 


The length of a rectangle is 32 meters and the 
width is 20 meters. What is the perimeter? 


Solution 


Step 1. Read the 
problem. 
Dr 
la 
in 


Sa ed es a 
Step 2. Identify what the perimeter of a 


wad awn lnanlinag Far rantanala 
pers uUuLliw PSSACAD SENS) LWV.ie PS) ee oe 


Step 3. Name. Choose Let P = the perimeter. 
a variable to represent 


. 
1t 
Lue 


Ctan A Tuanalata 
Vew~p fe saussvswee. 


Write the appropriate: 


formula. 
pPo= 2 t+ ZW 
a a a a a 
Substitute. 
i ee ee |) i 8 
Step 5. Solve the 
equation. 
| P=644+40 | 


Step 6. Check. 


DZ1TNAONN + 99 LON 1L989N2721NATNA—1NA SF 
h—42_V fav 1) Get av worK-itvitVvin—aiviv 


Step 7. Answer the The perimeter of the 
question. rectangle is 104 


meters. 


The length of a rectangle is 120 yards and the 
width is 50 yards. What is the perimeter? 


340 yards 


The length of a rectangle is 62 feet and the 
width is 48 feet. What is the perimeter? 


220 feet 


The area of a rectangular room is 168 square 
feet. The length is 14 feet. What is the width? 


Solution 


Step 1. Read the 
problem. 
Dr 
la 
in 


aE FS 4 a 
Step 2. Identify what the width ofa 


. 
waa arn lanlina far ranrtananlar rAanm 
y vu uULu SASS S) LWV.ie DNS aleve ees avuvviilt 


Step 3. Name. Choose Let W = the width. 
a variable to represent 


. 
1t 
Lue 


Ctan A Tuanalata 
Vewrp fe sactssvswee. 


Write the appropriate A=LW 


Ffarmiuila 
LULL11LULUe 


Substitute. 168 =14W 
Step 5. Solve the 16814=14W14 
nari94tinn 19 —W 


4 UULLLVile 


Step 6. Check. 


A —TVATIT14021A.191490—140 F# 
2.7 VV RUUK—42 dd bouUT a~Ul8y 


Step 7. Answer the =‘ The width of the room 
question. is 12 feet. 


The area of a rectangle is 598 square feet. The 
length is 23 feet. What is the width? 


The width of a rectangle is 21 meters. The area 
is 609 square meters. What is the length? 


Find the length of a rectangle with perimeter 
50 inches and width 10 inches. 


Solution 


Step 1. Read the 
problem. 
Dr 
la 
in 


Step 2. Identify what the length of the 


nd1 arn loghking for, roctanala 
you UsLe 1UVINIILEL & + dete! @ tbe 


Step 3. Name. Choose Let L = the length. 
a variable to represent 


. 
at 
Le 


Stan A Tranalata 


—— fe BR SULLEVEUCLEWe 
Write the appropriate: 
formula. 


Substitute. 


Step 5. Solve the 
equation. 


Step 6. Check. 


P=50154+104+15+41025050=50/ 
Step 7. Answer the The length is 15 
question. inches. 


Find the length of a rectangle with: perimeter 
80 and width 25. 


Find the length of a rectangle with: perimeter 
30 and width 6. 


We have solved problems where either the length or 
width was given, along with the perimeter or area; 
now we will learn how to solve problems in which 
the width is defined in terms of the length. We will 
wait to draw the figure until we write an expression 
for the width so that we can label one side with that 
expression. 


The width of a rectangle is two feet less than 


the length. The perimeter is 52 feet. Find the 
length and width. 


Solution 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what the length and width of 


wad arn lanlina far a Knotanala 
Of UL LVVIALIL } LWV.ie uu HSS SIRS 


Step 3. Name. Choose 
a variable to represerit 
it. 

Since the width is 
defined in terms of the 


D—EO fF 
i — OF ot 


Ctan A Tuanalata 
verp ite 


2 LULA. 


Write the appropriate P=2L+2W 
formula. The formula 

for the perimeter of a 

rectangle relates all the 


Bie . 
intarmoatinn 
BLLLWVLILIULLEV ile 


Substitute in the given 52=2L+ 2(L— 2) 


eC . 
intarmoatinn 
SLLLWVLILIULLEV Ile 


Step 5. Solve the 52=2L+ 2L—4 

equation. 

Seombine-like-temms-——52—4.— 4 

fddmAntienecebenider 56—Al 

Divide by 4. 564 = 4L4 
14=L 


Tha length is 1A f faat 


Zhi 101 


Now we need to find The Sidi is-L—2. 
the width. 


Tha width ica 19 foot 
£211 a 


VV ERLLLE LU a1 LULL 


Step 6. Check. 

Since 
144+12+144+12=52, 
this works! 


Step 7. Answer the The length is 14 feet 
question. and the width is 12 
feet. 


The width of a rectangle is seven meters less 
than the length. The perimeter is 58 meters. 
Find the length and width. 


18 meters, 11 meters 


The length of a rectangle is eight feet more 
than the width. The perimeter is 60 feet. Find 
the length and width. 


19 feet, 11 feet 


The length of a rectangle is four centimeters 
more than twice the width. The perimeter is 
32 centimeters. Find the length and width. 


Solution 


Step 1. Read the 


pivviwstiie 


wad arn lanlina far vari dth 
Vy fe) Liv v 


Step 3. Name. Choose 


a variable to represerit 
+h 


ULL = 


The length is four mcre 


th 


Ctan A Tuanalata 
Vew~p fe saussvsee 


Write the appropriate: 
formula. 


Substitute in the given 
information. 


Step 5. Solve the 
equation. 


12 


anath ia 19 am 
V116t4i to to vii. 


po 


Step 6. Check. 


P=2L 


LL OVWII29O29.19 1 9.A290—299 F 
ee Oe eer ee oe ee ee — ee 


<i” waeiy 


Step 7. Answer the — The length is 12 cm 
question. and the width is 4 cm. 


The length of a rectangle is eight more than 
twice the width. The perimeter is 64. Find the 
length and width. 


The width of a rectangle is six less than twice 
the length. The perimeter is 18. Find the 
length and width. 


The perimeter of a rectangular swimming pool 
is 150 feet. The length is 15 feet more than the 
width. Find the length and width. 


Solution 


Step 1. Read the 
problem. 
Dr 
la 
in 


D—1EN f+ 
ai fOr EO 


Step 2. Identify what the length and the 


wai avn lanlinag for, vartdth anf tho Soc! 
Vu ase 1tyvuniiig 1uL VV ANELLEL UL 


Step 3. Name. 
Choose a variable to 
represent the width. 


BW Let Wi width 


more than the width. 


Ly 10 — lanath Od 
Bae SSS Se as aaa 
Ctan A Tuanalata 


(SANS ee bo BRS ULAAVILULELW 


Write the appropriate: 
formula. 


Substitute. 


Step 5. Solve the 


equation. 
P1150 = 2W+304+2W 


Step 6. Check. 


P=2L 


LOWIITEN2 OFAN 1 OFONNIEN—1EN FZ 
To evv bua yy tt eyruyaeru  rUvy 


Step 7. Answer the The length of the pool 
question. is 45 feet and the 
width is 30 feet. 


The perimeter of a rectangular swimming pool 
is 200 feet. The length is 40 feet more than the 
width. Find the length and width. 


70 feet, 30 feet 


The length of a rectangular garden is 30 yards 
more than the width. The perimeter is 300 
yards. Find the length and width. 


90 yards, 60 yards 


Key Concepts 


* Problem-Solving Strategy for Geometry 
Applications 


Read the problem and make all the words and 
ideas are understood. Draw the figure and label 
it with the given information. Identify what we 
are looking for. Name what we are looking for 


by choosing a variable to represent it. 
Translate into an equation by writing the 
appropriate formula or model for the situation. 
Substitute in the given information. Solve the 
equation using good algebra techniques. Check 
the answer in the problem and make sure it 
makes sense. Answer the question with a 
complete sentence. 


Triangle Properties For AABC 
Angle measures: 


O mzA+mzB+mzC=180 
Perimeter: 

© P=at+b+c 
Area: 

© A=12bh,b=base,h = height 


A right triangle has one 90° angle. 

The Pythagorean Theorem In any right 
triangle, a2+b2=c2 where c is the length of 
the hypotenuse and a and Db are the lengths of 
the legs. 

Properties of Rectangles 


© Rectangles have four sides and four right 
(90°) angles. 
© The lengths of opposite sides are equal. 


© The perimeter of a rectangle is the sum of 
twice the length and twice the width: 
P=2L+ 2W. The area of a rectangle is the 
length times the width: A=LW. 


Practice Makes Perfect 
Solving Applications Using Triangle Properties 


In the following exercises, solve using triangle 
properties. 


The measures of two angles of a triangle are 26 
and 98 degrees. Find the measure of the third 
angle. 


56 degrees 


The measures of two angles of a triangle are 61 
and 84 degrees. Find the measure of the third 
angle. 


The measures of two angles of a triangle are 
105 and 31 degrees. Find the measure of the 
third angle. 


44 degrees 


The measures of two angles of a triangle are 47 
and 72 degrees. Find the measure of the third 
angle. 


The perimeter of a triangular pool is 36 yards. 
The lengths of two sides are 10 yards and 15 
yards. How long is the third side? 


11 feet 


A triangular courtyard has perimeter 120 
meters. The lengths of two sides are 30 meters 
and 50 meters. How long is the third side? 


If a triangle has sides 6 feet and 9 feet and the 
perimeter is 23 feet, how long is the third side? 


8 feet 


If a triangle has sides 14 centimeters and 18 
centimeters and the perimeter is 49 
centimeters, how long is the third side? 


A triangular flag has base one foot and height 
1.5 foot. What is its area? 


0.75 sq. ft. 


A triangular window has base eight feet and 
height six feet. What is its area? 


What is the base of a triangle with area 207 
square inches and height 18 inches? 


23 inches 


What is the height of a triangle with area 893 
square inches and base 38 inches? 


One angle of a right triangle measures 33 
degrees. What is the measure of the other small 
angle? 


37 


One angle of a right triangle measures 51 
degrees. What is the measure of the other small 
angle? 


One angle of a right triangle measures 22.5 
degrees. What is the measure of the other small 
angle? 


67.5 


One angle of a right triangle measures 36.5 
degrees. What is the measure of the other small 
angle? 


The perimeter of a triangle is 39 feet. One side 
of the triangle is one foot longer than the 
second side. The third side is two feet longer 
than the second side. Find the length of each 
side. 


13 ft., 12 ft., 14 ft. 


The perimeter of a triangle is 35 feet. One side 
of the triangle is five feet longer than the 
second side. The third side is three feet longer 
than the second side. Find the length of each 
side. 


One side of a triangle is twice the shortest side. 


The third side is five feet more than the shortest 
side. The perimeter is 17 feet. Find the lengths 
of all three sides. 


3 ft. 6 {3:8 Te 


One side of a triangle is three times the shortest 
side. The third side is three feet more than the 
shortest side. The perimeter is 13 feet. Find the 
lengths of all three sides. 


The two smaller angles of a right triangle have 
equal measures. Find the measures of all three 
angles. 


45°,45°,90° 


The measure of the smallest angle of a right 
triangle is 20° less than the measure of the next 
larger angle. Find the measures of all three 
angles. 


The angles in a triangle are such that one angle 
is twice the smallest angle, while the third 
angle is three times as large as the smallest 
angle. Find the measures of all three angles. 


30°,60°,90° 


The angles in a triangle are such that one angle 
is 20° more than the smallest angle, while the 
third angle is three times as large as the 
smallest angle. Find the measures of all three 
angles. 


Use the Pythagorean Theorem 


In the following exercises, use the Pythagorean 
Theorem to find the length of the hypotenuse. 


15 


In the following exercises, use the Pythagorean 
Theorem to find the length of the leg. Round to the 
nearest tenth, if necessary. 


8 


In the following exercises, solve using the 
Pythagorean Theorem. Approximate to the nearest 
tenth, if necessary. 


A 13-foot string of lights will be attached to the 
top of a 12-foot pole for a holiday display, as 
shown below. How far from the base of the pole 
should the end of the string of lights be 
anchored? 


5 feet 


Pam wants to put a banner across her garage 
door, as shown below, to congratulate her son 
for his college graduation. The garage door is 
12 feet high and 16 feet wide. How long should 
the banner be to fit the garage door? 


Chi is planning to put a path of paving stones 
through her flower garden, as shown below. 
The flower garden is a square with side 10 feet. 
What will the length of the path be? 


14.1 feet 


Brian borrowed a 20 foot extension ladder to 
use when he paints his house. If he sets the base 
of the ladder 6 feet from the house, as shown 
below, how far up will the top of the ladder 
reach? 


Solve Applications Using Rectangle Properties 


In the following exercises, solve using rectangle 
properties. 


The length of a rectangle is 85 feet and the 
width is 45 feet. What is the perimeter? 


260 feet 


The length of a rectangle is 26 inches and the 
width is 58 inches. What is the perimeter? 


A rectangular room is 15 feet wide by 14 feet 
long. What is its perimeter? 


58 feet 


A driveway is in the shape of a rectangle 20 
feet wide by 35 feet long. What is its perimeter? 


The area of a rectangle is 414 square meters. 
The length is 18 meters. What is the width? 


23 meters 


The area of a rectangle is 782 square 
centimeters. The width is 17 centimeters. What 
is the length? 


The width of a rectangular window is 24 
inches. The area is 624 square inches. What is 
the length? 


26 inches 


The length of a rectangular poster is 28 inches. 
The area is 1316 square inches. What is the 


width? 


Find the length of a rectangle with perimeter 
124 and width 38. 


24 


Find the width of a rectangle with perimeter 92 
and length 19. 


Find the width of a rectangle with perimeter 
16.2 and length 3.2. 


4.9 


Find the length of a rectangle with perimeter 
20.2 and width 7.8. 


The length of a rectangle is nine inches more 
than the width. The perimeter is 46 inches. 
Find the length and the width. 


16 in., 7 in. 


The width of a rectangle is eight inches more 
than the length. The perimeter is 52 inches. 
Find the length and the width. 


The perimeter of a rectangle is 58 meters. The 
width of the rectangle is five meters less than 
the length. Find the length and the width of the 
rectangle. 


17m,12m 


The perimeter of a rectangle is 62 feet. The 
width is seven feet less than the length. Find 
the length and the width. 


The width of the rectangle is 0.7 meters less 
than the length. The perimeter of a rectangle is 
52.6 meters. Find the dimensions of the 
rectangle. 


13.5 m length, 12.8 m width 


The length of the rectangle is 1.1 meters less 
than the width. The perimeter of a rectangle is 
49.4 meters. Find the dimensions of the 
rectangle. 


The perimeter of a rectangle is 150 feet. The 
length of the rectangle is twice the width. Find 
the length and width of the rectangle. 


50 ft.; 25 ft. 


The length of a rectangle is three times the 
width. The perimeter of the rectangle is 72 feet. 
Find the length and width of the rectangle. 


The length of a rectangle is three meters less 
than twice the width. The perimeter of the 
rectangle is 36 meters. Find the dimensions of 
the rectangle. 


7 m width, 11 m length 


The length of a rectangle is five inches more 
than twice the width. The perimeter is 34 
inches. Find the length and width. 


The perimeter of a rectangular field is 560 
yards. The length is 40 yards more than the 
width. Find the length and width of the field. 


160 yd., 120 yd. 


The perimeter of a rectangular atrium is 160 
feet. The length is 16 feet more than the width. 
Find the length and width of the atrium. 


A rectangular parking lot has perimeter 250 
feet. The length is five feet more than twice the 
width. Find the length and width of the parking 
lot. 


85 ft., 40 ft. 


A rectangular rug has perimeter 240 inches. 
The length is 12 inches more than twice the 
width. Find the length and width of the rug. 


Everyday Math 


Christa wants to put a fence around her 
triangular flowerbed. The sides of the flowerbed 
are six feet, eight feet and 10 feet. How many 
feet of fencing will she need to enclose her 
flowerbed? 


24 feet 


Jose just removed the children’s playset from 
his back yard to make room for a rectangular 
garden. He wants to put a fence around the 
garden to keep out the dog. He has a 50 foot 
roll of fence in his garage that he plans to use. 
To fit in the backyard, the width of the garden 
must be 10 feet. How long can he make the 
other length? 


Writing Exercises 


If you need to put tile on your kitchen floor, do 
you need to know the perimeter or the area of 
the kitchen? Explain your reasoning. 


area; answers will vary 


If you need to put a fence around your 
backyard, do you need to know the perimeter 
or the area of the backyard? Explain your 
reasoning. 


Look at the two figures below. 


@ Which figure looks like it has the larger 
area? 

© Which looks like it has the larger perimeter? 
© Now calculate the area and perimeter of 
each figure. 

@ Which has the larger area? 

© Which has the larger perimeter? 


@ Answers will vary. 

® Answers will vary. 

© Answers will vary. 

@ The areas are the same. 

© The 2x8 rectangle has a larger perimeter 
than the 4x4 square. 


Write a geometry word problem that relates to 
your life experience, then solve it and explain 
all your steps. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 


section. 


® What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Models and Applications 
In this section you will: 


¢ Set up a linear equation to solve a real-world 
application. 


* Use a formula to solve a real-world application. 


Credit: Kevin Doole 


Josh is hoping to get an A in his college algebra 
class. He has scores of 75, 82, 95, 91, and 94 on his 
first five tests. Only the final exam remains, and the 
maximum of points that can be earned is 100. Is it 
possible for Josh to end the course with an A? A 
simple linear equation will give Josh his answer. 


Many real-world applications can be modeled by 


linear equations. For example, a cell phone package 
may include a monthly service fee plus a charge per 
minute of talk-time; it costs a widget manufacturer a 
certain amount to produce x widgets per month plus 
monthly operating charges; a car rental company 
charges a daily fee plus an amount per mile driven. 
These are examples of applications we come across 
every day that are modeled by linear equations. In 
this section, we will set up and use linear equations 
to solve such problems. 


Setting up a Linear Equation to Solve a 
Real-World Application 


To set up or model a linear equation to fit a real- 
world application, we must first determine the 
known quantities and define the unknown quantity 
as a variable. Then, we begin to interpret the words 
as mathematical expressions using mathematical 
symbols. Let us use the car rental example above. In 
this case, a known cost, such as $0.10/mi, is 
multiplied by an unknown quantity, the number of 
miles driven. Therefore, we can write 0.10x. This 
expression represents a variable cost because it 
changes according to the number of miles driven. 


If a quantity is independent of a variable, we usually 
just add or subtract it, according to the problem. As 
these amounts do not change, we call them fixed 
costs. Consider a car rental agency that charges 


$0.10/mi plus a daily fee of $50. We can use these 
quantities to model an equation that can be used to 
find the daily car rental cost C. 

C=0.10x+50 


When dealing with real-world applications, there 
are certain expressions that we can translate directly 
into math. [link] lists some common verbal 
expressions and their equivalent mathematical 
expressions. 


Verbal Translation to Math 
Operations 
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The quotient of a number x x+a =3x 
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The product of three 3x(x—b )=c 
times a number and the 


number decreased by b is 
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Given a real-world problem, model a linear 
equation to fit it. 


. Identify known quantities. 

. Assign a variable to represent the unknown 
quantity. 

. If there is more than one unknown quantity, 
find a way to write the second unknown in 
terms of the first. 

. Write an equation interpreting the words as 
mathematical operations. 

. Solve the equation. Be sure the solution can be 
explained in words, including the units of 
measure. 


Modeling a Linear Equation to Solve an 
Unknown Number Problem 


Find a linear equation to solve for the 
following unknown quantities: One number 
exceeds another number by 17 and their sum 
is 31. Find the two numbers. 


Let x equal the first number. Then, as the 
second number exceeds the first by 17, we can 
write the second number as x +17. The sum 
of the two numbers is 31. We usually interpret 
the word is as an equal sign. 

x+(x+17) = 31 2x+17 = 

31Simplify and solve. 2x = 14x = 7x+17 = 
7+17 = 24 


The two numbers are 7 and 24. 


Find a linear equation to solve for the 
following unknown quantities: One number is 
three more than twice another number. If the 
sum of the two numbers is 36, find the 
numbers. 


11 and 25 


Setting Up a Linear Equation to Solve a 
Real-World Application 


There are two cell phone companies that offer 


different packages. Company A charges a 
monthly service fee of $34 plus $.05/min talk- 
time. Company B charges a monthly service 
fee of $40 plus $.04/min talk-time. 


1. Write a linear equation that models the 
packages offered by both companies. 

2. If the average number of minutes used 
each month is 1,160, which company 
offers the better plan? 

3. If the average number of minutes used 
each month is 420, which company offers 
the better plan? 

4. How many minutes of talk-time would 
yield equal monthly statements from both 
companies? 


1. The model for Company A can be written 
as A=0.05x + 34. This includes the 
variable cost of 0.05x plus the monthly 
service charge of $34. Company B’s 
package charges a higher monthly fee of 
$40, but a lower variable cost of 0.04x. 
Company B’s model can be written as 
B=0.04x+ $40. 


2. If the average number of minutes used 
each month is 1,160, we have the 
following: 

Company A = 0.05(1.160) +34 = 


58+ 34 = 92 Company B = 
0.04(1,1600)+40 = 46.4+40 = 86.4 


So, Company B offers the lower monthly 
cost of $86.40 as compared with the $92 
monthly cost offered by Company A when 
the average number of minutes used each 
month is 1,160. 


. If the average number of minutes used 
each month is 420, we have the 
following: 

Company A = 0.05(420)+ 34 = 214+34 
= 55 Company B = 0.04(420)+ 40 = 
16.8+40 = 56.8 


If the average number of minutes used 
each month is 420, then Company A 
offers a lower monthly cost of $55 
compared to Company B’s monthly cost of 
$56.80. 


. To answer the question of how many talk- 
time minutes would yield the same bill 
from both companies, we should think 
about the problem in terms of (x,y ) 
coordinates: At what point are both the x- 
value and the y-value equal? We can find 
this point by setting the equations equal 
to each other and solving for x. 
0.05x+ 34 = 0.04x+40 0.01x = 6x = 


600 


Check the x-value in each equation. 
0.05(600) +34 = 64 0.04(600) +40 = 64 


Therefore, a monthly average of 600 talk- 
time minutes renders the plans equal. See 
link] 


Cost 
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Find a linear equation to model this real-world 
application: It costs ABC electronics company 
$2.50 per unit to produce a part used in a 
popular brand of desktop computers. The 


company has monthly operating expenses of 
$350 for utilities and $3,300 for salaries. What 
are the company’s monthly expenses? 


C=2.5x + 3,650 


Using a Formula to Solve a Real-World 
Application 


Many applications are solved using known formulas. 
The problem is stated, a formula is identified, the 
known quantities are substituted into the formula, 
the equation is solved for the unknown, and the 
problem’s question is answered. Typically, these 
problems involve two equations representing two 
trips, two investments, two areas, and so on. 
Examples of formulas include the area of a 
rectangular region, A=LW; the perimeter of a 
rectangle, P=2L+2W; and the volume of a 
rectangular solid, V=LWH. When there are two 
unknowns, we find a way to write one in terms of 
the other because we can solve for only one variable 
at a time. 


Solving an Application Using a Formula 


It takes Andrew 30 min to drive to work in the 
morning. He drives home using the same 


route, but it takes 10 min longer, and he 
averages 10 mi/h less than in the morning. 
How far does Andrew drive to work? 


This is a distance problem, so we can use the 
formula d=rt, where distance equals rate 
multiplied by time. Note that when rate is 
given in mi/h, time must be expressed in 
hours. Consistent units of measurement are 
key to obtaining a correct solution. 


First, we identify the known and unknown 
quantities. Andrew’s morning drive to work 
takes 30 min, or 12 hatrate r. His drive 
home takes 40 min, or 23 h, and his speed 
averages 10 mi/h less than the morning drive. 
Both trips cover distance d. A table, such as 
[link], is often helpful for keeping track of 
information in these types of problems. 
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Write two equations, one for each trip. 
d = r( 12) Toworkd = (r—10)(23) 


To home 


As both equations equal the same distance, we 
set them equal to each other and solve for r. 
r(12) = @—-10)(23)12r = 23r- 2031 
Dalton oe 6S ee Oe a — 
— 203(-—6)r = 40 


We have solved for the rate of speed to work, 
40 mph. Substituting 40 into the rate on the 
return trip yields 30 mi/h. Now we can answer 
the question. Substitute the rate back into 
either equation and solve for d. 

d = 40( 12) = 20 


The distance between home and work is 20 mi. 


nalysis 


Note that we could have cleared the fractions in 
the equation by multiplying both sides of the 
equation by the LCD to solve for r. 

r(12) = W-10)(23)6x r(12)=6xX (Cr 
—10)( 23) 3r = 4(r—10) 3r = 4r—40 -r = 
—40r = 40 


On Saturday morning, it took Jennifer 3.6 h to 
drive to her mother’s house for the weekend. 


On Sunday evening, due to heavy traffic, it 
took Jennifer 4 h to return home. Her speed 
was 5 mi/h slower on Sunday than on 
Saturday. What was her speed on Sunday? 


Solving a Perimeter Problem 


The perimeter of a rectangular outdoor patio is 
54 ft. The length is 3 ft greater than the 
width. What are the dimensions of the patio? 


The perimeter formula is standard: P=2L 
+2W. We have two unknown quantities, 
length and width. However, we can write the 
length in terms of the width as L=W+3. 
Substitute the perimeter value and the 
expression for length into the formula. It is 
often helpful to make a sketch and label the 
sides as in [link]. 


L=W+3 


Now we can solve for the width and then 
calculate the length. 

P = 2L+2W 54 = 2(W+3)+2W 54 = 2W 
+6+2W 54 = 4W+6 48 = 4W12 = W 
(142+3) =LI15=L 


The dimensions are L=15 ft and W=12 ft. 


Find the dimensions of a rectangle given that 
the perimeter is 110 cm and the length is 1 
cm more than twice the width. 


L=37 cm, W=18 cm 


Solving an Area Problem 


The perimeter of a tablet of graph paper is 48 
in. The length is 6 in. more than the width. 
Find the area of the graph paper. 


The standard formula for area is A= LW; 
however, we will solve the problem using the 
perimeter formula. The reason we use the 


perimeter formula is because we know enough 
information about the perimeter that the 
formula will allow us to solve for one of the 
unknowns. As both perimeter and area use 
length and width as dimensions, they are often 
used together to solve a problem such as this 
one. 


We know that the length is 6 in. more than the 
width, so we can write length as L=W+6. 
Substitute the value of the perimeter and the 
expression for length into the perimeter 
formula and find the length. 

P = 2L+2W 48 = 2(W+6)+2W 48 = 2W 
+12+2W 48 = 4W+12 36 = 4W9 = W 
(9+6) =LI5=L 


Now, we find the area given the dimensions of 
L=15 in. and W=9 in. 
A = LWA = 15(99) = 135 in. 2 


The area is 135 in.2. 


A game room has a perimeter of 70 ft. The 
length is five more than twice the width. How 


many ft2 of new carpeting should be ordered? 


250 ft2 


Solving a Volume Problem 


Find the dimensions of a shipping box given 
that the length is twice the width, the height is 
8 inches, and the volume is 1,600 in.3. 


The formula for the volume of a box is given 
as V=LWH, the product of length, width, and 
height. We are given that L=2W, and H=8. 
The volume is 1,600 cubic inches. 

V = LWH1,600 = (2W)W(8) 1,600 = 16W2 
100 = W210 = W 


The dimensions are L=20 in., W=10 in., and 
H=8 in, 


Analysis 


Note that the square root of W 2 would result in 
a positive and a negative value. However, because 
we are describing width, we can use only the 
positive result. 


ccess these online resources for additional 


instruction and practice with models and 
applications of linear equations. 


Problem solving using linear equations 
Problem solving using equations 


Finding the dimensions of area given the 
perimeter 

Find the distance between the cities using the 
distance = rate * time formula 

Linear equation application (Write a cost 
equation) 


Key Concepts 


¢ A linear equation can be used to solve for an 
unknown in a number problem. See [link]. 

* Applications can be written as mathematical 
problems by identifying known quantities and 
assigning a variable to unknown quantities. See 
[link]. 

¢ There are many known formulas that can be 
used to solve applications. Distance problems, 
for example, are solved using the d=rt 
formula. See [link]. 

* Many geometry problems are solved using the 
perimeter formula P=2L+ 2W, the area 
formula A=LW, or the volume formula 


V=LWH. See [link], [link], and [link]. 


Section Exercises 


Verbal 


To set up a model linear equation to fit real- 
world applications, what should always be the 
first step? 


Answers may vary. Possible answers: We should 
define in words what our variable is 
representing. We should declare the variable. A 
heading. 


Use your own words to describe this equation 
where n is a number: 


5(n+ 3)=2n 


If the total amount of money you had to invest 
was $2,000 and you deposit x amount in one 
investment, how can you represent the 
remaining amount? 


2,000 — x 


If a man sawed a 10-ft board into two sections 
and one section was n ft long, how long would 
the other section be in terms of n ? 


If Bill was traveling v mi/h, how would you 
represent Daemon’s speed if he was traveling 
10 mi/h faster? 


v+10 


Real-World Applications 


For the following exercises, use the information to 
find a linear algebraic equation model to use to 
answer the question being asked. 


Mark and Don are planning to sell each of their 
marble collections at a garage sale. If Don has 1 
more than 3 times the number of marbles Mark 
has, how many does each boy have to sell if the 
total number of marbles is 113? 


Beth and Ann are joking that their combined 
ages equal Sam’s age. If Beth is twice Ann’s age 


and Sam is 69 yr old, what are Beth and Ann’s 
ages? 


Ann: 23; Beth: 46 


Ben originally filled out 8 more applications 
than Henry. Then each boy filled out 3 
additional applications, bringing the total to 28. 
How many applications did each boy originally 
fill out? 


For the following exercises, use this scenario: Two 
different telephone carriers offer the following plans 
that a person is considering. Company A has a 
monthly fee of $20 and charges of $.05/min for 
calls. Company B has a monthly fee of $5 and 
charges $.10/min for calls. 


Find the model of the total cost of Company A’s 
plan, using m for the minutes. 


20+ 0.05m 


Find the model of the total cost of Company B’s 
plan, using m for the minutes. 


Find out how many minutes of calling would 
make the two plans equal. 


300 min 


If the person makes a monthly average of 200 
min of calls, which plan should for the person 
choose? 


For the following exercises, use this scenario: A 
wireless carrier offers the following plans that a 
person is considering. The Family Plan: $90 monthly 
fee, unlimited talk and text on up to 8 lines, and 
data charges of $40 for each device for up to 2 GB 
of data per device. The Mobile Share Plan: $120 
monthly fee for up to 10 devices, unlimited talk and 
text for all the lines, and data charges of $35 for 
each device up to a shared total of 10 GB of data. 
Use P for the number of devices that need data 
plans as part of their cost. 


Find the model of the total cost of the Family 
Plan. 


90+ 40P 


Find the model of the total cost of the Mobile 


Share Plan. 


Assuming they stay under their data limit, find 
the number of devices that would make the two 
plans equal in cost. 


6 devices 


If a family has 3 smart phones, which plan 
should they choose? 


For exercises 17 and 18, use this scenario: A retired 
woman has $50,000 to invest but needs to make 
$6,000 a year from the interest to meet certain 
living expenses. One bond investment pays 15% 
annual interest. The rest of it she wants to put in a 
CD that pays 7%. 


If we let x be the amount the woman invests in 
the 15% bond, how much will she be able to 
invest in the CD? 


50,000 — x 


Set up and solve the equation for how much the 
woman should invest in each option to sustain a 


$6,000 annual return. 


Two planes fly in opposite directions. One 
travels 450 mi/h and the other 550 mi/h. How 
long will it take before they are 4,000 mi apart? 


4h 


Ben starts walking along a path at 4 mi/h. One 
and a half hours after Ben leaves, his sister 
Amanda begins jogging along the same path at 
6 mi/h. How long will it be before Amanda 
catches up to Ben? 


Fiora starts riding her bike at 20 mi/h. After a 
while, she slows down to 12 mi/h, and 
maintains that speed for the rest of the trip. The 
whole trip of 70 mi takes her 4.5 h. For what 
distance did she travel at 20 mi/h? 


She traveled for 2 h at 20 mi/h, or 40 miles. 


A chemistry teacher needs to mix a 30% salt 
solution with a 70% salt solution to make 20 qt 
of a 40% salt solution. How many quarts of 
each solution should the teacher mix to get the 


desired result? 


Paul has $20,000 to invest. His intent is to earn 
11% interest on his investment. He can invest 
part of his money at 8% interest and part at 
12% interest. How much does Paul need to 
invest in each option to make get a total 11% 
return on his $20,000? 


$5,000 at 8% and $15,000 at 12% 


For the following exercises, use this scenario: A 
truck rental agency offers two kinds of plans. Plan A 
charges $75/wk plus $.10/mi driven. Plan B charges 
$100/wk plus $.05/mi driven. 


Write the model equation for the cost of renting 
a truck with plan A. 


Write the model equation for the cost of renting 
a truck with plan B. 


B=100+.05x 


Find the number of miles that would generate 
the same cost for both plans. 


If Tim knows he has to travel 300 mi, which 
plan should he choose? 


Plan A 


For the following exercises, use the given formulas 
to answer the questions. 


A=P(1 +rt) is used to find the principal 
amount Pdeposited, earning r% interest, for t 
years. Use this to find what principal amount P 
David invested at a 3% rate for 20 yr if A= 
$8,000. 


The formula F= mv2R relates force (F), 
velocity (v), mass (m), and resistance (R). Find 
R when m=45, v=7, and F=245. 


R=9 


F=ma indicates that force (F) equals mass (m) 
times acceleration (a). Find the acceleration of 
a mass of 50 kg if a force of 12 N is exerted on 
it. 


Sum= 11-r is the formula for an infinite 


series sum. If the sum is 5, find r. 


r= 45 or 0.8 


For the following exercises, solve for the given 
variable in the formula. After obtaining a new 
version of the formula, you will use it to solve a 
question. 


Solve for W: P=2L+2W 


Use the formula from the previous question to 
find the width, W, of a rectangle whose length 
is 15 and whose perimeter is 58. 


W= P—-2L2 = 58—2(15) 2 =14 


Solve for f:. lp +1q=1f 


Use the formula from the previous question to 
find f when p=8and q=13. 


f= pqpt+q = 8713) 8+13 = 104 21 


Solve for m in the slope-intercept formula: 


y=mx+b 


Use the formula from the previous question to 
find m when the coordinates of the point are ( 
4,7 ) and b=12. 


m= —54 


The area of a trapezoid is given by A= 1 2 h(b 
1 + b2). Use the formula to find the area of a 
trapezoid with h=6, b1 =14, and b2 =8. 


Solve forh: A= 12h(b1+ 562) 


h= 20Ab1+b2 


Use the formula from the previous question to 
find the height of a trapezoid with A=150, b1 
=19,and Bb2°>=11. 


Find the dimensions of an American football 
field. The length is 200 ft more than the width, 
and the perimeter is 1,040 ft. Find the length 
and width. Use the perimeter formula P=2L 
+ 2W. 


length = 360 ft; width = 160 ft 


Distance equals rate times time, d=rt. Find the 
distance Tom travels if he is moving at a rate of 
55 mi/h for 3.5 h. 


Using the formula in the previous exercise, find 
the distance that Susan travels if she is moving 
at a rate of 60 mi/h for 6.75 h. 


405 mi 


What is the total distance that two people travel 
in 3 h if one of them is riding a bike at 15 mi/h 
and the other is walking at 3 mi/h? 


If the area model for a triangle is A= 1 2 bh, 
find the area of a triangle with a height of 16 
in. and a base of 11 in. 


A=88 in. 2 


Solve for h: A= 12 bh 


Use the formula from the previous question to 
find the height to the nearest tenth of a triangle 
with a base of 15 and an area of 215. 


28.7 


The volume formula for a cylinder is V=a r 2 
h. Using the symbol x in your answer, find the 
volume of a cylinder with a radius, r, of 4 cm 
and a height of 14 cm. 


Solve for h: V=ar2h 


b= “Vee? 


Use the formula from the previous question to 
find the height of a cylinder with a radius of 8 
and a volume of 16 


Solve forr: V=ar2h 


r= Vath 


Use the formula from the previous question to 
find the radius of a cylinder with a height of 36 


and a volume of 3242. 


The formula for the circumference of a circle is 
C=2ar. Find the circumference of a circle with 
a diameter of 12 in. (diameter = 2r). Use the 
symbol x in your final answer. 


C=)l5 


Solve the formula from the previous question 
for 1. Notice why x is sometimes defined as 
the ratio of the circumference to its diameter. 


Glossary 


area 
in square units, the area formula used in this 
section is used to find the area of any two- 
dimensional rectangular region: A=LW 


perimeter 
in linear units, the perimeter formula is used 
to find the linear measurement, or outside 
length and width, around a two-dimensional 
regular object; for a rectangle: P=2L+ 2W 


volume 
in cubic units, the volume measurement 


includes length, width, and depth: V=LWH 


Systems of Linear Equations: Two Variables 
In this section, you will: 


* Solve systems of equations by graphing. 

* Solve systems of equations by substitution. 

* Solve systems of equations by addition. 

* Identify inconsistent systems of equations 
containing two variables. 

¢ Express the solution of a system of dependent 
equations containing two variables. 


(credit: Thomas Sgrenes) 
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A skateboard manufacturer introduces a new line of 
boards. The manufacturer tracks its costs, which is 
the amount it spends to produce the boards, and its 
revenue, which is the amount it earns through sales 
of its boards. How can the company determine if it 
is making a profit with its new line? How many 
skateboards must be produced and sold before a 
profit is possible? In this section, we will consider 


linear equations with two variables to answer these 
and similar questions. 


Introduction to Systems of Equations 


In order to investigate situations such as that of the 
skateboard manufacturer, we need to recognize that 
we are dealing with more than one variable and 
likely more than one equation. A system of linear 
equations consists of two or more linear equations 
made up of two or more variables such that all 
equations in the system are considered 
simultaneously. To find the unique solution to a 
system of linear equations, we must find a 
numerical value for each variable in the system that 
will satisfy all equations in the system at the same 
time. Some linear systems may not have a solution 
and others may have an infinite number of 
solutions. In order for a linear system to have a 
unique solution, there must be at least as many 
equations as there are variables. Even so, this does 
not guarantee a unique solution. 


In this section, we will look at systems of linear 
equations in two variables, which consist of two 
equations that contain two different variables. For 
example, consider the following system of linear 
equations in two variables. 

2x+y= 15 3x-y= 5 


The solution to a system of linear equations in two 
variables is any ordered pair that satisfies each 
equation independently. In this example, the 
ordered pair (4, 7) is the solution to the system of 
linear equations. We can verify the solution by 
substituting the values into each equation to see if 
the ordered pair satisfies both equations. Shortly we 
will investigate methods of finding such a solution if 
it exists. 

2(4)+(7)=15 True 3(4)—-(7)=5 True 


In addition to considering the number of equations 
and variables, we can categorize systems of linear 
equations by the number of solutions. A consistent 
system of equations has at least one solution. A 
consistent system is considered to be an 
independent system if it has a single solution, such 
as the example we just explored. The two lines have 
different slopes and intersect at one point in the 
plane. A consistent system is considered to be a 
dependent system if the equations have the same 
slope and the same y-intercepts. In other words, the 
lines coincide so the equations represent the same 
line. Every point on the line represents a coordinate 
pair that satisfies the system. Thus, there are an 
infinite number of solutions. 


Another type of system of linear equations is an 
inconsistent system, which is one in which the 
equations represent two parallel lines. The lines 
have the same slope and different y-intercepts. 


There are no points common to both lines; hence, 
there is no solution to the system. 


Types of Linear Systems 
There are three types of systems of linear equations 
in two variables, and three types of solutions. 


« An independent system has exactly one 
solution pair ( x,y ). The point where the two 
lines intersect is the only solution. 

¢ An inconsistent system has no solution. 
Notice that the two lines are parallel and will 
never intersect. 

- A dependent system has infinitely many 
solutions. The lines are coincident. They are 
the same line, so every coordinate pair on the 
line is a solution to both equations. 


[link] compares graphical representations of each 


Independent System Inconsistent System Dependent System 


Given a system of linear equations and an 
ordered pair, determine whether the ordered 
pair is a solution. 


1. Substitute the ordered pair into each equation 
in the system. 

2. Determine whether true statements result 
from the substitution in both equations; if so, 
the ordered pair is a solution. 


Determining Whether an Ordered Pair Is a 
Solution to a System of Equations 


Determine whether the ordered pair (5,1 ) is 
a solution to the given system of equations. 
x+3y=8 2x-9=y 


Substitute the ordered pair (5,1 ) into both 


equations. 
(5)+3(1)=8 8=8 True 
2(5)-9=(1) 1=1 True 


The ordered pair (5,1 ) satisfies both 
equations, so it is the solution to the system. 


Analysis 


We can see the solution clearly by plotting the 


graph of each equation. Since the solution is an 
ordered pair that satisfies both equations, it is a 
point on both of the lines and thus the point of 
intersection of the two lines. See [link]. 


Determine whether the ordered pair ( 8,5 ) is 
a solution to the following system. 
ox—4y=20 2x+1=3y 


Not a solution. 


Solving Systems of Equations by 
Graphing 


There are multiple methods of solving systems of 
linear equations. For a system of linear equations in 
two variables, we can determine both the type of 
system and the solution by graphing the system of 
equations on the same set of axes. 


Solving a System of Equations in Two 
Variables by Graphing 


Solve the following system of equations by 
graphing. Identify the type of system. 
2x+y=-8 x-y=—-1l 


Solve the first equation for y. 
2x+y=—-—8 y= —-2x-8 


Solve the second equation for y. 
x-y=-1 y=xt1 


Graph both equations on the same set of axes 
as in [link]. 


The lines appear to intersect at the point ( 

—3,—2 ). We can check to make sure that this 

is the solution to the system by substituting 

the ordered pair into both equations. 

23) 2) 38 —8= —8 True 
(-—3)-(-2)=-1 —1=-1 True 


The solution to the system is the ordered pair 
( —3,—2 ), so the system is independent. 


Solve the following system of equations by 


graphing. 
2x—9y = —25 —4x+5y=35 


The solution to the system is the ordered pair 
(5 o8): 


Can graphing be used if the system is 
inconsistent or dependent? 

Yes, in both cases we can still graph the system to 
determine the type of system and solution. If the two 
lines are parallel, the system has no solution and is 
inconsistent. If the two lines are identical, the system 
has infinite solutions and is a dependent system. 


Solving Systems of Equations by 
Substitution 


Solving a linear system in two variables by graphing 
works well when the solution consists of integer 
values, but if our solution contains decimals or 
fractions, it is not the most precise method. We will 
consider two more methods of solving a system of 
linear equations that are more precise than 
graphing. One such method is solving a system of 
equations by the substitution method, in which we 
solve one of the equations for one variable and then 
substitute the result into the second equation to 
solve for the second variable. 


Given a system of two equations in two 
variables, solve using the substitution method. 


1. Solve one of the two equations for one of the 
variables in terms of the other. 

2. Substitute the expression for this variable into 
the second equation, then solve for the 
remaining variable. 

. Substitute that solution into either of the 
original equations to find the value of the first 
variable. If possible, write the solution as an 
ordered pair. 

. Check the solution in both equations. 


Solving a System of Equations in Two 


Variables by Substitution 


Solve the following system of equations by 
substitution. 
—x+y=-—5 2x-—5y=1 


First, we will solve the first equation for y. 
—x+y=-5 y=x-5 


Now we can substitute the expression x—5 for 
y in the second equation. 
2x —5y=1 2x—5(xk—-5)=1 2x—5x 
t2o—1 —3x= —24 
x=8 


Now, we substitute x=8 into the first 
equation and solve for y. 
—(8)+y=-—5 y=3 


Our solution is (8,3 ). 


Check the solution by substituting ( 8,3 ) into 
both equations. 

—x+y=-—5 —(8)+(3)=—5 True 2x 
—5y=1 2(8)—5(3)=1 True 


Solve the following system of equations by 


substitution. 
x=y+3 4=3x—-2y 


Can the substitution method be used to solve 
any linear system in two variables? 

Yes, but the method works best if one of the equations 
contains a coefficient of 1 or —1 so that we do not 
have to deal with fractions. 


Solving Systems of Equations in Two 
Variables by the Addition Method 


A third method of solving systems of linear 
equations is the addition method. In this method, 
we add two terms with the same variable, but 
opposite coefficients, so that the sum is zero. Of 
course, not all systems are set up with the two terms 
of one variable having opposite coefficients. Often 
we must adjust one or both of the equations by 
multiplication so that one variable will be 
eliminated by addition. 


Given a system of equations, solve using the 
addition method. 


1. Write both equations with x- and y-variables 
on the left side of the equal sign and constants 
on the right. 

. Write one equation above the other, lining up 
corresponding variables. If one of the 
variables in the top equation has the opposite 
coefficient of the same variable in the bottom 
equation, add the equations together, 
eliminating one variable. If not, use 
multiplication by a nonzero number so that 
one of the variables in the top equation has 
the opposite coefficient of the same variable in 
the bottom equation, then add the equations 
to eliminate the variable. 

. Solve the resulting equation for the remaining 
variable. 

. Substitute that value into one of the original 
equations and solve for the second variable. 

. Check the solution by substituting the values 
into the other equation. 


Solving a System by the Addition Method 


Solve the given system of equations by 
addition. 
xt+t2y=—-1 -x+y=3 


Both equations are already set equal to a 
constant. Notice that the coefficient of x in 
the second equation, —1, is the opposite of the 
coefficient of x in the first equation, 1. We can 
add the two equations to eliminate x without 
needing to multiply by a constant. 

XGo2y— — i xy — 3 Oy 2 


Now that we have eliminated x, we can solve 
the resulting equation for y. 
Sy=2 y=23 


Then, we substitute this value for y into one 
of the original equations and solve for x. 

=Xty=—3  —X- 23 —3 =xX—3-— 2 
3 =X—= 7.5 X= = 3 


The solution to this system is (—- 73,23). 


Check the solution in the first equation. 
Mey (-73)+2(23)= 
=e 4s = = 3 3 = 
-l——1 True 


nalysis 


We gain an important perspective on systems of 
equations by looking at the graphical 
representation. See [link] to find that the equations 
intersect at the solution. We do not need to ask 
whether there may be a second solution because 
observing the graph confirms that the system has 


exactly one solution. 


Using the Addition Method When 
Multiplication of One Equation Is Required 


Solve the given system of equations by the 
addition method. 
oxtoy=—1ll x—2y=11 


Adding these equations as presented will not 
eliminate a variable. However, we see that the 
first equation has 3x in it and the second 
equation has x. So if we multiply the second 
equation by —3, the x-terms will add to zero. 
x—2y=11 —3(x-2y)= —-3(11) 
Multiply both sides by —3. —3x+6y= —33 
Use the distributive property. 


Now, let’s add them. 
oxtoy——ll —3x+6y—— 33 
lly=-—44 y=—-4 


For the last step, we substitute y= —4 into 

one of the original equations and solve for x. 
3x+5y=—-11 3x+5(-4)=—-11 3x 

=—20——1]1 3x=9 x=3 


Our solution is the ordered pair ( 3,—4 ). See 
[link]. Check the solution in the original 
second equation. 
x—2y=11 (3)-2(-4)=3+8 
11=11 True 


Solve the system of equations by addition. 
2x—=/y=2 3x+y= —20 


Using the Addition Method When 


Multiplication of Both Equations Is 
Required 


Solve the given system of equations in two 
variables by addition. 
2x+ 3y= —-16 5x—10y=30 


One equation has 2x and the other has 5x. 
The least common multiple is 10x so we will 
have to multiply both equations by a constant 
in order to eliminate one variable. Let’s 
eliminate x by multiplying the first equation 
by —5 and the second equation by 2. 
—5(2x+3y)=-—5(-16)  —-10x—15y=80 
2(5x — 10y) = 2(30) 10x — 20y = 60 


Then, we add the two equations together. 
—10x—15y=80 10x — 20y = 60 

— 35y=140 y= 
=F 


Substitute y= — 4 into the original first 
equation. 
2x + 3(—4)=-—16 2X ND =a 6 


2x=—4 x=—-—2 


The solution is ( —2,—4 ). Check it in the 
other equation. 
5x — 10y =30 5(— 2) —10(— 4) =30 
—10+40=30 30=30 


See [link]. 


Using the Addition Method in Systems of 
Equations Containing Fractions 


Solve the given system of equations in two 
variables by addition. 
x3+y6=3x2-y4=1 


First clear each equation of fractions by 
multiplying both sides of the equation by the 
least common denominator. 

6(x3 + y6)=6(3) 2x+y=184(x2—-—y 
4)=401) 2x-y=4 


Now multiply the second equation by —1 so 
that we can eliminate the x-variable. 
—1(Q2x-y)=-1(4) -2x+y=-4 


Add the two equations to eliminate the x- 

variable and solve the resulting equation. 
2x+y=18 —2x+y=-4 

2y=14 7 


Substitute y=7 into the first equation. 
2x +(7)=18 2x=11 x= 112 
=5.5 


The solution is (11 2 ,7 ). Check it in the 
other equation. 

x2—-—y4=11122-74=1 114-74 
=] 44=1 


Solve the system of equations by addition. 
2x+3y=8 3x+5y=10 


Identifying Inconsistent Systems of 
Equations Containing Two Variables 


Now that we have several methods for solving 
systems of equations, we can use the methods to 
identify inconsistent systems. Recall that an 
inconsistent system consists of parallel lines that 
have the same slope but different y -intercepts. 
They will never intersect. When searching for a 
solution to an inconsistent system, we will come up 
with a false statement, such as 12=0. 


Solving an Inconsistent System of 
Equations 


Solve the following system of equations. 
x=9-2yxt+2y=13 


We can approach this problem in two ways. 
Because one equation is already solved for x, 
the most obvious step is to use substitution. 


x+2y=13 (9-—2y)+2y=13 
9+0y=13 9=13 


Clearly, this statement is a contradiction 
because 9413. Therefore, the system has no 
solution. 


The second approach would be to first 
manipulate the equations so that they are both 
in slope-intercept form. We manipulate the 
first equation as follows. 

x9 29 Jy — xo y= — ox 


We then convert the second equation 
expressed to slope-intercept form. 

x+2y=13 2 SoS Ya = x 
se dS 


Comparing the equations, we see that they 
have the same slope but different y-intercepts. 
Therefore, the lines are parallel and do not 
intersect. 

Va — lee oy x 


nalysis 


Writing the equations in slope-intercept form 
confirms that the system is inconsistent because all 
lines will intersect eventually unless they are 
parallel. Parallel lines will never intersect; thus, the 
two lines have no points in common. The graphs of 
the equations in this example are shown in [link]. 


Solve the following system of equations in two 
variables. 
Z2y —2x—2 2y—2x—6 


No solution. It is an inconsistent system. 


Expressing the Solution of a System of 
Dependent Equations Containing Two 
Variables 


Recall that a dependent system of equations in two 
variables is a system in which the two equations 
represent the same line. Dependent systems have an 
infinite number of solutions because all of the points 
on one line are also on the other line. After using 
substitution or addition, the resulting equation will 
be an identity, such as 0=0. 


Finding a Solution to a Dependent System 
of Linear Equations 


Find a solution to the system of equations 
using the addition method. 
xX+3y=2 3x+9y=6 


With the addition method, we want to 
eliminate one of the variables by adding the 
equations. In this case, let’s focus on 
eliminating x. If we multiply both sides of the 
first equation by —3, then we will be able to 
eliminate the x -variable. 
X+3y=2 (—3)&+3y)=(- 3)(2) 
Bota I= —6 


Now add the equations. 
=—3x—-9y =—-6 + 3x+9y =6 
0 =0 


We can see that there will be an infinite 
number of solutions that satisfy both 
equations. 


nalysis 


If we rewrote both equations in the slope-intercept 
form, we might know what the solution would look 
like before adding. Let’s look at what happens 
when we convert the system to slope-intercept 


xt oy —2 SY——x +42 Y= Lox 2 
3 3x+9y=6 Sy = —3x+6 ree DX 
ar (6) 2) y= — 3x 23 


See [link]. Notice the results are the same. The 
general solution to the system is (x, — 13x+ 23 
), for x in the set of real numbers. 


Solve the following system of equations in two 
variables. 
y—2x=5 —3y+6x=-—15 


The system is dependent so there are infinite 
solutions of the form (x,2x+5), for x in the set 
of real numbers. 


Using Systems of Equations to Investigate 
Profits 


Using what we have learned about systems of 
equations, we can return to the skateboard 
manufacturing problem at the beginning of the 
section. The skateboard manufacturer’s revenue 
function is the function used to calculate the 
amount of money that comes into the business. It 
can be represented by the equation R=xp, where 
X= quantity and p= price. The revenue function is 
shown in orange in [link]. 


The cost function is the function used to calculate 
the costs of doing business. It includes fixed costs, 
such as rent and salaries, and variable costs, such as 


utilities. The cost function is shown in blue in [link]. 
The x -axis represents quantity in hundreds of units. 
The y-axis represents either cost or revenue in 
hundreds of dollars. 
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The point at which the two lines intersect is called 
the break-even point. We can see from the graph 
that if 700 units are produced, the cost is $3,300 
and the revenue is also $3,300. In other words, the 
company breaks even if they produce and sell 700 
units. They neither make money nor lose money. 


The shaded region to the right of the break-even 
point represents quantities for which the company 
makes a profit. The shaded region to the left 
represents quantities for which the company suffers 
a loss. The profit function is the revenue function 
minus the cost function, written as 

P(x) = R(x) — C(x). Clearly, knowing the quantity for 


which the cost equals the revenue is of great 
importance to businesses. 


Finding the Break-Even Point and the Profit 
Function Using Substitution 


Given the cost function C(x) =0.85x + 35,000 
and the revenue function R(x) =1.55x, find 
the break-even point and the profit function. 


Write the system of equations using y to 
replace function notation. 
y =0.85x + 35,000 y=1.55x 


Substitute the expression 0.85x+35,000 from 

the first equation into the second equation and 

solve for x. 

0.85x + 35,000 = 1.55x 35,000 = 0.7x 
50,000 =x 


Then, we substitute x=50,000 into either 
the cost function or the revenue function. 
1.55( 50,000 ) =77,500 

The break-even point is ( 50,000,77,500 ). 


The profit function is found using the formula 
P(x) = R(x) — C(x). 


P(x) = 1.55x — (0.85x + 35,000) = 0.7x 
— 35,000 


The profit function is P(x) =0.7x — 35,000. 
nalysis 
The cost to produce 50,000 units is $77,500, and 
the revenue from the sales of 50,000 units is also 
$77,500. To make a profit, the business must 


produce and sell more than 50,000 units. See 
[link]. 
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We see from the graph in [link] that the profit 
function has a negative value until x=50,000, 
when the graph crosses the x-axis. Then, the graph 
emerges into positive y-values and continues on 


this path as the profit function is a straight line. 
This illustrates that the break-even point for 
businesses occurs when the profit function is 0. The 
area to the left of the break-even point represents 
operating at a loss. 
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Writing and Solving a System of Equations 
in Two Variables 


The cost of a ticket to the circus is $25.00 for 


children and $50.00 for adults. On a certain 
day, attendance at the circus is 2,000 and the 
total gate revenue is $70,000. How many 
children and how many adults bought tickets? 


Let c = the number of children and a = the 
number of adults in attendance. 


The total number of people is 2,000. We can 
use this to write an equation for the number of 
people at the circus that day. 

c+a=2,000 


The revenue from all children can be found by 
multiplying $25.00 by the number of 
children, 25c. The revenue from all adults can 
be found by multiplying $50.00 by the 
number of adults, 50a. The total revenue is 
$70,000. We can use this to write an equation 
for the revenue. 

25c + 50a= 70,000 


We now have a system of linear equations in 
two variables. 
c+a=2,000 25c+50a= 70,000 


In the first equation, the coefficient of both 

variables is 1. We can quickly solve the first 
equation for either c or a. We will solve for 
a. 
c+a=2,000 a=2,000—c 


Substitute the expression 2,000—c in the 

second equation for a and solve for c. 
25c + 50(2,000 —c)=70,000 25c 

+ 100,000 — 50c = 70,000 

— 25c = — 30,000 


c=1,200 


Substitute c=1,200 into the first equation to 
solve for a. 
1,200 +a=2,000 a= 800 


We find that 1,200 children and 800 adults 
bought tickets to the circus that day. 


Meal tickets at the circus cost $4.00 for 
children and $12.00 for adults. If 1,650 meal 
tickets were bought for a total of $14,200, 
how many children and how many adults 
bought meal tickets? 


700 children, 950 adults 


ccess these online resources for additional 
instruction and practice with systems of linear 
equations. 


¢ Solving Systems of Equations Using 
Substitution 
¢ Solving Systems of Equations Using 


Elimination 
¢ Applications of Systems of Equations 


Key Concepts 


A system of linear equations consists of two or 
more equations made up of two or more 
variables such that all equations in the system 
are considered simultaneously. 

The solution to a system of linear equations in 
two variables is any ordered pair that satisfies 
each equation independently. See [link]. 
Systems of equations are classified as 
independent with one solution, dependent with 
an infinite number of solutions, or inconsistent 
with no solution. 

One method of solving a system of linear 
equations in two variables is by graphing. In 
this method, we graph the equations on the 
same set of axes. See [link]. 

Another method of solving a system of linear 
equations is by substitution. In this method, we 
solve for one variable in one equation and 
substitute the result into the second equation. 
See [link]. 

A third method of solving a system of linear 
equations is by addition, in which we can 


eliminate a variable by adding opposite 
coefficients of corresponding variables. See 
[link]. 

* It is often necessary to multiply one or both 
equations by a constant to facilitate elimination 
of a variable when adding the two equations 
together. See [link], [link], and [link]. 

* Either method of solving a system of equations 
results in a false statement for inconsistent 
systems because they are made up of parallel 
lines that never intersect. See [link]. 

¢ The solution to a system of dependent 
equations will always be true because both 
equations describe the same line. See [link]. 

« Systems of equations can be used to solve real- 
world problems that involve more than one 
variable, such as those relating to revenue, 
cost, and profit. See [link] and [link]. 


Section Exercises 


Verbal 


Can a system of linear equations have exactly 
two solutions? Explain why or why not. 


No, you can either have zero, one, or infinitely 
many. Examine graphs. 


If you are performing a break-even analysis for 
a business and their cost and revenue equations 
are dependent, explain what this means for the 
company’s profit margins. 


If you are solving a break-even analysis and get 
a negative break-even point, explain what this 
signifies for the company? 


This means there is no realistic break-even 
point. By the time the company produces one 
unit they are already making profit. 


If you are solving a break-even analysis and 
there is no break-even point, explain what this 
means for the company. How should they 
ensure there is a break-even point? 


Given a system of equations, explain at least 
two different methods of solving that system. 


You can solve by substitution (isolating x or y 
), graphically, or by addition. 


Algebraic 


For the following exercises, determine whether the 
given ordered pair is a solution to the system of 
equations. 


5x—y=4 x+6y=2 and (4,0) 
—3x—5y=13 —x+4y=10 and (—6,1) 
Yes 

3x+ 7y=1 2x+4y=0 and (2,3) 
—2x+5y=7 2x+9y=7 and (-—1,1) 
Yes 


x+8y=43 3x—2y=-—1 and (3,5) 


For the following exercises, solve each system by 
substitution. 


x+3y=5 2x+ 3y=4 


C= 1,2) 


3x— 2y=18 5x+10y= —10 


4x+ 2y= —10 3x+9y=0 


(2,4) 


2x+ 4y = —3.8 9x—-5y=1.3 


—2x+ 3y=1.2 —3x—6y=1.8 


x—O.2y=1 —10x+2y=5 


3x + 5y=9 30x + 50y = —90 


No solutions exist. 


—3x+y=2 12x—4y=—-8 


12x+ 13y=1616x+ 14y=9 


(72.5. 152°5,) 


—14x+ 32y=11 —18x+ 13 y=3 


For the following exercises, solve each system by 
addition. 


—2x+5y=-42 7x+2y=30 


C6;—6) 


6x— 5y = — 34 2x+6y=4 


ox—y= —2.6 —4x—-6y=1.4 


CST 10) 


7X— 2y=3 4x+5y=3.25 


—x+2y=-—1 5x—10y=6 


No solutions exist. 


7X+6y=2 —28x—24y= —-8 


596x+ 14y=018x-12y=— 43120 


CH hoi ¢23) 


13x+19y=29-12x+45y=-13 


—0.2x+ 0.4y =0.6 x—-2y=-—3 


(x,x+32) 


—0.1x+0.2y=0.6 ox —10y=1 


For the following exercises, solve each system by 


any method. 


ox+9y=16 x+2y=4 


(= 4,4) 


6x — 8y= — 0.6 3x+ 2y=0.9 


ox — 2y = 2.25 7x-—4y=3 


(12,18) 


x= O12 y== 50 12 —6k 92 yH="95.2 


7x—4y= 76 2x+4y=13 


(16,0) 


3x+ 6y=11 2x+4y=9 


73x- 16y=2 - 216x+ 312y=-3 


( x,2(7x — 6) ) 


12x+13y=1332x1+14y=-18 


2.2x+1.3y=—0.1 4.2x+4.2y=2.1 


(-—56,43) 


0.1x+0.2y=2 0.35x—0.3y=0 


Graphical 


For the following exercises, graph the system of 
equations and state whether the system is 
consistent, inconsistent, or dependent and whether 
the system has one solution, no solution, or infinite 
solutions. 


3x—y=0.6 x—2y=1.3 


Consistent with one solution 


—x+2y=4 2x—4y=1 


X+2y=7 2x+ 6y=12 


Consistent with one solution 


3x-—5y=7 x-2y=3 


3x—2y=5 —9x+6y=-15 


Dependent with infinitely many solutions 


Technology 


For the following exercises, use the intersect 
function on a graphing device to solve each system. 
Round all answers to the nearest hundredth. 


0.1x+0.2y=0.3 —0.3x+0.5y=1 


—0.01x+0.12y=0.62 0.15x+0.20y =0.52 


( —3.08,4.91 ) 


0.5x+0.3y=4 0.25x—0.9y =0.46 


0.15x+ 0.27y=0.39 —0.34x+0.56y =1.8 


€=1.52,2.29)) 


—0.71x+0.92y=0.13 0.83x+0.05y=2.1 


Extensions 


For the following exercises, solve each system in 
terms of A,B,C,D,E, and F where A-F are nonzero 
numbers. Note that AB and AE=BD. 


x+y=Ax—-y=B 


(CA+B2 3 A—B 2.) 


x+Ay=1x+By=1 


Ax+y=0 Bxt+y=1 


(-1A-B,AA-—B) 


Ax+By=Cx+y=1 


Ax+By=C Dx+Ey=F 


( CE—BF BD— AE , AF—CD BD—AE ) 


Real-World Applications 


For the following exercises, solve for the desired 
quantity. 


A stuffed animal business has a total cost of 
production C=12x+30 and a revenue function 
R= 20x. Find the break-even point. 


A fast-food restaurant has a cost of production 
C(x) =11x+120 and a revenue function 

R(x) =5x. When does the company start to turn 
a profit? 


They never turn a profit. 


A cell phone factory has a cost of production 
C(x) =150x+10,000 and a revenue function 
R(x) = 200x. What is the break-even point? 


A musician charges C(x) =64x + 20,000, where 
x is the total number of attendees at the 
concert. The venue charges $80 per ticket. After 
how many people buy tickets does the venue 
break even, and what is the value of the total 
tickets sold at that point? 


(1,250,100,000) 


A guitar factory has a cost of production 

C(x) =75x+50,000. If the company needs to 
break even after 150 units sold, at what price 
should they sell each guitar? Round up to the 
nearest dollar, and write the revenue function. 


For the following exercises, use a system of linear 
equations with two variables and two equations to 
solve. 


Find two numbers whose sum is 28 and 
difference is 13. 


The numbers are 7.5 and 20.5. 


A number is 9 more than another number. 
Twice the sum of the two numbers is 10. Find 
the two numbers. 


The startup cost for a restaurant is $120,000, 
and each meal costs $10 for the restaurant to 
make. If each meal is then sold for $15, after 
how many meals does the restaurant break 
even? 


24,000 


A moving company charges a flat rate of $150, 
and an additional $5 for each box. If a taxi 
service would charge $20 for each box, how 
many boxes would you need for it to be cheaper 
to use the moving company, and what would be 
the total cost? 


A total of 1,595 first- and second-year college 
students gathered at a pep rally. The number of 
freshmen exceeded the number of sophomores 
by 15. How many freshmen and sophomores 
were in attendance? 


790 sophomores, 805 freshman 


276 students enrolled in a freshman-level 
chemistry class. By the end of the semester, 5 
times the number of students passed as failed. 
Find the number of students who passed, and 
the number of students who failed. 


There were 130 faculty at a conference. If there 
were 18 more women than men attending, how 
many of each gender attended the conference? 


56 men, 74 women 


A jeep and BMW enter a highway running east- 
west at the same exit heading in opposite 
directions. The jeep entered the highway 30 
minutes before the BMW did, and traveled 7 
mph slower than the BMW. After 2 hours from 
the time the BMW entered the highway, the 
cars were 306.5 miles apart. Find the speed of 
each car, assuming they were driven on cruise 
control. 


If a scientist mixed 10% saline solution with 
60% saline solution to get 25 gallons of 40% 
saline solution, how many gallons of 10% and 
60% solutions were mixed? 


10 gallons of 10% solution, 15 gallons of 60% 
solution 


An investor earned triple the profits of what she 
earned last year. If she made $500,000.48 total 
for both years, how much did she earn in 
profits each year? 


An investor who dabbles in real estate invested 
1.1 million dollars into two land investments. 
On the first investment, Swan Peak, her return 
was a 110% increase on the money she 
invested. On the second investment, Riverside 


Community, she earned 50% over what she 
invested. If she earned $1 million in profits, 
how much did she invest in each of the land 
deals? 


Swan Peak: $750,000, Riverside: $350,000 


If an investor invests a total of $25,000 into 
two bonds, one that pays 3% simple interest, 
and the other that pays 2 7 8 % interest, and 
the investor earns $737.50 annual interest, how 
much was invested in each account? 


If an investor invests $23,000 into two bonds, 
one that pays 4% in simple interest, and the 
other paying 2% simple interest, and the 
investor earns $710.00 annual interest, how 
much was invested in each account? 


$12,500 in the first account, $10,500 in the 
second account. 


CDs cost $5.96 more than DVDs at All Bets Are 
Off Electronics. How much would 6 CDs and 2 
DVDs cost if 5 CDs and 2 DVDs cost $127.73? 


A store clerk sold 60 pairs of sneakers. The 
high-tops sold for $98.99 and the low-tops sold 
for $129.99. If the receipts for the two types of 
sales totaled $6,404.40, how many of each type 
of sneaker were sold? 


High-tops: 45, Low-tops: 15 


A concert manager counted 350 ticket receipts 
the day after a concert. The price for a student 
ticket was $12.50, and the price for an adult 
ticket was $16.00. The register confirms that 
$5,075 was taken in. How many student tickets 
and adult tickets were sold? 


Admission into an amusement park for 4 
children and 2 adults is $116.90. For 6 children 
and 3 adults, the admission is $175.35. 
Assuming a different price for children and 
adults, what is the price of the child’s ticket and 
the price of the adult ticket? 


Infinitely many solutions. We need more 
information. 


Glossary 


addition method 
an algebraic technique used to solve systems 
of linear equations in which the equations are 
added in a way that eliminates one variable, 
allowing the resulting equation to be solved 
for the remaining variable; substitution is 
then used to solve for the first variable 


break-even point 
the point at which a cost function intersects a 
revenue function; where profit is zero 


consistent system 
a system for which there is a single solution 
to all equations in the system and it is an 
independent system, or if there are an infinite 
number of solutions and it is a dependent 
system 


cost function 
the function used to calculate the costs of 
doing business; it usually has two parts, fixed 
costs and variable costs 


dependent system 
a system of linear equations in which the two 
equations represent the same line; there are 
an infinite number of solutions to a 
dependent system 


inconsistent system 
a system of linear equations with no common 


solution because they represent parallel lines, 
which have no point or line in common 


independent system 
a system of linear equations with exactly one 
solution pair (x,y ) 


profit function 
the profit function is written as 
P(x) = R(x) — C(x), revenue minus cost 


revenue function 
the function that is used to calculate revenue, 
simply written as R=xp, where x= quantity 
and p= price 


substitution method 
an algebraic technique used to solve systems 
of linear equations in which one of the two 
equations is solved for one variable and then 
substituted into the second equation to solve 
for the second variable 


system of linear equations 
a set of two or more equations in two or more 
variables that must be considered 
simultaneously. 


Systems of Linear Equations: Three Variables 
In this section, you will: 


* Solve systems of three equations in three 
variables. 

* Identify inconsistent systems of equations 
containing three variables. 

* Express the solution of a system of dependent 
equations containing three variables. 


(credit: “Elembis,” Wikimedia Commons) 


John received an inheritance of $12,000 that he 
divided into three parts and invested in three ways: 
in a money-market fund paying 3% annual interest; 
in municipal bonds paying 4% annual interest; and 
in mutual funds paying 7% annual interest. John 


invested $4,000 more in municipal funds than in 
municipal bonds. He earned $670 in interest the 
first year. How much did John invest in each type of 
fund? 


Understanding the correct approach to setting up 
problems such as this one makes finding a solution a 
matter of following a pattern. We will solve this and 
similar problems involving three equations and 
three variables in this section. Doing so uses similar 
techniques as those used to solve systems of two 
equations in two variables. However, finding 
solutions to systems of three equations requires a bit 
more organization and a touch of visual gymnastics. 


Solving Systems of Three Equations in 
Three Variables 


In order to solve systems of equations in three 
variables, the primary tool we will be using is called 
Gaussian elimination, named after the prolific 
German mathematician Karl Friedrich Gauss. While 
there is no definitive order in which operations are 
to be performed, there are specific guidelines as to 
what type of moves can be made. We may number 
the equations to keep track of the steps we apply. 
The goal is to eliminate one variable at a time to 
achieve upper triangular form, the ideal form for a 
three-by-three system because it allows for 
straightforward back-substitution to find a solution 


( x,y,z ), which we call an ordered triple. A system 
in upper triangular form looks like the following: 
Ax+ By+Cz=D Ey + Fz=G Hz=K 


The third equation can be solved for z, and then we 
back-substitute to find y and x. To write the 
system in upper triangular form, we can perform the 
following operations: 


1. Interchange the order of any two equations. 

2. Multiply both sides of an equation by a nonzero 
constant. 

3. Add a nonzero multiple of one equation to 
another equation. 


The solution set to a three-by-three system is an 
ordered triple { ( x,y,z ) }. Graphically, the ordered 
triple defines the point that is the intersection of 
three planes in space. You can visualize such an 
intersection by imagining any corner in a 
rectangular room. A corner is defined by three 
planes: two adjoining walls and the floor (or 
ceiling). Any point where two walls and the floor 
meet represents the intersection of three planes. 


Number of Possible Solutions 
[link] and [link] illustrate possible solution 
scenarios for three-by-three systems. 


* Systems that have a single solution are those 
which, after elimination, result in a solution 
set consisting of an ordered triple { ( x,y,z ) 
}. Graphically, the ordered triple defines a 
point that is the intersection of three planes in 
space. 

Systems that have an infinite number of 
solutions are those which, after elimination, 
result in an expression that is always true, 
such as 0=0. Graphically, an infinite number 
of solutions represents a line or coincident 
plane that serves as the intersection of three 
planes in space. 

Systems that have no solution are those that, 
after elimination, result in a statement that is 
a contradiction, such as 3=0. Graphically, a 
system with no solution is represented by 
three planes with no point in common. 


(a)Three planes intersect at a single point, 
representing a three-by-three system with a single 
solution. (b) Three planes intersect in a line, 
representing a three-by-three system with infinite 
solutions. 


de 


(a) (b) 


ll three figures represent three-by-three systems 

ith no solution. (a) The three planes intersect 

ith each other, but not at a common point. (b) 
Two of the planes are parallel and intersect with 
the third plane, but not with each other. (c) All 
three planes are parallel, so there is no point of 
intersection. 


(a) (b) (Cc) 


Determining Whether an Ordered Triple Is 
a Solution to a System 


Determine whether the ordered triple ( 3, 
— 2,1) is a solution to the system. 
x+ty+z=2 6x—4y+5z=31 5x+2y 


+27=13 


We will check each equation by substituting in 
the values of the ordered triple for x,y, and z. 


x+y+z=2 (3)+(—2)+(1) =2 True 6x—4y 
+5z=31 6(3)-—4(-—2)+501)=31 
18+8+5=31 True 5x+2y+2z=13 

5(3) + 2(-—2)+2(1)=13 15-—4+2=13 True 


ThesordercatriplesG@s,— 2.1.) is indeed 4 
solution to the system. 


Given a linear system of three equations, solve 
for three unknowns. 


1. Pick any pair of equations and solve for one 
variable. 

2. Pick another pair of equations and solve for 
the same variable. 

3. You have created a system of two equations in 
two unknowns. Solve the resulting two-by-two 
system. 

. Back-substitute known variables into any one 
of the original equations and solve for the 
missing variable. 


Solving a System of Three Equations in 
Three Variables by Elimination 


Find a solution to the following system: 
x=2y4+32—9 (1) —=x+3y—z=—6 (2) 
2x — 5y + 5z=17 (3) 


There will always be several choices as to 
where to begin, but the most obvious first step 
here is to eliminate x by adding equations (1) 
and (2). 
x—2y+3z=9(1) -x+3y-z=—6 (2) 
y+2z=3 (83) 


The second step is multiplying equation (1) by 
—2 and adding the result to equation (3). 
These two steps will eliminate the variable x. 
—2x+4y—6z=-—18 (1) multipliedby -—2 2x 
—5y +5z=17 (3) 

-y-z=-1 (5) 


In equations (4) and (5), we have created a 
new two-by-two system. We can solve for z by 
adding the two equations. 

y+2z=3 (4) -y-z=—1 (5) 

L—2 (6) 


Choosing one equation from each new system, 
we obtain the upper triangular form: 
x—2y+3z=9 (1) y+2z=3 (4) 


Z=2 (6) 


Next, we back-substitute z=2 into equation 
(4) and solve for y. 
y+2(2)=3 yt4=3 y— ll 


Finally, we can back-substitute z=2 and y= 

—1 into equation (1). This will yield the 

solution for x. 

x—2(-—1)+3(2)=9 X+2+6=9 
c= 


The solution is the ordered triple (1,—1,2 ). 
See [link]. 


(1, —1, 2) 


Solving a Real-World Problem Using a 
System of Three Equations in Three 
Variables 


In the problem posed at the beginning of the 
section, John invested his inheritance of 
$12,000 in three different funds: part in a 
money-market fund paying 3% interest 
annually; part in municipal bonds paying 4% 
annually; and the rest in mutual funds paying 
7% annually. John invested $4,000 more in 
mutual funds than he invested in municipal 
bonds. The total interest earned in one year 
was $670. How much did he invest in each 
type of fund? 


To solve this problem, we use all of the 
information given and set up three equations. 
First, we assign a variable to each of the three 
investment amounts: 

xX = amount invested in money-market fund 

y =amount invested in municipal bonds 

Z= amount invested in mutual funds 


The first equation indicates that the sum of the 
three principal amounts is $12,000. 
x+y+z=12,000 


We form the second equation according to the 
information that John invested $4,000 more in 
mutual funds than he invested in municipal 
bonds. 

z=y+4,000 


The third equation shows that the total 


amount of interest earned from each fund 
equals $670. 
0.03x + 0.04y + 0.07z=670 


Then, we write the three equations as a 
system. 
x+y+z=12,000 
—y+z=4,000 0.03x + 0.04y 
+ 0.07z=670 


To make the calculations simpler, we can 
multiply the third equation by 100. Thus, 

x+ ytz =12,000 (1) —y+z =4,000 
(2) 3x+ 4y + 7z= 67,000 (3) 


Step 1. Interchange equation (2) and equation 
(3) so that the two equations with three 
variables will line up. 
x+ y+ z=12,000 3x+4y +7z=67,000 
—y + z=4,000 


Step 2. Multiply equation (1) by —3 and add 
to equation (2). Write the result as row 2. 
x+y+z=12,000 y+4z=31,000 —-y 
+z =4,000 


Step 3. Add equation (2) to equation (3) and 
write the result as equation (3). 
x+y+ z=12,000 y + 4z=31,000 

5z =35,000 


Step 4. Solve for z in equation (3). Back- 


substitute that value in equation (2) and solve 
for y. Then, back-substitute the values for z 
and y into equation (1) and solve for x. 


5z = 35,000 
z=7,000 iy 
+ 4(7,000) = 31,000 y = 3,000 
x + 3,000 + 7,000 = 12,000 
x= 2,000 


John invested $2,000 in a money-market fund, 
$3,000 in municipal bonds, and $7,000 in 
mutual funds. 


Solve the system of equations in three 
variables. 


2X Vi ee — LX OV i ky oO 


Identifying Inconsistent Systems of 
Equations Containing Three Variables 


Just as with systems of equations in two variables, 
we may come across an inconsistent system of 
equations in three variables, which means that it 
does not have a solution that satisfies all three 
equations. The equations could represent three 
parallel planes, two parallel planes and one 
intersecting plane, or three planes that intersect the 
other two but not at the same location. The process 
of elimination will result in a false statement, such 
as 3=7 or some other contradiction. 


Solving an Inconsistent System of Three 
Equations in Three Variables 


Solve the following system. 
x—3y+z=4(1) —x+2y—5z=3 (2) 5x 
—13y+13z=8 (3) 


Looking at the coefficients of x, we can see 
that we can eliminate x by adding equation 
(1) to equation (2). 
x—3y+z=4 (1) -x+2y—-5z=3 (2) 
—y—-4z=7 (4) 


Next, we multiply equation (1) by —5 and 
add it to equation (3). 

—5x+15y—5z= — 20 (1) multiplied by —5 5x 
—13y+13z=8 (3) 


2y 
+ 8z= —12 (5) 


Then, we multiply equation (4) by 2 and add it 
to equation (5). 
—2y—8z=14 (4)multipliedby2 2y+8z= 
2. C5) 

0=2 


The final equation 0=2 is a contradiction, so 
we conclude that the system of equations in 
inconsistent and, therefore, has no solution. 


nalysis 


In this system, each plane intersects the other two, 
but not at the same location. Therefore, the system 


is inconsistent. 


Solve the system of three equations in three 
variables. 


DSL as AeA y—3z=1 2x+y+5z=0 


Expressing the Solution of a System of 
Dependent Equations Containing Three 
Variables 


We know from working with systems of equations in 
two variables that a dependent system of equations 
has an infinite number of solutions. The same is true 
for dependent systems of equations in three 
variables. An infinite number of solutions can result 
from several situations. The three planes could be 
the same, so that a solution to one equation will be 
the solution to the other two equations. All three 
equations could be different but they intersect on a 
line, which has infinite solutions. Or two of the 
equations could be the same and intersect the third 
on a line. 


Finding the Solution to a Dependent System 
of Equations 


Find the solution to the given system of three 


equations in three variables. 
2x + y—3z=0 (1) 4x+ 2y—6z=0 (2) x=y 
+z=0 (3) 


First, we can multiply equation (1) by —2 and 
add it to equation (2). 

—4x—2y+6z=0 equation (1) multiplied by 
=—2 4x+2y—67—0 (2) 


0=0 


We do not need to proceed any further. The 
result we get is an identity, 0=0, which tells 
us that this system has an infinite number of 
solutions. There are other ways to begin to 
solve this system, such as multiplying equation 
(3) by —2, and adding it to equation (1). We 
then perform the same steps as above and find 
the same result, 0=0. 


When a system is dependent, we can find 
general expressions for the solutions. Adding 
equations (1) and (3), we have 

2x+y—-—3z=0 x-y+z=0 3x 
— 2z=0 


We then solve the resulting equation for z. 
3x —2z=0 Zi aX 


We back-substitute the expression for z into 
one of the equations and solve for y. 
2x+y—3(32x)=0 2x+y- 92x=0 
y= 92x—2x 
y= 52x 


So the general solution is (x,52x,32x). In 


this solution, x can be any real number. The 
values of y and z are dependent on the value 
selected for x. 


nalysis 
s shown in [link], two of the planes are the same 
and they intersect the third plane on a line. The 


solution set is infinite, as all points along the 
intersection line will satisfy all three equations. 


x-y+z=0 


—-4x — 2y + 6z=0 
4x + 2y — 6z=0 


Does the generic solution to a dependent 
system always have to be written in terms of x? 
0, you can write the generic solution in terms of any 
of the variables, but it is common to write it in terms o 

and if needed x and y. 


Solve the following system. 
X+y+zZ=7 3x-—2y-—z=4 x+6y+5z=24 


Infinite number of solutions of the form ( x,4x 
—11,-—5x+18 ). 


Access these online resources for additional 
instruction and practice with systems of equations 
in three variables. 


* Ex 1: System of Three Equations with Three 
Unknowns Using Elimination 

¢ Ex. 2: System of Three Equations with Three 
Unknowns Using Elimination 


Key Concepts 


¢ A solution set is an ordered triple { ( x,y,z ) } 
that represents the intersection of three planes 
in space. See 
[link]. 

« A system of three equations in three variables 


can be solved by using a series of steps that 
forces a variable to be eliminated. The steps 
include interchanging the order of equations, 
multiplying both sides of an equation by a 
nonzero constant, and adding a nonzero 
multiple of one equation to another equation. 
See [link]. 

Systems of three equations in three variables 
are useful for solving many different types of 
real-world problems. See [link]. 

A system of equations in three variables is 
inconsistent if no solution exists. After 
performing elimination operations, the result is 
a contradiction. See [link]. 

Systems of equations in three variables that are 
inconsistent could result from three parallel 
planes, two parallel planes and one intersecting 
plane, or three planes that intersect the other 
two but not at the same location. 

A system of equations in three variables is 
dependent if it has an infinite number of 
solutions. After performing elimination 
operations, the result is an identity. See [link]. 
Systems of equations in three variables that are 
dependent could result from three identical 
planes, three planes intersecting at a line, or 
two identical planes that intersect the third on 
a line. 


Section Exercises 


Verbal 


Can a linear system of three equations have 
exactly two solutions? Explain why or why not 


No, there can be only one, zero, or infinitely 
many solutions. 


If a given ordered triple solves the system of 
equations, is that solution unique? If so, explain 
why. If not, give an example where it is not 
unique. 


If a given ordered triple does not solve the 
system of equations, is there no solution? If so, 
explain why. If not, give an example. 


Not necessarily. There could be zero, one, or 
infinitely many solutions. For example, ( 0,0,0 
) is not a solution to the system below, but that 
does not mean that it has no solution. 


2x+ 3y—6z=1 —4x-6y+12z= -2 x 
+2y+5z=10 


Using the method of addition, is there only one 
way to solve the system? 


Can you explain whether there can be only one 
method to solve a linear system of equations? If 
yes, give an example of such a system of 
equations. If not, explain why not. 


Every system of equations can be solved 
graphically, by substitution, and by addition. 
However, systems of three equations become 
very complex to solve graphically so other 
methods are usually preferable. 


Algebraic 
For the following exercises, determine whether the 


ordered triple given is the solution to the system of 
equations. 


2x—6y+6z=—-12 x+4y+5z=—-1 —-x+2y 
+3z=-1 and (0,1,-1) 


6x—y+3z=6 3x+5y+2z=0 x+y=0 
and (3, —3, —5) 


No 


6x—7y+z=2 —x-yt+3z=4 2x+y-z=1 
and (4,2, —6) 


x—-y=0 Xx-Z=5x—-y+z=-—1 and 
(4,4,-1) 


Yes 


—x—-yt+2z=3 5x+8y-—3z=4 —-x+3y-5z= 
—5 and (4,1,-—7) 


For the following exercises, solve each system by 
substitution. 


3x—4y+2z=-15 2x+4y+z=16 2x+3y 
+5z=20 


( = LAS2 ) 


ox — 2y + 3z= 20 2x-—4y—-3z=-9 x+6y 
—8z=21 


ox + 2y + 4z=9 —3x+2y+z=10 4x—3y 
+5zZ2==—3 


( = 85.107 2312107 191 107 ) 


4x—3y+5z=31 -—x+2y+4z=20 x+5y 
—2z= —29 


ox— 2y+3z=4 —4x+6y-—7z=-1 3x+2y 
—z=4 


(1,12,0) 


4x+6y+9z=0 —5x+2y—6z=3 7x—4y 
+3z=-3 


For the following exercises, solve each system by 
Gaussian elimination. 


2x—y+3z=17 —5x+4y—2z= —46 


2y+02=—7 
( 4,—6,1 ) 
5x — 6y + 3Z=50 —x+4y=10 2x 


—z7z=10 


2x+ 3y—6z=1 —4x-6y+12z= -2 X 
+ 2y+5z=10 


Cx; 127 (65—16x), x+28 27) 


4x+ 6y—-—2z=8 6x+9y-—3z=12 —2x—3y 
+z=-4 


2x+ 3y—4z=5 —3x+2y+z=11 —x+5y 
+3z=4 


(- 4513,1713,-2) 


10x+2y-—14z=8 -x-2y-—4z=—-1 —-12x 
=6y +6z2==—=12 


x+ty+z=14 2y +3z= —14 —-16y 
—24z=—-112 


No solutions exist 


ox— 3y + 4z= —-1 —4x+2y—-—3z=0 -—x+5y 
+7z=-11 


Xx+ty+z=0 2x-y+3z=0 x 
—z=0 


(0,0,0 ) 


3x+ 2y —5z=6 5x—4y+3z= —12 4x+5y 
—2z=15 


x+ty+z=0 2x-y+3z=0 x-Z=1 


C47 1743 7) 


ox— 1 2y—z=- 12 4x+zZz=3 —-xt+ 
32y=52 


6x—5y+6z=3815x-12y+35z=1 
—4x-— 32 y—-z=—74 


( 7,20,16 ) 


Lox LS 2oee— 1310. Lax= 25 
y> 15z2=— 720 —12x- 34y-—12z=-—- 
54 


—-13x-12y-—14z2=34-12x-14y 
=127=2—14x=— 3.4 y—1272=-— 12 


( = 62,1 ) 


12x-14y+34z=014x-110y+25 
Z=-218x%+ 1S y— 138 2=2 


45x- 78y+12z=1-45x- 34yi1 
32] —-6 = 29x%— 7 Sy lL 2zS—5 


€5,12,15:.) 


=i3 x=. hE 74 67> = 43.23 x%= 7S 
Vol 32-233 = 13a S67 7:562=0 


= 4x oA yt e272] —3 —1L2x=— 53 yt 
54z= 5512—-13x-13y+13z=53 


( meee oe oe) 


140x+ 160y+ 180z=1100 -—12x-1 
S3y-—14z=-15 38x+312y+ 316z= 
3 20 


0.1x—0.2y+ 0.3z2= 2 0.5x—0.ly + 0.4z=8 0.7x 
—=O0.2y +0,3z2=8 


( 10,10,10 ) 


0.2x+ 0.ly —0.3z=0.2 0.8x+ 0.4y —1.2z=0.1 
1.6x+ 0.8y — 2.4z=0.2 


1.1x+0.7y—3.1z= —1.79 2.1x+0.5y—1.6z= 
— 0.13 0.5x+ 0.4y —0.5z= — 0.07 


Ci2, Lo345) 


0.5x—0.5y+ 0.5z2=10 0.2x—-0.2y + 0.2z2=4 
0.1x—0.ly+0.1z=2 


0.1x+0.2y+ 0.32=0.37 0.1x—0.2y —0.3z= 
=0.27°0.5x—0.1y =0.3z2—=—0:.03 


C12,.2'°53/455.) 


0.5x— 0.5y — 0.32=0.13 0.4x—0.1ly 
—0.3z=0.11 0.2x—0.8y —0.9z= —0.32 


0.5x+ 0.2y —0.3z=1 0.4x—0.6y + 0.7z=0.8 
0.3x—0.ly—0.9z=0.6 


( 2,0,0 ) 


0.3x+ 0.3y+ 0.5z= 0.6 0.4x+ 0.4y + 0.4Z=1.8 
0.4x+ 0.2y+0.1z=1.6 


0.8x+ 0.8y + 0.8z2= 2.4 0.3x—0.5y + 0.22 =0 
0.1x+0.2y+0.3z=0.6 


(1,1,1 ) 


Extensions 


For the following exercises, solve the system for x,y, 
and z. 


MVE o ka 2 ey 2 eel 
2=0x-23+4+ yt434+2-33=23 


Sx = OV 2t12=: 1 260x+ yH Oo 2+ 22=—3 
x+82 —4y+z=4 


C123:-557 5 23:5997 4.28:997-) 


xa = ya LO + 242.3 —=1sH=2 4+ +l 
§ —2+8 12 =0x+63 —y+23 4 2+42 
=3 


X= 316 V2 2S 2 3 SS 2kt2 4 ft VSS 
2 -Po+4 2-= e462) — yo 2 +2FlL=9 


C6,= 1,0) 


x=—13)> + yr34-4+ 2426-1 4x 
+ 3y —2z=11 0.02x+ 0.015y —0.01z=0.065 


Real-World Applications 


Three even numbers sum up to 108. The 
smaller is half the larger and the middle 
number is 34 the larger. What are the three 
numbers? 


24, 36, 48 


Three numbers sum up to 147. The smallest 
number is half the middle number, which is 
half the largest number. What are the three 
numbers? 


At a family reunion, there were only blood 
relatives, consisting of children, parents, and 
grandparents, in attendance. There were 400 
people total. There were twice as many parents 
as grandparents, and 50 more children than 
parents. How many children, parents, and 
grandparents were in attendance? 


70 grandparents, 140 parents, 190 children 


An animal shelter has a total of 350 animals 
comprised of cats, dogs, and rabbits. If the 
number of rabbits is 5 less than one-half the 
number of cats, and there are 20 more cats than 
dogs, how many of each animal are at the 
shelter? 


Your roommate, Sarah, offered to buy groceries 
for you and your other roommate. The total bill 
was $82. She forgot to save the individual 
receipts but remembered that your groceries 
were $0.05 cheaper than half of her groceries, 
and that your other roommate’s groceries were 
$2.10 more than your groceries. How much was 
each of your share of the groceries? 


Your share was $19.95, Sarah’s share was $40, 
and your other roommate’s share was $22.05. 


Your roommate, John, offered to buy household 
supplies for you and your other roommate. You 
live near the border of three states, each of 
which has a different sales tax. The total 
amount of money spent was $100.75. Your 
supplies were bought with 5% tax, John’s with 
8% tax, and your third roommate’s with 9% 
sales tax. The total amount of money spent 
without taxes is $93.50. If your supplies before 
tax were $1 more than half of what your third 
roommate’s supplies were before tax, how 
much did each of you spend? Give your answer 
both with and without taxes. 


Three coworkers work for the same employer. 
Their jobs are warehouse manager, office 
manager, and truck driver. The sum of the 
annual salaries of the warehouse manager and 
office manager is $82,000. The office manager 
makes $4,000 more than the truck driver 
annually. The annual salaries of the warehouse 
manager and the truck driver total $78,000. 
What is the annual salary of each of the co- 
workers? 


There are infinitely many solutions; we need 
more information 


At a carnival, $2,914.25 in receipts were taken 


at the end of the day. The cost of a child’s ticket 
was $20.50, an adult ticket was $29.75, anda 
senior citizen ticket was $15.25. There were 
twice as many senior citizens as adults in 
attendance, and 20 more children than senior 
citizens. How many children, adult, and senior 
citizen tickets were sold? 


A local band sells out for their concert. They 
sell all 1,175 tickets for a total purse of 
$28,112.50. The tickets were priced at $20 for 
student tickets, $22.50 for children, and $29 for 
adult tickets. If the band sold twice as many 
adult as children tickets, how many of each 
type was sold? 


500 students, 225 children, and 450 adults 


In a bag, a child has 325 coins worth $19.50. 
There were three types of coins: pennies, 
nickels, and dimes. If the bag contained the 
same number of nickels as dimes, how many of 
each type of coin was in the bag? 


Last year, at Haven’s Pond Car Dealership, for a 
particular model of BMW, Jeep, and Toyota, 
one could purchase all three cars for a total of 
$140,000. This year, due to inflation, the same 


cars would cost $151,830. The cost of the BMW 
increased by 8%, the Jeep by 5%, and the 
Toyota by 12%. If the price of last year’s Jeep 
was $7,000 less than the price of last year’s 
BMW, what was the price of each of the three 
cars last year? 


The BMW was $49,636, the Jeep was $42,636, 
and the Toyota was $47,727. 


A recent college graduate took advantage of his 
business education and invested in three 
investments immediately after graduating. He 
invested $80,500 into three accounts, one that 
paid 4% simple interest, one that paid 318 % 
simple interest, and one that paid 212% 
simple interest. He earned $2,670 interest at 
the end of one year. If the amount of the money 
invested in the second account was four times 
the amount invested in the third account, how 
much was invested in each account? 


You inherit one million dollars. You invest it all 
in three accounts for one year. The first account 
pays 3% compounded annually, the second 
account pays 4% compounded annually, and 
the third account pays 2% compounded 
annually. After one year, you earn $34,000 in 
interest. If you invest four times the money into 


the account that pays 3% compared to 2%, how 
much did you invest in each account? 


$400,000 in the account that pays 3% interest, 
$500,000 in the account that pays 4% interest, 
and $100,000 in the account that pays 2% 
interest. 


You inherit one hundred thousand dollars. You 
invest it all in three accounts for one year. The 
first account pays 4% compounded annually, 
the second account pays 3% compounded 
annually, and the third account pays 2% 
compounded annually. After one year, you earn 
$3,650 in interest. If you invest five times the 
money in the account that pays 4% compared 
to 3%, how much did you invest in each 
account? 


The top three countries in oil consumption in a 
certain year are as follows: the United States, 
Japan, and China. In millions of barrels per 
day, the three top countries consumed 39.8% of 
the world’s consumed oil. The United States 
consumed 0.7% more than four times China’s 
consumption. The United States consumed 5% 
more than triple Japan’s consumption. What 
percent of the world oil consumption did the 
United States, Japan, and China consume? 


[footnote] 

“Oil reserves, production and consumption in 
2001,” accessed April 6, 2014, http:// 
scaruffi.com/politics/oil.html. 


The United States consumed 26.3%, Japan 
7.1%, and China 6.4% of the world’s oil. 


The top three countries in oil production in the 
same year are Saudi Arabia, the United States, 
and Russia. In millions of barrels per day, the 
top three countries produced 31.4% of the 
world’s produced oil. Saudi Arabia and the 
United States combined for 22.1% of the 
world’s production, and Saudi Arabia produced 
2% more oil than Russia. What percent of the 
world oil production did Saudi Arabia, the 
United States, and Russia produce? [footnote] 
“Oil reserves, production and consumption in 
2001,” accessed April 6, 2014, http:// 
scaruffi.com/politics/oil.html. 


The top three sources of oil imports for the 
United States in the same year were Saudi 
Arabia, Mexico, and Canada. The three top 
countries accounted for 47% of oil imports. The 
United States imported 1.8% more from Saudi 
Arabia than they did from Mexico, and 1.7% 
more from Saudi Arabia than they did from 


Canada. What percent of the United States oil 
imports were from these three countries? 
[footnote] 

“Oil reserves, production and consumption in 
2001,” accessed April 6, 2014, http:// 
scaruffi.com/politics/oil.html. 


Saudi Arabia imported 16.8%, Canada imported 
15.1%, and Mexico 15.0% 


The top three oil producers in the United States 
in a certain year are the Gulf of Mexico, Texas, 
and Alaska. The three regions were responsible 
for 64% of the United States oil production. The 
Gulf of Mexico and Texas combined for 47% of 
oil production. Texas produced 3% more than 
Alaska. What percent of United States oil 
production came from these regions? [footnote] 
“USA: The coming global oil crisis,” accessed 
April 6, 2014, http://www.oilcrisis.com/us/. 


At one time, in the United States, 398 species of 
animals were on the endangered species list. 
The top groups were mammals, birds, and fish, 
which comprised 55% of the endangered 
species. Birds accounted for 0.7% more than 
fish, and fish accounted for 1.5% more than 
mammals. What percent of the endangered 
species came from mammals, birds, and fish? 


Birds were 19.3%, fish were 18.6%, and 
mammals were 17.1% of endangered species 


Meat consumption in the United States can be 
broken into three categories: red meat, poultry, 
and fish. If fish makes up 4% less than one- 
quarter of poultry consumption, and red meat 
consumption is 18.2% higher than poultry 
consumption, what are the percentages of meat 
consumption? [footnote] 

“The United States Meat Industry at a Glance,” 
accessed April 6, 2014, http:// 
www.meatami.com/ht/d/sp/i/47465/ 
pid/47465. 


Glossary 
solution set 


the set of all ordered pairs or triples that 
satisfy all equations in a system of equations 


Matrices and Matrix Operations 
In this section, you will: 


¢ Find the sum and difference of two matrices. 
¢ Find scalar multiples of a matrix. 
¢ Find the product of two matrices. 


(credit: “SD Dirk,” Flickr) 


Two club soccer teams, the Wildcats and the Mud 
Cats, are hoping to obtain new equipment for an 
upcoming season. [link] shows the needs of both 


VWATS1A 4.24. NALA On4K, 
VV LLULL GLb IVE EU Walod 
Coola 4 1n 
a A ed Vv iv 
Ralla Qn oY, | 
AvULLvV vVvvU — I 
Jerseys 14 20 


A goal costs $300; a ball costs $10; and a jersey 
costs $30. How can we find the total cost for the 
equipment needed for each team? In this section, we 
discover a method in which the data in the soccer 
equipment table can be displayed and used for 
calculating other information. Then, we will be able 
to calculate the cost of the equipment. 


Finding the Sum and Difference of Two 
Matrices 


To solve a problem like the one described for the 
soccer teams, we can use a matrix, which is a 
rectangular array of numbers. A row in a matrix is a 
set of numbers that are aligned horizontally. A 
column in a matrix is a set of numbers that are 
aligned vertically. Each number is an entry, 
sometimes called an element, of the matrix. 
Matrices (plural) are enclosed in [ ] or ( ), and are 
usually named with capital letters. For example, 
three matrices named A,B, and C are shown below. 
A=[1234],B=[1270-—-56782],C=[ -1 
03 321] 


Describing Matrices 


A matrix is often referred to by its size or 
dimensions: m X n indicating m rows and n 
columns. Matrix entries are defined first by row and 
then by column. For example, to locate the entry in 
matrix A identified as a ij , we look for the entry 
in row i, column j. In matrix A, shown below, the 
entry in row 2, column 3 is a23. 
A=[allal2a13a21la22a23a3la32a 33] 


A square matrix is a matrix with dimensions n xX n, 
meaning that it has the same number of rows as 
columns. The 3 x3 matrix above is an example of a 
square matrix. 


A row matrix is a matrix consisting of one row with 
dimensions 1 X n. 
[allal2al13] 


A column matrix is a matrix consisting of one 
column with dimensions m xX 1. 
[alla2la3l ] 


A matrix may be used to represent a system of 
equations. In these cases, the numbers represent the 
coefficients of the variables in the system. Matrices 
often make solving systems of equations easier 
because they are not encumbered with variables. We 
will investigate this idea further in the next section, 
but first we will look at basic matrix operations. 


Matrices 

A matrix is a rectangular array of numbers that is 
usually named by a capital letter: A,B,C, and so on. 
Each entry in a matrix is referred to as aij, such 
that i represents the row and j represents the 
column. Matrices are often referred to by their 
dimensions: m X n indicating m rows and n 
columns. 


Finding the Dimensions of the Given Matrix 
and Locating Entries 


Given matrix A: 


1. What are the dimensions of matrix A? 
2. What are the entries at a3l1 and a22? 
A=[21024731 -2] 


1. The dimensions are 3 X 3 because there 
are three rows and three columns. 

2. Entry a31 is the number at row 3, 
column 1, which is 3. The entry a22 is 
the number at row 2, column 2, which is 
4. Remember, the row comes first, then 
the column. 


Adding and Subtracting Matrices 


We use matrices to list data or to represent systems. 
Because the entries are numbers, we can perform 
operations on matrices. We add or subtract matrices 
by adding or subtracting corresponding entries. 


In order to do this, the entries must correspond. 
Therefore, addition and subtraction of matrices is only 
possible when the matrices have the same dimensions. 
We can add or subtract a 3 X 3 matrix and 
another 3 xX 3 matrix, but we cannot add or 
subtract a 2 X 3 matrix anda 3 X 3 matrix 
because some entries in one matrix will not have a 
corresponding entry in the other matrix. 


Adding and Subtracting Matrices 

Given matrices A and B of like dimensions, 
addition and subtraction of A and B will produce 
matrix C or 

matrix D of the same dimension. 


A+B=C such that aij + bij = cij 
—B=D such that aij — bij = dij 
Matrix addition is commutative. 


It is also associative. 
(A+B )+C=A+(B+C) 


Finding the Sum of Matrices 


Find the sum of A and B, given 
A=[abcd] and B=[efgh] 


Add corresponding entries. 
A+B=[abcd]+[efgh] =[ateb 
+fet+gdth] 


Adding Matrix A and Matrix B 


Find the sum of A and B. 
A=[4132] and B=[5907] 


Add corresponding entries. Add the entry in 
row 1, column 1, all, of matrix A tothe 
entry in row 1, column1, b11, of B. 
Continue the pattern until all entries have 
been added. 

A+B=[4132]+[5907] =[4+5 
1 9o 3-70 2+ 7 | =[91039] 


Finding the Difference of Two Matrices 


Find the difference of A and B. 
A=[-—-2301] and B=[8154] 


We subtract the corresponding entries of each 
matrix. 

A-B=[ -2301]-[8154] =[ 
mate) Sy IS dha | =[-102-5 
33 | 


Finding the Sum and Difference of Two 3 x 
3 Matrices 


Given A and B: 


1. Find the sum. 
2. Find the difference. 


A=[2 —-10 —21412104 —22] and B=[6 
NOS 230 NO ae oe ece | 


1. Add the corresponding entries. 
AaB = 2-—10) 214.12) 104° — 2 2 
Ne Get ee a eee 
=240 — 10-10 ——2— 2 14) 
ee 4 ee — | 
=[8 0 -414 06-1 0 0] 
2. Subtract the corresponding entries. 


Fe Viered bye Pa ercaN WO Dare 1 Ue Ba Lge 0) Para Al | | 


ClO = 2) | =[ 
Zea OO at le Oe 
Ne aay ates tree et | =[-4 


—20 014 24 149 —-4 4] 


Add matrix A and matrix B. 
A=[26101-—3] and B=[3 -215 -43 
] 


ACER | 2 oe Gy Oro Sule ae ta 
Oe | = a Sel ee ae 4) 

Gan =2) OF S723 So lor 2 — 3 45 
0 | 


Finding Scalar Multiples of a Matrix 


Besides adding and subtracting whole matrices, 
there are many situations in which we need to 
multiply a matrix by a constant called a scalar. 
Recall that a scalar is a real number quantity that 


has magnitude, but not direction. For example, time, 
temperature, and distance are scalar quantities. The 
process of scalar multiplication involves multiplying 
each entry in a matrix by a scalar. A scalar 
multiple is any entry of a matrix that results from 
scalar multiplication. 


Consider a real-world scenario in which a university 
needs to add to its inventory of computers, 
computer tables, and chairs in two of the campus 
labs due to increased enrollment. They estimate that 
15% more equipment is needed in both labs. The 
school’s current inventory is displayed in [link]. 


TH~LHeA TAL Dn 
hav mn Lav wv 
Camrniuiutana 12 97 
Nvsttp th te od aw aif 
Computer 16 34 
Fables 
Chairs 16 34 


Converting the data to a matrix, we have 
C2013 =[151616 273434] 


To calculate how much computer equipment will be 
needed, we multiply all entries in matrix C by 0.15. 
(0.15) C 2013 =[ (0.15)15 (0.15)16 (0.15)16 


(0.15)27 (0.15)34 (0.15)34 J=[2.252.42.4 4.05 
5.15.1 | 


We must round up to the next integer, so the 
amount of new equipment needed is 
[333 566] 


Adding the two matrices as shown below, we see 
the new inventory amounts. 

[151616 273434]+[333 566]=[18 
1919 324040] 


This means 
C2014 =[181919 324040] 


Thus, Lab A will have 18 computers, 19 computer 
tables, and 19 chairs; Lab B will have 32 computers, 
40 computer tables, and 40 chairs. 


Scalar Multiplication 

Scalar multiplication involves finding the product 
of a constant by each entry in the matrix. Given 
A=[allal1l2a21la22 | 

the scalar multiple cA is 


cA=cLallal2a21a22 | = |e Bee eere 
a2lca22 | 

Scalar multiplication is distributive. For the 
matrices A,B, and C with scalars a and b, 
a(A+B)=aA+aB (a+b)A=aA+bA 


Multiplying the Matrix by a Scalar 
Multiply matrix A by the scalar 3. 
A=[8154] 


Multiply each entry in A by the scalar 3. 
3A=3[8 15 4] =[38 3135 34] 
= [2431512] 


Given matrix B, find —2B where 
B=[4132] 


—2B=[ -8 -2 -6 —-4] 


Finding the Sum of Scalar Multiples 


Find the sum 3A+ 2B. 
A=[1-200 -—1243 -—6]andB=[ -12 
10-3201 -4] 


First, find 3A, then 2B. 


SA — (3 30-2) 3:03 0 3(— 1) 3-2 3433 
sC= 6) = 37 =—6200 5-3 6512:9 —18 
] 

2b = 26 )ie2- 22 0263) 2 2202 
24-4)] =[-2420-6402 —-8] 


Now, add 3A+ 2B. 
3A+2B=[3 -—600 —36129 —-18]+[ -2 


420 -6402 -8] =| 3—2 —6274 
On 20-03 — 66 F412 47-0794 2 = 68 
] ee ahr ale] 


Finding the Product of Two Matrices 


In addition to multiplying a matrix by a scalar, we 
can multiply two matrices. Finding the product of 
two matrices is only possible when the inner 
dimensions are the same, meaning that the number 
of columns of the first matrix is equal to the number 
of rows of the second matrix. If A isan m X r 
matrix and B isan r X n matrix, then the product 
matrix AB isan m X n matrix. For example, the 
product AB is possible because the number of 
columns in A is the same as the number of rows in 
B. If the inner dimensions do not match, the 
product is not defined. 


A . B 
ZS 3x3 


ee | 
same 


We multiply entries of A with entries of B 
according to a specific pattern as outlined below. 
The process of matrix multiplication becomes 
clearer when working a problem with real numbers. 


To obtain the entries in row i of AB, we multiply 
the entries in row i of A by column j in B and 
add. For example, given matrices A and B, where 
the dimensions of A are 2 X 3 and the dimensions 
of B are 3 X 3, the product of AB will bea 2 x 3 
matrix. 
A=[allal12a13a21a22a23]andB=[b11 
b12b13 b 21 b 22 b 23 b 31 b 32 b 33 J 


Multiply and add as follows to obtain the first entry 
of the product matrix AB. 


1. To obtain the entry in row 1, column 1 of AB, 
multiply the first row in A by the first column 
in B, and add. 

[alla i2a13.)[\b 11 b:21b31.)S a 11:b 
11 +a12-b21 + a13°b31 

2. To obtain the entry in row 1, column 2 of AB, 
multiply the first row of A by the second 
column in B, and add. 
[alla12a13][b12b22b32]=a11-b 


12 ael2 Db 22 a 13 b.32 

3. To obtain the entry in row 1, column 3 of AB, 
multiply the first row of A by the third column 
in B, and add. 
[alla12a13][b13b23b33]=a11-b 
ie sat b 23 a3 b33 


We proceed the same way to obtain the second row 
of AB. In other words, row 2 of A times column 1 
of B; row 2 of A times column 2 of B; row 2 of A 
times column 3 of B. When complete, the product 
matrix will be 
AB=[al11-b11+a12-b21+a13-b3la21- 
b11+a22-b21+a23-b31 all-b12 + 
a12-b22 +a13-b32a21-b12 + a22-b 22 
+ a23-b 32 al1-b134+a12-b23+a13- 
b 33 .a21-b13 + a22-b23 + a23-b33 ] 


Properties of Matrix Multiplication 
For the matrices A,B, and C the following 
properties hold. 


¢ Matrix multiplication is associative: ( AB 
)C=AC( BC ). 

¢ Matrix multiplication is distributive: C(A 
+B)=CA+CB, (A+B)C=AC+ BC. 


Note that matrix multiplication is not 
commutative. 


Multiplying Two Matrices 


Multiply matrix A and matrix B. 
A=[1234] and B=[567 8] 


First, we check the dimensions of the matrices. 
Matrix A has dimensions 2 x 2 and matrix B 
has dimensions 2 x 2. The inner dimensions 
are the same so we can perform the 
multiplication. The product will have the 
dimensions 2 x 2. 


We perform the operations outlined 
previously. 


1 ‘ i | 
AB = 
3 4 i 8 
a 1(5) + 2(7) 1(6) + 2(8) 
~ |3()+4(7)  3(6) + 4(8) 


19 22 
43 50 


Multiplying Two Matrices 


Given A and B: 


1. Find AB. 
2. Find BA. 


A=[—-123 405 |)and B=[ 5—4 2 —1 
0 3] 


1. As the dimensions of A are 2 X 3 and 
the dimensions of B are 3 X 2, these 
matrices can be multiplied together 
because the number of columns in A 
matches the number of rows in B. The 
resulting product will be a 2 x 2 matrix, 
the number of rows in A by the number 
of columns in B. 

AB=[-123405] [5-1-4023] 

=[ —1(5)+2(-—4)+3(2) 
—1(-—1)+2(0)+3(3) 4045) + 0(-— 4) +52) 
4(—1)+0(0)+5(3) ] =[ —7 1030 
al Ea 

2. The dimensions of B are 3 X 2 and the 
dimensions of A are 2 X 3. The inner 
dimensions match so the product is 
defined and will bea 3 x 3 matrix. 
BA=[5 -—1 -—4023] [-123405] 

=[5(-—1)+-1(4) 5(2)+ -1(0) 
5(3)+ —1(5) —4(-—1)+ 0(4) 
— 4(2)+0(0) —4(3)+0(5) 2(-—1)+3(4) 
2(2)+3(0) 2(3)+3(5) ] =[ -—91010 
4-8 -1210421 ] 


nalysis 


Notice that the products AB and BA are not equal. 
B=[ —7 103011 ]=[ —910104 —8 —1210 
421]=BA 


This illustrates the fact that matrix multiplication is 
not commutative. 


Is it possible for AB to be defined but not BA? 
Yes, consider a matrix A with dimension 3 x 4 and 
matrix B with dimension 4 x 2. For the product AB 
the inner dimensions are 4 and the product is defined, 
but for the product BA the inner dimensions are 2 and 
3 so the product is undefined. 


Using Matrices in Real-World Problems 


Let’s return to the problem presented at the 
opening of this section. We have [link], 
representing the equipment needs of two 
soccer teams. 


VATS14 2.24. NAL. A O.n4K, 
VV LIULLGLD IVEIEUL Wald 
Gnala 4 1n 
WSVULYD wv av 
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Jerseys 14 20 


We are also given the prices of the equipment, 
as shown in [link]. 


Canal ube yavay 
wSWUVUL wu Vv 
Dall ¢c¢1n 
vue wiv 
Jersey 


We will convert the data to matrices. Thus, the 
equipment need matrix is written as 
E=[63014 102420] 


The cost matrix is written as 
C=[ 300 10 30 ] 


We perform matrix multiplication to obtain 
costs for the equipment. 


CE=[ 300 10 30 ]-[ 6 10 30 24 14 20 J =[ 
300(6) + 10(30) + 30(14) 
300(10) + 10(24) + 30(20) ] =[ 2,520 


3,840 | 


The total cost for equipment for the Wildcats is 
$2,520, and the total cost for equipment for 
the Mud Cats is $3,840. 


Given a matrix operation, evaluate using a 
calculator. 


. Save each matrix as a matrix variable [ A ],[ B 
1 a ee 

. Enter the operation into the calculator, calling 
up each matrix variable as needed. 

. If the operation is defined, the calculator will 
present the solution matrix; if the operation is 
undefined, it will display an error message. 


Using a Calculator to Perform Matrix 
Operations 


Find AB—C given 

A=[ —15 25 32 41 —7 — 28 10 34 —2],B=[ 
45 21 —37 —2452 196 —48 —31 J,and C=[ 
—100 —89 —98 25 —56 74 —67 42 —75 ]. 


On the matrix page of the calculator, we enter 
matrix A above as the matrix variable [ A ], 


matrix B above as the matrix variable [ B ], 
and matrix C above as the matrix variable [ C 


]. 


On the home screen of the calculator, we type 
in the problem and call up each matrix 
variable as needed. 

[LA]x[B]J-[C] 


The calculator gives us the following matrix. 
[ —983 —462 1361,820 1,897 —856 
—311 2,032 413 ] 


Access these online resources for additional 
instruction and practice with matrices and matrix 
operations. 


¢ Dimensions of a Matrix 

¢ Matrix Addition and Subtraction 
¢ Matrix Operations 

¢ Matrix Multiplication 


Key Concepts 


A matrix is a rectangular array of numbers. 
Entries are arranged in rows and columns. 

The dimensions of a matrix refer to the number 
of rows and the number of columns. A 3 x 2 
matrix has three rows and two columns. See 
[link]. 

We add and subtract matrices of equal 
dimensions by adding and subtracting 
corresponding entries of each matrix. See 
link], [link], [link], and [link]. 

Scalar multiplication involves multiplying each 
entry in a matrix by a constant. See [link]. 
Scalar multiplication is often required before 
addition or subtraction can occur. See [link]. 
Multiplying matrices is possible when inner 
dimensions are the same—the number of 
columns in the first matrix must match the 
number of rows in the second. 

The product of two matrices, A and B, is 
obtained by multiplying each entry in row 1 of 
A by each entry in column 1 of B; then 
multiply each entry of row 1 of A by each 
entry in columns 2 of B, and so on. See [link] 
and [link]. 

Many real-world problems can often be solved 
using matrices. See [link]. 

We can use a calculator to perform matrix 
operations after saving each matrix as a matrix 
variable. See [link]. 


Section Exercises 


Verbal 


Can we add any two matrices together? If so, 
explain why; if not, explain why not and give 
an example of two matrices that cannot be 
added together. 


No, they must have the same dimensions. An 
example would include two matrices of 
different dimensions. One cannot add the 
following two matrices because the first is a 
2x2 matrix and the second isa 2X3 matrix. [ 
1234]+[654321] has nosum. 


Can we multiply any column matrix by any row 
matrix? Explain why or why not. 


Can both the products AB and BA be defined? 
If so, explain how; if not, explain why. 


Yes, if the dimensions of A are mxXn and the 
dimensions of B are n Xm, both products will 
be defined. 


Can any two matrices of the same size be 
multiplied? If so, explain why, and if not, 
explain why not and give an example of two 
matrices of the same size that cannot be 
multiplied together. 


Does matrix multiplication commute? That is, 
does AB=BA? If so, prove why it does. If not, 
explain why it does not. 


Not necessarily. To find AB, we multiply the 
first row of A by the first column of B to get 
the first entry of AB. To find BA, we multiply 
the first row of B by the first column of A to 
get the first entry of BA. Thus, if those are 
unequal, then the matrix multiplication does 
not commute. 


Algebraic 


For the following exercises, use the matrices below 
and perform the matrix addition or subtraction. 
Indicate if the operation is undefined. 

A=[1307 ],B=[ 214 226],C=[15892126 
],.D=[101472561 J],.E=[612145],F=[09 78 
17154 ] 


A+B 


C+D 


[111915 94 17 67 | 


A+C 


BE 


bee a28-1 J 


GE 


D=B 


Undidentified; dimensions do not match 


For the following exercises, use the matrices below 
to perform scalar multiplication. 
A=[461312],B=[39 2112064 ],C=[1637 
18 9053 29 ],D=[18 121381467 421 ] 


SA 


3B 


L 927-63 36:0.192 | 


2B 


—4C 


be 64 —12 26 =72.= 960 =20:—12 —116 
] 


E22 


100D 


[ 1,800 1,200 1,300 800 1,400 600 700 400 
2,100 | 


For the following exercises, use the matrices below 
to perform matrix multiplication. 

A=[ -1532],B=[364 —8012],C=[410 —2 
659],D=[2 —-31293108 —10] 


AB 


BC 


[ 20 102 28 28 | 


CA 


BD 


[ 60 41 2 —16120 —216 | 


DC 


CB 


| —68 24 136 —54 —12 64 —57 30128 | 


For the following exercises, use the matrices below 
to perform the indicated operation if possible. If not 
possible, explain why the operation cannot be 
performed. 

A=[2 -—567],B=[ -—96 —42],C=[0971 
1,.D=[ -87 -—-5432092],E=[4537 -—6—-5 
109] 


AEB 


4A+5D 


Undefined; dimensions do not match. 


208 


3D+4E 


[| —8 41 —3 40 —-15 —-14 4 27 42 | 


C—0.5D 


100D — 10E 


| —840 650 —530 330 360 250 —10 900 110 | 


For the following exercises, use the matrices below 
to perform the indicated operation if possible. If not 
possible, explain why the operation cannot be 
performed. (Hint: A 2 =A-A) 

A=[ —10 205 25 ],B=[ 40 10 —20 30 ],C=[ —1 
00-110] 


AB 


BA 


b=350 1,050.350'350 |] 


CA 


BC 


Undefined; inner dimensions do not match. 


A2 


B2 


[ 1,400 700 —1,400 700 ] 


Cz 


B2A2 


[ 332,500 927,500 — 227,500 87,500 | 


A2B2 
(AB) 2 
[ 490,000 0 0 490,000 | 


(BA) 2 


For the following exercises, use the matrices below 
to perform the indicated operation if possible. If not 
possible, explain why the operation cannot be 
performed. (Hint: A2 =A-A) 

A=[1023],B=[ -—234 —-11 —-5],C=[0.50.1 
10.2 —0.50.3],D=[10-1-675421 ] 


AB 
beeen OST 
BA 
BD 


eA 2021 27-3 1] 


DC 


D2 


Lo = 2 = 226.99 46" =4 167: 


A2 


D3 


bd =18.=9 =198.505 369 = 72.126 91. 


(AB)C 


A(BC) 


POPOL: 


Technology 


For the following exercises, use the matrices below 
to perform the indicated operation if possible. If not 
possible, explain why the operation cannot be 
performed. Use a calculator to verify your solution. 


A=[ -20918 —-30545],B=[0.530 -—416 
872],C=[101010101] 


AB 


BA 


[224 —4.5 12 32 —9 —8 6461 ] 
CA 


BC 


10573-0132. L210'7, 10 | 
ABC 


Extensions 


For the following exercises, use the matrix below to 
perform the indicated operation on the given 
matrix. 

B=[100001010] 


B2 


[100010001 ] 


B3 


B4 


[100010001 ] 


BS 


Using the above questions, find a formula for B 
n. Test the formula for B201 and B 202, 
using a calculator. 


Bn ={[100010001], neven,[1000 
01010], nodd. 


Glossary 


column 
a set of numbers aligned vertically in a matrix 


entry 
an element, coefficient, or constant in a 
matrix 


matrix 
a rectangular array of numbers 


row 
a set of numbers aligned horizontally in a 
matrix 


scalar multiple 
an entry of a matrix that has been multiplied 
by a scalar 


Solve Systems of Equations Using Matrices 
By the end of this section, you will be able to: 


* Write the augmented matrix for a system of 
equations 

* Use row operations on a matrix 

* Solve systems of equations using matrices 


Before you get started, take this readiness quiz. 


Solve: 3(x+ 2)+4=4(2x—-1)+9. 
If you missed this problem, review [link]. 


Solve: 0.25p + 0.25(p + 4) =5.20. 
If you missed this problem, review [link]. 


Evaluate when x= — 2 and y=3:2x2 —xy 
EOVee 


If you missed this problem, review [link]. 


Write the Augmented Matrix for a System 
of Equations 


Solving a system of equations can be a tedious 
operation where a simple mistake can wreak havoc 
on finding the solution. An alternative method 
which uses the basic procedures of elimination but 
with notation that is simpler is available. The 
method involves using a matrix. A matrix is a 
rectangular array of numbers arranged in rows and 
columns. 


Matrix 

matrix is a rectangular array of numbers 
arranged in rows and columns. 

matrix with m rows and n columns has order 


im Xn. The matrix on the left below has 2 rows and 
3 columns and so it has order 2 x 3. We say it is a 2 
by 3 matrix. 


3 columns 4 columns 


ae 2 Diab: 31 

2 
rows <3 | 3 rows < wa 0: Bag 
02-4 1} 
2 x 3 matrix 3x 4 matrix 


Each number in the matrix is called an element or 
entry in the matrix. 


We will use a matrix to represent a system of linear 
equations. We write each equation in standard form 
and the coefficients of the variables and the 
constant of each equation becomes a row in the 
matrix. Each column then would be the coefficients 
of one of the variables in the system or the 
constants. A vertical line replaces the equal signs. 
We call the resulting matrix the augmented matrix 
for the system of equations. 


Notice the first column is made up of all the 
coefficients of x, the second column is the all the 
coefficients of y, and the third column is all the 
constants. 


Write each system of linear equations as an 
augmented matrix: 


@ {5x—3y= —ly=2x-2 © {6x—5y 
+ 22=32x+y—4z=53x-3y+z=—-1 


@ The second equation is not in standard 
form. We rewrite the second equation in 
standard form. 

V=2x— 2 —2X4y— 2 


We replace the second equation with its 
standard form. In the augmented matrix, the 
first equation gives us the first row and the 
second equation gives us the second row. The 
vertical line replaces the equal signs. 


© All three equations are in standard form. In 
the augmented matrix the first equation gives 
us the first row, the second equation gives us 
the second row, and the third equation gives 
us the third row. The vertical line replaces the 
equal signs. 


Write each system of linear equations as an 
augmented matrix: 


@ {3x+ 8y= —32x= —5y-—3 © {2x—5y 
+ 3z= 83x —-y+4z=7x+3y+2z= —3 


(©) [Bi = Bs — 2) 
OFi2— 5383 — 147 132-3) 


Write each system of linear equations as an 
augmented matrix: 


@ {11lx= —9y—57x+5y=-—1 © {5x-3y 
+ 2z= —52x—y-—z=43x-—2y+2z=—7 


Gato s75 4) 
® [5—32-—52—-1—-143-—22—-7] 


It is important as we solve systems of equations 
using matrices to be able to go back and forth 
between the system and the matrix. The next 
example asks us to take the information in the 
matrix and write the system of equations. 


Write the system of equations that corresponds 
to the augmented matrix: 


[4—3312-—1-—2-—13| -—12-—4]. 


We remember that each row corresponds to an 
equation and that each entry is a coefficient of 
a variable or the constant. The vertical line 


replaces the equal sign. Since this matrix is a 
4x 3, we know it will translate into a system 
of three equations with three variables. 


Write the system of equations that corresponds 
to the augmented matrix: 
Pe e720 


{x-—yt2z=32x+y-2z=14x—-y+2z=0 


Write the system of equations that corresponds 
to the augmented matrix: 
[111423—1811—-13]. 


{xty+z=42x+ 3y—-z=8xt+y-—z=3 


[| t™~—“CSCSCY 


Use Row Operations on a Matrix 


Once a system of equations is in its augmented 
matrix form, we will perform operations on the rows 
that will lead us to the solution. 


To solve by elimination, it doesn’t matter which 
order we place the equations in the system. 
Similarly, in the matrix we can interchange the 
TOWS. 


When we solve by elimination, we often multiply 
one of the equations by a constant. Since each row 
represents an equation, and we can multiply each 
side of an equation by a constant, similarly we can 
multiply each entry in a row by any real number 
except 0. 


In elimination, we often add a multiple of one row 
to another row. In the matrix we can replace a row 
with its sum with a multiple of another row. 


These actions are called row operations and will 
help us use the matrix to solve a system of 
equations. 


Row Operations 

In a matrix, the following operations can be 
performed on any row and the resulting matrix will 
be equivalent to the original matrix. 


1. Interchange any two rows. 

2. Multiply a row by any real number except 0. 

3. Add a nonzero multiple of one row to another 
row. 


Performing these operations is easy to do but all the 
arithmetic can result in a mistake. If we use a 
system to record the row operation in each step, it is 
much easier to go back and check our work. 


We use capital letters with subscripts to represent 
each row. We then show the operation to the left of 
the new matrix. To show interchanging a row: 


To multiply row 2 by —3: 


To multiply row 2 by —3 and add it to row 1: 


Perform the indicated operations on the 
augmented matrix: 


@ Interchange rows 2 and 3. 
® Multiply row 2 by 5. 


© Multiply row 3 by —2 and add to row 1. 
[6 —5221 —43-—31|35-1] 


@ We interchange rows 2 and 3. 


® We multiply row 2 by 5. 


© We multiply row 3 by —2 and add to row 


Perform the indicated operations on the 
augmented matrix: 


@ Interchange rows 1 and 3. 
® Multiply row 3 by 3. 


© Multiply row 3 by 2 and add to row 2. 


[5—2-—24-1-—4-—230|—-24—-1] 


©) [SZ at a a a 
® [—230—-24—-1-4415—-6-6-6] 
On 230-2343 lo ola o> 6] 


Perform the indicated operations on the 
augmented matrix: 


@ Interchange rows 1 and 2, 
® Multiply row 1 by 2, 


© Multiply row 2 by 3 and add to row 1. 


[2-—3-—241-—3504|- 42-1] 


@ [41 -—322—3-—2-4504-1] 
® [82—642—3-—2-4504-1] 
= ae I | 


Now that we have practiced the row operations, we 
will look at an augmented matrix and figure out 
what operation we will use to reach a goal. This is 
exactly what we did when we did elimination. We 
decided what number to multiply a row by in order 
that a variable would be eliminated when we added 
the rows together. 


Given this system, what would you do to eliminate 
x? 


This next example essentially does the same thing, 
but to the matrix. 


Perform the needed row operation that will get 
the first entry in row 2 to be zero in the 
augmented matrix: [1 —14-—8]20]. 


To make the 4 a 0, we could multiply row 1 by 
— 4 and then add it to row 2. 


Perform the needed row operation that will get 
the first entry in row 2 to be zero in the 
augmented matrix: [1 —13—6|22]. 


E126 st 


Perform the needed row operation that will get 
the first entry in row 2 to be zero in the 


augmented matrix: [1 —1—2-—3]32]. 


bli 13058) 


Solve Systems of Equations Using 
Matrices 


To solve a system of equations using matrices, we 
transform the augmented matrix into a matrix in 
row-echelon form using row operations. For a 
consistent and independent system of equations, its 
augmented matrix is in row-echelon form when to 
the left of the vertical line, each entry on the 
diagonal is a 1 and all entries below the diagonal 
are zeros. 


Row-Echelon Form 

For a consistent and independent system of 
equations, its augmented matrix is in row-echelon 
form when to the left of the vertical line, each 
entry on the diagonal is a 1 and all entries below 


the diagonal are zeros. 


a, b,c, d, e, f are real numbers 


Once we get the augmented matrix into row-echelon 
form, we can write the equivalent system of 
equations and read the value of at least one 
variable. We then substitute this value in another 
equation to continue to solve for the other variables. 
This process is illustrated in the next example. 


How to Solve a System of Equations Using a 
Matrix 


Solve the system of equations using a matrix: 
{3x+ 4y =5x+2y=1. 


Solve the system of equations using a matrix: 
{2x +y=7x— 2y=6. 


The solution is (4, —1). 


Solve the system of equations using a matrix: 
{2x+y= —4x-y=—2. 


The solution is (— 2,0). 


The steps are summarized here. 


Solve a system of equations using matrices. 


Write the augmented matrix for the system of 
equations. Using row operations get the entry in 
row 1, column 1 to be 1. Using row operations, get 
zeros in column 1 below the 1. Using row 


operations, get the entry in row 2, column 2 to be 
1. Continue the process until the matrix is in row- 
echelon form. Write the corresponding system of 
equations. Use substitution to find the remaining 
variables. Write the solution as an ordered pair or 
triple. Check that the solution makes the original 
equations true. 


Here is a visual to show the order for getting the 1’s 
and 0’s in the proper position for row-echelon form. 


We use the same procedure when the system of 
equations has three equations. 


Solve the system of equations using a matrix: 
{3x + 8y + 2Z2= —52x+5y—3z=0x+ 2y—2z= 
ails 


Write the augmented 
matrix for the 


Bobo 
a Oe ee 4 | 8 


Interchange row 1 and 
3 to get the entry in 

ro 
1 


a 
Using row operations, 


get zeros in column 1 


Et 
es ee ee | ee 2 


PATE SL ES 
The entry in row 2, 


1 . 
ealiimn 91 te Aart 1 
BVeVAULiss a1 tv Livvv se 


Continue the process 
until the matrix 
is in row-echelon forin. 


en Ge 
The matrix is now in 
row-echelon form. 


1 
Write the 


corresponding system. 


SE 
Use substitution to find 
the remainin 

va 


Write the solution as 
an ordered pair or 


tri 


une — 


Check that the solution We leave the check for 
makes the original you. 
equations true. 


Solve the system of equations using a matrix: 
{2x — 5y + 3z=83x—yt+4z=7x+3y+2z= —3. 


Solve the system of equations using a matrix: 
{=Sx ty +2—= —4—x4 Zy—22— 12x-y—2= 
le 


So far our work with matrices has only been with 
systems that are consistent and independent, which 
means they have exactly one solution. Let’s now 
look at what happens when we use a matrix for a 
dependent or inconsistent system. 


Solve the system of equations using a matrix: 
{x+ y+ 3z=0x+ 3y+5z=02x+4z=1. 


i 
Write the augmented 
matrix for the 


€q 


ES CE 
The entry in row 1, 


enalimna 1 ic 1 
BevVviAUiiswss 2 tv 2 


Using row operations, 


LATA SS 
Continue the process 


until the matrix is in 


ER 
I 


ES "ey ee 4 
Multiply row 2 by 2 
and add it to row 3. 


i 
At this point, we have 


all zeros on the left of 


Write the 
corresponding systerr. 


Since 0#1 we have a 
false statement. Just as 
when we solved a 


system using other 
methods, this tells us 
we have an 
inconsistent system. 
There is no solution. 


Solve the system of equations using a matrix: 
{x= 2y + 27—1— 2x +y—z—=2x-—y +z—9. 


no solution 


Solve the system of equations using a matrix: 
{3x + 4y —3z= —22x+3y—-—z=-—12x+y 
—27—6. 


no solution 


The last system was inconsistent and so had no 


solutions. The next example is dependent and has 
infinitely many solutions. 


Solve the system of equations using a matrix: 
{x— 2y+ 3z=1x+y-—3z=73x—4y+5z=7. 


ih 
Write the augmented 
matrix for the 


€q 


ee a 
The entry in row 1, 
enaliimna 1 1 


. 
10 
eVisit t ty Le 


Using row operations, 
get zeros in column 1 
below the 1. 


LAT ATY Se 2 DF 
Continue the process 


until the matrix is in 


BRE 
BE eee 


eS 0 er 
Multiply row 2 by — 2 
and add it to row 3. 


A So 
At this point, we have 
all zeros in the bottom 


WNTAT 
LU VVe 


Write the 


Since 0=0 we have a 


true statement. Just as 
when we solved by 
substitution, this tells 


us we have a 
dependent system. 
There are infinitely 


. 
Mant anliutinna 
BALULLY CVLULLULIDe 


Solve for y in terms of 
z in the second 


eq 
ET 

Solve the first equation 

for x in terms of z. 
a ee Te ee ee, 
EF ee 


Substitute y = 2z+ 2. 


Simplify. 


Simplify. 


Simplify. 


The system has 
infinitely many 
solutions (x,y,z), 
wherex =z + 5;y = 2z 
+ 2;z is any real 
number. 


Solve the system of equations using a matrix: 
{x+y—z=02x+ 4y —2z=63x+ 6y —3z=9. 


infinitely many solutions (x,y,z), where x=z 
— 3;y = 3;z is any real number. 


Solve the system of equations using a matrix: 
{x-y-Z=1-x+2y—3z= —43x—2y—7z=0. 


infinitely many solutions (x,y,z), where x= 5z 
— 2;y = 4z— 3;z is any real number. 


Access this online resource for additional 
instruction and practice with Gaussian Elimination. 


¢ Gaussian Elimination 


Key Concepts 


Matrix: A matrix is a rectangular array of 
numbers arranged in rows and columns. A 
matrix with m rows and n columns has order 

m Xn. The matrix on the left below has 2 rows 
and 3 columns and so it has order 2 x 3. We say 
it is a 2 by 3 matrix. 


Each number in the matrix is called an element 
or entry in the matrix. 

Row Operations: In a matrix, the following 
operations can be performed on any row and 
the resulting matrix will be equivalent to the 
original matrix. 


© Interchange any two rows 

© Multiply a row by any real number except 
0 

© Adda nonzero multiple of one row to 
another row 


Row-Echelon Form: For a consistent and 
independent system of equations, its 


augmented matrix is in row-echelon form when 
to the left of the vertical line, each entry on the 
diagonal is a 1 and all entries below the 
diagonal are zeros. 


* How to solve a system of equations using 
matrices. 


Write the augmented matrix for the system of 
equations. Using row operations get the entry 
in row 1, column 1 to be 1. Using row 
operations, get zeros in column 1 below the 1. 
Using row operations, get the entry in row 2, 
column 2 to be 1. Continue the process until 
the matrix is in row-echelon form. Write the 
corresponding system of equations. Use 
substitution to find the remaining variables. 
Write the solution as an ordered pair or triple. 
Check that the solution makes the original 
equations true. 


Practice Makes Perfect 


Write the Augmented Matrix for a System of 
Equations 


In the following exercises, write each system of 
linear equations as an augmented matrix. 


@ {3x-y= —-12y=2x+5 
® {4x+ 3y = —2x-—2y-—3z=72x-—y+2z=—-6 


@ {2x+ 4y= —53x-—2y=2 
® {3x-—2y—z= —2-—2x+y=55x+4y+z=-1 


@ [24-53-22] 
@® [3—2-—1-—2-—2105541 —1] 


@ {3x-y= —42x=y+2 
® {x—3y—4z= —24x+ 2y+ 2z=52x—5y 
+7z=-—8 


@ {2x—5y= —34x=3y-1 
© {4x+ 3y—-2z= —3-2x+y-—3z=4-x—-4y 
+5z=>-2 


@[=54542351) 


® [43-—2-—3-21—-34-1-45-2] 


Write the system of equations that corresponds to 
the augmented matrix. 


[2—11=3|421 


[243 =3|=251) 


{2x—4y= —23x-3y=—-1 


[10-31 —200-—12|—1—23] 


[2—2002—130—1|-12—2] 


{2x —2y= —12y-—z=23x-z=—-2 


Use Row Operations on a Matrix 


In the following exercises, perform the indicated 
operations on the augmented matrices. 


[6— 43-231] 


@ Interchange rows 1 and 2 


® Multiply row 2 by 3 


© Multiply row 2 by —2 and add row 1 to it. 


[4-632] —31] 
@ Interchange rows 1 and 2 
® Multiply row 1 by 4 


© Multiply row 2 by 3 and add row 1 to it. 


@ [3214-6-3] 

® [12844-6-3] 

© [128424-10-5] 
[4—12—84-2-3-62-1|16-1-1] 
@ Interchange rows 2 and 3 


® Multiply row 1 by 4 


© Multiply row 2 by —2 and add to row 3. 


[6—5221—43-—31|35—1] 


@ Interchange rows 2 and 3 


® Multiply row 2 by 5 


© Multiply row 3 by —2 and add to row 1. 


@ 6—5233-—31-121-—45 
® 6—52315—155—521—45 
© 2—710—715-—155-—521—45 


Perform the needed row operation that will get 
the first entry in row 2 to be zero in the 
augmented matrix: [12—3-—4]|5—1]. 


Perform the needed row operations that will get 
the first entry in both row 2 and row 3 to be 
zero in the augmented matrix: 
[1—233-1-—22-3-—4| -—45—1]. 


[l—23:=405—L11701= 107) 


Solve Systems of Equations Using Matrices 


In the following exercises, solve each system of 
equations using a matrix. 


{2x+y=2x-y=—-2 


{3x+y=2x-y=2 


Ge ~~ 1) 


{-—x+2y=-—2x+y=-—4 


{—2x+ 3y=3x+3y=12 


(3,3) 


In the following exercises, solve each system of 
equations using a matrix. 


{2x—3y+z=19-—3x+y-—2z= —15x+y+z=0 


{2x—-y+3z= —3-x+2y—-z=10x+y+z=5 


( — 2,532) 


{2x —6y +Z=33x+4 2y— 3Z2=22x+ 3y—2z2=3 


{4x —3y +Z2=72x — 5y — 42= 33x -—2y—2z= —7 


(— 3, —5,4) 


{x+2z2=04y+ 3z= —22x—5y=3 


{2x + 5y = 43y —z=34x+3z= —3 


( =" Bi253) 


{2y+3z= —15x+3y= —67x+z=1 


{3x -—z= —35y+2z= —64x+3y=—8 


(=2,0; =O) 


{2x+ 3y+z=12x+y+z=93x+4y+2z=20 


{x+2y+6z=5-x+y-2z=3x—4y-—2z=1 


no solution 


{x+ 2y—3z= —1x—-3y+z=12x—-y-—2z=2 


{4x — 3y + 2z2=0—- 2x + 3y —7z=12x—2y 
+3z=6 


no solution 


{x-yt2z= —42x+y+3z=2-3x+3y 
—6z=12 


{-—x-3y+2z=14-—x+4+2y-—3z= —43x+y 
—27=6 


infinitely many solutions (x,y,z) where x= 12z 
+ 4;y = 12z-—6;z is any real number 


{x+y—3z= —-ly—-—z=0-x+2y=1 


{x+2y+z=4x+y-—2z2=3-2x—-3y+z=-—7 


infinitely many solutions (x,y,z) where x =5z 
+ 2;y = — 3z+1;z is any real number 


Writing Exercises 


Solve the system of equations {x + y= 10x 
—y=6 @ by graphing and © by substitution. 
© Which method do you prefer? Why? 


Solve the system of equations {3x +y=12x=y 
— 8 by substitution and explain all your steps in 
words. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Glossary 


matrix 
A matrix is a rectangular array of numbers 
arranged in rows and columns. 


row-echelon form 
A matrix is in row-echelon form when to the 
left of the vertical line, each entry on the 
diagonal is a 1 and all entries below the 
diagonal are zeros. 


Solving Systems with Inverses 
In this section, you will: 


¢ Find the inverse of a matrix. 
* Solve a system of linear equations using an 
inverse matrix. 


Nancy plans to invest $10,500 into two different 
bonds to spread out her risk. The first bond has an 
annual return of 10%, and the second bond has an 
annual return of 6%. In order to receive an 8.5% 
return from the two bonds, how much should Nancy 
invest in each bond? What is the best method to 
solve this problem? 


There are several ways we can solve this problem. 
As we have seen in previous sections, systems of 
equations and matrices are useful in solving real- 
world problems involving finance. After studying 
this section, we will have the tools to solve the bond 
problem using the inverse of a matrix. 


Finding the Inverse of a Matrix 


We know that the multiplicative inverse of a real 
number a is a—-1,andaa-—-1l=a-la=(la 
jJa=1. Forexample, 2-1 =12 and (12)2=1. 
The multiplicative inverse of a matrix is similar in 
concept, except that the product of matrix A and its 


inverse A —1 equals the identity matrix. The 
identity matrix is a square matrix containing ones 
down the main diagonal and zeros everywhere else. 
We identify identity matrices by In where n 
represents the dimension of the matrix. [link] and 
[link] are the identity matrices fora 2x2 matrix 
and a 3X3 matrix, respectively. 

I2=[1001] 

13 =[100010001] 


The identity matrix acts as a 1 in matrix algebra. 
For example, AI=IA=A. 


A matrix that has a multiplicative inverse has the 
properties 
AA —1 =IA —-1A=I 


A matrix that has a multiplicative inverse is called 
an invertible matrix. Only a square matrix may have 
a multiplicative inverse, as the reversibility, A A 
—1 =A —1 A=I, is a requirement. Not all square 
matrices have an inverse, but if A is invertible, then 
A —1 is unique. We will look at two methods for 
finding the inverse of a 2 X 2 matrix and a third 
method that can be used on both 2 xX 2 and 3 x 3 
matrices. 


The Identity Matrix and Multiplicative Inverse 
The identity matrix, In, is a square matrix 


containing ones down the main diagonal and zeros 
everywhere else. 

12 =[1001]13=[100010001 ] 2 
2 Sie) 

If A isan n Xn matrix and B is an n X n matrix 
such that AB=BA= In, then B= A —1, the 
multiplicative inverse of a matrix A. 


Showing That the Identity Matrix Acts as a 
1 


Given matrix A, show that AI=IA=A. 
A=[ 34-25] 


Use matrix multiplication to show that the 
product of A and the identity is equal to the 
product of the identity and A. 
AI=[34-25] [1001]=[31+40 
S042 to 201 — | 3425 
AI=[1001] [34 -—25]=[1-3+0(—2) 
1-4+0°5 0:34+1-(—2)0-44+15]=[34 -25] 


Given two matrices, show that one is the 
multiplicative inverse of the other. 


1. Given matrix A of order n X n and matrix B 
of order n X n multiply AB. 

2. If AB=I, then find the product BA. If BA=I, 
then B= A -—-1 and A=B-1. 


Showing That Matrix A Is the Multiplicative 
Inverse of Matrix B 


Show that the given matrices are 
multiplicative inverses of each other. 
A=[15 —-2 —9],B=[ -9 -521] 


Multiply AB and BA. If both products equal 
the identity, then the two matrices are inverses 
of each other. 

ABS bls = 9): = 9° = 5: 21)| =[ 
1(—9)+5(2) 1(—5)+5(1) —2(—9) —9(@2) 
—2(-5)-911)] =[1001] 

BA =| OF 52 olor 2.99 =[ 
—9(1)-—5(—2) —9(5)—5(- 9) 201) +1(- 2) 
2(-5)+1(-9)] =[1001] 


A and B are inverses of each other. 


Show that the following two matrices are 
inverses of each other. 
A=[14-1 —-3],B=[ -3 -—411] 


AB=|b4-e1o=3 se 41 t=] 
1(—3)+4(1) 1(-4) +401) -—1(-3)+ -3(1) 
—1(-4)+ -—30.) ]=[1001]BA=[ —-3 —-4 
1a BO) = 4G) 

— 3(4)+ —4(-3) 101) +1(-1) 1(4)+1(—3) 
J=[1001] 


Finding the Multiplicative Inverse Using Matrix 
Multiplication 


We can now determine whether two matrices are 
inverses, but how would we find the inverse of a 
given matrix? Since we know that the product of a 
matrix and its inverse is the identity matrix, we can 
find the inverse of a matrix by setting up an 
equation using matrix multiplication. 


Finding the Multiplicative Inverse Using 
Matrix Multiplication 


Use matrix multiplication to find the inverse of 
the given matrix. 
| ee a 


For this method, we multiply A by a matrix 
containing unknown constants and set it equal 
to the identity. 

[1 -22-3] [abcd]=[1001] 


Find the product of the two matrices on the 
left side of the equal sign. 

[1 —22 -3] [abcd]=[1la-—2c 1lb-—2d 
2a 3c 2b od) 


Next, set up a system of equations with the 
entry in row 1, column 1 of the new matrix 
equal to the first entry of the identity, 1. Set 
the entry in row 2, column 1 of the new matrix 
equal to the corresponding entry of the 
identity, which is 0. 

la—2c=1 R12a—3c=0 R2 


Using row operations, multiply and add as 
follows: (—2)R1+R2—R2. Add the 
equations, and solve for c. 

la= 2c] Oe le = 2 


Back-substitute to solve for a. 
a—2(-—2)=1 a+4=1 a=-3 


Write another system of equations setting the 
entry in row 1, column 2 of the new matrix 
equal to the corresponding entry of the 
identity, 0. Set the entry in row 2, column 2 
equal to the corresponding entry of the 


identity. 
1b—2d=0R1 2b—3d=1R2 


Using row operations, multiply and add as 
follows: (-—2)R1+R2=R2. Add the 
two equations and solve for d. 
1b—2d=00+1d=1 d=1 


Once more, back-substitute and solve for b. 
b—2(1)=0 b—2=0 b=2 
A-1 =[ -32 -21] 


Finding the Multiplicative Inverse by 
Augmenting with the Identity 


Another way to find the multiplicative inverse is by 
augmenting with the identity. When matrix A is 
transformed into I, the augmented matrix I 
transforms into A —-1. 


For example, given 
A=[2153] 


augment A with the identity 
[2153 | 1001] 


Perform row operations with the goal of turning A 
into the identity. 


1. Switch row 1 and row 2. 
Losey | ORL L0u 
2. Multiply row 2 by —2 and add to row 1. 


[1121 | -—2110] 
3. Multiply row 1 by —2 and add to row 2. 
[110-1 | —215=-2] 


4. Add row 2 to row 1. 
[100-1 | 3-15 -2] 

5. Multiply row 2 by —1. 
[1001 | 3-1-52] 


The matrix we have found is A —1. 
A-1=[3-1-52] 


Finding the Multiplicative Inverse of 2 x 2 
Matrices Using a Formula 


When we need to find the multiplicative inverse of a 
2 X 2 matrix, we can use a special formula instead 
of using matrix multiplication or augmenting with 
the identity. 


If A isa 2X2 matrix, such as 
A=[abcd] 


the multiplicative inverse of A is given by the 
formula 
A —-1=1ad—bc[d—b-—ca] 


where ad—bc=~0. If ad—bc=0, then A has no 
inverse. 


Using the Formula to Find the 
Multiplicative Inverse of Matrix A 


Use the formula to find the multiplicative 
inverse of 
AS le 2 S| 


Using the formula, we have 

ae ee i (ea | 
=A 34 3 2520 |] = 32 

ov 


Analysis 


We can check that our formula works by using one 
of the other methods to calculate the inverse. Let’s 
augment A with the identity. 

[1-22-3 | 1001] 


Perform row operations with the goal of turning A 
into the identity. 


1. Multiply row 1 by —2 and add to row 2. 
[1-201 | 10-21] 

2. Multiply row 1 by 2 and add to row 1. 
[1001 | -—32-21] 


So, we have verified our original solution. 
=e ea eee | 


Use the formula to find the inverse of matrix 
A. Verify your answer by augmenting with the 
identity matrix. 

A=[1-12 3] 


leViceed heal Ire one Cheyne Rion] 


Finding the Inverse of the Matrix, If It 
Exists 


Find the inverse, if it exists, of the given 
matrix. 
A=[3612] 


We will use the method of augmenting with 
the identity. 
[3613 | 1001] 


1. Switch row 1 and row 2. 
[pieee3 Gm liOne 03] 

2. Multiply row 1 by —3 and add it to row 
wise 
[1200 | 10-317) 

3. There is nothing further we can do. The 
zeros in row 2 indicate that this matrix 


has no inverse. 


Finding the Multiplicative Inverse of 3 x3 
Matrices 


Unfortunately, we do not have a formula similar to 
the one fora 2X2 matrix to find the inverse of a 
3X3 matrix. Instead, we will augment the original 
matrix with the identity matrix and use row 
operations to obtain the inverse. 


Given a 3 X 3 matrix 
A=[231331241 ] 


augment A with the identity matrix 
AJI=[231331241 | 100010001] 


To begin, we write the augmented matrix with the 
identity on the right and A on the left. Performing 
elementary row operations so that the identity 
matrix appears on the left, we will obtain the 
inverse matrix on the right. We will find the inverse 
of this matrix in the next example. 


Given a 3 X 3 matrix, find the inverse 


1. Write the original matrix augmented with the 
identity matrix on the right. 

2. Use elementary row operations so that the 
identity appears on the left. 

3. What is obtained on the right is the inverse of 
the original matrix. 

4. Use matrix multiplication to show that AA 
—1 =I and A —-1A#=I. 


Finding the Inverse of a3 x 3 Matrix 


Given the 3 x 3 matrix A, find the inverse. 
A= 2-5 135 245) 


Augment A with the identity matrix, and then 
begin row operations until the identity matrix 
replaces A. The matrix on the right will be the 
inverse of A. 

[231331241 |100010 001]— 
Interchange R2 and R1[331231241 
|010100 001] 
—-R2+R1=R1—>[100231241 | 
-110100001] 
—-R2+R3=R3—>[100231010 | 
—-110100-101] 

R3 ~~ R2—>[100010231 | -110 
-101100] 
-2R1+R3=R3—>[100010031 | 


eS O30 
—-3R2+R3=R3—>[100010001 | 
= 10 1.06 — 254 


Thus, 
A -1=B=[-110-1016-2-3] 


nalysis 


To prove that B= A —1,, let’s multiply the two 
matrices together to see if the product equals the 
identity, if AA —1 =I and A —1A#=I. 

A= =(2S 1331241) [HL bo -—1016 
=e | =[ 2(-—1)+3(—1)+1(6) 
2(1)+3(0)+1(-—2) 2(0)+301)+1(-3) 
3(—1)+3(—1)+1(6) 30.)+3(0)+1(-2) 

3(0) + 301) + 1(— 3) 2(— 1) + 4(—1) +1) 
2(1)+ 4(0)+1(-—2) 2(0)+40)+1(-—3) ] =[ 
100010001] 

== ad Oe OG 2 | eel 3 
1241] =[ —1(2)+1(8)+0(2) 
—1(3)+1(3)+0(4) -—10)4+10)+00) 
—1(2)+0(3)+1(2) —1(8)+0(3)+1(4) 
—1(1)+001)+1(1) 6(2)+ —2(3)+ —3(@) 6(3)+ 
—2(3)+ —3(4) 6(1)+ —201)+ —-3(0) J =[1 
00010001] 


Find the inverse of the 3x3 matrix. 


een lia ee Oia: ae 


jeXpceo A Lines (O18 es einr Bis to ule htato ml 


Solving a System of Linear Equations 
Using the Inverse of a Matrix 


Solving a system of linear equations using the 
inverse of a matrix requires the definition of two 
new matrices: X is the matrix representing the 
variables of the system, and B is the matrix 
representing the constants. Using matrix 
multiplication, we may define a system of equations 
with the same number of equations as variables as 
AX=B 


To solve a system of linear equations using an 
inverse matrix, let A be the coefficient matrix, let 

X be the variable matrix, and let B be the constant 
matrix. Thus, we want to solve a system AX=B. For 
example, look at the following system of equations. 
alx+ bly=cla2x+b2y=c2 


From this system, the coefficient matrix is 
A=[albla2b2] 


The variable matrix is 
X=[xy] 


And the constant matrix is 
B=[clc2] 


Then AX=B looks like 
[albla2b2] [xy]J=[clc2] 


Recall the discussion earlier in this section regarding 
multiplying a real number by its inverse, (2 —1) 
2=(12)2=1. To solve a single linear equation 
ax=b for x, we would simply multiply both sides 
of the equation by the multiplicative inverse 
(reciprocal) of a. Thus, 

ax=b (la)ax=(la)b(a-1 )ax=(a-—1)b 
[(a —1 )a]lx=(a —1 )b 1lx=(a —1 )b 

x=(a—-1)b 


The only difference between a solving a linear 
equation and a system of equations written in 
matrix form is that finding the inverse of a matrix is 
more complicated, and matrix multiplication is a 
longer process. However, the goal is the same—to 
isolate the variable. 


We will investigate this idea in detail, but it is 


helpful to begin with a 2 x 2 system and then move 
on toa 3 X 3 system. 


po 


Solving a System of Equations Using the Inverse of 
a Matrix 

Given a system of equations, write the coefficient 
matrix A, the variable matrix X, and the constant 


Multiply both sides by the inverse of A to obtain 
the solution. 

(A -—1)AX=(A -1)B[(A—-1)A]X=(A-1 
)B IX=( A —1)BX=(A —1 )B 


If the coefficient matrix does not have an 
inverse, does that mean the system has no 
solution? 

O, if the coefficient matrix is not invertible, the 
system could be inconsistent and have no solution, or 
be dependent and have infinitely many solutions. 


Solving a 2 x 2 System Using the Inverse of 
a Matrix 


Solve the given system of equations using the 
inverse of a matrix. 
3x+ 8y=5 4x+1ly=7 


Write the system in terms of a coefficient 


matrix, a variable matrix, and a constant 
matrix. 
A=[38411],X=Lxy],B=[57 ] 


Then 
[38411] [Lxy]=[57] 


First, we need to calculate A —1. Using the 
formula to calculate the inverse of a 2 by 2 
matrix, we have: 

A —-1=1ad—bc[d—b-—ca] =1 
3(11) —8(4) [11 -—8 -—43] =11[11 
—-8 -43] 


So, 
A -1 =[11 -—8 -—4 3] 


Now we are ready to solve. Multiply both sides 
of the equation by A —-1. 
(A —1 )AX=(A —-1)B[11 —8 
=—43)) [38411] [xyJ=l11-$ —43 
ese ze || [1001] [xy]=lI 
11(5)+(—8)7 —4(5)+3(7) ] 
Px yale ls 


The solution is ( —1,1 ). 


Can we solve for X by finding the product BA 
Sil 


o, recall that matrix multiplication is not 
commutative, so A —1B2#BA —1. Consider our 

teps for solving the matrix equation. 
(A —-1 )AX=(A —-1)B[CA —-1)A]JX=(A -1 
)B IX=( A —1)BX=(A —1 )B 

otice in the first step we multiplied both sides of the 
equation by A —1, but the A —1 was to the left 
of A on the left side and to the left of B on the right 

ide. Because matrix multiplication is not 
commutative, order matters. 


Solving a3 x 3 System Using the Inverse of 
a Matrix 


Solve the following system using the inverse of 


a matrix. 
ox+15y+56z=35 —4x—-lly—41z=—26 
oy eZ 7 


Write the equation AX=B. 
Pols: 562—4— he 4h oe | ey 
z]=[35 —26 —-7 ] 


First, we will find the inverse of A by 
augmenting with the identity. 

[51556 —4 -11 -—41 -1 -3-11 | 10 
0010001] 


Multiply rowl1 by 15. 
[13565 -—4—11 —41 -1-3—-11 | 15 
00010001] 


Multiply row 1 by 4 and add to row 2. 
[1356501195 —-1 -3-11 | 15004 
510001] 


Add row 1 to row 3. 
[13565011950015 | 15004510 
1501] 


Multiply row 2 by —3 and add to row 1. 
[10-15011950015 | -—115-30 
45101501] 


Multiply row 3 by 5. 


[10-—1501195001 | —115-304 
510105] 

Multiply row 3 by 15 and add to row 1. 
[10001195001 | -—2-31451010 
5 | 

Multiply row 3 by — 195 and add to row 2. 
[100010001 | -2-31-31-191 
05] 

So, 


FN RU By eto Verner to id ic) ee al LO eal 


Multiply both sides of the equation by A —-1. 


We want A —1AX=A —1B: 

[ -2 —-31 -—31-19105] [51556 -—4 
Sa 4 ie LS Ser ey | ears 
1-31-19105] [35 —26 -7 |] 


Thus, 
A -—1B=[ -—70+78-7 —105-—26+4133 
35+0-35 J=[120] 


The solution is ( 1,2,0 ). 


Solve the system using the inverse of the 
coefficient matrix. 
2x hy big — Oe x iv 72— 6 
oy —27— —2 


X=[ 4 38 58 ] 


Given a system of equations, solve with matrix 
inverses using a calculator. 


1. Save the coefficient matrix and the constant 
matrix as matrix variables [ A ] and [B ]. 
2. Enter the multiplication into the calculator, 


calling up each matrix variable as needed. 

3. If the coefficient matrix is invertible, the 
calculator will present the solution matrix; if 
the coefficient matrix is not invertible, the 
calculator will present an error message. 


Using a Calculator to Solve a System of 
Equations with Matrix Inverses 


Solve the system of equations with matrix 
inverses using a calculator 

2x+ 3y+zZ=32 3x+3y+z= —27 2x+4y+z= 
= 


On the matrix page of the calculator, enter the 
coefficient matrix as the matrix variable [ A ], 
and enter the constant matrix as the matrix 
variable [ B ]. 

[AJ=[231331241], [B]J=[ 32 —27 
=? | 


On the home screen of the calculator, type in 
the multiplication to solve for X, calling up 
each matrix variable as needed. 

[A] —1 x [B] 


Evaluate the expression. 
p59 — 34 252)| 


Access these online resources for additional 
instruction and practice with solving systems with 
inverses. 


* The Identity Matrix 

¢ Determining Inverse Matrices 

* Using a Matrix Equation to Solve a System of 
Equations 


Key Equations 


NZ 
“N 


Identity matrix for a 2 I12=[1001 ] 


. 
9 matriv 
— 111Uutia 


Identity matrix for a 3 


. 
2 matrv 
vy 111UUL1A 


Multiplicative inverse of aA —1 = 1 ad—bce[d —b 
2 xX 2 matrix —ca], where ad—bc+0 


Nv 
4 


I3 =[100010001] 


Key Concepts 


An identity matrix has the property 

AI=IA=A. See [link]. 

An invertible matrix has the property A A —1 

= A —1 A=I. See [link]. 

Use matrix multiplication and the identity to 

find the inverse of a 2x2 matrix. See [link]. 

The multiplicative inverse can be found using a 

formula. See [link]. 

Another method of finding the inverse is by 

augmenting with the identity. See [link]. 

¢« We can augment a 3X3 matrix with the 
identity on the right and use row operations to 
turn the original matrix into the identity, and 
the matrix on the right becomes the inverse. 
See [link]. 

* Write the system of equations as AX=B, and 
multiply both sides by the inverse of A: A —1 
AX= A —1B. See [link] and [link]. 

¢ We can also use a calculator to solve a system 

of equations with matrix inverses. See [link]. 


Section Exercises 


Verbal 


In a previous section, we showed that matrix 
multiplication is not commutative, that is, 
ABBA in most cases. Can you explain why 
matrix multiplication is commutative for matrix 
inverses, that is; A —1A=AA-—1? 


If A —1 isthe inverse of A, then AA —1 
=I, the identity matrix. Since A is also the 
inverse of A —1,A —1A=I. You can also 
check by proving this fora 2x2 matrix. 


Does every 2X2 matrix have an inverse? 
Explain why or why not. Explain what 
condition is necessary for an inverse to exist. 


Can you explain whether a 2 x 2 matrix with 
an entire row of zeros can have an inverse? 


No, because ad and bc are both 0, so ad 
—bc=0, which requires us to divide by 0 in 
the formula. 


Can a matrix with an entire column of zeros 
have an inverse? Explain why or why not. 


Can a matrix with zeros on the diagonal have 


an inverse? If so, find an example. If not, prove 
why not. For simplicity, assume a 2X2 matrix. 


Yes. Consider the matrix [0110]. The 
inverse is found with the following calculation: 
A -1 =10(0)-10) [0 —-1 -10]=[011 
0 ]. 


Algebraic 


In the following exercises, show that matrix A is the 
inverse of matrix B. 


A=[10-11],B=[1011] 
A=[1234],B=[-2132-12] 
AB=BA=[1001 ]=I 
A=[4570],B=L01715 —- 435] 

AS [a 212 od Ba | 2 ah 6 4 | 


AB=BA=[1001 ]=I 


A=[10101-1011]J,B=12[21-101 
gO ee! Peel | 


A=[123402169],B=14[60 —-217 
=3 =5.= 122-4] 


AB=BA=[100010001]=I 


A=[3821115612],B= 1 36[ —6 84 —-6 
7=260 1-41 225 | 


For the following exercises, find the multiplicative 
inverse of each matrix, if it exists. 


LoD | 


E29 92; 1.3 


bree | 


bea7 9 2] 


169.) =2:7-9:3"| 


b= =3: = 3:8..] 


be 232] 


There is no inverse 


POD 10%] 


EO:a-1.5 1-65: 


47 |.0:5 1.5 1:=0.5"] 


PL O6 =2:17 30.25] 


bO1l=-3410105)] 


Lie 5 5-320, 3 121 = 14] 


PL 21341 aH 2425] 


PL o=32,5:6:4=2°7-] 


1209 | 47 =57 691019 =—12:=— 24:38 —13 | 


bl-=-23:=48 =121-42 | 


pa 2d. 2a 2 Sas 16 7 AS || 


[18 60 —168 —56 —140 448 40 80 — 280 ] 


[123456789] 


For the following exercises, solve the system using 
the inverse of a 2 X 2 matrix. 


ox — 6y= — 61 4x+3y=—2 


( = 5,07) 


8x+ 4y = — 100 3x—-4y=1 


3x—2y=6 —x+5y=-2 


( 2,0 ) 


ox—-4y=-5 4x+y=2.3 

—3x-—4y=9 12x+4y=—-6 

C13,=75:25) 

—2x+3y= 310 -—x+5y=12 
85x-45y=25- 85x+15y=710 

(=23 = 116) 


12x+ 15y=-1412x-35y=- 94 


For the following exercises, solve a system using the 
inverse of a 3X3 matrix. 


3x—2y+5z=21 ox+4y=37 x-—2y 
—SZ=5 


(372.42, ADs) 


4x+4y+4z=40 2x-—3y+4z=—-12 —-x+3y 
+4z=9 


6x—5y—-z=31 —-x+2y+z=—-6 3x+3y 
+2z=13 


(-5,0;—1.) 


6x—5y+2z= —-4 2x+5y—-z=12 2x+5y 
+z=12 


4x—2y+ 3z= —12 2x+2y—9z=33 6y 
—4z=1 


1 34 ( —35, —97, —154 ) 


110x-—15yt+4z= —-41215x-20y+ 25 
z=—101310x+4y- 310z=23 


12x-—15y+15z= 31100 -34x-14 
y+12z=740-45x-12y+32z=14 


1690-65, =1136;— 229 )} 


0.1x+0.2y+ 0.3z= —1.4 0.1x—-0.2y 
+ 0.3z=0.6 0.4y+0.9z= —2 


Technology 


For the following exercises, use a calculator to solve 
the system of equations with matrix inverses. 


2x-y=-—3 -x+2y=2.3 


(37 304.8. 15) 


=—]2x%=-- 32 y=— 43:20 S2x+ lL Sy= 
314 


12.3x — 2y — 2.52 = 2 36.9x + 7y —7.5z= —7 
8y—5z=-10 


C10 123,,=15.2-5:) 


0.5x— 3y + 6z= —0.8 0.7x — 2y = — 0.06 
0.5x+ 4y +5z=0 


Extensions 


For the following exercises, find the inverse of the 
given matrix. 


[1010010101100011] 


Poa ae 0 a0 a tel TOT HT 
] 


Lh O20 2 021.0 l= 30:1] 


b= 23:00:10 2 Lea 2S = 5 OL 1 | 


139:[ 3:2, =7-18)=93'52,10:24-—36 21:9 
=9 46 —16 —5 | 


[120230210000301020010012 
0 | 


[100000010000001000000100 
O0:0°0 LO deal dale 


[100000010000001000000100 
00:00 DOs hea = 1 | 


Real-World Applications 
For the following exercises, write a system of 


equations that represents the situation. Then, solve 
the system using the inverse of a matrix. 


2,400 tickets were sold for a basketball game. If 
the prices for floor 1 and floor 2 were different, 
and the total amount of money brought in is 
$64,000, how much was the price of each 
ticket? 


In the previous exercise, if you were told there 
were 400 more tickets sold for floor 2 than 
floor 1, how much was the price of each ticket? 


Infinite solutions. 


A food drive collected two different types of 
canned goods, green beans and kidney beans. 
The total number of collected cans was 350 and 
the total weight of all donated food was 348 Ib, 
12 oz. If the green bean cans weigh 2 oz less 
than the kidney bean cans, how many of each 
can was donated? 


Students were asked to bring their favorite fruit 
to class. 95% of the fruits consisted of banana, 
apple, and oranges. If oranges were twice as 
popular as bananas, and apples were 5% less 
popular than bananas, what are the percentages 
of each individual fruit? 


50% oranges, 25% bananas, 20% apples 


A sorority held a bake sale to raise money and 
sold brownies and chocolate chip cookies. They 
priced the brownies at $1 and the chocolate 
chip cookies at $0.75. They raised $700 and 
sold 850 items. How many brownies and how 
many cookies were sold? 


A clothing store needs to order new inventory. 
It has three different types of hats for sale: 
straw hats, beanies, and cowboy hats. The straw 
hat is priced at $13.99, the beanie at $7.99, and 
the cowboy hat at $14.49. If 100 hats were sold 
this past quarter, $1,119 was taken in by sales, 
and the amount of beanies sold was 10 more 
than cowboy hats, how many of each should 
the clothing store order to replace those already 
sold? 


10 straw hats, 50 beanies, 40 cowboy hats 


Anna, Ashley, and Andrea weigh a combined 
370 lb. If Andrea weighs 20 lb more than 
Ashley, and Anna weighs 1.5 times as much as 
Ashley, how much does each girl weigh? 


Three roommates shared a package of 12 ice 
cream bars, but no one remembers who ate how 
many. If Tom ate twice as many ice cream bars 
as Joe, and Albert ate three less than Tom, how 
many ice cream bars did each roommate eat? 


Tom ate 6, Joe ate 3, and Albert ate 3. 


A farmer constructed a chicken coop out of 
chicken wire, wood, and plywood. The chicken 
wire cost $2 per square foot, the wood $10 per 
square foot, and the plywood $5 per square 
foot. The farmer spent a total of $51, and the 
total amount of materials used was 14 ft 2. 
He used 3 ft 2 more chicken wire than 
plywood. How much of each material in did the 
farmer use? 


Jay has lemon, orange, and pomegranate trees 
in his backyard. An orange weighs 8 oz, a 
lemon 5 oz, and a pomegranate 11 oz. Jay 
picked 142 pieces of fruit weighing a total of 70 
Ib, 10 oz. He picked 15.5 times more oranges 
than pomegranates. How many of each fruit did 
Jay pick? 


124 oranges, 10 lemons, 8 pomegranates 


Glossary 


identity matrix 
a square matrix containing ones down the 
main diagonal and zeros everywhere else; it 
acts as a 1 in matrix algebra 


multiplicative inverse of a matrix 
a matrix that, when multiplied by the 
original, equals the identity matrix 


Solve Systems of Equations Using Determinants 
By the end of this section, you will be able to: 
¢ Evaluate the determinant of a 2 x 2 matrix 
¢ Evaluate the determinant of a 3 x 3 matrix 


* Use Cramer’s Rule to solve systems of equations 
* Solve applications using determinants 


Before you get started, take this readiness quiz. 


Simplify: 5(— 2) —(—4)(1). 
If you missed this problem, review [link]. 


Simplityee— 3 (o_O) eo 2) 
(C= 2A (= 4). 
If you missed this problem, review [link]. 


role ayo lings = Its. 
If you missed this problem, review [link]. 


In this section we will learn of another method to 
solve systems of linear equations called Cramer’s 
rule. Before we can begin to use the rule, we need to 
learn some new definitions and notation. 


Evaluate the Determinant of a 2 x 2 
Matrix 


If a matrix has the same number of rows and 
columns, we call it a square matrix. Each square 
matrix has a real number associated with it called 
its determinant. To find the determinant of the 
square matrix [abcd], we first write it as |abcd|. To 
get the real number value of the determinate we 
subtract the products of the diagonals, as shown. 


Determinant 

The determinant of any square matrix [abcd], 
where a, b, c, and d are real numbers, is 
|abed| =ad—be 


Evaluate the determinate of @ [4—23-—1] © 
[—3-—4-20]. 


Subtract the products 
of the diagonals. 


Simplify. 


Simplify. 


Subtract the products 
of the diagonals. 


Simplify. 


Simplify. 


Evaluate the determinate of @ [5—32—4] © 
[ —4-607]. 


—14; ® —28 


Evaluate the determinate of @ [—13—24] © 
[—7-—3-50]. 


Evaluate the Determinant of a 3x3 
Matrix 


To evaluate the determinant of a 3 x 3 matrix, we 
have to be able to evaluate the minor of an entry 
in the determinant. The minor of an entry is the 


2 x 2 determinant found by eliminating the row and 
column in the 3 x 3 determinant that contains the 
entry. 


Minor of an entry in 3 x 3 a Determinant 
The minor of an entry in a 3 x3 determinant is 


the 2 x 2 determinant found by eliminating the row 
and column in the 3 x 3 determinant that contains 
the entry. 


To find the minor of entry al, we eliminate the row 
and column which contain it. So we eliminate the 
first row and first column. Then we write the 2 x 2 
determinant that remains. 


To find the minor of entry b2, we eliminate the row 
and column that contain it. So we eliminate the 2nd 
row and 2nd column. Then we write the 2 x 2 
determinant that remains. 


For the determinant |4—2310—3-—2-42|, 
find and then evaluate the minor of ® al © 


bs. © 1c 


Eliminate the row and 
column that contains 
al 


Write the 2 x 2 
determinant that 
re 


Evaluate. 


Simplify. 


Eliminate the row and 
column that contains 
b3 


Write the 2 x 2 
determinant that 
re 


Evaluate. 


Simplify. 


Eliminate the row and 
column that contains 
C2 


Write the 2 x 2 
determinant that 
re 


Evaluate. 


Simplify. 


For the determinant |1 —1402—1-—2-33], 
find and then evaluate the minor of ® al © 
b2 @rc3: 


For themdetermminan, |—2— 1030 f— 123) 
find and then evaluate the minor of ® a2 © 
bo Orc. 


We are now ready to evaluate a 3 x 3 determinant. 
To do this we expand by minors, which allows us to 
evaluate the 3 x 3 determinant using 2 x 2 
determinants—which we already know how to 
evaluate! 


To evaluate a 3 X 3 determinant by expanding by 
minors along the first row, we use the following 
pattern: 


ab. ¢€ 
‘é — 77 | b, C, | i b a, C, a, b, 
a, 2 C, Bers | b 1 + C, b 
a, b, c | fat ; C, a, C, a, 3 
minor of a. minor of b minor of c, 


Remember, to find the minor of an entry we 
eliminate the row and column that contains the 
entry. 


Expanding by Minors along the First Row to 
Evaluate a 3 x3 Determinant 

To evaluate a 3 X 3 determinant by expanding by 
minors along the first row, the following pattern: 


a, C, a, b, 
1 7 C, 
a, C, a, b, 


minor of a. minor of b. minor of C, 


Evaluate the determinant | 
2—3-—1320-—1-—1-—2| by expanding by 
minors along the first row. 


Expand by minors 
along the first row 


Evaluate each 
determinant. 


Simplify. 


Simplify. 


Simplify. 


Evaluate the determinant | 


3 — 240 —1-—223-1], by expanding by minors 


along the first row. 


Evaluate the determinant | 
3—2-—22-—14-10-—3]|, by expanding by 
minors along the first row. 


To evaluate a 3 X 3 determinant we can expand by 
minors using any row or column. Choosing a row or 
column other than the first row sometimes makes 
the work easier. 


When we expand by any row or column, we must be 
careful about the sign of the terms in the expansion. 
To determine the sign of the terms, we use the 
following sign pattern chart. 

Jr—te+t—-+—+| 


Sign Pattern 
When expanding by minors using a row or column, 
the sign of the terms in the expansion follow the 


following pattern. 
[a= Se = se = er = =F | 


Notice that the sign pattern in the first row matches 
the signs between the terms in the expansion by the 
first row. 


Since we can expand by any row or column, how do 
we decide which row or column to use? Usually we 
try to pick a row or column that will make our 
calculation easier. If the determinant contains a 0, 
using the row or column that contains the 0 will 
make the calculations easier. 


Evaluate the determinant | 
4—1-—33025-— 4-3] by expanding by minors. 


To expand by minors, we look for a row or 
column that will make our calculations easier. 
Since 0 is in the second row and second 
column, expanding by either of those is a good 
choice. Since the second row has fewer 


negatives than the second column, we will 


expand by the second row. 
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VELRVILI LUVVe 


Be careful of the signs. 


Evaluate each 
determinant. 


Simplify. 


Simplify. 


Add. 


Evaluate the determinant | 
2—1-—303-—43-—4-3]| by expanding by 
minors. 


Evaluate the determinant | 
—2-—1-—3-1224-40| by expanding by 
minors. 


Use Cramer’s Rule to Solve Systems of 
Equations 


Cramer’s Rule is a method of solving systems of 
equations using determinants. It can be derived by 
solving the general form of the systems of equations 
by elimination. Here we will demonstrate the rule 
for both systems of two equations with two 
variables and for systems of three equations with 
three variables. 


Let’s start with the systems of two equations with 
two variables. 


Cramer’s Rule for Solving a System of Two 
Equations 

For the system of equations {alx + bly =kla2x 
+b2y=k2, the solution (x,y) can be determined by 


use the coefficients of the variables. 


replace the x coefficients with the constants. 


k eae : 
replace the y coefficients with the constants. 


Notice that to form the determinant D, we use take 
the coefficients of the variables. 


Notice that to form the determinant Dx and Dy, we 
substitute the constants for the coefficients of the 
variable we are finding. 


How to Solve a System of Equations Using 
Cramer’s Rule 


Solve using Cramer’s Rule: {2x + y= — 43x 
—2y=—-6. 


Solve using Cramer’s rule: {3x + y= — 32x 
+ 3y=6. 


(—157,247) 


Solve using Cramer’s rule: {—x+y=22x+y= 


Solve a system of two equations using Cramer’s 
rule. 


Evaluate the determinant D, using the coefficients 
of the variables. Evaluate the determinant Dx. Use 
the constants in place of the x coefficients. 
Evaluate the determinant Dy. Use the constants in 
place of the y coefficients. Find x and y. x=DxD, 
ly = DyD Write the solution as an ordered pair. 
Check that the ordered pair is a solution to both 
original equations. 


To solve a system of three equations with three 
variables with Cramer’s Rule, we basically do what 
we did for a system of two equations. However, we 
now have to solve for three variables to get the 
solution. The determinants are also going to be 3x3 
which will make our work more interesting! 


Cramer’s Rule for Solving a System of Three 
Equations 

For the system of equations {alx+bly 
+c1z=kla2x+ b2y + c2z=k2a3x + b3y + c3z=k3, 
the solution (x,y,z) can be determined by 


use the coefficients of the variables. 


, | replace the x coefficients with the constants. 


replace the y coefficients with the constants. 


, |replace the z coefficients with the constants. 


Solve the system of equations using Cramer’s 
Rule: {3x — 5y + 4z=55x+ 2y +z=02x + 3y 
— 2z2=3. 


Evaluate the 
determinant D. 


a 
Expand by minors 


. 
s10ina@ AAlime 1 
UMolllg SVYLUILLLL 1. 


Evaluate the 
determinants. 


Simplify. 


Simplify. 


Simplify. 


Evaluate the 
determinant Dx. Use 
th 

co 


+h 
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Expand by minors 
using column 1. 


Evaluate the 


determinants. 


Simplify. 


Simplify. 


Evaluate the 
determinant Dy. Use 


Evaluate the 
determinants. 
Simplify. 


Simplify. 


Simplify. 


Evaluate the 


de 
th 


co 


oe 
tha naaoffinianta af ¢ 
LLG CVLLLLLLELIL UL ©. 


Evaluate the 
determinants. 


Simplify. 


Simplify. 


Simplify. 


Find x, y, and z. 


Substitute in the 
values. 


Simplify. 


Write the solution as 
an ordered triple. 


Check that the ordered We leave the check to 
triple is a solution you. 
to all three original 


ani1atinna 


The solution is (2, —3, 
— 4). 


Solve the system of equations using Cramer’s 
Rule: (3x4, Sy + 27— 52x47 bY —37—0x--2y 
=—27—— |. 


Solve the system of equations using Cramer’s 
Rule: {3x + y —6z= —32x+ 6y + 3z=03x+ 2y 
—3z= —-6. 


Cramer’s rule does not work when the value of the 
D determinant is 0, as this would mean we would be 
dividing by 0. But when D=0, the system is either 
inconsistent or dependent. 


When the value of D=0 and Dx,Dy and Dz are all 
zero, the system is consistent and dependent and 
there are infinitely many solutions. 


When the value of D=0 and Dx,Dy and Dz are not 
all zero, the system is inconsistent and there is no 
solution. 


Dependent and Inconsistent Systems of Equations 
For any system of equations, where the value of 
the determinant D=0, 

Value of determinantsType of 


systemSolutionD = OandDx,DyandDz are all 
zeroconsistent and dependentinfinitely many 
solutionsD = OandDx,DyandDzaare not all 
zeroinconsistentno solution 


In the next example, we will use the values of the 
determinants to find the solution of the system. 


Solve the system of equations using Cramer’s 
rule: {x+ 3y=4—2x—6y=3. 


{x + 3y =4-— 2x — 6y =3 Evaluate the 
determinantD,using thecoefficients of the 
variables.D = |13-—2—6| D= —6—(—6)D=0 


We cannot use Cramer’s Rule to solve this 
system. But by looking at the value of the 
determinants Dx and Dy, we can determine 
whether the system is dependent or 
inconsistent. 


Evaluate the determinantDx.Dx = |433 — 6| 
Dx= —24-9Dx=15 


Since all the determinants are not zero, the 
system is inconsistent. There is no solution. 


Solve the system of equations using Cramer’s 
rule: {4x — 3y = 88x — 6y = 14. 


no solution 


Solve the system of equations using Cramer’s 
rule: {x= —3y+42x+ 6y=8. 


infinite solutions 


Solve Applications using Determinants 


An interesting application of determinants allows us 
to test if points are collinear. Three points (x1,y1), 
(x2,y2) and (x3,y3) are collinear if and only if the 
determinant below is zero. 

|xly11x2y21x3y31|=0 


Test for Collinear Points 
Three points (x1,y1), (x2,y2) and (x3,y3) are 


collinear if and only if 
|xly11x2y21x3y31|=0 


We will use this property in the next example. 


Determine whether the points (5, —5), (4, —3), 
and (3, —1) are collinear. 


COD SL 
Substitute the values 


into the determinant. 


Evaluate the 
determinant b 
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Evaluate the 
determinants. 


Simplify. 


Simplify. 


The value of the 
determinate is 0, so the 
points are collinear. 


Determine whether the points (3, — 2), (5, —3), 
and (1, —1) are collinear. 


Determine whether the points (— 4,—1), 
(—6,2), and (—2,—4) are collinear. 


ccess these online resources for additional 
instruction and practice with solving systems of 
linear inequalities by graphing. 


¢ Solving Systems of Linear Inequalities by 
Graphing 
¢ Systems of Linear Inequalities 


Key Concepts 


* Determinant: The determinant of any square 
matrix [abcd], where a, b, c, and d are real 
numbers, is 
|abcd| = ad —be 

* Expanding by Minors along the First Row to 
Evaluate a3 Xx 3 Determinant: To evaluate a 
3X 3 determinant by expanding by minors 
along the first row, the following pattern: 


¢ Sign Pattern: When expanding by minors using 
a row or column, the sign of the terms in the 
expansion follow the following pattern. 
ee Sap aap = P| 

* Cramer’s Rule: For the system of equations 
{alx + bly=kla2x + b2y =k2, the solution 
(x,y) can be determined by 


Notice that to form the determinant D, we use 
take the coefficients of the variables. 

How to solve a system of two equations 
using Cramer’s rule. 


Evaluate the determinant D, using the 
coefficients of the variables. Evaluate the 
determinant Dx. Use the constants in place of 
the x coefficients. Evaluate the determinant Dy. 
Use the constants in place of the y coefficients. 
Find x and y. x= DxD, y=DyD. Write the 
solution as an ordered pair. Check that the 
ordered pair is a solution to both original 
equations. Dependent and Inconsistent 
Systems of Equations: For any system of 
equations, where the value of the 
determinant D=0, 

Value of determinantsType of 
systemSolutionD = OandDx,DyandDzaare all 
zeroconsistent and dependentinfinitely many 
solutionsD = OandDx,DyandDzaare not all 


zeroinconsistentno solution Test for Collinear 
Points: Three points (x1l,y1), (x2,y2), and 
(x3,y3) are collinear if and only if 
|xly11x2y21x3y31|=0 


Practice Makes Perfect 
Evaluate the Determinant of a2 x 2 Matrix 


In the following exercises, evaluate the determinate 
of each square matrix. 


1623 1 
[—48-35] 
4 

[=300'=4] 
L=207= 21 


Evaluate the Determinant of a3 x 3 Matrix 


In the following exercises, find and then evaluate 
the indicated minors. 


[3—14-—10-—2-415]| 
Find the minor @ al © b2 © c3 


[=1=324= 9-1 =20=3] 
Find the minor @ al © bl © c2 


@6® -14© -6 


= 38=4=12- 30-19) 
Find the minor @ a2 © b2 © c2 


|=9=331-30=33 = 3] 
Find the minor @ a3 © b3 © c3 


@®9® -308 


In the following exercises, evaluate each 
determinant by expanding by minors along the first 
row. 


| -—23-—1-—12-—231-3]| 


|4—1-—2-3-21-—2-57| 


dT 


|—2-3-—45-67-120| 


|13-—25-640-2-1| 


49 


In the following exercises, evaluate each 
determinant by expanding by minors. 


|-—5-1-—440-32-—26| 


l4—133=22—104| 


~24 


1354 —130—261| 


|2—4-—35-—1-4320| 


25 


Use Cramer’s Rule to Solve Systems of Equations 


In the following exercises, solve each system of 
equations using Cramer’s Rule. 


{—2x+ 3y=3x+3y=12 


{x—2y= —52x—-3y=—-4 


(7,6) 


{x—3y = —92x+5y=4 


{2x+y= —43x—-—2y=—6 


(= 2,0) 


{x—2y = —52x-—3y=—-4 


{x—3y = —92x+5y=4 


( > 352) 


{5x—3y= —12x-y=2 


{3x + 8y = —32x+5y= —3 


( = 9,3) 


{6x —5y + 22=32x+y-— 4z=53x-—3y+z=-—-1 


{4x —3y +Z2=72x— 5y— 42= 33x —2y—2z= —7 


(— 3, —5,4) 


{2x —5y +3z=83x—yt+4z=7x+ 3y+2z=—3 


{11x+ 9y + 2z= —97x+5y+ 3z2= —74x+ 3y 
+Z=-3 


(2, Ss 2) 


{x+2z2=04y+3z= —22x—5y=3 


{2x + 5y = 43y —z=34x+3z= —3 


( od 35253) 


{2y+3z= —15x+3y= —67x+z=1 


{3x -—z= —35y+2z= —64x+3y=—8 


= 2,0; =o) 


{2x+y=36x+ 3y=9 


{x—4y= —1-3x+12y=3 


infinitely many solutions 


{—3x—y=46x+ 2y= —-16 


{4x + 3y =220x+ 15y=5 


inconsistent 


{x+y—3z= —-—ly-—z=0-x+2y=1 


{2x+ 3y+z=12x+y+z=93x+4y+2z=20 


inconsistent 


{3x+ 4y —3z= —22x+3y—z=-—12x+y 
—2z=6 


{x—2y+3z=1x+y-—3z=73x—4y+5z=7 


infinitely many solutions 


Solve Applications Using Determinants 


In the following exercises, determine whether the 
given points are collinear. 


(0,1), (2,0), and (=2,2); 


(0, = Ne (= 2, ~ 2), and (2, = 8). 


yes 


(4, ~ a8 (6, ~ 4), and (2, <4 2s 


(=2,1); (-—4,4), and (0, 2). 


yes 


Writing Exercises 


Explain the difference between a square matrix 
and its determinant. Give an example of each. 


Explain what is meant by the minor of an entry 
in a square matrix. 


Answers will vary. 


Explain how to decide which row or column 
you will use to expand a 3 x3 determinant. 


Explain the steps for solving a system of 
equations using Cramer’s rule. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 


determinant 
Each square matrix has a real number 
associated with it called its determinant. 


minor of an entry in a 3 x 3 determinant 
The minor of an entry in a 3 xX 3 determinant 
is the 2 x 2 determinant found by eliminating 
the row and column in the 3 x 3 determinant 
that contains the entry. 


square matrix 
A square matrix is a matrix with the same 
number of rows and columns. 


Greatest Common Factor and Factor by Grouping 
By the end of this section, you will be able to: 


* Find the greatest common factor of two or 
more expressions 

* Factor the greatest common factor from a 
polynomial 

* Factor by grouping 


Before you get started, take this readiness quiz. 


1. Factor 56 into primes. 
If you missed this problem, review [link]. 


2. Find the least common multiple of 18 and 24. 
If you missed this problem, review [link]. 

3. simplify —3(Ga-- 11); 
If you missed this problem, review [link]. 


Find the Greatest Common Factor of Two 
or More Expressions 


Earlier we multiplied factors together to get a 
product. Now, we will be reversing this process; we 


will start with a product and then break it down 
into its factors. Splitting a product into factors is 
called factoring. 


We have learned how to factor numbers to find the 
least common multiple (LCM) of two or more 
numbers. Now we will factor expressions and find 
the greatest common factor of two or more 
expressions. The method we use is similar to what 
we used to find the LCM. 


Greatest Common Factor 
The greatest common factor (GCF) of two or more 


expressions is the largest expression that is a factor 
of all the expressions. 


First we'll find the GCF of two numbers. 


How to Find the Greatest Common Factor of 
Two or More Expressions 


Find the GCF of 54 and 36. 


Solution 


Notice that, because the GCF is a factor of both 
numbers, 54 and 36 can be written as 
multiples of 18. 

54=18:336=18:2 


Find the GCF of 48 and 80. 


Find the GCF of 18 and 40. 


We summarize the steps we use to find the GCF 
below. 


Find the Greatest Common Factor (GCF) of two 


expressions. 


Factor each coefficient into primes. Write all 


variables with exponents in expanded form. List all 
factors—matching common factors in a column. In 
each column, circle the common factors. Bring 
down the common factors that all expressions 
share. Multiply the factors. 


In the first example, the GCF was a constant. In the 
next two examples, we will get variables in the 
greatest common factor. 


Find the greatest common factor of 
27x3and18x4. 


Solution 


Factor each coefficient 
into primes and write 
the variables with 


ex 
fo 


co 


an 
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Bring down the 
common factors. 


Multiply the factors. 


The GCF of 27x3 and 


18x4 is 9x3. 


Find the GCE: 12x20 118x3. 


Find the GCF: 16y2,24y3. 


Find the GCF of 4x2y,6xy3. 


Solution 


Factor each coefficient 
into primes and write: 


Bring down the 
common factors. 


Multiply the factors. 


EE —— 
The GCF of 4x2y and 
6xy3 is 2xy. 


Find the GCF: 6ab4,8a2b. 


Find the GCF: 9m5n2,12m3n. 


Find the GCF of: 21x3,9x2,15x. 


Solution 


Factor each coefficient 
into primes and write: 
the variables with 
exponents in expanded 
form. Circle the 


Bring down the 
common factors. 


Multiply the factors. 


The GCF of 21x3, 9x2 
and 15x is 3x. 


Find the greatest common factor: 
25m4,35m3,20m2. 


Find the greatest common factor: 
14x3,70x2,105x. 


Factor the Greatest Common Factor from 
a Polynomial 


Just like in arithmetic, where it is sometimes useful 
to represent a number in factored form (for 
example, 12 as 2:-60r3-4), in algebra, it can be useful 
to represent a polynomial in factored form. One way 
to do this is by finding the GCF of all the terms. 
Remember, we multiply a polynomial by a 
monomial as follows: 

2(x + 7)factors2-x + 2:72x + 14product 


Now we will start with a product, like 2x+14, and 
end with its factors, 2(x+7). To do this we apply 
the Distributive Property “in reverse.” 


We state the Distributive Property here just as you 
saw it in earlier chapters and “in reverse.” 


Distributive Property 
If a,b,c are real numbers, then 
a(b +c)=ab+acandab+ac=a(b+c) 


The form on the left is used to multiply. The form 
on the right is used to factor. 


So how do you use the Distributive Property to 
factor a polynomial? You just find the GCF of all the 
terms and write the polynomial as a product! 


How to Factor the Greatest Common Factor 
from a Polynomial 


Factor: 4x +12. 


Solution 


Factor: 6a+ 24. 


Factor: 2b+ 14. 


Factor the greatest common factor from a 
polynomial. 


Find the GCF of all the terms of the polynomial. 
Rewrite each term as a product using the GCF. Use 


the “reverse” Distributive Property to factor the 
expression. Check by multiplying the factors. 


Factor as a Noun and a Verb 
We use “factor” as both a noun and a verb. 


Noun 7 is a factor of 14 


erb factor 3 from 3a + 3 


Solution 


Find the GCF of 5a and 
5. 


Rewrite each term as a 
product using the GCF. 
ae a 


Use the Distributive 
Property "in reverse" to 


Check by niece, 
the factors to get the 


arainal nalkrmamial 
Vit Stt14s PY) 11111. 


Se 
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5at+5yY 


Factor: 14x+ 14. 


Factor 2p, 2: 


The expressions in the next example have several 
factors in common. Remember to write the GCF as 
the product of all the common factors. 


Factor: 12x — 60. 


Solution 


Find the GCF of 12x 


Rewrite each term as a 
product using the GCF. 
ee ee eee 


Factor the GCF. 


i De) 02 = ee 
Check by mulitplying 


tha fantara 
Lae LULLULD. 


5 | in Weg TE 
uv 


haya J 


19.7 —_ 19.6 
aoa ita 


ai vv 


12x — 60Y¥ 


Factor: 18u— 36. 


Factor: 30y — 60. 


Now we'll factor the greatest common factor from a 
trinomial. We start by finding the GCF of all three 
terms. 


Factor: 4y2 + 24y + 28. 


Solution 


We start by finding the GCF of all three terms. 


Find the GCF of 4y2, 
24y and 28. 


Rewrite each term as a 


. . 
Tmiashtnlivaina 
2LUULL VY 2tLUiLtp iy 1116. 


Alx7r9 1 Gxr 1 '7)\ 
mye buy tary 


A.x79 1 A.4x7 1 AT 
ey 1 t Say 1 | Wr sf 


4y2+ 24y + 28V 


Factor: 5x2—25x+15. 


5(x2—5x+3) 


PaCiOls oy 2. oy 27 


B(y2Z—-4y +9) 


Factor: 5x3 — 25x2. 


Solution 


Find the GCF of 5x3 


Rewrite each term. 


Factor the GCF. 


ch 


anol, 
NULL LT 


vu 


Aaya vJ 


Ew%.w  Ew9.E 
Vaasa Vvnav 


7. a Pi 


Factor: 2x3 + 12x2. 


2x2(x + 6) 


Factor: 6y3 — 15y2. 


3y2(2y —5) 


Factor: 21x3 —9x2+ 15x. 


Solution 


In a previous example we found the GCF of 
21x3,9x2,15x to be 3x. 


Rewrite each term 
using the GCF, 3x. 


WLLL Dre 


Qv.779 — Qv.Ov 1 Ov.E 
VvaTraAa VA VAT VAY 


7a 8 aan Pe lt Of 


Factor: 20x3 — 10x2+ 14x. 


2x(10x2 — 5x +7) 


Factor: 24y3—12y2—20y. 


4y(6y2 — 3y —5) 


Factor: 8m3 — 12m2n+ 20mn2. 


Solution 


Find the GCF of 8m3. 
12 


Rewrite each term. 


Factor the GCF. 


NLL LDV 


eee ee Se wuibiin tt Vite 


4m:2m2 —4m-3mn 
+ Am. En9 


P4nb Wiles 


8m3 —12m2n 


+ 20mn2/Y 


Factor: 9xy2 + 6x2y2+ 21y3. 


BY2( 3% + 2K 7y) 


Factor: 3p3 — 6p2q + 9pq3. 


3p(p2 — 2pq + 3q2) 


When the leading coefficient is negative, we factor 
the negative out as part of the GCF. 


Factor: — 8y — 24. 


Solution 


When the leading coefficient is negative, the 
GCF will be negative. 


Ignoring the signs of 
ie terms, we first a 


as ere GCF. 


Rewrite each term 
using the GCF. 
| —oy—-24 
| Oews f OL1)]72 DQ | 
LS _ i} 


Factor the GCF. 


LW Tre 


— Ou7 tf _Q\.2 
Se ES 


vVjv 


— 8y — 247 


Factor: —16z—64. 


PaAChOh te OV 7 


Factor: —6a2 + 36a. 


Solution 


The leading coefficient is negative, so the GCF 
will be negative.? 


Since the leading 
coefficient is negative 


Rewrite each term 
using the GCF. 


Factor the GCF. 


Chaal, 


NLL LD 


— Bala — 4) 


vuuisy vu, vs 


—6a2+ 36aY¥ 


Factor: —4b2+16b. 


Factor: —7a2+21la. 


Factor sqtdee 7 )— ota 7): 


Solution 


The GCF is the binomial q+ 7. 


Solo JN Gi 7M 

Nene le el Ss | 
Factor the GCF, (gq + 
a 

fon Fon 6) 

er I 6 ets a 
Check on your own by 
multiplying. 


Factor: 4m(m+3)—7(m+3). 


(m+3)(4m —7) 


Factor: 8n(n —4)+5(n—-4). 


(n—4)(8n+ 5) 


Factor by Grouping 


When there is no common factor of all the terms of 
a polynomial, look for a common factor in just some 
of the terms. When there are four terms, a good way 
to start is by separating the polynomial into two 
parts with two terms in each part. Then look for the 
GCF in each part. If the polynomial can be factored, 
you will find a common factor emerges from both 
parts. 


(Not all polynomials can be factored. Just like some 
numbers are prime, some polynomials are prime.) 


How to Factor by Grouping 


FAClOl: XV oy 42x ©, 


Solution 


Factor: xy Oy -+- 3x4 24. 


(x45S)(y 43) 


Factor: ab+7b+8a+ 56. 


(a+ 7)(b+8) 


Factor by grouping. 


Group terms with common factors. Factor out the 
common factor in each group. Factor the common 
factor from the expression. Check by multiplying 
the factors. 


Factor: x2 + 3x — 2x — 6. 


Solution 


There is no GCF in all four terms.x2 + 3x — 2x 
— 6Separate into two parts.x2 + 3x_,— 2x 
—6,__Factor the GCF from both parts. Be 
carefulwith the signs when factoring the GCF 
fromthe last two terms.x(x + 3) —2(x+3)(x+3) 
(x — 2)Check on your own by multiplying. 


Factor: x2 + 2x—5x-—10. 


(x —5)(x+ 2) 


Factor: y2 + 4y —7y — 28. 


Ga Divs 7) 


Access these online resources for additional 
instruction and practice with greatest common 
factors (GFCs) and factoring by grouping. 


* Greatest Common Factor (GCF) 
¢ Factoring Out the GCF of a Binomial 
* Greatest Common Factor (GCF) of Polynomials 


Key Concepts 


* Finding the Greatest Common Factor (GCF): 
To find the GCF of two expressions: 


Factor each coefficient into primes. Write all 
variables with exponents in expanded form. 
List all factors—matching common factors in a 
column. In each column, circle the common 
factors. Bring down the common factors that all 


expressions share. Multiply the factors as in 
[link]. 


Factor the Greatest Common Factor from a 
Polynomial: To factor a greatest common 
factor from a polynomial: 


Find the GCF of all the terms of the polynomial. 
Rewrite each term as a product using the GCF. 
Use the ‘reverse’ Distributive Property to factor 
the expression. Check by multiplying the 
factors as in [link]. 


Factor by Grouping: To factor a polynomial 
with 4 four or more terms 


Group terms with common factors. Factor out 
the common factor in each group. Factor the 
common factor from the expression. Check by 
multiplying the factors as in [link]. 


Practice Makes Perfect 


Find the Greatest Common Factor of Two or 
More Expressions 


In the following exercises, find the greatest common 
factor. 


8,18 


150;.275 


10a, 50 


21b2,14b 


8w2,24w3 


8w2 


30x2,18x3 


10p3q,12pq2 


2pq 


8a2b3,10ab2 


12m2n3,30m5n3 


6m2n3 


28x2y4,42x4y4 


10a3,12a2,14a 


2a 


20y3,28y2,40y 


35x3,10x4,5x5 


5x3 


27p2,45p3,9p4 


Factor the Greatest Common Factor from a 
Polynomial 


In the following exercises, factor the greatest 
common factor from each polynomial. 


4x+ 20 


4(x+5) 


8y+16 


6m+9 


3(2m + 3) 


14p+35 


9q+9 


9(q+1) 


7t+7 


8m— 8 


8(m—1) 


4n-—4 


9n=—63 


O(n —7) 


45b—18 


3x2+6x—9 


3(x2 + 2x —3) 


4y2+8y—4 


8p2+4p+2 


2(4p2+2p+1) 


10q2+14q+20 


8y3 + 16y2 


8y2(y + 2) 


12x3 — 10x 


5x3 — 15x2 + 20x 


5x(x2 —3x+ 4) 


8m2—40m-+ 16 


12xy2 + 18x2y2— 30y3 


6y2(2x + 3x2 — 5y) 


21pq2 + 35p2q2 — 28q3 


—2x—4 


—2(x+2) 


—3b+12 


5x(x +1)+3(xk+1) 


(x+1)(5x+3) 


2x(x —1)+9(x-1) 


ob(b=2)= 13 —2) 


(b=2)Gb=T3) 


6m(m—5)—7(m-—5) 


Factor by Grouping 


In the following exercises, factor by grouping. 


xy + 2y+3x+6 


(y+3)(k+2) 


mn+4n+6m+ 24 


uv—9u+2v-18 


(u+2)(v—9) 


pq—10p+8q-—80 


b2+5b—4b—20 


(b—4)(b+5) 


m2+6m—12m-—72 


p2+ 4p —9p — 36 


(p—9)(p +4) 


x2+5x-—3x-15 


Mixed Practice 


In the following exercises, factor. 


—20x-—10 


—10(2x+1) 


5x3 -—x24+x 


3x3 —7x2+6x—14 


G24+2)(x=7) 


x3+x2-—x-1 


x2+xy+5x+5y 


(x+ y)(x +5) 


5x3 —3x2-—5x-3 


Everyday Math 


Area of a rectangle The area of a rectangle 
with length 6 less than the width is given by 
the expression w2 —6w, where w= width. 
Factor the greatest common factor from the 
polynomial. 


w(w — 6) 


Height of a baseball The height of a baseball t 
seconds after it is hit is given by the expression 
—16t2+ 80t+ 4. Factor the greatest common 
factor from the polynomial. 


Writing Exercises 


The greatest common factor of 36 and 60 is 12. 


Explain what this means. 


Answers will vary. 


What is the GCF of y4,y5,andy10? Write a 
general rule that tells you how to find the GCF 
of ya,yb,andyc. 


Self Check 
@ After completing the exercises, use this checklist 


to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
your goals in this section! Reflect on the study skills 
you used so that you can continue to use them. 
What did you do to become confident of your ability 
to do these things? Be specific! 


...with some help. This must be addressed quickly 
as topics you do not master become potholes in your 
road to success. Math is sequential—every topic 
builds upon previous work. It is important to make 
sure you have a strong foundation before you move 
on. Who can you ask for help? Your fellow 
classmates and instructor are good resources. Is 
there a place on campus where math tutors are 
available? Can your study skills be improved? 


...no - I don’t get it! This is critical and you must 
not ignore it. You need to get help immediately or 
you will quickly be overwhelmed. See your 
instructor as soon as possible to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


factoring 
Factoring is splitting a product into factors; in 
other words, it is the reverse process of 
multiplying. 


greatest common factor 
The greatest common factor is the largest 
expression that is a factor of two or more 
expressions is the greatest common factor 
(GCF). 


Factor Trinomials 
By the end of this section, you will be able to: 


¢ Factor trinomials of the form x2+bx+c 

* Factor trinomials of the form ax2+ bx+c using 
trial and error 

* Factor trinomials of the form ax2+ bx+c using 
the ‘ac’ method 

¢ Factor using substitution 


Before you get started, take this readiness quiz. 


Find all the factors of 72. 
If you missed this problem, review [link]. 


IZ; 3,40,.0,9, 12, 18. 24, 36, 72 


Find the product: (3y + 4)(2y +5). 
If you missed this problem, review [link]. 


6y2 + 23y +20 


Sunplity: — 916); — 9(— 6): 
If you missed this problem, review [link]. 


Factor Trinomials of the Form x2+ bx+c 


You have already learned how to multiply binomials 
using FOIL. Now you'll need to “undo” this 
multiplication. To factor the trinomial means to 
start with the product, and end with the factors. 


To figure out how we would factor a trinomial of 


the form x2+bx+c, such as x2+5x+6 and factor it 
to (x+2)(x+3), let’s start with two general 
binomials of the form (x+m) and (x+n). 


Foil to find the product. 


Factor the GCF from the 
middle terms. 


Our trinomial is of the 
form x2+bx+c. 


This tells us that to factor a trinomial of the form 
x2 +bx+c, we need two factors (x +m) and (x+n) 
where the two numbers m and n multiply to c and 
add to b. 


How to Factor a Trinomial of the form x2 + bx 
+C 


Factor: x2+11x+ 24. 


Factor: q2+ 10q+ 24. 


(q+4)(q+6) 


Factor: t2+ 14t+ 24. 


(C2) Gti) 


Let’s summarize the steps we used to find the 
factors. 


Factor trinomials of the form x2+bx+c. 


Write the factors as two binomials with first terms 
. X2+bx+c(x)(x) Find two numbers m and n that 


¢ multiply to c,mn=c 
- add to bhm+n=b 


Use m and n as the last terms of the factors. (x +m) 
(x+n) Check by multiplying the factors. 


In the first example, all terms in the trinomial were 
positive. What happens when there are negative 
terms? Well, it depends which term is negative. Let’s 
look first at trinomials with only the middle term 


negative. 


How do you get a positive product and a negative 
sum? We use two negative numbers. 


Factor: y2—11ly+ 28. 


Again, with the positive last term, 28, and the 
negative middle term, —11ly, we need two 
negative factors. Find two numbers that 
multiply 28 and add to — 11. 


79 11x71 990 
Je aayrayu 


Write the factors as (yy) 
two binomials with 


Fi 
nraot tarmea 7 
dude Wwisity y- 


Find two numbers that: 
multiply to 28 and add 
to -—11. 


Factors of 28 Suim of factors 

Se FS, —1+(-28)= —-—29 
Sh —2+(-14)=-16 
—4,-7 —4+(-7)=-11 


Use —4,—7 as the last (y—4)(y-—7) 


° 
tarma anf tha hinnmial-= 
Leibtty Vai ULL W111U1111U1 ve 


(y-Ny—7)y2—7y 
—4y+28y2—l1ly 
+ 28V 


Factor: u2—9u+ 18. 


(u=3)(u—6) 


Factor: y2—16y+ 63. 


C= Die 2) 


Now, what if the last term in the trinomial is 
negative? Think about FOIL. The last term is the 
product of the last terms in the two binomials. A 
negative product results from multiplying two 
numbers with opposite signs. You have to be very 
careful to choose factors to make sure you get the 
correct sign for the middle term, too. 


How do you get a negative product and a positive 
sum? We use one positive and one negative number. 


When we factor trinomials, we must have the terms 
written in descending order—in order from highest 
degree to lowest degree. 


Factor: 2x + x2—48. 


P5i---XD— AG 
First we put the terms x2+2x—48 
in decreasing degree 


ardar 
wWiuUctle 


Factors will be two (x)(x) 
binomials with first 


terms x. 

Factors of —48 Sum of factors 
~1,48 ~1+48=47 
= 224 ~24+24=22 
— 3,16 ~3+16=13 
AD —~44+12=8 
~6,8 —6+8=2" 


Use — 6,8as the last (x—6)(x + 8) 


tarma anf tha hinnmial-= 


LULA VA LLLY W111 VYILLILLUIDe 


Check: 
(x — 6)(x+ 8)x2 — 6q 
+ 8q — 48x2 + 2x— 48V 


Factor: 9m+m2+18. 


(m+3)(m+6) 


Factor: —7n+12+n2. 


(n—3)(n-4) 


Sometimes you'll need to factor trinomials of the 
form x2 + bxy + cy2 with two variables, such as 

x2 +12xy + 36y2. The first term, x2, is the product 
of the first terms of the binomial factors, x-x. The y2 
in the last term means that the second terms of the 
binomial factors must each contain y. To get the 


coefficients b and c, you use the same process 
summarized in How To Factor trinomials. 


Factor: r2 — 8rs — 9s2. 


We need r in the first term of each binomial 
and s in the second term. The last term of the 
trinomial is negative, so the factors must have 
opposite signs. 


r2—Ors-—-Os2 
Note that the first (rs)(rs) 
terms are r, last terms 
Find the numbers that 
multiply to —9 and 
add to —8. 


T L. 

ae VUILL UL LALLUILD 

1m lOO 

a5 Fg Lt Fg wv 

am 1 ONO 
157 a iw FJ VU 

os 3+(€—3)=0 


Usel, — 9as coefficients (r+s)(r— 9s) 


af tha lact tarma 
Vb Ute 1UvLe 


Check: 
(r—9s)(r+s)r2+1rs 
— Ors — 9s2r2 — 8rs 
— 9s2/ 


UULLLLW. 


Factor: a2—1lab+10b2. 


(a—b)(a—10b) 


(m —n)(m — 12n) 


Factor: m2—13mn+12n2. 


Some trinomials are prime. The only way to be 
certain a trinomial is prime is to list all the 
possibilities and show that none of them work. 


Factor: u2 —9uv—12v2. 


We need u in the first term of each binomial 
and v in the second term. The last term of the 
trinomial is negative, so the factors must have 
opposite signs. 


12 = Ouvy —- 1 2y72 
Note that the first (uv)(uv) 
terms are u, last terms 


. 
enanntain 7 
VvALLULLL ve 


Find the numbers that 
multiply to —12 and 
add to —9. 


Factors of — 12 Siim of factors 
deed def 6-1-2) =-—414 
= —1+12=11 
2,—6 2+(-6)=—-4 
SNS) —2+6=4 
3,-4 34+(-4)=-1 
— 3,4 ~3+4=1 


Note there are no factor pairs that give us —9 
as a sum. The trinomial is prime. 


HaACiOn Xo. — 7xXy — 1 Oy 


Factor: p2+ 15pq + 20q2. 


prime 


Let’s summarize the method we just developed to 
factor trinomials of the form x2+ bx+c. 


Strategy for Factoring Trinomials of the Form 
Wee Do aere 
When we factor a trinomial, we look at the signs of 


its terms first to determine the signs of the 
binomial factors. 

2+ bx+c(x+m)(x +n)Whencis 
positive,mandnhave the same 
sign. bpositivebnegativem,npositivem,nnegativex2 +x 
+ 6x2 —6x+ 8(x+ 2)(x+ 3)(x — 4)(x — 2)same 
signssame signsWhencis negative,mandnhave 
opposite signs.x2 + x — 12x2—2x—15(x+ 4)(x— 3) 
(x—5)(x+ 3)opposite signsopposite signs 


Notice that, in the case when m and n have 
opposite signs, the sign of the one with the larger 
absolute value matches the sign of b. 


Factor Trinomials of the form ax2 + bx + 
c using Trial and Error 


Our next step is to factor trinomials whose leading 
coefficient is not 1, trinomials of the form ax2+ bx 
+e, 


Remember to always check for a GCF first! 
Sometimes, after you factor the GCF, the leading 
coefficient of the trinomial becomes 1 and you can 
factor it by the methods we’ve used so far. Let’s do 
an example to see how this works. 


Factor completely: 4x3 + 16x2 — 20x. 


Is there a greatest 4x3 + 16x2 — 20x 


Ppamman fantard 
weVAlliilL Wihb LULLLEV IL 


Yes, GCF=4x. Factor 4x(x2+4x-—5) 


1t 
Lue 


Binomial, trinomial, or 


moaern than thean tarmcd 
BLLULLY ULL LLLLOEU LCOELLLID. 


It is a trinomial. So 4x(x)(x) 


Granda BOTT ” 


ULiuYyY 1 wvitie 


Use a table like the one 4x(x —1)(x+5) 
shown to find two 

numbers that 

multiply to —5 and 


add to 4. 

Factors ofS Sum O11 factors 
—1,5 f= jo = 4k 
1,-5 1+(-5)=-4 
Check: 


4x(x— 1)(x+ 5)4x(x2 + 5x — x— 5)4x(x2 + 4x 
— 5)4x3 + 16x2 —20x¥ 


Factor completely: 5x3 + 15x2 — 20x. 


5x(x — 1)(x + 4) 


Factor completely: 6y3 + 18y2 — 60y. 


6y(y — 2)(y + 5) 


What happens when the leading coefficient is not 1 
and there is no GCF? There are several methods that 
can be used to factor these trinomials. First we will 
use the Trial and Error method. 


Let’s factor the trinomial 3x2+5x+2. 


From our earlier work, we expect this will factor 
into two binomials. 
3x2+5x+ 200 


We know the first terms of the binomial factors will 
multiply to give us 3x2. The only factors of 3x2 are 
1x,3x. We can place them in the binomials. 


Check: Does 1x:3x = 3x2? 


We know the last terms of the binomials will 
multiply to 2. Since this trinomial has all positive 
terms, we only need to consider positive factors. The 
only factors of 2 are 1, 2. But we now have two 
cases to consider as it will make a difference if we 


write 1, 2 or 2, 1. 


Which factors are correct? To decide that, we 
multiply the inner and outer terms. 


Since the middle term of the trinomial is 5x, the 
factors in the first case will work. Let’s use FOIL to 
check. 


(x+1)(3x+ 2)3x2 + 2x+ 3x+ 23x2+5x+2V 


Our result of the factoring is: 
3x2 + 5x+2(x+ 1)(3x+ 2) 


How to Factor a Trinomial Using Trial and 
Error 


Factor completely using trial and error: 
ey24- 22y-- 7. 


Factor completely using trial and error: 
TE WAT (peor 


(a+1)(2a+3) 


Factor completely using trial and error: 
4b2+5b+1. 


(b+1)(4b+1) 


Factor trinomials of the form ax2+bx+c using 
trial and error. 


Write the trinomial in descending order of degrees 
as needed. Factor any GCF. Find all the factor pairs 


of the first term. Find all the factor pairs of the 
third term. Test all the possible combinations of the 
factors until the correct product is found. Check by 
multiplying. 


Remember, when the middle term is negative and 
the last term is positive, the signs in the binomials 
must both be negative. 


Factor completely using trial and error: 
6b2—13b+5. 


The trinomial is 
already in descending: 
6b 13h 25 | 


nr 
we. 


Find the factors of the 
first term. 


a 
Find the factors of the 


last term. Consider tke 


is positive its factors 
must both be 

positive or both be 
negative. The 
coefficient of the 
middle term is 
negative, so we use the 
negative factors. 


Consider all the combinations of factors. 


oLn 19L 1 
Vue hauUWYiw 


ee ah] me at eee The. ~ Ae na 
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(2b—5)(3b—1) 6b2—17b+5 


The correct factors are (2b—1)(3b—5) 
those whose product 
is the original 


Check by multiplying: 
(2b—1)(3b 

— 5)6b2 —10b— 3b 

+ 56b2—13b+5¥Y 


Factor completely using trial and error: 
8x2—14x+3. 


(2x — 3)(4x — 1) 


Factor completely using trial and error: 
Wi D— Ryne ey 


(2y —7)(sy —1) 


When we factor an expression, we always look for a 
greatest common factor first. If the expression does 

not have a greatest common factor, there cannot be 
one in its factors either. This may help us eliminate 
some of the possible factor combinations. 


Factor completely using trial and error: 
18x2—37xy + loy2. 


The trinomial is 
already in descending: 
18x" — 3/xv + 15V 


nr 
wv. 


Find the factors of the 
first term. 


x od 
Find the factors of the 
last term. Consider the 
sig 18x’ — 37xy + 15y’ 
Sil. ox 1-15 anid 
(| a 
middle 

term is negative, we 
use the negative 
factors. 


Consider all the combinations of factors. 


The correct factors are (2x — 3y)(9x — 5y) 
those whose product is 


tha ariainoal + rinamial 
C11 VIB trinomia . 


Check by multiplying: 
(2x — 3y)(9x 

— 5y)18x2 — 10xy 
—27xy 

+ 15y218x2—37xy 

+ 15y2V 


Factor completely using trial and error 
18x2 — 3xy — 10y2. 


(3x + 2y)(6x — 5y) 


Factor completely using trial and error: 
S0X2 — oxy — 21 y2. 


(3x + y)(10x — 21y) 


Don’t forget to look for a GCF first and remember if 
the leading coefficient is negative, so is the GCF. 


Factor completely using trial and error: 
— 10y4—55y3 — 60y2. 


=e 2” Ee 
Notice the greatest 


common factor, so 
On 


uu 


Factor the trinomial. 


Consider all the combinations. 


The correct factors are —5y2(y+4)(2y+3) 
those whose product 

is the original 

trinomial. Remember 

to include 


thn fantar — Ex79 
laae 1LULLUL vyoe 


Check by multiplying: 

— syaly + 4)(2y 

+ 3) —5y2(2y2 + 8y 

+ 3y 

+ 12) —10y4— 55y3 — 60y2V 


Factor completely using trial and error: 
fons son2-, LOOm 


5n(n—4)(3n—5) 


Factor completely using trial and error: 
56q3 + 320q2 — 96q. 


Sq(q--6)7g—2) 


Factor Trinomials of the Form ax2+ bx+c 
using the “ac” Method 


Another way to factor trinomials of the form 
ax2+bx-+c is the “ac” method. (The “ac” method is 
sometimes called the grouping method.) The “ac” 
method is actually an extension of the methods you 
used in the last section to factor trinomials with 
leading coefficient one. This method is very 
structured (that is step-by-step), and it always 
works! 


PO 


How to Factor Trinomials using the “ac” 
Method 


Factor using the ‘ac’ method: 6x2+7x+2. 


Factor using the ‘ac’ method: 6x2+ 13x+2. 


(x + 2)(6x+1) 


Factor using the ‘ac’ method: 4y2+8y+3. 


Oy hOy 3) 


The “ac” method is summarized here. 


Factor trinomials of the form ax2+bx+c using the 
“ac” method. 


Factor any GCF. Find the product ac. Find two 
numbers m and n that: 

Multiply toacm-n=a-cAdd tobm +n=bax2+ bx+c 
Split the middle term using m and n. ax2+mx+nx 
+c Factor by grouping. Check by multiplying the 
factors. 


Don’t forget to look for a common factor! 


Factor using the ‘ac’ method: 10y2 —55y + 70. 


Is there a 
greatest 
common 


fantard 
LULLUL. 


Yes. The GCF is 
5. 

——— 
Factor it. 


The trinomial 
inside the 


pa 


a 

leading 

coefficient that 

ia nant 1 

Find the ac = 28 
nrndiint an 

Pt VUULE ULe 

Find two (-—4)(-7)=28 


numbers that 


miuiltinkk: ta an 
duiuitipry ty ur 


andaddtob. -—4+(-—7)= 


Split the 
middle term. 
SE 2 EE 
—_] 
Factor the 


trinomial by 
grdly (2v- 7) - 2(2v - 7) 


(Ve hi 1 eee A 
Check by 
multiplying all 


three factors. 


oy — 2)Qy 


=) Vo AY, 

+ 14)5(2y2—-1ly 
+ 14)10y2 —55y 
+ 708 


Factor using the ‘ac’ method: 16x2 —32x+12. 


4(2x — 3)(2x-—1) 


Factor using the ‘ac’ method: 18w2—39w+18. 


3(3w — 2)(2w — 3) 


Factor Using Substitution 


Sometimes a trinomial does not appear to be in the 
ax2 +bx+c form. However, we can often make a 
thoughtful substitution that will allow us to make it 
fit the ax2+bx+c form. This is called factoring by 
substitution. It is standard to use u for the 
substitution. 


In the ax2+bx+c, the middle term has a variable, 

x, and its square, x2, is the variable part of the first 
term. Look for this relationship as you try to find a 
substitution. 


Factor by substitution: x4 —4x2—5. 


The variable part of the middle term is x2 and 
its square, x4, is the variable part of the first 
term. (We know (x2)2=x4). If we let u=x2, 
we can put our trinomial in the ax2+ bx+c 
form we need to factor it. 


Rewrite the trinomial 
to prepare for the 


Let u=x2 and 
substitute. 


Factor the trinomial. 


Replace u with x2. 


Check: 


(x2+1) 
(x2 —5)x4 —5x2+x2—5x4—-—4x2-5Y 


Factor by substitution: h4+4h2-—12. 


(h2— 2) (h24- 0) 


Factor by substitution: y4— y2— 20. 


(y2 + 4)(y2—5) 


Sometimes the expression to be substituted is not a 
monomial. 


Faetor by substitution: (x—2)24- 7(x— 2) 4,12 


The binomial in the middle term, (x— 2) is 
squared in the first term. If we let u=x—2 and 
substitute, our trinomial will be in ax2+bx+c 
form. 


Rewrite the trinomial 
to prepare for the 


11 [EVE WY Bt Wily [EVE VO, bee 
U1 a a 


Let u=x—2 and 
substitute. 


Factor the trinomial. 


Replace u with x — 2. 


Simplify inside the 
parentheses. 


This could also be factored by first multiplying 
out the (G—Z)2 and the 7G: — 2) and then 
combining like terms and then factoring. Most 
students prefer the substitution method. 


Factor by substitution: (x —5)2+6(x—5)+8. 


Ke 3)(x> 1) 


Factor by substitution: (y— 4)2+8(y—4)+15. 


Y=DoOrD 


Access this online resource for additional 
instruction and practice with factoring. 


¢ Factor a trinomial using the AC method 


Key Concepts 


How to factor trinomials of the form x2 + bx 
+ C. 


Write the factors as two binomials with first 
terms x. x2 + bx + c(x)(x) Find two numbers m 
and n that 

multiply toc,m-n=cadd tobhm +n=b Use m and 
nas the last terms of the factors. (x +m)(x+n) 
Check by multiplying the factors. 


Strategy for Factoring Trinomials of the 
Form x2+bx+ce: When we factor a trinomial, 


we look at the signs of its terms first to 
determine the signs of the binomial factors. 
x2 + bx + c(x + m)(x +n)Whencis 
positiveymandnhave the same 


sign. bpositivebnegativem,npositivem,nnegativex2 + 5) 


+ 6x2 —6x+ 8(x+ 2)(x + 3)(x — 4)(x-— 2)same 
signssame signsWhencis negative,mandnhave 
opposite signs.x2 + x — 12x2 —2x—15(x+ 4)(x 
— 3)(x—5)(x + 3)opposite signsopposite signs 
Notice that, in the case when m and n have 
opposite signs, the sign of the one with the 
larger absolute value matches the sign of b. 
How to factor trinomials of the form 
ax2+bx+c using trial and error. 


Write the trinomial in descending order of 
degrees as needed. Factor any GCF. Find all the 
factor pairs of the first term. Find all the factor 
pairs of the third term. Test all the possible 
combinations of the factors until the correct 
product is found. Check by multiplying. 


How to factor trinomials of the form 
ax2+bx-+c using the “ac” method. 


Factor any GCF. Find the product ac. Find two 
numbers m and n that: 

Multiply toac.m-n=a-cAdd tob.m 
+n=bax2+bx+c Split the middle term using 
mand n. ax2+mx+nx-+c Factor by grouping. 
Check by multiplying the factors. 


Practice Makes Perfect 
Factor Trinomials of the Form x2+ bx+c 


In the following exercises, factor each trinomial of 
the form x2+bx+c. 


p2+11p+30 


(p+5)(p +6) 


w2+10x+21 


n2+19n+48 


(n+3)(n+16) 


b2+14b+ 48 


a2+25a+ 100 


(a+ 5)(a+ 20) 


u2+101u+100 


x2—8x+12 


(x—2)(x-6) 


q2—13q+36 


y2—18y+45 


(y—3)(y—15) 


m2—13m+30 


x2—8x+7 


(x-1)(x-7) 


y2—5y+6 


Sp= 6+ p2 


(p—1)(p+6) 


6n—7+n2 


8-—6x+ x2 


(x—4)(x-2) 


7X+x2+6 


x2-—12-11x 


(x-—12)(x+1) 


—11-—10x+x2 


In the following exercises, factor each trinomial of 
the form x2 + bxy + cy2. 


x2 — 2xy — 80y2 


(x+ 8y)(x—10y) 


p2— 8pq — 65q2 


m2 —64mn —65n2 


(m+n)(m—65n) 


p2—Zpq— 35q2 


a2 + 5ab — 24b2 


(a+ 8b)(a— 3b) 


r2+ 3rs — 28s2 


x2 — 3xy —14y2 


Prime 


u2 — 8uv — 24v2 


m2 —5mn+ 30n2 


Prime 


c2—7cd+18d2 


Factor Trinomials of the Form ax2 + bx+ c Using 
Trial and Error 


In the following exercises, factor completely using 
trial and error. 


p3 — 8p2—20p 


p(p—10)(p + 2) 


q3 — 5q2— 24q 


3m3 —21m2+ 30m 


3m(m — 5)(m— 2) 


11n3—55n2+ 44n 


5x4 + 10x3 — 75x2 


5x2(x — 3)(x+ 5) 


6y4 + 12y3—48y2 


212 70S 


(2t+5)(t+7) 


5y2+16y+11 


11x2+34x+3 


(11x+1)(xk+3) 


7b2+50b+ 7 


4w2-5w+1 


(4w-1)(w-1) 


5x2 —17x+6 


4q2-—7q-2 


(4q + 1)(q—- 2) 


10y2—53y—-11 


6p2—19pq+ 10q2 


(2p — 5q)(3p — 2q) 


21m2—29mn+ 10n2 


4a2 +17ab—15b2 


(4a —3b)(a+ 5b) 


6u2 + 5uv — 14v2 


= 16x2=32x—16 


—16(x+1)(xk+1) 


~$la2+153satr1s 


— 30q3— 140q2—80q 


—10q(3q + 2)(q+ 4) 


=Dys— 30y2 + 35y 


Factor Trinomials of the Form ax2 + bx+c using 
the ‘ac’ Method 


In the following exercises, factor using the ‘ac’ 
method. 


5n2+21n+4 


(5n+1)M+4) 


8w24+25w+3 


4k2—16k+15 


(2k —3)(2k—5) 


5s2—9s+4 


6y2+y-I15 


(3y + 5)(2y — 3) 


6p2--p=—22 


2n2—27n—45 


(2n+3)(n—-15) 


12z2—41z-11 


60y2 + 290y—50 


10(6y —1)(y +5) 


6u2 — 46u— 16 


48z3 — 10222 — 45z 


3z(8z + 3)(2z—5) 


90n3 + 42n2 —216n 


16s2 + 40s + 24 


8(2s + 3)(s+1) 


24p2 + 160p + 96 


48y2 + 12y—36 


12(4y -3)(v+1) 


30x2 + 105x — 60 


Factor Using Substitution 


In the following exercises, factor using substitution. 


x4 —6x2—7 


(x2 + 1)(x2—-7) 


x4+ 2x2-8 


x4 — 3x2 —28 


(x2 — 7)(x2 + 4) 


x4—13x2—-30 


(c=3)2 ~5(x=3)=36 


(x—12)(x+1) 


(x -—2)2-—3(x-—2)-—54 


(3y —2)2—(3y-—2)-2 


(3y-—4)(3y—1) 


(5y —1)2—3(5y—1)-18 


Mixed Practice 


In the following exercises, factor each expression 
using any method. 


u2 = 120-+36 


(u—6)(u-— 6) 


x2—14x—-—32 


r2 — 20rs + 64s2 


(r— 4s)(r — 16s) 


q2=—29qr = 96rZ 


12y2—29y+14 


(4y —7)(3y — 2) 


12x2 + 36y — 24z 


6n2+5n-4 


(2n —1)(3n+ 4) 


3q2+6q+2 


13z2 + 3927 — 26 


13(z2 + 3z—2) 


5r2 + 25r+ 30 


3p2+21p 


3p(p+7) 


7x2 —21x 


612+ 30r+ 36 


6(r+2)(r+3) 


18m2+15m+3 


24n2 + 20n+ 4 


4(2n+ 1)(3n+1) 


4a2+5a+2 


x4 —4x2—-12 


(x2 + 2)(x2 —-6) 


x4—7x2-8 


Gc) 2 = 9% 3) 36 


(x—9)(x+6) 


(x+ 2)2 —25(x+2)-—54 


Writing Exercises 


Many trinomials of the form x2+bx+c factor 
into the product of two binomials (x + m)(x 
+n). Explain how you find the values of m and 
n. 


Answers will vary. 


Tommy factored x2—x-—20 as (x +5)(x-— 4). 
Sara factored it as (x +4)(x—5). Ernesto 
factored it as (x—5)(x—4). Who is correct? 
Explain why the other two are wrong. 


List, in order, all the steps you take when using 
the “ac” method to factor a trinomial of the 
form ax2+bx+c. 


Answers will vary. 


How is the “ac” method similar to the “undo 
FOIL” method? How is it different? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Factor Special Products 
By the end of this section, you will be able to: 


* Factor perfect square trinomials 
¢ Factor differences of squares 
¢ Factor sums and differences of cubes 


Before you get started, take this readiness quiz. 


1. Simplify: (3x2)3. 

If you missed this problem, review [link]. 
2. Multiply: (m+ 4)2. 

If you missed this problem, review [link]. 
2. Multiply (x — 3)(x-—, 3): 

If you missed this problem, review [link]. 


We have seen that some binomials and trinomials 
result from special products—squaring binomials 
and multiplying conjugates. If you learn to 
recognize these kinds of polynomials, you can use 
the special products patterns to factor them much 
more quickly. 


Factor Perfect Square Trinomials 


Some trinomials are perfect squares. They result 
from multiplying a binomial times itself. We 
squared a binomial using the Binomial Squares 
pattern in a previous chapter. 


The trinomial 9x2 + 24x +16 is called a perfect 
square trinomial. It is the square of the binomial 3x 
+4, 


In this chapter, you will start with a perfect square 
trinomial and factor it into its prime factors. 


You could factor this trinomial using the methods 
described in the last section, since it is of the form 
ax2+bx-+c. But if you recognize that the first and 
last terms are squares and the trinomial fits the 
perfect square trinomials pattern, you will save 
yourself a lot of work. 


Here is the pattern—the reverse of the binomial 
squares pattern. 


Perfect Square Trinomials Pattern 


If a and b are real numbers 
a2+ 2ab+ b2=(a+b)2a2—2ab+b2=(a—b)2 


To make use of this pattern, you have to recognize 
that a given trinomial fits it. Check first to see if the 
leading coefficient is a perfect square, a2. Next 
check that the last term is a perfect square, b2. Then 
check the middle term—is it the product, 2ab? If 
everything checks, you can easily write the factors. 


How to Factor Perfect Square Trinomials 


Factor: 9x2+ 12x+ 4. 


Factor: 4x2+ 12x+9. 


Factor: 9y2+ 24y + 16. 


The sign of the middle term determines which 


pattern we will use. When the middle term is 
negative, we use the pattern a2 —2ab+b2, which 
factors to (a—b)2. 


The steps are summarized here. 


Factor perfect square trinomials. 

Step 1.Does the trinomial fit the pattern?a2 + 2ab 
+b2a2—2ab + b2 Is the first term a perfect square? 
(a)2(a)2 Write it as a square. Is the last term a 
perfect square?(a)2(b)2(a)2(b)2 Write it as a 


square. Check the middle term. Is it2ab? 
(a)2\2-a-b’ (b)2(a)2\2-a-b’(b)2 Step 2.Write the 
square of the binomial.(a+ b)2(a—b)2 Step 
3.Check by multiplying. 


We'll work one now where the middle term is 
negative. 


Factor: 8ly2—72y+16. 


The first and last terms are squares. See if the 
middle term fits the pattern of a perfect square 


trinomial. The middle term is negative, so the 
binomial square would be (a—b)2. 


Are the first and last 
terms perfect 


ieee | 
Check the middle terin. 


Does it match (a—b)22? 
Y 


Write as the square of 
a binomial. 


Check by multiplying: 


(9y 
— 4)2(9y)2 —2:9y-4+ 4281ly2 —72y 
+167 


Factor: 64y2 — 80y + 25. 


Factor: 16z2—72z+81. 


The next example will be a perfect square trinomial 
with two variables. 


Factor: 36x2 + 84xy + 49y2. 


Test each term to 


verify the 
Me OA) UA TY TT 
Factor. 


Check by multiplying. 


(6x 

+ 7y)2(6x)2 + 2-6x:7y 
+ (7y)236x2 + 84xy 
+ 49y2/V 


Factor: 49x2 + 84xy + 36y2. 


(7x + 6y)2 


Factor: 64m2+112mn+ 49n2. 


(8m-+ 7n)2 


Remember the first step in factoring is to look for a 
greatest common factor. Perfect square trinomials 
may have a GCF in all three terms and it should be 
factored out first. And, sometimes, once the GCF has 
been factored, you will recognize a perfect square 
trinomial. 


Factor: 100x2y — 80xy + 16y. 


SS ie Ped” BEF 
Is there a GCF? Yes, 
4y, so factor it 


mi 
vu — 


Is this a perfect square 


. . 
trinamiald 
Ub biti. 


Verify the pattern. 


Factor. 


Remember: Keep the factor 4y in the final 
product. 


Check: 


4y(5x 
— 2)24y[(5x)2 — 2:5x-2 + 22] 4y(25x2 — 20x 
+ 4)100x2y — 80xy + 16y¥ 


Factor: 8x2y — 24xy + 18y. 


USO So 8) 2 


Factor: 27p2q + 90pq + 75q. 


Sq (Sp- a) 2 


Factor Differences of Squares 


The other special product you saw in the previous 
chapter was the Product of Conjugates pattern. You 
used this to multiply two binomials that were 
conjugates. Here’s an example: 


A difference of squares factors to a product of 
conjugates. 


Difference of Squares Pattern 
If a and b are real numbers, 


difference 


a’ — b’=(a-b)(a+ b) a = b? = (a—b)(a+ b) 


squares conjugates 


Remember, “difference” refers to subtraction. So, to 
use this pattern you must make sure you have a 
binomial in which two squares are being subtracted. 


How to Factor a Trinomial Using the Difference 
of Squares 


Factor: 64y2—1. 


Factor: 121m2—-—1. 


Ci som 1 Obie 1h) 


Factor Sly2 = 1. 


(Qy— Cy +) 


Factor differences of squares. 
Step 1.Does the binomial fit the pattern?a2 — b2Is 
this a difference?___—___ Are the first and last 


terms perfect squares?Step 2.Write them as 
Squares.(a)2 — (b)2Step 3.Write the product of 
conjugates.(a— b)(a+ b)Step 4.Check by 
multiplying. 


It is important to remember that sums of squares do 
not factor into a product of binomials. There are no 
binomial factors that multiply together to get a sum 
of squares. After removing any GCF, the expression 
a2+b2 is prime! 


The next example shows variables in both terms. 


Factor: 144x2 — 49y2. 


144x2 — 49y2Is this a difference of squares? 


Yes.(12x)2 — (7y)2Factor as the product of 
conjugates.(12x — 7y)(12x + 7y)Check by 
multiplying.(12x — 7y)(1 2x 

+7y)144x2 —49y2V 


Factor: 196m2 — 25n2. 


(16m — 5n)(16m + 5n) 


Factor; I21p2Z—9q2. 


(11p—3q)(11p + 3q) 


As always, you should look for a common factor 
first whenever you have an expression to factor. 
Sometimes a common factor may “disguise” the 
difference of squares and you won’t recognize the 
perfect squares until you factor the GCF. 


Also, to completely factor the binomial in the next 
example, we'll factor a difference of squares twice! 


Factor: 48x4y2 — 243y2. 


48x4y2 — 243y2Is there a GCF? Yes,3y2— 
factor it out!3y2(16x4 — 81)Is the binomial a 
difference of squares? 

Yes.3y2((4x2)2 —(9)2)Factor as a product of 
conjugates.3y2(4x2 — 9)(4x2 + 9)Notice the 
first binomial is also a difference of squares! 
3y2((2x)2 — (3)2)(4x2 + 9)Factor it as the 
product of conjugates.3y2(2x — 3)(2x + 3) 
(4x2 + 9) 


The last factor, the sum of squares, cannot be 
factored. 


Check by multiplying:3y2(2x — 3)(2x + 3) 
(4x2 + 9)3y2(4x2 — 9) 
(4x2 + 9)3y2(16x4 — 81)48x4y2 — 243y2V 


Factor: 2x4y2 — 32y2. 


2y2(x—2)(k+ 2)(k2 + 4) 


Factor: 7a4c2 —7b4c2. 


7c2(a—b)(a+ b)(a2+ b2) 


The next example has a polynomial with 4 terms. So 
far, when this occurred we grouped the terms in 
twos and factored from there. Here we will notice 
that the first three terms form a perfect square 
trinomial. 


FaClOr: 52 0X49 — ye. 


Notice that the first three terms form a perfect 
square trinomial. 


| | 
Factor by grouping the 
first three terms. 


Use the perfect square 


Ti 
nattarn 
puceciis. 


Is this a difference of 


en119KrAcd Vac 
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Yes—write them as 


squares. 


EE e/a | 
Factor as the product 


of mea 
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You may want to rewrite the solution as (x—y 
= 5) eae = 3) 


HaCciOn, x2. Ox -.25— v2. 


{xX=5—yJk=5 ty) 


Factor: x2--6x+9—4y2. 


Goa = 2y (xe od 2) 


Factor Sums and Differences of Cubes 


There is another special pattern for factoring, one 
that we did not use when we multiplied 
polynomials. This is the pattern for the sum and 
difference of cubes. We will write these formulas 
first and then check them by multiplication. 

a3 + b3=(a+ b)(a2 —ab+ b2)a3 — b3 = (a—b) 
(a2+ab+b2) 


We'll check the first pattern and leave the second to 
you. 


Distribute. 


Multiply. 


Combine like terms. 


Sum and Difference of Cubes Pattern 
a3 + b3 =(a+b)(a2—ab+b2)a3 —b3 =(a—b) 


(a2+ab+b2) 


The two patterns look very similar, don’t they? But 
notice the signs in the factors. The sign of the 
binomial factor matches the sign in the original 
binomial. And the sign of the middle term of the 
trinomial factor is the opposite of the sign in the 
original binomial. If you recognize the pattern of the 
signs, it may help you memorize the patterns. 


The trinomial factor in the sum and difference of 


cubes pattern cannot be factored. 


It will be very helpful if you learn to recognize the 
cubes of the integers from 1 to 10, just like you have 
learned to recognize squares. We have listed the 
cubes of the integers from 1 to 10 in [link]. 


ta} 9 A tal ral 7 a n In 
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How to Factor the Sum or Difference of Cubes 


Factor: x3 + 64. 


Factor: x3 + 27. 


(x + 3)(x2 -—3x+9) 


HaCIOn, Voc oy 


yaa 2s 2y 4) 


Factor the sum or difference of cubes. 


Does the binomial fit the sum or difference of 
cubes pattern? 

Is it a sum or difference? 

Are the first and last terms perfect cubes? Write 
them as cubes. Use either the sum or difference of 
cubes pattern. Simplify inside the parentheses. 
Check by multiplying the factors. 


Factor: 27u3 — 125v3. 


This binomial is a 
difference. The first 
and last 

terms are perfect 
eubes; 

Write the terms as 
cubes. 


Use the difference of 


cubes pattern. 


Simplify. 


SU — Sv SF Tuy 2 
Check by multiplying. We’ll leave the check 
to you. 


Factor; 6x3 = 27y3: 


(2x — 3y)(4x2 + 6xy + 9y2) 


Factor: 1000m3 — 125n3. 


(10m — 5n)(100m2 + 50mn-+ 25n2) 


In the next example, we first factor out the GCF. 
Then we can recognize the sum of cubes. 


Factor: 6x3y + 48y4. 


Ses 2 2 ee 
Factor the common 
factor. 


f ——______* P£° _ 0 | ____ ff ____} 
This binomial is a suri 


The first and last 
terms are perfect 
eubes: 

Write the terms as 
cubes. 


A 28 A Se 2 
Use the sum of cubes 
pattern. 


Simplify. 


Check: 


To check, you may find it easier to multiply 
the sum of cubes factors first, then multiply 
that product by 6y. We'll leave the 
multiplication for you. 


Factor: 500p3 + 4q3. 


4(Sp+ q)(25p2 — 5pq + q2) 


Factor: 432c3 + 686d3. 


2(6c + 7d)(36c2 — 42cd + 49d2) 


The first term in the next example is a binomial 
cubed. 


Factor: (x + 5)3 —64x3. 


This binomial is a 
difference. The first 
and 

last terms are perfect 


Write the terms as 
cubes. 
a 


a 
Use the difference of 
cubes pattern. 


BCS ELA Be 
Simplify. 


Check by multiplying. We’ll leave the check 
to you. 


Factor: (y + 1)3—27y3: 


(2 3 y2 by 4) 


Factor: (n+ 3)3—125n3. 


(—4n+ 3)(31n2+ 21n+9) 


Access this online resource for additional 
instruction and practice with factoring special 
products. 


¢ Factoring Binomials-Cubes #2 


Key Concepts 


Perfect Square Trinomials Pattern: If a and b 
are real numbers, 

a2+2ab+ b2=(a+b)2a2 —2ab+ b2=(a—b)2 
How to factor perfect square trinomials. 
Step 1.Does the trinomial fit the pattern? 

a2 + 2ab+b2a2—2ab-+ b2 Is the first term a 
perfect square?(a)2(a)2 Write it as a square. Is 
the last term a perfect square?(a)2(b)2(a)2(b)2 
Write it as a square. Check the middle term. Is 
it2ab?(a)2\2-a-bv (b)2(a)2\2-a-b’ (b)2 Step 
2.Write the square of the binomial.(a+ b)2(a 
—b)2 Step 3.Check by multiplying. 

Difference of Squares Pattern: If a,b are real 
numbers, 


How to factor differences of squares. 

Step 1.Does the binomial fit the pattern? 

a2 —b2Is this a difference?___—____ Are the first 
and last terms perfect squares?Step 2.Write 
them as squares.(a)2 —(b)2Step 3.Write the 
product of conjugates.(a—b)(a+b)Step 4.Check 
by multiplying. 

Sum and Difference of Cubes Pattern 

a3 + b3=(a+ b)(a2 —ab+ b2)a3 — b3 = (a—b) 


(a2+ab+b2) 
How to factor the sum or difference of 
cubes. 


Does the binomial fit the sum or difference of 
cubes pattern? 

Is it a sum or difference? 

Are the first and last terms perfect cubes? Write 
them as cubes. Use either the sum or difference 
of cubes pattern. Simplify inside the 
parentheses Check by multiplying the factors. 


Practice Makes Perfect 
Factor Perfect Square Trinomials 


In the following exercises, factor completely using 
the perfect square trinomials pattern. 


1l6oy2+ 24y+9 


(4y + 3)2 


25v2+20v+ 4 


36s2 + 84s + 49 


(6s + 7)2 


49s2+154s+121 


100x2 —20x+1 


(10x—1)2 


64z2—16z+1 


25n2 —120n+ 144 


(Sn —12)2 


4p2 —52p +169 


49x2 + 28xy + 4y2 


(7x+ 2y)2 


25r2 + 60rs + 36s2 


1Q0y2=20y +1 


(10y —1)2 


64m2—-16m+1 


10jk2 + 80jk + 160} 


10j(k+ 4)2 


64x2y — 96xy + 36y 


75u4 — 30u3v 4+ 3u2v2 


3u2(5u—v)2 


90p4 + 300p3q + 250p2q2 


Factor Differences of Squares 


In the following exercises, factor completely using 
the difference of squares pattern, if possible. 


29V 25 1 


(5v—1)(5v+1) 


169q2-1 


4—49x2 


(2—7x)(2 + 7x) 


1212552 


6p2q2 — 54p2 


6p2(q—3)(q+ 3) 


9315 = /25 


24p2+54 


6(4p2+9) 


20b2 + 140 


121x2—144y2 


(11x—12y)(11x+12y) 


49x2—81ly2 


169c2 — 36d2 


(13c — 6d)(13c + 6d) 


36p2 — 49q2 


16z4-1 


(2z — 1)(2z + 1)(4z2+ 1) 


m4—n4 


162a4b2 — 32b2 


2b2(3a — 2)(3a+ 2)(9a2 + 4) 


48m4n2 — 243n2 


x2—16x+64—y2 


(x-8-y)(x-8+y) 


p2+14p+49-q2 


a2+6a+9-—9b2 


(a+3-—3b)(at+3+ 3b) 


m2—6m+9-—16n2 


Factor Sums and Differences of Cubes 


In the following exercises, factor completely using 
the sums and differences of cubes pattern, if 
possible. 


x3 +125 


(x+5)(x2 —5x+25) 


n6+512 


Z6 — 27 


(z2 —3)(z4+3z2+9) 


vo—216 


8 — 343t3 


(2—7t)(4+14t+ 49t2) 


IZ5 = 2/7 W3 


8y3 — 12523 


(2y — 5z)(4y2 + 10yz + 2522) 


27x3 — 64y3 


216a3 + 125b3 


(6a + 5b)(36a2 — 30ab + 25b2) 


27y3 + 823 


7k3 + 56 


7(k + 2)(k2 — 2k + 4) 


6x3 — 48y3 


2x2 —16x2y3 


2x2(1 — 2y)(1 + 2y + 4y2) 


=Z2xoy2 = l16y5 


(x+3)3 + 8x3 


9(x+ 1)(x2+3) 


(x+ 4)3 — 27x3 


(y —5)3 — 64y3 


—(3y + 5)(21y2 — 30y + 25) 


(y—5)3+125y3 


Mixed Practice 


In the following exercises, factor completely. 


64a2—25 


(8a—5)(8a+ 5) 


121x2—-—144 


2/4G2=3 


3(3q—1)(38q+1) 


4p2—100 


16x2=72x*+61 


(4x —9)2 


36y2+12y+1 


8p2+2 


2(4p2 +1) 


81x2+ 169 


125 — 8y3 


(5— 2y)(25 + 10y + 4y2) 


27u3 + 1000 


45n2 + 60n + 20 


5(3n + 2)2 


48q3 — 24q2+3q 


x2—10x-+-25—y2 


(x+y—5)(x-y-—5) 


x2 + 12x-+-36—y2 


(x+1)3+ 8x3 


(3x + 1)(3x2 + 1) 


(y —3)3—64y3 


Writing Exercises 


Why was it important to practice using the 
binomial squares pattern in the chapter on 
multiplying polynomials? 


Answers will vary. 


How do you recognize the binomial squares 
pattern? 


Explain why n2+25#(n+5)2. Use algebra, 
words, or pictures. 


Answers will vary. 


Maribel factored y2—30y+81 as (y—9)2. Was 
she right or wrong? How do you know? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


General Strategy for Factoring Polynomials 
By the end of this section, you will be able to: 


* Recognize and use the appropriate method to 
factor a polynomial completely 


Recognize and Use the Appropriate 
Method to Factor a Polynomial 
Completely 


You have now become acquainted with all the 
methods of factoring that you will need in this 
course. The following chart summarizes all the 
factoring methods we have covered, and outlines a 
strategy you should use when factoring polynomials. 


General Strategy for Factoring Polynomials 


GCF 


Binomial Trinomial More than 3 terms 


+ Difference of Squares *xX*+ bx+c * grouping 
@ — b= (a—b) (a+b) (x )& ) 


* Sum of Squares sax'+bx+c 

Sums of squares do not factor. o ‘a’ and ‘c’ squares 

+ Sum of Cubes (a+ bY =@ + 2ab+ b’ 
a + b*= (a+ b) (a’-ab + b’) (a—by=a?-2ab+b 


+ Difference of Cubes ° ‘ac’ method 
a’ — b’ = (a—b) (a + ab + b’) 


Use a general strategy for factoring polynomials. 


Is there a greatest common factor? 

Factor it out. Is the polynomial a binomial, 
trinomial, or are there more than three terms? 

If it is a binomial: If it is a trinomial: If it has more 
than three terms: 


* Is ita sum? 
Of squares? Sums of squares do not factor. 
Of cubes? Use the sum of cubes pattern. 
* Is it a difference? 
Of squares? Factor as the product of 
conjugates. 
Of cubes? Use the difference of cubes pattern. 


* Is it of the form x2+bx+c? Undo FOIL. 
¢ Is it of the form ax2+bx+c? 
If a and c are squares, check if it fits the 
trinomial square pattern. 
Use the trial and error or “ac” method. 


* Use the grouping method. 


Check. 

Is it factored completely? 

Do the factors multiply back to the original 
polynomial? 


Remember, a polynomial is completely factored if, 
other than monomials, its factors are prime! 


Factor completely: 7x3 —21x2—70x. 


7x72 —— 91 wD — "7 0x7 


aye orci 1una 


Ta thaeran an CODD Vac "7-- 
AU UALLY UW YUE. Lev, 1 a 


Lantar aut tha CCT TWe7lx79 _ Qxw  _ 1N) 


hRULUYVL VU LLY WWE e 1aAYWha va avy 


In the parentheses, is it 
a binomial, trinomial, 
or are there more 


tarmad 
Lv1ttiv. 


Trinomial with leaditiz 


oe 
eanaoffiniant 1 
VVCLLLL LLL 41. 


OT Indn” LOTT "7x7 (<7 \(<7\ 
wile 


VU iL Witlie TAVATI\VAT 


TWwlxw 19x EY 
f AYA 1 =) LA vj 
Is the expression 


factored completely? 
Yes: 

Neither binomial can 
ha fa atarad 


We LUALLVYVILLUs 


Chaal, WAAAY ANaAINY 
WLIO SSS ULLIVVYLe 


NAaaltinlss 
AVLULLIP Ly. 
FAVA T a2y\A vJ 


1A\Aae VQ 1 om avy 


raA\WAua GA bus 


7x3 —21x2 —70xV¥ 


Factor completely: 8y3 + 16y2— 24y. 


8y(y — 1)(y + 3) 


Factor completely: 5y3 — 15y2—270y. 


oy(y — 9)(y + 6) 


Be careful when you are asked to factor a binomial 
as there are several options! 


Factor completely: 24y2 —150. 


Ta tharan a Cccrs Vana ¢: 


aU LELLYLYY UU WW ° avs NJe 


TLantar aaah tha Ccr, Al Ax OLN 
UL vulrye avy 


2ULUYVL tLiv WY 


In the parentheses, is it 
a binomial, trinomial 
or are there more than 


9 
thean tarmad Dinn 
babe LULIILID. wlinOLiliG Le 


Toa it a aim) Na 
aU LU U VULLL. LYU. 


Is it a difference? Of 6((2y)2—(5)2) 
squares or cubes? Yes, 


aoni1194%Knd.,AC 
RAS [ees NRVe 


Write as a product of 6(2y—5)(2y+5) 


eaAninasataa 
VvrrUugUcrv. 


Is the expression 


fantarand namnlatalr) 
LU CVYLeU COmpsacuciy z 


Neither binomial can 


hha Ffantarand 
We LUALLVYVILLUU 


Chaaol, 
WLLL LIN 
NAaaltinlss 
AVLULLIP Ly. 


ay Lay 1 vj 
seas Ko es 25) 
vurye 
24y2- 150/ 


Factor completely: 16x3 — 36x. 


4x(2x — 3)(2x + 3) 


Factor completely: 27y2 — 48. 


3(3y — 4)(3y + 4) 


The next example can be factored using several 
methods. Recognizing the trinomial squares pattern 
will make your work easier. 


Factor completely: 4a2 —12ab + 9b2. 


Ta thaea 
av U1LTLe 


Is it a binomial, 
trinomial, or are there 


mara tarmad 
2LLVLY CULILILV. 


Trinomial with a#1. 
But the first term is a 


a CCT) Na 
UwuL. ivu. 


narfant ani1ardn 
prrsrre vyuuire. 


Is the last term a 


narfant an1i1arn)d 
prrsrre vyuuie. 


Does it fit the pattern, 


a9 9ah LAND Vac 
ua aq|uYy | Veie LUV. 


Vac 
bUVe 


VWAleita it aa an aniarn 
Yviate 1b Uo U vYyUULL. 


Is the expression 


factored completely? 
Vana 


LUV. 


(2a)2 —12ab + (3b)2 


(2a)2\ —12ab+ 
— 97948 VQIRV/ FORAY 


(94 — 2h1\9 


vas yvuyjyo 


The binomial cannot 


hha fantarand 
We LULLVYVILUU. 


Chaals wraiwsn anoamrar 
MAE yuu ULiovvEl. 
NAaaltintlss 
AVLULLIP Ly. 


(99 — 2h19 
(au yvuyao 


(94519 — 9.94.9h 1 (9h19 
\aeuya ea auvvl 1 \(YVvVjoa 


4a2—12ab+ 9b2¥ 


Factor completely: 4x2 + 20xy + 25y2. 


(2xer oye 


Factor completely: 9x2 —24xy + 16y2. 


Remember, sums of squares do not factor, but sums 
of cubes do! 


Factor completely 12x3y2 + 75xy2. 


Is there a GCF? Yes, 
ORY 2: 


LDantar aut tha CCT 


BULLY VUE LLIWY WWul.e 


In the parentheses, is it 
a binomial, trinomial, 
or are there more than 


thean tarmad Dinamial 
ULLAL CELLO. W1i1U1111ULd. 


Is it a sum? Of Sums of squares are 


an11arnad Vana nrimna 
vyUuUuLrve Leo. prise. 


Is the expression 


factored completely? 
Vana 


Levee 


Choaol,- 


WLLL INe 


NAaaltinlss 
AVLULLIP Ly. 


9wi1 DLAI 1 OLY 


SHAS) / a\. Tae 1! avy 


12x3y2 + 75xy2V 


Factor completely: 50x3y + 72xy. 


2xy(25x2 + 36) 


Factor completely: 27xy3 + 48xy. 


3xy(9y2 + 16) 


When using the sum or difference of cubes pattern, 
being careful with the signs. 


Factor completely: 24x3+ 81y3. 


Is there a GCF? Yes, 33. 


Factor it out. 


In the parentheses, is it 
a binomial, trinomial, 
of are there more than 


. . 
thean tarmad Dinamial 
LLL LOLLY. WLiU111LUdte 


Is it a sum or 


dAiffaranand Ciim 
RALLLULULIUY se WLI. 


Of squares or cubes? 
Sum of cubes. 


Write it using the suri 


of cubes ae 


iene? WA \ Sel A 
Is the expression 


factored completely? 
Va 


Leu ———S 


Check by multiplying. 


Factor completely: 250m3 + 432n3. 


2(5m + 6n)(25m2 — 30mn + 36n2) 


Factor completely: 2p3 + 54q3. 


2(p--Sq)(p2 —3pq--9q2) 


Factor completely: 3x5y — 48xy. 


QwExr AQvwrr 


AO SAY LIMES / 


Is there a GCF? Factor 3xy(x4—16) 


nit Que 
vue vay 


Is the binomial a sum 3xy((x2)2—(4)2) 
or difference? Of 

squares or cubes? 

Write it as a difference 


ani1194%Knd.A 


Factor it as a product 3xy(x2—4)(x2+4) 


wxataa 
VE Vv UgErryw 


The first binomial is 3xy((x)2—(2)2)(x2+ 4) 
again a difference of 


ani1194a%Tnrd.d 


Factor it as a product 3xy(x—2)(x+2) 


anf naninaata (vw 1 AV 
vu. CONnjUSacSS. Vea Tt oy 


Is the expression 


factored completely? 
Vac 


LUV 


Chanol wWAnN114"r AMOI: 
WLLL zy VUL ULLVV 


Multiply: 


Aviuittip 


ans 2)(x +2) 


Uy 


ony 


Quirlw A _ 16) 


S739/ LA LT 16 


3x5y — 48xy/ 


Factor completely: 4a5b — 64ab. 


4ab(a2 + 4)(a—2)(at 2) 


Factor completely: 7xy5 — 7xy. 


TIYOG2ALNG =U) 


Factor completely: 4x2 + 8bx — 4ax — 8ab. 


Ax) ae Qby — Aay — Qah 


VUY 


Is there a GCF? Factor 4(x2+2bx—ax-—2ab) 


at tha GGE, A 


Cut Lie Wwe. Te 


There are four terms. 4[x(x+2b)—a(x 
Tlan «~ LOH Alx 1. Oh\le 4) 
Yow srouping. Pauwyy rA TT ayvya uy 


Is the expression 


factored completely? 
Vana 


Check your answer. 
Multiply. 

4(x + 2b)(x 

—a)4(x2 —ax + 2bx 

— 2ab)4x2 + 8bx — 4ax 
— 8ab/Y 


Factor completely: 6x2 —12xc + 6bx — 12bc. 


6(x + b)(x — 2c) 


Factor completely: 16x2+ 24xy — 4x — 6y. 


2(4x — 1)(2x + 3y) 


Taking out the complete GCF in the first step will 
always make your work easier. 


Factor completely: 40x2y + 44xy — 24y. 


AOwOx7 L AAwtr — OA 
tuaAay ro 1iay ary 


Is there a GCF? Factor 4y(10x2+11x—6) 


aut tho CCT Ax, 
> "ye 


VUE LEIS Wwe 


Factor the trinomial 4y(10x2+11x—6) 


nth a 1 
VWwiul az i... 


a OVO IL) 
ey\oan 1 vy 


Is the expression 


factored completely? 
Vac 


LV 


Chanol, twWAnNA11"r ANGIALOK: 
re oe J VUE ULLVV 


Multiply: 


iviuistip 


oe 


SASS 


40x2y- a jes = o4y/ 


Factor completely: 4p2q —16pq+ 12q. 


4q(p— 3)(p— 1) 


Factor completely: 6pq2 — 9pq — 6p. 


3p(2q+ 1)(q- 2) 


When we have factored a polynomial with four 
terms, most often we separated it into two groups of 
two terms. Remember that we can also separate it 
into a trinomial and then one term. 


Factor completely: 9x2 —12xy + 4y2—49. 


Awvw9 — 1977 LA 
SI2Aaai Lan 1 T 


y 
Ta thara a-& GCP? No, 


With more than 3 9x2 —12xy + 4y2—49 
terms, use grouping. 

Last 2 terms have no 

oon ay grouping first 


2 tra 


Factor ee trinomial 

with a~ 1. But the first 

term is a perfect 

Is the last term of the (3x)2—12xy 
trinomial a perfect + (2y)2—49 


Does the trinomial fit (3x)2\—12xy+ 


the pattern, a2—2ab -—2(3x)(2y)“(2y)2-—49 
+-b2?-Yes-. 

Write the trinomial as (3x —2y)2—49 

Is this binomial asum (3x—2y)2—72 

or difference? Of 

squares or cubes? 

Write it as a difference 


anfa mi11anrac 
we. Squat NRWVe 


Write it as a product of ((3x — 2y) — 7)((3x 


eaninaatac as oy a) + 7+ 
Luss Uugacey. 
(3x— 2y —7)(3x — 2y 
AN 
1  } 
Is the expression 


factored completely? 
Vac 


LUV 


Ch acl, tAmNA11" TAY 


WLLL J VuUuUOL Cano VuNLe 


NAaal ts ole, 


AviUittiply 


xy oe 
+7 

9x2 — Oxy — 21x— 6xy 
+ 4y2+14y+21x 
—143-—-49 


9x2—12xy + 4y2—4¢/ 


Factor completely: 4x2 —12xy + 9y2— 25. 


Ox oy — 5)(2x 3) Eo) 


Factor completely: 16x2—24xy + 9y2 — 64. 


(4x — 3y — 8)(4x — 3y + 8) 


Key Concepts 


* How to use a general strategy for factoring 
polynomials. 


Is there a greatest common factor? 


Factor it out. Is the polynomial a binomial, 
trinomial, or are there more than three terms? 
If it is a binomial: 

Is ita sum? 

Of squares? Sums of squares do not factor. 

Of cubes? Use the sum of cubes pattern. 

Is it a difference? 

Of squares? Factor as the product of conjugates. 
Of cubes? Use the difference of cubes pattern. 
If it is a trinomial: 

Is it of the form x2+bx+c? Undo FOIL. 

Is it of the form ax2 + bx +c? 

If a and c are squares, check if it fits the 
trinomial square pattern. 

Use the trial and error or “ac” method. 

If it has more than three terms: 

Use the grouping method. Check. 

Is it factored completely? 

Do the factors multiply back to the original 
polynomial? 


Practice Makes Perfect 


Recognize and Use the Appropriate Method to 
Factor a Polynomial Completely 


In the following exercises, factor completely. 


2n2 + 13n=7 


(2n—-—1)(n+7) 


8x2 —9x-3 


a5+9a3 


a3(a2+4+9) 


79m3 + 12m 


121r2—s2 


(11ir—s)(11r+s) 


49b2 — 36a2 


§8m2—32 


8(m — 2)(m+ 2) 


36q2—100 


25w2 — 60w + 36 


(Sw —6)2 


49b2—112b+ 64 


m2+14mn+49n2 


(m+ 7n)2 


64x2+ 16xy + y2 


7b2+7b— 42 


7(b+3)(bD—2) 


30n2 + 30n+ 72 


3x4y — 81xy 


3xy(x — 3)(x2+ 3x + 9) 


4x5y — 32x2y 


k4—16 


(k—2)(k+2)(k2 + 4) 


m4-—81l 


oxoy2 — 80xy2 


5xy2(x2 + 4)(x + 2)(x— 2) 


48x5y2 — 243xy2 


lapq= top +-l2q-12 


3(Sp + 4)(q—1) 


12ab—6a+10b-—5 


4x2 + 40x + 84 


4(x+3)(x+7) 


5q2—15q—90 


4u5 + 4u2v3 


4u2(u+v)(u2—uv+v2) 


5m4n + 320mn4 


4c2 + 20cd+ 81d2 


prime 


25x2 + 35xy + 49y2 


10m4 — 6250 


10(m — 5)Gn+ 5)Gn2 + 25) 


3v4— 768 


36x2y + 15xy — 6y 


3y(3x + 2)(4x — 1) 


60x2y — 75xy + 30y 


8x3 — 27y3 


(2x — 3y)(4x2 + 6xy + 9y2) 


64x3 + 125y3 


y6-1 


(y+ DY-DYy2-yt+)y2t+y+1) 


y6+1 


9x2 — 6xy + y2—49 


(3x—y+7Sx—-y—7) 


16x2 — 24xy + 9y2 — 64 


(3x + 1)2—6(3x+1)+9 


(3x —2)2 


(4x —5)2—7(4x—5)+12 


Writing Exercises 


Explain what it mean to factor a polynomial 
completely. 


Answers will vary. 


The difference of squares y4 —625 can be 
factored as (y2—25)(y2+25). But it is not 
completely factored. What more must be done 
to completely factor. 


Of all the factoring methods covered in this 
chapter (GCF, grouping, undo FOIL, ‘ac’ 
method, special products) which is the easiest 
for you? Which is the hardest? Explain your 


answers. 


Answers will vary. 


Create three factoring problems that would be 
good test questions to measure your knowledge 
of factoring. Show the solutions. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Polynomial Equations 
By the end of this section, you will be able to: 


* Use the Zero Product Property 

* Solve quadratic equations by factoring 

* Solve equations with polynomial functions 

* Solve applications modeled by polynomial 
equations 


Before you get started, take this readiness quiz. 


Solve: 5y —3=0. 
If you missed this problem, review [link]. 


Factor completely: n3 —9n2—22n. 
If you missed this problem, review [link]. 


n(n—11)(n+2) 


If f(x) =8x— 16, find f(3) and solve f(x) =0. 
If you missed this problem, review [link]. 


We have spent considerable time learning how to 
factor polynomials. We will now look at polynomial 
equations and solve them using factoring, if 
possible. 


A polynomial equation is an equation that 
contains a polynomial expression. The degree of 
the polynomial equation is the degree of the 
polynomial. 


Polynomial Equation 
polynomial equation is an equation that 
contains a polynomial expression. 


The degree of the polynomial equation is the 
degree of the polynomial. 


We have already solved polynomial equations of 


degree one. Polynomial equations of degree one are 
linear equations are of the form ax+ b=c. 


We are now going to solve polynomial equations of 
degree two. A polynomial equation of degree two is 
called a quadratic equation. Listed below are some 
examples of quadratic equations: 
x2+5x+6=03y2+ 4y = 1064u2 — 81 =On(n 
+1)=42 


The last equation doesn’t appear to have the 
variable squared, but when we simplify the 
expression on the left we will get n2+n. 


The general form of a quadratic equation is ax2 + bx 
+c=0, with a~0. (If a=0, then 0-x2=0 and we are 
left with no quadratic term.) 


Quadratic Equation 
An equation of the form ax2+ bx+c=0 is called a 


quadratic equation. 
a,b,andcare real numbers anda +0 


To solve quadratic equations we need methods 
different from the ones we used in solving linear 
equations. We will look at one method here and 
then several others in a later chapter. 


Use the Zero Product Property 


We will first solve some quadratic equations by 
using the Zero Product Property. The Zero Product 
Property says that if the product of two quantities is 
zero, then at least one of the quantities is zero. The 
only way to get a product equal to zero is to 
multiply by zero itself. 


Zero Product Property 
If ab=0, then either a=0 or b=0 or both. 


We will now use the Zero Product Property, to solve 
a quadratic equation. 


How to Solve a Quadratic Equation Using the 
Zero Product Property 


Solve: (5n — 2)(6n — 1)=0. 


Solve: (3m —2)(2m+1)=0. 


Solve: (4p + 3)(4p — 3) =0. 


Use the Zero Product Property. 


Set each factor equal to zero. Solve the linear 
equations. Check. 


Solve Quadratic Equations by Factoring 


The Zero Product Property works very nicely to 
solve quadratic equations. The quadratic equation 
must be factored, with zero isolated on one side. So 
we be sure to start with the quadratic equation in 
standard form, ax2+bx+c=0. Then we factor the 
expression on the left. 


How to Solve a Quadratic Equation by 
Factoring 


Solve: 2y2=13y+ 45. 


Solve: 3c2=10c—8. 


Solve: 2d2—5d=3. 


Solve a quadratic equation by factoring. 


Write the quadratic equation in standard form, 
ax2 + bx+c=0. Factor the quadratic expression. 
Use the Zero Product Property. Solve the linear 
equations. Check. Substitute each solution 
separately into the original equation. 


Before we factor, we must make sure the quadratic 
equation is in standard form. 


Solving quadratic equations by factoring will make 
use of all the factoring techniques you have learned 
in this chapter! Do you recognize the special 
product pattern in the next example? 


Solve: 169q2= 49. 


1+69x2=49 
Write the quadratic 169x2 —49=0 
equation in standard 


farm 
LVitile 


Factor. It is a (13x — 7)(13x + 7) =0 


difference-of- squares: 
Use the Zero Product 13x—7=013x 

Property toseteach +7=013x=713x= 
factor to 0. —7x=713x= —713 


Solve each equation. 


Check: 


We leave the check up to you. 


Solve: 25p2 = 49. 


Solve: 36x2=121. 


x=116,x= —116 


In the next example, the left side of the equation is 
factored, but the right side is not zero. In order to 
use the Zero Product Property, one side of the 
equation must be zero. We’ll multiply the factors 
and then write the equation in standard form. 


Solve: (3x — 8)(x —1) = 3x. 


fx — OM — |} = Sy 


yw (a ay” Va 


NAaaltinlks tha hinamiala 2rd — 1 gee 
ana 


AVEULLULP Ly CLA WALLULLILULDe 


Write the quadratic 3x2—14x+8=0 
equation in standard 


farm 

Pacter the tincmial, (@x-2a—-—@= 
Use the Zero Product 3x—2=0Ox 
Property toseteach  —4=03x=2x=4 
factor to 0. 


. 
Calera ananh ananiu4sntian 
wyvive VUULIL SOAS [ASSES AES 


Ste“) 


4. al 


Check your answers. The check is left to 
you. 


Solve: (2m+1)(m+3)=12m. 


Solve: (k+1)(k-—1)=8. 


In the next example, when we factor the quadratic 
equation we will get three factors. However the first 
factor is a constant. We know that factor cannot 
equal 0. 


Solve: 3x2=12x+63. 


ono =12)e+-63 
Write the quadratic 3x2—12x—63=0 


equation in standard 
farm 


LULiiie 


Factor the greatest 3(x2 — 4x —21)=0 


° 
va) n fantar firot 
VVALLLALVY Ll LUCY. LLU 


Lantar tha trinamial 2h — Fe 3} = n 
VU 


BUCY E LLL ULL L11V1111Ude YER JIVE 1 VJ 


Use the Zero Product 320Ox—7=O0x 
Property toseteach +3=0340x=7x=-—-—3 
factor to 0. 


. 
Calera ananh aaniussntinan 
wWwvyvivwe VUULIL NENG [RAS SSS 


Check your answers. The check is left to 
you. 


Solve: 18a2 —30= — 33a. 


Solve: 123b= — 6—60b2. 


The Zero Product Property also applies to the 
product of three or more factors. If the product is 
zero, at least one of the factors must be zero. We 
can solve some equations of degree greater than two 
by using the Zero Product Property, just like we 
solved quadratic equations. 


Solve: 9m3 + 100m =60m2. 


Bring all the terms to 
one side so that the 


. . 
athawr aidan ia vara 
VULILL JIU LY OrXvLVe 


Factor the greatest 


man fantar firoct 
Common LULLYUEL LiLvdL. 


Factor the trinomial. 


Use the Zero Product 
Property to set each 
factor to 0. 


Calirn aanh aniiatian 
wvyvive ULI VeyUativit. 


Check your answers. 


Am? 1+ 1NAm — AN 


mm) 
Jililyv ii aivuviis vVvilia 


9m3 — 60m2 + 100m = 0 


m(9m2— 60m 


LAINN\—N 
rLavuuvuy—yv 


m(3m—10)(3m 


—1N\V—N 
ayuy—v 


m=03m—-—10=03m 


—10=0m=0m=103m= 


The check is left to 
you. 


Solve: 8x3 = 24x2 — 18x. 


Solve: 16y2 = 32y3 + 2y. 


Solve Equations with Polynomial 
Functions 


As our study of polynomial functions continues, it 
will often be important to know when the function 
will have a certain value or what points lie on the 
graph of the function. Our work with the Zero 
Product Property will be help us find these answers. 


For the function f(x) =x2 + 2x — 2, 


@ find x when f(x)=6 © find two points that 


lie on the graph of the function. 


athotituita 5 fav Flx7\ 


Substitute avi 1\4Je 


Put the quadratic in 


etandard farm 
VLULLUULE LULLIL 


h i 
Lantar tha trinnmia 
BUCCVYVEL LLY U1111UL1L11UL. 


Use the zero product 
property. 


fae 
— 2f(x) =x2+ 2x 
— 2f(-— 4) =(-— 4)2+ 2(-— 4) — 2f(2) = 224+ 2-2 — 2f( 


f(x7\ — —wv%9 = 9~w —_9 
sy ee an = 


Go Ke ee 
x2+2x—8=0 

ch ea 

Cy See 
x+4=0Oorx —2=0x= 
— 4orx =2 


(xr 1 AVC x _ 
wa VA 


® Since f(-— 4) =6 and f(2) =6, the points 
(— 4,6) and (2,6) lie on the graph of the 


function. 


For the function f(x) =x2— 2x —8, 


@ find x when f(x)=7 © Find two points that 
lie on the graph of the function. 


@® x=-30rx=5 


For the function f(x) =x2—8x+3, 


@ find x when f(x) = —4 © Find two points 
that lie on the graph of the function. 


rx lorx=7 


The Zero Product Property also helps us determine 
where the function is zero. A value of x where the 
function is 0, is called a zero of the function. 


Zero of a Function 


For any function f, if f(x)=0, then x is a zero of 
the function. 


When f(x) =0, the point (x,0) is a point on the 
graph. This point is an x-intercept of the graph. It is 
often important to know where the graph of a 
function crosses the axes. We will see some 
examples later. 


For the function f(x) =3x2+10x-— 8, find 


@ the zeros of the function, © any x- 
intercepts of the graph of the function, © any 
y-intercepts of the graph of the function 


@ To find the zeros of the function, we need 
to find when the function value is 0. 


Sey vA UA uU 


athotita ito O for Fly) A— 3~v~9 1 1Nw _O 
VU VAe 1 LUA u 


Substitute wv LAST 


Bantar tho trinamial (7 A\(Q~x _— 9OV—N 
LA I ya a) Vv 


RULCVE LLL UL L1Vi1i1Ui.e 


Use the zero product x+4=Oor3x—2=0x= 
property. — 40rx = 23 
Solve. 


@® An x-intercept occurs when y =0. Since 
f(— 4) =0 and f(23) =0, the points (— 4,0) and 
(23,0) lie on the graph. These points are x- 
intercepts of the function. 


© A y-intercept occurs when x=0. To find the 
y-intercepts we need to find f(0). 


f= 3x2-+10x—2 
Find f(0) by f{(0)=3:02+10-:0-—8 


PI Sa Ee ar Shes) Ww AW fre 


Simplify. f{(0)= —-8 


Since f(0) = —8, the point (0, — 8) lies on the 
graph. This point is the y-intercept of the 
function. 


For the function f(x) = 2x2 —7x+5, find 


@ the zeros of the function, © any x- 
intercepts of the graph of the function, © any 
y-intercepts of the graph of the function. 


Qs = or. = 52 
® (1,0), (52,0) © (0,5) 


For the function f(x) =6x2+13x-—15, find 
@ the zeros of the function, © any x- 


intercepts of the graph of the function, © any 
y-intercepts of the graph of the function. 


@® x= —3 or x=56 
® (-—3,0), (56,0) © (0,—15) 


Solve Applications Modeled by 


Polynomial Equations 


The problem-solving strategy we used earlier for 
applications that translate to linear equations will 
work just as well for applications that translate to 
polynomial equations. We will copy the problem- 
solving strategy here so we can use it for reference. 


Use a problem solving strategy to solve word 
problems. 


Read the problem. Make sure all the words and 
ideas are understood. Identify what we are looking 
for. Name what we are looking for. Choose a 
variable to represent that quantity. Translate into 
an equation. It may be helpful to restate the 
problem in one sentence with all the important 
information. Then, translate the English sentence 
into an algebraic equation. Solve the equation 
using appropriate algebra techniques. Check the 
answer in the problem and make sure it makes 
sense. Answer the question with a complete 
sentence. 


We will start with a number problem to get practice 
translating words into a polynomial equation. 


The product of two consecutive odd integers is 
323. Find the integers. 


Step 1. Read the 


Pt VUVvVirLillile 


Step 2. Identify what 


ing for. 
Ve are 100 KLE av. 


We are looking for two 


aAnannitita intaanra 
COnSCCUUVS integers. 


Step 3. Name what we Let n=the first integer. 


alte lecking av.1 


Step 4. Translate into 
an equation. Restate 
the problem ina 


aanntanan 
VeLILV LIV. 


Step 5. Solve the 


naiu4ntinn 
Vyeatrvite 


Bring all the terms to 


Lantar tha trinamial 
PRUCLVYVL ULL UL111ULLI11UL. 


Use the Zero Product 
Property. 


n+2=next 
consecutive odd 


° 
intnanr 
LU Ht 


The product of the two 
consecutive odd 
integers is 323. 


nln 19\=— 292 
=ij 


22QL ake 


n2+2n=323 


n2 + 2n—323=0 


+19=0n=17n=-—19 


Solve tha ani1atinna 
VaAvVe wie CYyUUtLUIID. 


There are two values 
for n that are solutions 
to this problem. So 
there are two sets of 
consecutive odd 


integers that rarill wrorl | 
LiL 2h CLLULE VV LED 


If the first integer is 


n—17 


de ae Sw A 


then the next odd 


intanaor ic 
ALLE Hi 1v 


Step 6. Check the 


ANCTATAY 
ULLVVULe 


The results are 
consecutive odd 


. 
intancara 
ALLE H10 


17 10and—10 eee [hey A 


Avgtevuir at795 is 


17:19 = 3237 


—19(6—1=223- 


Vaeivv 


Both pairs of 
consecutive integers 


. 
ara anliutinna 
UL VVLIUULLVYVIL 


Step 7. Answer the 
question 


If the first integer is 


n—-—19 


then the next odd 


intanar ic 
Lint. ASS iv 


nto 
a ed 
2S 1 a EEL ) 
hy 1 lt 
hl, 
a7 
SS | [he a a | 
a7 a7 


The consecutive 
integers are 17, 19 and 
ao oe .: 


The product of two consecutive odd integers is 
255. Find the integers. 


—15,-17 and 15, 17 


The product of two consecutive odd integers is 
483 Find the integers. 


se ae PA Nesta valle gee 


Were you surprised by the pair of negative integers 
that is one of the solutions to the previous example? 
The product of the two positive integers and the 
product of the two negative integers both give 
positive results. 


In some applications, negative solutions will result 


from the algebra, but will not be realistic for the 
situation. 


po 


A rectangular bedroom has an area 117 square 
feet. The length of the bedroom is four feet 
more than the width. Find the length and 
width of the bedroom. 


Step 1. Read the 
problem. In problems 
in 

ge 

sk 

vi 


° ° 
tha aitiuntinn 
Late VLLUULLYVLL, 


Step 2. Identify what We are looking for the 


waa avn lanlina far Tanath nad variAt 
vu ure 1yuniiigs 1U1- av1igti ana VV ANLLLLe 


Step 3. Name what _—_ Let w= the width of 


waa arn laAnlina far tha hodragm 
VU UL LYUYINILIG 1U1- VuUuLvVvvVilie 


The length is four feet w+4= the length of 
va th tha warniAth tha wardna 


mn an 
SLLVLY CLLLUEEL LEEW VV EULLIIe alte Hur acn 


Step 4. Translate ints 


an nn11N0ntinn 
Un CYyUUtViL. 


Restate the important: The area of the 
information in a bedroom is 117 square 


aonntanan fant 
VLLLLULILL. LUV 


Use the formula for the A=Il-w 


aran nf a ROGET ala 
uLeu viurtre ULL Biv. 


Substitute in the 117=(w+4)w 


TD. eH inhl an 
LUWVLvVe 


Step 5. Solve the 117=w2+4w 
equation Distribute 


Firat 


LLiLVLe 


CLat varn Aan anna cida 
Ne Owely VAL VAIL VILLwYe 


1 
i 

LBantar tha trinamial ray 

2ULCCLVEL LLLWw CLILLAWVAILLIUILe Vv | w¥ 


Use the Zero Product 


Dranarti 
pavupricy. 


Solva aacrh equation O.— war 1 120 — var O 
Vuui cyu LULL Uy, WW © nou 7 


Since w is the width of —13=w9=w 
the bedroom, it does 

not 

make sense for it to be 

negative. We eliminate 


that walua for Ve 
U11Uue 


w=9 _ Width is 9 


faat 
Find the value of the w+4 
length. 9+4 
13 Length is 13 
faat 


LUNs 


Step 6. Check the 
answer. 

Does the answer make 
sense? 


Vac thia malrac annan 
a ed) LLLbD LLIUIALY JLIIIL> 


Step 7. Answer the The width of the 
question. bedroom is 9 feet and 
the length is 13 feet. 


A rectangular sign has an area of 30 square 
feet. The length of the sign is one foot more 
than the width. Find the length and width of 
the sign. 


The width is 5 feet and length is 6 feet. 


A rectangular patio has an area of 180 square 
feet. The width of the patio is three feet less 
than the length. Find the length and width of 


the patio. 


The width of the patio is 12 feet and the 


length is 15 feet. 


In the next example, we will use the Pythagorean 
Theorem (a2+b2=c2). This formula gives the 
relation between the legs and the hypotenuse of a 
right triangle. 


We will use this formula to in the next example. 


A boat’s sail is in the shape of a right triangle 
as shown. The hypotenuse will be 17 feet long. 
The length of one side will be 7 feet less than 
the length of the other side. Find the lengths of 
the sides of the sail. 


Step 1. Read the 


Pt Ovuiciin 


Step 2. Identify what 
you are looking for. 


Step 3. Name what 
you are looking for. 
One side is 7 less than 


tha athar 
LLL VULILIe 


Step 4. Translate into 
an equation. Since this 
isa 

right triangle we can 
use the Pythagorean 


Thanaram 
LLLCVULLIIL. 


Substitute i in the 


trai ahlaa 
VULLULVIUVVe 


We are looking for the 
lengths of the 


aeidaa af tha anil 


Let x= length of a side 
of the sail. 
x—7= length of other 


a2+b2=c2 


x2+(x—7)2=172 


Step 5. Solve the x2 x — 14x 


silavon + 49=289 
nli Fr 
Simphsy 
2 — 147 4+-490=289 
It is a quadratic 2x2 —14x —240=0 
equation, so get zero 


om na 
Waid YALL Vitis 


Factor the greatest 2(x2 —7x—120)=0 


amman fantar 
Corto r LULLVILe 


Lantar tha trinamial Ww — 1A Vw 1 Q) =O 
2ULCCVEL CLAW CLILLAWVILLIILe a\-% avy \s 1 vj 

Use the Zero Product 2#0x—15=0x+8=0 
Dranartir 

pavupricy. 

Calrra 2270Ory—15xy-——-—28 
Uvivee a — Lua u 


Since x is a side of the 2#0x=15x= —8 
triangle, x= —8 does 
not 


ma cAnNnan 
Tica ULL 


Find the length of the 


athar aida 


WLLL VILLW 


If the length o” 
one side is 


of the other side is 


8 is the length of the 


. 
athar cida 
VuULLL vIUL. 


Step 6. Check the 
answer in the problem 
Do these numbers 
make sense? 


ay - Se ee 
Step 7. Answer the The sides of the sail are 
question 8, 15 and 17 feet. 


Justine wants to put a deck in the corner of 
her backyard in the shape of a right triangle. 
The length of one side of the deck is 7 feet 
more than the other side. The hypotenuse is 
13. Find the lengths of the two sides of the 


deck. 


5 feet and 12 feet 


A meditation garden is in the shape of a right 
triangle, with one leg 7 feet. The length of the 
hypotenuse is one more than the length of the 
other leg. Find the lengths of the hypotenuse 
and the other leg. 


The other leg is 24 feet and the hypotenuse is 
Beiter 


The next example uses the function that gives the 
height of an object as a function of time when it is 
thrown from 80 feet above the ground. 


Dennis is going to throw his rubber band ball 
upward from the top of a campus building. 
When he throws the rubber band ball from 80 


feet above the ground, the function h(t) = 

— 16t2 + 64t+ 80 models the height, h, of the 
ball above the ground as a function of time, t. 
Find: 


@ the zeros of this function which tell us 
when the ball hits the ground, © when the 
ball will be 80 feet above the ground, © the 
height of the ball at t=2 seconds. 


@ The zeros of this function are found by 
solving h(t)=0. This will tell us when the ball 
will hit the ground. 


ho) 
Substitute in the —16t2+64t+80=0 
nals maminl fawn hi. 
Jee e3/ LLWVALLLLUL LVL ary 
Eaatemtbe GOP, ~16 —1600—4t—5}=9 
Use ae Zero peice t—5= t+ = en 5t= 
Property. =i 
Solve. 


The result t=5 tells us the ball will hit the 
ground 5 seconds after it is thrown. Since time 
cannot be negative, the result t= —1 is 


discarded. 


© The ball will be 80 feet above the ground 


when h(t) = 80. 


Substitute in the 


nalimamial Far hft+\ 
PViy t2V2112U21 24 11 Lye 


Subtract 80 from both 


VLLLVe 


Lantar tha CCT 


hULUVLE 11S Wwe 


Use the Zero Product 
Property. 


Calrra 


Wuyivwve 


— 14+ 
AaWie 


hte) — Qn 
atyuery — 


— 16t2+ 64t+ 80=80 


— 16t2+ 64t=0 


— VE ee ADV) 
Oy iam? 


pure 


—16t=O0t 
~4=0t=0t=4 
The ball will be at 80 


feet the moment 
Dennis tosses the ball 
and then 4 seconds 
later, when the ball is 
falling. 


© To find the height ball at t=2 seconds we 


find h(2). 


hf+) — — 1449 1 GAt 1 ON 
J aula i Vitti wy 


22 b 


To find h(2) substitute h(2)= 


9 far + — 1T479\9 1 €A.9 1 ON 
ai LY Le LVYV\aya VvTta tit VV 
Cimnlifrr Hh19\—1AA 
Le ee fo 11a) ome? Nien ice 


After 2 seconds, the 
ball will be at 144 feet. 


Genevieve is going to throw a rock from the 
top a trail overlooking the ocean. When she 
throws the rock upward from 160 feet above 
the ocean, the function h(t) = —16t2+ 48t 
+160 models the height, h, of the rock above 
the ocean as a function of time, t. Find: 


@ the zeros of this function which tell us 
when the rock will hit the ocean, ® when the 
rock will be 160 feet above the ocean, © the 
height of the rock at t=1.5 seconds. 


@ 5 seconds; © 0 and 3 seconds; © 196 feet 


Calib is going to throw his lucky penny from 
his balcony on a cruise ship. When he throws 
the penny upward from 128 feet above the 
ground, the function h(t) = — 16t2+32t+128 
models the height, h, of the penny above the 
ocean as a function of time, t. Find: 


@) the zeros of this function which is when the 
penny will hit the ocean, © when the penny 
will be 128 feet above the ocean, © the height 
the penny will be at t=1 seconds which is 
when the penny will be at its highest point. 


@ 4 seconds; © 0 and 2 seconds; © 144 feet 


Access this online resource for additional 
instruction and practice with quadratic equations. 


* Beginning Algebra & Solving Quadratics with 
the Zero Property 


Key Concepts 


Polynomial Equation: A polynomial equation 
is an equation that contains a polynomial 
expression. The degree of the polynomial 
equation is the degree of the polynomial. 
Quadratic Equation: An equation of the form 
ax2 +bx+c=0 is called a quadratic equation. 
a,b,care real numbers anda~0 

Zero Product Property: If ab=0, then either 
a=0 or b=0 or both. 

How to use the Zero Product Property 


Set each factor equal to zero. Solve the linear 
equations. Check. 


How to solve a quadratic equation by 
factoring. 


Write the quadratic equation in standard form, 
ax2 +bx+c=0. Factor the quadratic 
expression. Use the Zero Product Property. 
Solve the linear equations. Check. Substitute 
each solution separately into the original 
equation. 


Zero of a Function: For any function f, if 
f(x) =0, then x is a zero of the function. 
How to use a problem solving strategy to 
solve word problems. 


Read the problem. Make sure all the words and 
ideas are understood. Identify what we are 
looking for. Name what we are looking for. 


Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful 
to restate the problem in one sentence with all 
the important information. Then, translate the 
English sentence into an algebraic equation. 
Solve the equation using appropriate algebra 
techniques. Check the answer in the problem 
and make sure it makes sense. Answer the 
question with a complete sentence. 


Section Exercises 


Practice Makes Perfect 
Use the Zero Product Property 


In the following exercises, solve. 


(3a—10)(2a—7)=0 


a=10/3,a=7/2 


(5b+1)(6b+1)=0 


6m(12m—5)=0 


m=0,m=5/12 


2x(6x —3)=0 


(2x—1)2=0 


x=1/2 


(3y+5)2=0 


Solve Quadratic Equations by Factoring 


In the following exercises, solve. 


5a2 —26a= 24 


a= —45,a=6 


4b2+7b= —-3 


4m2=17m-15 


m=5/4,m=3 


n2=5n-—6 


7a2+14a=7a 


a= -—l,a=0 


12b2 —15b= — 9b 


49m2 = 144 


m=12/7,m= —12/7 


625=x2 


16y2=81 


y= —9/4,y=9/4 


64p2 = 225 


121n2=36 


n=—6/11,n=6/11 


100y2=9 


(x+6)(x—3)=—8 


(p—S)(pt+3)= —7 


(2x + 1)(x —3) = — 4x 


x=3/2,x=—-1 


(y—3)(y + 2) =4y 


(3x — 2)(x + 4) =12x 


x=2,x=—-4/3 


Qy —3)@Gy— 1) =8y 


20x2 —60x= —45 


x=3/2 


3y2 —18y = —27 


15x2—10x= 40 


x=2,x=—-4/3 


14y2—77y = —35 


18x2—9= — 21x 


X= —3/2,x=1/3 


16y2+12= —32y 


16p3 = 24p2-9p 


p=0,p=% 


m3 —2m2= —m 


2x3 + 72x = 24x2 


x=0,x=6 


3y3 + 48y = 24y2 


36x3 + 24x2 = — 4x 


x=0,x=-1/3 


2y3 + 2y2=12y 


Solve Equations with Polynomial Functions 


In the following exercises, solve. 


For the function, f(x) =x2—8x+8, @ find when 
f(x) = —4 © Use this information to find two 
points that lie on the graph of the function. 


@ x=2 or x=6 © (2,—4) (6,—4) 


For the function, f(x) =x2+11x+20, @ find 
when f(x) = —8 © Use this information to find 
two points that lie on the graph of the function. 


For the function, f(x) =8x2—18x+5, @ find 
when f(x) = — 4 © Use this information to find 
two points that lie on the graph of the function. 


@ x=32 or x=34 
® (32, —4) (34, -—4) 


For the function, f(x) =18x2+15x—10, @ find 
when f(x) =15 © Use this information to find 
two points that lie on the graph of the function. 


In the following exercises, for each function, find: @ 
the zeros of the function © the x-intercepts of the 
graph of the function © the y-intercept of the graph 
of the function. 


f(x) =9x2-4 


@ x=23 orx=—23 
® (23,0), (— 23,0) © (0, —4) 


f(x) = 25x2 — 49 


f(x) =6x2—7x—-—5 


@ x=53 orx=—12 
® (53,0), (—12,0) © (0, -—5) 


f(x) =12x2-—11x+2 


Solve Applications Modeled by Quadratic 
Equations 


In the following exercises, solve. 


The product of two consecutive odd integers is 
143. Find the integers. 


—13,-—11 and 11, 13 


The product of two consecutive odd integers is 
195. Find the integers. 


The product of two consecutive even integers is 
168. Find the integers. 


—14,-12 and 12, 14 


The product of two consecutive even integers is 
288. Find the integers. 


The area of a rectangular carpet is 28 square 
feet. The length is three feet more than the 
width. Find the length and the width of the 
carpet. 


Width: 4 feet; Length: 7 feet. 


A rectangular retaining wall has area 15 square 
feet. The height of the wall is two feet less than 
its length. Find the height and the length of the 
wall. 


The area of a bulletin board is 55 square feet. 
The length is four feet less than three times the 
width. Find the length and the width of the a 
bulletin board. 


Width: 5 feet; Length: 11 feet. 


A rectangular carport has area 150 square feet. 
The height of the carport is five feet less than 
twice its length. Find the height and the length 
of the carport. 


A pennant is shaped like a right triangle, with 
hypotenuse 10 feet. The length of one side of 
the pennant is two feet longer than the length 
of the other side. Find the length of the two 
sides of the pennant. 


The sides are 6 feet and 8 feet. 


A stained glass window is shaped like a right 
triangle. The hypotenuse is 15 feet. One leg is 
three more than the other. Find the lengths of 
the legs. 


A reflecting pool is shaped like a right triangle, 
with one leg along the wall of a building. The 
hypotenuse is 9 feet longer than the side along 
the building. The third side is 7 feet longer than 
the side along the building. Find the lengths of 
all three sides of the reflecting pool. 


The building side is 8 feet, the hypotenuse is 17 
feet, and the third side is 15 feet. 


A goat enclosure is in the shape of a right 
triangle. One leg of the enclosure is built 
against the side of the barn. The other leg is 4 
feet more than the leg against the barn. The 


hypotenuse is 8 feet more than the leg along 
the barn. Find the three sides of the goat 
enclosure. 


Juli is going to launch a model rocket in her 
back yard. When she launches the rocket, the 
function h(t) = —16t2 + 32t models the height, 
h, of the rocket above the ground as a function 
of time, t. Find: 


@ the zeros of this function, which tell us when 
the rocket will be on the ground. © the time 
the rocket will be 16 feet above the ground. 


@ O seconds and 2 seconds © 1 second 


Gianna is going to throw a ball from the top 
floor of her middle school. When she throws the 
ball from 48 feet above the ground, the 
function h(t) = —16t2+32t+48 models the 
height, h, of the ball above the ground as a 
function of time, t. Find: 


@) the zeros of this function which tells us when 
the ball will hit the ground. © the time(s) the 
ball will be 48 feet above the ground. © the 
height the ball will be at t=1 seconds which is 
when the ball will be at its highest point. 


Writing Exercises 


Explain how you solve a quadratic equation. 
How many answers do you expect to get fora 
quadratic equation? 


Answers will vary. 


Give an example of a quadratic equation that 
has a GCF and none of the solutions to the 
equation is zero. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Overall, after looking at the checklist, do you 
think you are well-prepared for the next section? 
Why or why not? 


Chapter Review Exercises 


Greatest Common Factor and Factor by Grouping 


Find the Greatest Common Factor of Two or 
More Expressions 


In the following exercises, find the greatest common 
factor. 


12a2b3,15ab2 
3ab2 
12m2n3,42m5n3 
15y3,21y2,30y 
3y 


45x3y2,15x4y,10x5y3 


Factor the Greatest Common Factor from a 


Polynomial 


In the following exercises, factor the greatest 
common factor from each polynomial. 


35y +84 


7(5y +12) 


6yZ2+ 12y=—6 


18x3 — 15x 


3x(6x2— 5) 


15m4+6m2n 


4x3 —12x2+ 16x 


4x(x2 —3x+ 4) 


—3x+24 


— 3x3 + 27x2 —12x 


— 3x(x2 —9x+ 4) 


3x(x —1)+5(x-1) 


Factor by Grouping 


In the following exercises, factor by grouping. 


ax — ay + bx— by 


(a+ b)(x—y) 


x2y > SV 2x am Ly 


x2+ 7x —3x—-—21 


(x—3)(k+7) 


4x2 —16x+3x-—12 


m3+m2+m+1 


(m2+1)(m+1) 


ok = 5y—y +X 


Factor Trinomials 
Factor Trinomials of the Form x2+ bx+c 


In the following exercises, factor each trinomial of 
the form x2+bx+c. 


a2+14a+33 


(a+3)(at+11) 


k2—16k+60 


m2+3m-—54 


(m+ 9)(m— 6) 


x2—3x-—10 


In the following examples, factor each trinomial of 
the form x2 + bxy + cy2. 


xZ+ loxy+ S5yZ 


(x+ 5y)(x+7y) 


r2+ 3rs — 28s2 


a2 + 4ab—21b2 


(a+ 7b)(a— 3b) 


p2 — 5pq — 36q2 


m2 —5mn+ 30n2 


Prime 


Factor Trinomials of the Form ax2 + bx+ c Using 
Trial and Error 


In the following exercises, factor completely using 
trial and error. 


x3 + 5x2 —24x 


3y3 — 21y2+ 30y 


3y(y— Sy —2) 


5x4 + 10x3 — 75x2 


oy2+14y+9 


(Sy + 9)(y +1) 


8x2 + 25x+3 


10y2—53y—11 


(S5y+ 1)(2y—-11) 


6p2—19pq+ 10q2 


=§la2+153a+18 


—9(9a+1)(a—2) 


Factor Trinomials of the Form ax2 + bx+c using 
the ‘ac’ Method 


In the following exercises, factor. 


2x2 +9x+4 


18a2—9a+1 


(3a—1)(6a—1) 


15p2+2p=8 


15x2+6x-—2 


Prime 


8a2+32a+24 


OX2 Sk 30 


3(x+ 4)(x—-3) 


48y2 + 12y —36 


18a2—57a=21 


3(2a—7)(3a+1) 


3n4— 12n3 — 96n2 


Factor using substitution 


In the following exercises, factor using substitution. 


x4—13x2-—30 


(x2 —15)(x2+ 2) 


(t¥=—3)2—5(x=3)=— 36 


Factor Special Products 
Factor Perfect Square Trinomials 


In the following exercises, factor completely using 
the perfect square trinomials pattern. 


25x2 + 30x+9 


(5x + 3)2 


36a2 — 84ab + 49b2 


40x2 + 360x + 810 


10(2x + 9)2 


5k3 — 70k2 + 245k 


75u4 — 30u3v 4+ 3u2v2 


3u2(5u—v)2 


Factor Differences of Squares 


In the following exercises, factor completely using 
the difference of squares pattern, if possible. 


Slr —25 


169m2—n2 


(13m +n)(13m-—n) 


25p2-1 


9—121y2 


(3+11ly)(3—11y) 


20x2=125 


169n3-n 


n(13n+1)(13n-1) 


6p2q2 — 54p2 


24p2+54 


6(4p2+9) 


49x2—81ly2 


16z4—-1 


(2z —1)(2z+1)(4z2+1) 


48m4n2 — 243n2 


a2+6a+9-—9b2 


(a+3-—3b)(a+3+ 3b) 


x2—16x+64—y2 


Factor Sums and Differences of Cubes 


In the following exercises, factor completely using 
the sums and differences of cubes pattern, if 
possible. 


a3—125 


(a—5)(a2+5a+ 25) 


b3—216 


2m3 + 54 


2(m+ 3)(m2—3m+9) 


81m3+3 


General Strategy for Factoring Polynomials 


Recognize and Use the Appropriate Method to 
Factor a Polynomial Completely 


In the following exercises, factor completely. 


24x3 + 44x2 


4x2(6x+ 11) 


24a4 — 9a3 


16n2 — 56mn + 49m2 


(4n — 7m)2 


6a2 —25a—9 


5u4 — 45u2 


5u2(u+3)(u—3) 


n4-81 


64j2 +225 


prime 


5x2 +5x—60 


b3 — 64 


(b—4)(b2 + 4b +16) 


m3+125 


2b2 —2bc+ 5cb—5c2 


(2b + 5c)(b—c) 


48x5y2 — 243xy2 


5q2—15q—90 


5(q+3)(q—6) 


4u5v+ 4u2v3 


10m4 — 6250 


10(m — 5)Gn+ 5)Gm2 + 25) 


60x2y — 75xy + 30y 


16x2 — 24xy + 9y2 — 64 


(4x — 3y + 8)(4x — 3y — 8) 


Polynomial Equations 
Use the Zero Product Property 


In the following exercises, solve. 


(a—3)(a+7)=0 


(5b+1)(6b+1)=0 


b= —1/5,b= —1/6 


6m(12m—5)=0 


(2x—1)2=0 


x=1/2 


3m(2m — 5)(m+6)=0 


Solve Quadratic Equations by Factoring 


In the following exercises, solve. 


x2+9x+20=0 


x=—-4,x=—-5 


y2—y—72=0 


2p2—11p=40 


p= —52,p=8 


q3+3q2+2q=0 


144m2—25=0 


m=512,m= —512 


4n2= 36 


(x+6)(x—3)=—8 


x=2,x=—-5 


(3x — 2)(x + 4) =12x 


16p3 = 24p2 — 9p 


p=0,p=% 


2y3 + 2y2=12y 


Solve Equations with Polynomial Functions 


In the following exercises, solve. 


For the function, f(x) =x2+11x+20, @ find 
when f(x) = — 8 © Use this information to find 
two points that lie on the graph of the function. 


@®x=-—7orx=—4 


For the function, f(x) =9x2—18x+5, @ find 
when f(x) = —3 © Use this information to find 
two points that lie on the graph of the function. 


In each function, find: @ the zeros of the function 
® the x-intercepts of the graph of the function © 
the y-intercept of the graph of the function. 


f(x) = 64x2 — 49 


@ x=78 or x= —78 
® (78,0), (—78,0) © (0, —49) 


f(x) =6x2-—13x-—5 


Solve Applications Modeled by Quadratic 
Equations 


In the following exercises, solve. 


The product of two consecutive odd numbers is 
399. Find the numbers. 


The numbers are —21 and —19 or 19 and 21. 


The area of a rectangular shaped patio 432 
square feet. The length of the patio is 6 feet 
more than its width. Find the length and width. 


A ladder leans against the wall of a building. 
The length of the ladder is 9 feet longer than 
the distance of the bottom of the ladder from 
the building. The distance of the top of the 
ladder reaches up the side of the building is 7 
feet longer than the distance of the bottom of 
the ladder from the building. Find the lengths 
of all three sides of the triangle formed by the 
ladder leaning against the building. 


The lengths are 8, 15, and 17 ft. 


Shruti is going to throw a ball from the top of a 
cliff. When she throws the ball from 80 feet 
above the ground, the function h(t) = 

—16t2+ 64t+80 models the height, h, of the 
ball above the ground as a function of time, t. 
Find: @ the zeros of this function which tells us 


when the ball will hit the ground. © the time(s) 
the ball will be 80 feet above the ground. © the 
height the ball will be at t=2 seconds which is 
when the ball will be at its highest point. 


Chapter Practice Test 


In the following exercises, factor completely. 


80a2 + 120a3 
40a2(2 + 3a) 
5m(m—1)+3(m-—1) 
x2+13x+36 
(x+4)(x+9) 

p2+ pq — 12q2 


xy — 8y+ 7x — 56 


(x-8)(y+7) 


40r2 + 810 


9s2—12s+ 4 


(3s —2)2 


Ox2=1ix=10 


3x2 =75y2 


Due oy x oy) 


6u2+ 3u-—18 


x3+125 


(x+ 5)(x2 —5x+25) 


32x5y2 — 162xy2 


6x4 —-19x2+15 


(3x2 —5)(2x2 — 3) 


3x3 — 36x2 + 108x 
In the following exercises, solve 


5a2+26a=24 


a=4/5,a=—-6 


The product of two consecutive integers is 156. 
Find the integers. 


The area of a rectangular place mat is 168 
square inches. Its length is two inches longer 
than the width. Find the length and width of 
the placemat. 


The width is 12 inches and the length is 14 
inches. 


Jing is going to throw a ball from the balcony 
of her condo. When she throws the ball from 80 


feet above the ground, the function h(t) = 
—16t2+ 64t+80 models the height, h, of the 
ball above the ground as a function of time, t. 
Find: @ the zeros of this function which tells us 
when the ball will hit the ground. © the time(s) 
the ball will be 128 feet above the ground. © 
the height the ball will be at t=4 seconds. 


For the function, f(x) =x2—7x+5, @ find when 
f(x) = —7 © Use this information to find two 
points that lie on the graph of the function. 


@ x=3 or x=4 © (3,-7) (4,--7) 


For the function f(x) = 25x2-— 81, find: @ the 
zeros of the function © the x-intercepts of the 
graph of the function © the y-intercept of the 
graph of the function. 


Glossary 


degree of the polynomial equation 
The degree of the polynomial equation is the 
degree of the polynomial. 


polynomial equation 
A polynomial equation is an equation that 
contains a polynomial expression. 


quadratic equation 
Polynomial equations of degree two are called 
quadratic equations. 


zero of the function 
A value of x where the function is 0, is called 
a zero of the function. 


Zero Product Property 
The Zero Product Property says that if the 
product of two quantities is zero, then at least 
one of the quantities is zero. 


Multiply and Divide Rational Expressions 
By the end of this section, you will be able to: 


¢ Determine the values for which a rational 
expression is undefined 

¢ Simplify rational expressions 

¢ Multiply rational expressions 

* Divide rational expressions 

¢ Multiply and divide rational functions 


Before you get started, take this readiness quiz. 


. Simplify: 90y15y2. 
If you missed this problem, review [link]. 


. Multiply: 1415-635. 

If you missed this problem, review [link]. 
. Divide: 1210+ 825. 

If you missed this problem, review [link]. 


We previously reviewed the properties of fractions 
and their operations. We introduced rational 
numbers, which are just fractions where the 
numerators and denominators are integers. In this 
chapter, we will work with fractions whose 
numerators and denominators are polynomials. We 
call this kind of expression a rational expression. 


Rational Expression 


A rational expression is an expression of the form 
pq, where p and q are polynomials and q +0. 


Here are some examples of rational expressions: 
— 24565x1 2y4x + 1x2 —94x2+ 3x—-—12x-8 


Notice that the first rational expression listed above, 
— 2456, is just a fraction. Since a constant is a 
polynomial with degree zero, the ratio of two 
constants is a rational expression, provided the 
denominator is not zero. 


We will do the same operations with rational 
expressions that we did with fractions. We will 
simplify, add, subtract, multiply, divide and use 
them in applications. 


Determine the Values for Which a 
Rational Expression is Undefined 


If the denominator is zero, the rational expression is 
undefined. The numerator of a rational expression 
may be 0—but not the denominator. 


When we work with a numerical fraction, it is easy 
to avoid dividing by zero because we can see the 


number in the denominator. In order to avoid 
dividing by zero in a rational expression, we must 
not allow values of the variable that will make the 
denominator be zero. 


So before we begin any operation with a rational 
expression, we examine it first to find the values 
that would make the denominator zero. That way, 
when we solve a rational equation for example, we 
will know whether the algebraic solutions we find 
are allowed or not. 


Determine the values for which a rational 
expression is undefined. 


Set the denominator equal to zero. Solve the 
equation. 


Determine the value for which each rational 
expression is undefined: 


@ 8a2b3c © 4b—32b+5 © x+4x2+5x+6. 


The expression will be undefined when the 
denominator is zero. 


@) 

8a2b3c Set the denominator equal to zero and 
solvefor the variable.3c=0 c=0 8a2b3cis 
undefined forc=0. 


® 

4b —32b+5 Set the denominator equal to zero 
and solvefor the variable.2b + 5=02b= —5b= 
— 52 4b—32b+5is undefined forb= — 52. 


© 


x + 4x2+5x-+6 Set the denominator equal to 
zero and solvefor the variable.x2 + 5x +6=0O(x 
+ 2)(x+3)=0x+2=O0orx+ 3 =0x= — 20rx= 
—3x+4x2+5x+ 6is undefined forx = 

— 20orx = — 3. 


Determine the value for which each rational 
expression is undefined. 


@ 3y28x © 8n—53n+1 © a+10a2+4a4+3 


Determine the value for which each rational 
expression is undefined. 


@ 4p5q © y—13y+2 © m—5m2+m-6 


Simplify Rational Expressions 


A fraction is considered simplified if there are no 
common factors, other than 1, in its numerator and 
denominator. Similarly, a simplified rational 
expression has no common factors, other than 1, in 
its numerator and denominator. 


Simplified Rational Expression 
A rational expression is considered simplified if 


there are no common factors in its numerator and 
denominator. 


For example, 

x +2x+ 3is simplified because there are no common 
factors ofx + 2andx+ 3. 2x3xis not simplified 
becausexis a common factor of2xand3x. 


We use the Equivalent Fractions Property to simplify 
numerical fractions. We restate it here as we will 
also use it to simplify rational expressions. 


Equivalent Fractions Property 


If a, b, and c are numbers where b 0,c +0, 
thenab = a:cb-canda:cb:c = ab. 


Notice that in the Equivalent Fractions Property, the 
values that would make the denominators zero are 
specifically disallowed. We see b #0,c <0 clearly 
stated. 


To simplify rational expressions, we first write the 
numerator and denominator in factored form. Then 
we remove the common factors using the Equivalent 
Fractions Property. 


Be very careful as you remove common factors. 
Factors are multiplied to make a product. You can 
remove a factor from a product. You cannot remove 
a term from a sum. 


Removing the x’s from x + 5x would be like 
cancelling the 2’s in the fraction 2 +52! 


How to Simplify a Rational Expression 


Simplify: x2 7, ox OX2 ox 1 12 


Sia lify x2 hak Ke 


Xx+1x—1,x4#2,x=1 


Sumplitvec2 ox ke es 


x—5x—1,x¥ —2,x=1 


We now summarize the steps you should follow to 
simplify rational expressions. 


Simplify a rational expression. 


Factor the numerator and denominator completely. 
Simplify by dividing out common factors. 


Usually, we leave the simplified rational expression 
in factored form. This way, it is easy to check that 
we have removed all the common factors. 


We'll use the methods we have learned to factor the 
polynomials in the numerators and denominators in 
the following examples. 


Every time we write a rational expression, we 
should make a statement disallowing values that 
would make a denominator zero. However, to let us 
focus on the work at hand, we will omit writing it in 
the examples. 


Simplify: 3a2 —12ab + 12b26a2 — 24b2. 


3a2 —12ab+ 12b26a2 — 24b2 Factor the 
numerator and denominator,first factoring out 
the GCF.3(a2 — 4ab + 4b2)6(a2 — 4b2) 3(a— 2b) 
(a—2b)6(a+ 2b)(a— 2b) Remove the common 
factors ofa — 2band3.3(a — 2b)(a — 2b)3-2(a 

+ 2b)(a— 2b) a—2b2(a+ 2b) 


Simplify: 2x2 —12xy + 18y23x2 — 27y2. 


2x — Sy) six By} 


Simplify: 5x2 —30xy + 25y22x2 — 50y2. 


Dixy) A(x-Foy) 


Now we will see how to simplify a rational 
expression whose numerator and denominator have 
opposite factors. We previously introduced opposite 
notation: the opposite of ais —a and —a=—1ava. 


The numerical fraction, say 7 —7 simplifies to —1. 
We also recognize that the numerator and 
denominator are opposites. 


The fraction a—a, whose numerator and 
denominator are opposites also simplifies to —1. 
Let’s look at the expressionb —a.b—a Rewrite. —a 
+b Factor out-1.—1(a—b) 


This tells us that b—a is the opposite of a—b. 
In general, we could write the opposite of a—b as b 


—a. So the rational expression a— bb —a simplifies 
to-= 1, 


Opposites in a Rational Expression 


The opposite of a—b is b—a. 


a—bb-—a=-—1la=b 
An expression and its opposite divide to —1. 


We will use this property to simplify rational 
expressions that contain opposites in their 
numerators and denominators. Be careful not to 
treat a+b and b+a as opposites. Recall that in 
addition, order doesn’t matter soat+b=b~+a. So if 
az —b, then a+bb+a=1. 


Simplify: x2 —4x — 3264 — x2. 


Factor the numerator 
and the denominator. 


Recognize the factors 


that are =e) 
Pe ARO AT 


Simplify. 


Simplify: x2 =4x— 525 — x2. 


Simplity: 245 2 hk, 


Multiply Rational Expressions 


To multiply rational expressions, we do just what 
we did with numerical fractions. We multiply the 
numerators and multiply the denominators. Then, if 
there are any common factors, we remove them to 
simplify the result. 


Multiplication of Rational Expressions 
If p, g, r, and s are polynomials where q~#0,s 0, 
then 


pqs = prqs 
To multiply rational expressions, multiply the 
numerators and multiply the denominators. 


Remember, throughout this chapter, we will assume 
that all numerical values that would make the 
denominator be zero are excluded. We will not write 
the restrictions for each rational expression, but 
keep in mind that the denominator can never be 
zero. So in this next example, x ~0,x #3, and x#4. 


How to Multiply Rational Expressions 


Simplify: 23k) 7x 2 xe OOK: 


Simplify: 5xx2 + 5x+ 6x2 —410x. 


x —22(x+3) 


Simplify: 9x2x2 + lilx+ 30%2—363x2- 


3(x-—6)x+5 


Multiply rational expressions. 


Factor each numerator and denominator 
completely. Multiply the numerators and 
denominators. Simplify by dividing out common 
factors. 


Multiply: 3a2— 8a—3a2—25-a2+10a 
ta oode — sds 


Sd! —6d —od7 ore WOdG 2oode 4a — 3 
Factor the numerators and denominatorsand 
then multiply.(3a+ 1)(a—3)(a+5)(a+5)(a—5) 
(a+5)(3a+1)(a—5) Simplify by dividing 
outcommon factors.(3a+ 1)(a—3)(a+5)(at+5) 
(a—5)(a+5)(3a+ 1)(a—5) Simplify.(a—3)(a 

+ 5)(a—5)(a—5) Rewrite(a — 5)(a—5)using an 
exponent-(a—3)(a+ o)(a—5)2 


Simplify: 2x2 5x — 12x20] 16:52 — ox 
i MO 2a oe fe 


Simplity4b2--7b— 21 —b2b2— 2b 
+14b2+15b—4. 


=(b-+ 2)(b=— W)C b)(b-4) 


Divide Rational Expressions 


Just like we did for numerical fractions, to divide 
rational expressions, we multiply the first fraction 
by the reciprocal of the second. 


Division of Rational Expressions 
If p, q, r, and s are polynomials where 


q~0,r~0,s 0, then 

pq ~ rts=pq'sr 

To divide rational expressions, multiply the first 
fraction by the reciprocal of the second. 


Once we rewrite the division as multiplication of the 
first expression by the reciprocal of the second, we 
then factor everything and look for common factors. 


How to Divide Rational Expressions 


Divide ps4, d22p2 -2pa4 242 — p2 — ao. 


Simplify: xo = 65x — 0x12 x — 46, 


2(x2 + 2x + 4)(x + 2)(x2 —2x+ 4) 


Sump Nive 727 oe ele 


Divide rational expressions. 


Rewrite the division as the product of the first 
rational expression and the reciprocal of the 
second. Factor the numerators and denominators 


completely. Multiply the numerators and 
denominators together. Simplify by dividing out 
common factors. 


Recall from Use the Language of Algebra that a 
complex fraction is a fraction that contains a 
fraction in the numerator, the denominator or both. 
Also, remember a fraction bar means division. A 
complex fraction is another way of writing division 
of two fractions. 


Divide: 6x2 — 7x + 24x — 82x2 — 7x + 3x2 — 5x 
+6. 


OX =) Se Ok ek oO 
Rewrite with a division sign.6x2 — 7x + 24x 
=—0-2k2—7/ * ox = ox oO ReEWnlLe as 
product of first times reciprocalof 
second.6x2 —7x + 24x — 8x2 —5x + 62x2 — 7x 
+ 3 Factor the numerators and 
thedenominators, and then multiply.(2x — 1) 
(3x — 2)(x — 2)(x —3)4(x — 2)(2x —1)(x—-3) 
Simplify by dividing out common factors.(2x 
— 1)(8x -—2)(x —2)(k-—3)4(k — 2)(2x —1)(x-3) 
Simplify.3x — 24 


Simplify: 3x2 + 7x + 24x + 243x2—14x 
Oke kU: 


Simplify: y2 —362y2+ 11y — 62y2 —2y —608y 


If we have more than two rational expressions to 
work with, we still follow the same procedure. The 
first step will be to rewrite any division as 
multiplication by the reciprocal. Then, we factor 
and multiply. 


Perform the indicated operations: 3x — 64x 
Pe eke ee ee ee ete 


Rewrite the division «as 


state 

hv 

ma axa x —3sx-_l0]. | | 
Factor the numerators 


and the denominators. 


A TAZA SAF 
Multiply the fractions. 


Bringing the constants 
to 

the front will help 
when removing 


PaAamman fantara 
evViitiiitL Wik LULLYILVe 


Simplify by dividing 
out_common factors. 


Simplify. 


Perform the indicated operations: 4m + 43m 
=—15:m2—3m— 1l0m2— 4m —32— 12m— 366m 


— 48. 


2(m+ 1)(m + 2)3(m + 4)(m — 3) 


Perform the indicated operations: 2n2 + 10nn 
—)-n2+ 1On+ 24n2+ 8n—9:n+ 46n2+12n, 


(n+ 5)(n+ 9)2(n+ 6)(2n + 3) 


Multiply and Divide Rational Functions 


We started this section stating that a rational 
expression is an expression of the form pq, where p 
and q are polynomials and q~0. Similarly, we 
define a rational function as a function of the form 
R(x) = p(x)q(x) where p(x) and q(x) are polynomial 
functions and q(x) is not zero. 


Rational Function 
A rational function is a function of the form 


R(x) = p(x)q(x) 
where p(x) and q(x) are polynomial functions and 
q(x) is not zero. 


The domain of a rational function is all real 
numbers except for those values that would cause 
division by zero. We must eliminate any values that 
make q(x) =0. 


Determine the domain of a rational function. 


Set the denominator equal to zero. Solve the 
equation. The domain is all real numbers excluding 
the values found in Step 2. 


Find the domain of R(x) = 2x2 — 14x4x2 — 16x 
— 48. 


The domain will be all real numbers except 
those values that make the denominator zero. 
We will set the denominator equal to zero , 


solve that equation, and then exclude those 
values from the domain. 


Set the denominator to zero.4x2 — 16x 

— 48 =0Factor, first factor out the 

GCF.4(x2 — 4x — 12) =04(x — 6)(x + 2) =O0Use 
the Zero Product Property.4 ~ 0x — 6 = 0x 
+2=0OSolve.x = 6x = — 2The domain ofR(x)is 
all real numberswherex ~ 6bandx  — 2. 


Find the domain of R(x) = 2x2 — 10x4x2 — 16x 
— 20. 


The domain of R(x) is all real numbers where 
x#5andx=-1. 


Find the domain of R(x) = 4x2 — 16x8x2 — 16x 
— 64. 


The domain of R(x) is all real numbers where 
x#4 and x= -2. 


To multiply rational functions, we multiply the 
resulting rational expressions on the right side of the 
equation using the same techniques we used to 
multiply rational expressions. 


Find R(x) = f(x)-g(x) where f(x) = 2x — 6x2 — 8x 
+ L5-and o(xj—x2 —252x-- 10: 


R(x) = f(x)-g(x) R(x) = 2x — 6x2 — 8x 

+15-x2 —252x+10 Factor each numerator 
and denominator.R(x) = 2(x — 3)(x — 3)(x — 5)-(x 
— 5)(x+5)2(x+5) Multiply the numerators 
and denominators.R(x) = 2(x — 3)(x — 5)(x 

+ 5)2(x —3)(x-—5)(x+5) Remove common 
factors.R(x) = 2(x — 3)(x —5)(x + 5)2(x — 3)(x 

— 5)(x+5) Simplify.R(x) =1 


Find R(x) = f(x)-g(x) where f(x) = 3x 
— 21x2—9x+14 and g(x) =2x2—83x+6. 


Find R(x) = f(x)-g(x) where 
f(x) =x2 —x3x2+27x— 30 and 
g(x) =x2 —100x2 — 10x. 


To divide rational functions, we divide the resulting 
rational expressions on the right side of the equation 
using the same techniques we used to divide 
rational expressions. 


Find R(x) = f(x)g(x) where f(x) = 3x2x2 — 4x 


and g(x) = 9x2 — 45xx2 — 7x +10. 


R(x) = f(x)g(x) Substitute in the 
functionsf(x),g(x).R(k) = 3x2x2 — 4x9x2 — 45xx2 —x 
+10 Rewrite the division as the product 

off(x)and the reciprocal 

ofg(x).R(x) = 3x2x2 — 4x-x2 — 7x + 109x2 — 45x 
Factor the numerators and denominatorsand 

then multiply.R(x) = 3-x-x-(x — 5)(x — 2)x(x 

— 4):3-:3-x-(x — 5) Simplify by dividing out 


common factors.R(x) = 3-x:x(x — 5)(x — 2)x(x 
— 4):3:3-x(x — 5) R(x) =x —-—23(x-— 4) 


Find R(x) = f(x)g(x) where f(x) = 2x2x2 — 8x 
and g(x) =8x2+ 24xx2+x-—6. 


R(x) =x— 24(x-— 8) 


Find R(x) = f(x)g(x) where f(x) = 15x23x2 + 33x 
and g(x) =5x — 5x2 + 9x — 22. 


R(x) =x(x-—2)x—1 


Key Concepts 


¢ Determine the values for which a rational 


expression is undefined. 


Set the denominator equal to zero. Solve the 
equation. 


Equivalent Fractions Property 

If a, b, and c are numbers where b~0,c <0, 
then ab=a-cb:c and a:cb-c= ab. 

How to simplify a rational expression. 


Factor the numerator and denominator 
completely. Simplify by dividing out common 
factors. 


Opposites in a Rational Expression 
The opposite of a—b is b—a. 
a—bb—a=—1la#b 
An expression and its opposite divide 
to. =f, 
Multiplication of Rational Expressions 
If p, q, r, and s are polynomials where 
q~0,s~0, then 
pq:rs = prqs 
How to multiply rational expressions. 


Factor each numerator and denominator 
completely. Multiply the numerators and 
denominators. Simplify by dividing out 
common factors. 


Division of Rational Expressions 
If p, q, r, and s are polynomials where 


q~0,r~0,s~0, then 


pq ~ rs = pq'sr 
* How to divide rational expressions. 


Rewrite the division as the product of the first 
rational expression and the reciprocal of the 
second. Factor the numerators and 
denominators completely. Multiply the 
numerators and denominators together. 
Simplify by dividing out common factors. 


¢ How to determine the domain of a rational 
function. 


Set the denominator equal to zero. Solve the 


equation. The domain is all real numbers 
excluding the values found in Step 2. 


Practice Makes Perfect 


Determine the Values for Which a Rational 
Expression is Undefined 


In the following exercises, determine the values for 
which the rational expression is undefined. 


@ 2x2z, © 4p-—16p—5, © n—3n2+2n-8 


@ z=0 © p=56 
© n=—-4,n=2 


@ 10m11n, © 6y+134y—9, © b—8b2-—36 


® 4x2y3y, © 3x—22x+1, © u—1u2—3u-28 


@ y=0, © x=-12, © u= —4,u=7 


@ 5pq29q, © 7a—43a4+5, © 1x2-4 


Simplify Rational Expressions 


In the following exercises, simplify each rational 
expression. 


—4455 


—45 


5663 


8m3n12mn2 


2m23n 


36V3W227vw3 


8n — 963n — 36 


83 


12p—2405p—100 


x2 + 4x — 5x2 -—-2x+1 


x+5x-1 


y2+ 3y—4y2—-—6y+5 


a2 —4a2+6a-—16 


a+2a+8 


y2—2y—3y2-—9 


p3+3p2+4p+12p2+p-—6 


p2+4p-—2 


x3 — 2x2 —25x+ 50x2 —25 


8b2 — 32b2b2 — 6b— 80 


4b(b— 4)(b+ 5)(b— 8) 


=5¢e2—10¢e=— 10e2+ 30c+ 100 


3m2 + 30mn+ 75n24m2— 100n2 


3(m + 5n)4(m — 5n) 


5r2 + 30rs — 35s2r2 — 49s2 


a—55-a 


=1 


s=dd=5 


20 —5yy2—16 


=Oy 4 


4v — 3264 -—v2 


w3+216w2- 36 


w2-6w+36w-6 


v3+125v2—-—25 


z2—9z+2016-—z2 


So O4Z 


a2 —5a—3681 —a2 


Multiply Rational Expressions 


In the following exercises, multiply the rational 
expressions. 


1216-410 


310 


325°1624 


ox2y41 2xy3-6x220y2 


x38y 


12a3bb2:2ab29b3 


5p2p2— 5p—36'p2— 1610p 


p(p — 4)2(p — 9) 


3q2q2+q-6:q2—99q 


2y2—10yy2+ 10y+ 25-y + 56y 


y—53(y + 5) 


7224+ 322z2 —3z—4:2—- 422 


28 — 4b3b — 3-b2 + 8b — 9b2 — 49 


— 4(b+9)3(b+ 7) 


72m — 12m28m + 32:m2 + 10m+ 24m2 — 36 


c2 —10c4+ 25c2 — 25:c2 + 10c + 253c2—14c-—5 


c+53c+1 


2d2 + d—3d2—16-d2—8d+162d2—9d—18 


2m2 — 3m —22m2+ 7m+3:3m2—14m 
+ 153m2+ 17m -— 20 


(m — 3)(m— 2)(m+ 4)(m +3) 


2n2 — 3n— 1425 —n2-n2 —10n+ 252n2—13n 
+21 


Divide Rational Expressions 


In the following exercises, divide the rational 
expressions. 


v—-—511—v+v2-—25v-11 


—lv+5 


10+ww-8+100-—w28-—w 


3s2s2 —16+s3+4s2 + 16ss3 — 64 


3ss+4 


r2—915+1r3 —275r2+-15r+45 


p3 + q33p2 + 3pq + 3q2 + p2—q212 


4(p2 — pq + q2)(p—q)(p2 + pq + q2) 


v3 —8w32v2+ 4vw + 8w2 + v2—- 4w24 


x2 + 3x —104x + (2x2 + 20x + 50) 


x — 28x(x+ 5) 


2y2 — 10yz — 48z22y — 1+ (4y2 — 32yz) 


2a2 —a—215a+ 20a2+ 7a+ 12a2+8a+16 


2a—75 


3b2 + 2b— 812b+ 183b2 + 2b—82b2—7b—15 


12c2 —122c2 —3c+14c+ 46c2—13c+5 


3(3c—5) 


4d2 + 7d — 235d + 10d2 — 47d2 —12d—4 


For the following exercises, perform the indicated 
operations. 


10m2 + 80m3m — 9-m2 + 4m — 21m2—9m 
+ 20 +5m2+10m2m—10 


4(m + 8)(m + 7)3(m — 4)(m+ 2) 


4n2 + 32n3n+2:3n2—n-—2n2+n 
— 30+ 108n2 — 24nn+6 


12p2+3pp+3 + p2+2p—63p2—p-—12-p 
—79p3—9p2 


(4p + 1)(p— 4)3p(p + 9)(p — 1) 


6q + 39q2 —9q+q2+14q+ 33q2+ 4q 
—5:4q2+ 12q12q+6 


Multiply and Divide Rational Functions 


In the following exercises, find the domain of each 
function. 


R(x) = x3 — 2x2 — 25x + 50x2—25 


x#5andx=-5 


R(x) =x3 + 3x2 —4x—12x2-—4 


R(x) = 3x2 + 15x6x2 + 6x — 36 


x#2andx=-3 


R(x) = 8x2 — 32x2x2 — 6x — 80 


For the following exercises, find R(x) = f(x)-g(x) 
where f(x) and g(x) are given. 


f(x) = 6x2 —12xx2+ 7x-18 
g(x) =x2 —813x2 — 27x 


Rex) =2 


f(x) = x2 —2xx2+6x-—16 
g(x) =x2 —64x2 — 8x 


f(x) = 4xx2 -—3x-—10 
g(x) =x2 — 258x2 


R(x) =x + 52x(x+ 2) 


f(x) = 2x2 + 8xx2 — 9x + 20 
g(x) =x—5x2 


For the following exercises, find R(x) = f(x)g(x) 
where f(x) and g(x) are given. 


f(x) = 27x23x — 21 
g(x) =3x2+ 18xx2+ 13x+ 42 


R(x) = 3x(x + 7)x —7 


f(x) = 24x22x -—8 
g(x) = 4x3 + 28x2x2+11x+ 28 


f(x) = 16x24x + 36 
g(x) = 4x2 — 24xx2+ 4x—45 


R(x) =x(x—5)x-—6 


f(x) = 24x22x —4 
g(x) =12x2 + 36xx2—11x+18 


Writing Exercises 


Explain how you find the values of x for which 
the rational expression x2 — x — 20x2 — 4 is 
undefined. 


Answers will vary. 


Explain all the steps you take to simplify the 
rational expression p2 + 4p — 219 — p2. 


@) Multiply 74-910 and explain all your steps. 
® Multiply nn—3-9n+3 and explain all your 
steps. © Evaluate your answer to part ® when 
n=7. Did you get the same answer you got in 
part ®@? Why or why not? 


Answers will vary. 


@ Divide 245~+6 and explain all your steps. © 
Divide x2—1x~+(x+1) and explain all your 
steps. © Evaluate your answer to part ® when 
x= 5. Did you get the same answer you got in 
part @? Why or why not? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
your goals in this section! Reflect on the study skills 
you used so that you can continue to use them. 
What did you do to become confident of your ability 
to do these things? Be specific! 


...with some help. This must be addressed quickly 
as topics you do not master become potholes in your 
road to success. Math is sequential - every topic 
builds upon previous work. It is important to make 
sure you have a strong foundation before you move 
on. Who can you ask for help? Your fellow 
classmates and instructor are good resources. Is 
there a place on campus where math tutors are 
available? Can your study skills be improved? 


...no - I don’t get it! This is critical and you must 
not ignore it. You need to get help immediately or 
you will quickly be overwhelmed. See your 
instructor as soon as possible to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


rational expression 
A rational expression is an expression of the 
form pq, where p and q are polynomials and 
q=0. 


simplified rational expression 
A simplified rational expression has no 
common factors, other than 1, in its 
numerator and denominator. 


rational function 
A rational function is a function of the form 
R(x) = p(x)q(x) where p(x) and q(x) are 
polynomial functions and q(x) is not zero. 


Add and Subtract Rational Expressions 
By the end of this section, you will be able to: 


Add and subtract rational expressions with a 

common denominator 

Add and subtract rational expressions whose 

denominators are opposites 

Find the least common denominator of rational 

expressions 

¢ Add and subtract rational expressions with 
unlike denominators 

¢ Add and subtract rational functions 


Before you get started, take this readiness quiz. 


. Add: 710+ 815. 

If you missed this problem, review [link]. 
. Subtract: 3x4 — 89. 

If you missed this problem, review [link]. 
. Subtract: 6(2x + 1) — 4(x—5). 

If you missed this problem, review [link]. 


Add and Subtract Rational Expressions 
with a Common Denominator 


What is the first step you take when you add 
numerical fractions? You check if they have a 
common denominator. If they do, you add the 
numerators and place the sum over the common 
denominator. If they do not have a common 
denominator, you find one before you add. 


It is the same with rational expressions. To add 
rational expressions, they must have a common 
denominator. When the denominators are the same, 
you add the numerators and place the sum over the 
common denominator. 


Rational Expression Addition and Subtraction 


If p, g, and r are polynomials where r+0, then 
pr+qr=p+qrandpr—qr=p-—qr 


To add or subtract rational expressions with a 
common denominator, add or subtract the 
numerators and place the result over the common 
denominator. 


We always simplify rational expressions. Be sure to 
factor, if possible, after you subtract the numerators 


so you can identify any common factors. 


Remember, too, we do not allow values that would 


make the denominator zero. What value of x should 
be excluded in the next example? 


Add: 11x + 28x+4+4+x2x+ 4. 


Since the denominator is x +4, we must 
exclude the value x= — 4. 


11x+ 28x+4+x2x+4,x + —4 The fractions 
have a common denominator,so add the 
numerators and place the sumover the 
common denominator.11x+28+x2x+4 Write 
the degrees in descending order.x2 + 11x + 28x 
+ 4 Factor the numerator.(x + 4)(x+ 7)x+4 
Simplify by removing common factors.(x + 4)(x 
+ 7)x +4 Simplify.x +7 


The expression simplifies to x +7 but the 
original expression had a denominator of x+4 
sox —4. 


Simplify: 9x +14x+7+x2x+7. 


Simplify x2 Sxx 5 4 lox 40: 


To subtract rational expressions, they must also 
have a common denominator. When the 
denominators are the same, you subtract the 
numerators and place the difference over the 
common denominator. Be careful of the signs when 
you subtract a binomial or trinomial. 


Subtract: 5x2 —7x+ 3x2 -—3x+18-4x2+4+x 


— 9x2 —3x+18. 


5x2 —7x+ 3x2 —3x +18 —4x2+x—-—9x2—-—3x 

+ 18 Subtract the numerators and place 
thedifference over the common 
denominator.5x2 —7x+ 3 —(4x2+x-—- 9)x2 — 3x 


+ 18 Distribute the sign in the 
Numerator 5X7 —7 X-+ > —4x2— x1 9x2 — Sx 

— 18 Combine like terms.x2 — 8x + 12x2 — 3x 

— 18 Factor the numerator and the 
denominator. (x — 2)(x — 6)(x+ 3)(x—6) 
Simplify by removing common factors.(x — 2)(x 
— 6)(x+3)(x—6) (k-—2)(x+ 3) 


Subtract: 4x2 —11x+ 8x2 -—3x+2—3x2+4+x 
— 3x2 —3x+2. 


Subtract: 6x2 —x + 20x2 —81 —5x2+11x 
—7x2—81. 


Add and Subtract Rational Expressions 
Whose Denominators are Opposites 


When the denominators of two rational expressions 
are opposites, it is easy to get a common 
denominator. We just have to multiply one of the 
fractions by —1—1. 


Let’s see how this works. 


Multiply the second 
fraction by —1—1. 


The denominators are the 
same. 


Simplify. 


Be careful with the signs as you work with the 
opposites when the fractions are being subtracted. 


Subtract: m2 —6mm2—1-—-3m+21-—m2. 


TT — 1 1 — TT] 
The denominators are 


opposites, so multiplv 
th 
se 


as es | 


iL de 


Simplify the second 
fraction. 


Tr —1  wr—t 
The denominators are 


the same. Subtract the 
n 


Distribute. 


Combine like terms. 


Factor the numerator 


an 


Simplify by removing 
common factors. 


Simplify. 


Subtract: y2 —5yy2—4-—6y—64-y2. 


Subtract: 2n2 + 8n—1n2—1—n2-—7n 
—11-n2. 


Find the Least Common Denominator of 
Rational Expressions 


When we add or subtract rational expressions with 
unlike denominators, we will need to get common 
denominators. If we review the procedure we used 
with numerical fractions, we will know what to do 
with rational expressions. 


Let’s look at this example: 712+ 518. Since the 
denominators are not the same, the first step was to 
find the least common denominator (LCD). 


To find the LCD of the fractions, we factored 12 and 
18 into primes, lining up any common primes in 
columns. Then we “brought down” one prime from 
each column. Finally, we multiplied the factors to 
find the LCD. 


When we add numerical fractions, once we found 
the LCD, we rewrote each fraction as an equivalent 
fraction with the LCD by multiplying the numerator 
and denominator by the same number. We are now 
ready to add. 


We do the same thing for rational expressions. 
However, we leave the LCD in factored form. 


Find the least common denominator of rational 
expressions. 


Factor each denominator completely. List the 


factors of each denominator. Match factors 
vertically when possible. Bring down the columns 
by including all factors, but do not include 
common factors twice. Write the LCD as the 
product of the factors. 


Remember, we always exclude values that would 
make the denominator zero. What values of x 
should we exclude in this next example? 


@ Find the LCD for the expressions 8x2 — 2x 
— 3,3xx2+4x+3 and © rewrite them as 
equivalent rational expressions with the lowest 


common denominator. 


Find the LCD for 

8x2 — 2x — 3,3xx2 + 4x 
JL) 

Factor each 
denominator 

co 


co 


Bring down the 


enaliuimnaa 
ReVAULLLLIV. 


Write the LCD as the 
product of the factors. 


© 


Factor each 
denominator. 


Multiply each 


denominator by the 
ar 


LCD factor and 
multiply each 
numerator by the same 


fantar 
LUVLLUL. 


Simplify the 
numerators. 


@ Find the LCD for the expressions 2x2 — x 
—12,1x2—16 © rewrite them as equivalent 
rational expressions with the lowest common 
denominator. 


@® (x-—4)(x+3)(xk+4) 
® 2x+ 8(x—4)(x+ 3)(x+ 4), 
x+3(x-—4)(x+3)(x+ 4) 


@) Find the LCD for the expressions 3xx2 — 3x- 
10,5x2+3x+2 © rewrite them as equivalent 
rational expressions with the lowest common 
denominator. 


@® (x+2)(x—5)(x+1) 
®© 3x2+3x(x+ 2)(x—5)(x+1), 
5x — 25(x+ 2)(x-—5)(x+1) 


Add and Subtract Rational Expressions 
with Unlike Denominators 


Now we have all the steps we need to add or 
subtract rational expressions with unlike 
denominators. 


How to Add Rational Expressions with Unlike 
Denominators 


TANGO eect ne 


Add: 2x -2+5x+3. 


7x — 4(x — 2)(x +3) 


Add:'4m+3+3m+4. 


7m+25(m+3)(m+ 4) 


The steps used to add rational expressions are 
summarized here. 


Add or subtract rational expressions. 


Determine if the expressions have a common 
denominator. 


* Yes — go to step 2. 
* No — Rewrite each rational expression with 
the VED: 


© Find the LCD. 
© Rewrite each rational expression as an 


equivalent rational expression with the 
LCD. 


Add or subtract the rational expressions. Simplify, 
if possible. 


Avoid the temptation to simplify too soon. In the 
example above, we must leave the first rational 


expression as 3x — 6(x — 3)(x— 2) to be able to add it 
to 2x — 6(x — 2)(x— 3). Simplify only after you have 
combined the numerators. 


Add: 8x2 — 2x —-3+3xx2+4x+3. 


[—___ x-2Xx-3 x+agt3s] | 
Do the expressions No. 
have a common 
denominator? 

Rewrite each 

expression with the 

LED. 

Find the LCD.x2 — 2x 
—3=(x+1)(x 

— 3)x2+4x+3=(x+1) 

(x 

+3) —  (|JLCD=( 


1 yy YIVAT Vy 


Rewrite each rational 


a 
equivalent rationa 


expression with the 
TCnNn 


iw. 


Simplify the 
numerators. 


Add the rational 
expressions. 


Simplify the 
numerator. 


xt x stp) i. 
The numerator is 


prime, so there are 
no common factors. 


Add: 1m2—-m-—-2+5mm2+3m+2. 


5m2—9m+2(m+1)(m—2)(m+ 2) 


Add:2nn2 —3n—10+6n2+5n+6. 


2n2+12n—30(n+ 2)(n—5)(n+3) 


The process we use to subtract rational expressions 
with different denominators is the same as for 
addition. We just have to be very careful of the signs 
when subtracting the numerators. 


Subtract: 8yy2—16—4y —4. 


eS 
Do the expressions No. 


have a common 


Rewrite each 


expression with the 


LGD. 

Find the 
LCD.y2—-16=(y—-4)(y 
+ 4)y-4=y 

4 LCD =(y 


— AVfxr 1 AY 
WNY ' Ws 


Rewrite each rational 


expression as an 
eq 
ex 


TON 


iw. 


Simplify the 

numerators. 

LS Aan ZY Aa? RY es CN 
Subtract the rational 
expressions. 


Simplify the 
numerator. 


x EN IRS OE] 8 
Factor the numerator 


to look for common 
fa 


Remove common 
factors 


Simplify. 


Subtract: 2xx2-—4-1x+2. 


Subtract: 3z+3 —6zz2—9. 


There are lots of negative signs in the next example. 
Be extra careful. 


Subtract: — 3n—9n2+n—-6—n+32-—n. 


Factor the 
denominator. 


Since n—2 and 2-— {= 


are Saas we will 


~ 


rT — 2h Sp — 2 
Simplify. Remember, a 
—(~b)=a+b. 


Do the rational 
expressions have a 


common denominator? 
Na 


LWWe 


Find the LCD.n2+n 
—6=(n-2)(n+3)n 
—2=(n 

—2) LCD=(n 
—2in-+-3) 


Rewrite each rational 


expression as an 
eq 


expression with the 
TCn 


iw. 


Simplify the 
numerators. 


KT — 2h + >) _ (7 — Pi 
Add the rational 


expressions. 


Simplify the 
numerator. 


eS 
Factor the numerator 


to look for common 


Simplify. 


Subtract :3x —1x2—5x—-—6-—26--x. 


5x+1(x-—6)(x+1) 


UD GeS 8 A Ne I sp IL, 


Things can get very messy when both fractions must 
be multiplied by a binomial to get the common 
denominator. 


Subtract: 4a2 +6a+5-—3a2+7a+10. 


a. ey Seen) 
Yo 36015 047010 ] 
Factor the 
denominators. 


[os >] | 
Do the rational 


expressions have a 


common denominator? 
Na 


LWNWUe 


Find the LCD.a2 + 6a 
+5=(a+1)(a 
+5)a2+7a+10=(a 

+5)(a 

+2) — ==LCD=(a 


1t1V%a tbhVla LO) 
1 27\u 1 vVsjIV\u ii ay) 


Rewrite each rational 
expression as an 


eq 

expression with the 

LGD. 

Simplify the 

numerators. 
(CECE CEoPM CESS CEE 


Subtract the rational 
expressions. 


Simplify the 
numerator. 


Look for common 
factors. 


Simplify. 


Subtract: 3b2 —4b—5—2b2—6b+5. 


1D Ab) 


Subtract: 4x2 —4-—3x2-—x-2. 


1(x+2)(x+1) 


We follow the same steps as before to find the LCD 
when we have more than two rational expressions. 
In the next example, we will start by factoring all 
three denominators to find their LCD. 


Simp ieye Ae a 


a 
Do the expressions 


have a common 
denominator? No. 
Rewrite each 


expression with the 
TOM 


iw. 


Find the LCD. u-1=G 
—1) u=u u2—-u=u(u 
—1) 


TON —11f41 17 


SE ee oe aJ 


Rewrite each rational 


expression as an 
eq 
ex 


TEN 


iw. 


ST 
Write as one rational 
expression. 


Ce 
Simplify. 


EC 
Factor the numerator, 


and remove 
common factors. 


Simplify. 


Simplify. Vw ov hove le 


Simplify: 3ww+2+2w+7—17w+ 4w2+9w 
+ 14. 


Add and subtract rational functions 


To add or subtract rational functions, we use the 
same techniques we used to add or subtract 
polynomial functions. 


Find R(x) = f(x) — g(x) where f(x) =x+5x—2 
and g(x) =5x+18x2—4. 


ass Sas 
Substitute in the 
functions f(x),2(x). 


tae fae | — | 
Factor the 


denominators. 


a 
Do the expressions 


have a common 
denominator? No. 
Rewrite each 


expression with the 
TOCN 


iwi. 


Find the LCD. x-2=G 

— 2) x2—-4=(x-2)(x 

+2) 

mi aA aya ay 

Rewrite each rational] 
expression as an 
Ba 
expression with the 

TON 


iwi. 


Write as one rational 
expression. 


S90 Sa: | 
Simplify. 


Factor the numerator, 
and remove 
co 


Simplify. 


Find R(x) = f(x) — g(x) where f(x) =x+1x+3 
and) o(x) —xX 41 7x2 — x 12; 


Find R(x) = f(x) + g(x) where f(x) =x—4x+3 
and g(x) =4x+6x2—9. 


x2 —3x+ 18(x+ 3)(x-—3) 


Access this online resource for additional 
instruction and practice with adding and 
subtracting rational expressions. 


¢ Add and Subtract Rational Expressions- Unlike 
Denominators 


Key Concepts 


* Rational Expression Addition and 
Subtraction 
If p, g, and r are polynomials where r~0, then 
pr+qr=p+qr and pr—qr=p-—ar 

* How to find the least common denominator 
of rational expressions. 


Factor each expression completely. List the 
factors of each expression. Match factors 
vertically when possible. Bring down the 
columns. Write the LCD as the product of the 
factors. 


¢ How to add or subtract rational expressions. 


Determine if the expressions have a common 
denominator. 


© Yes - go to step 2. 
© No - Rewrite each rational expression with 
the LCD. 


M@ Find the LCD. 

M Rewrite each rational expression as 
an equivalent rational expression 
with the LCD. 


Add or subtract the rational expressions. 
Simplify, if possible. 


Practice Makes Perfect 


Add and Subtract Rational Expressions with a 
Common Denominator 


In the following exercises, add. 


Z195+715 


35 


724+1124 


3c4c—54+54c-—5 


3c+54c-—5 


7m2m+n+42m+n 


2r22r—1+15r—82r-—1 


r+8 


3823s —2+13s—103s —2 


2w2w2- 16+ 8ww2-16 


2ww — 4 


1X25 2 = 9: 21x = 9 
In the following exercises, subtract. 


9a23a—7 —493a—7 


3a+7 


25b25b — 6 — 365b—6 


3m26m — 30 — 21m — 306m — 30 


m— 22 


2n24n — 32 —18n— 164n — 32 


6p2+3p+4p2+ 4p—5—-5p2+p+7p2+4p—5 


Propo 


9q2+ 3q —9q2+ 6q+8-—4q24+ 9q+7q2+6q+8 


5r2 + 7r — 33r2 — 49 — 4r2 + 5r+ 30r2 —49 


r+9r+7 


7t2—t—4t2—25-—6t2+12t—44t2—25 


Add and Subtract Rational Expressions whose 
Denominators are Opposites 


In the following exercises, add or subtract. 


10v2v —1+2v+41—-—2v 


20w5w —-2+5w+ 62-—5w 


10x2 + 16x — 78x —3 + 2x24+ 3x —13-8x 


x+2 


6y2 + 2y -113y—7+3y2—3y+177-3y 


722+ 622z2 — 25 —3z2+ 2025 —z2 


Z+4z-—5 


a2 + 3aa2—9-—3a—279—-—a2 


2b2 + 30b — 13b2 — 49 — 2b2 — 5b— 849 — b2 


4b—3b—7 


c2+5c—10c2—16—c2—8c—1016-—c2 


Find the Least Common Denominator of Rational 
Expressions 


In the following exercises, ® find the LCD for the 
given rational expressions © rewrite them as 
equivalent rational expressions with the lowest 
common denominator. 


Ox2 = 2x = 6, 2xx2=x— 12 


@ (x+2)(x—4)(x+3) 
® 5x+15(x+ 2)(x—4)(x+3), 
2x2 + 4x(x + 2)(x —4)(k +3) 


8y24+ 12y+ 35,3yy2+y—42 


922 + 27 — 8,42z2 —4 


@® (z—2)(z+ 4)(z- 4) 
® 9z-—36(z—2)(z+ 4)(z—4), 
472 — 8z(z— 2)(z+ 4)(z—4) 


6a2+ 14a+ 45,5aa2 —81 


4b2+ 6b+ 9,2bb2 —-2b—15 


@® (b+ 3)(b+3)(b—5) 
© 4b-—20(b+3)(b+3)(b—5), 
2b2 + 6b(b + 3)(b + 3)(b—5) 


5c2 — 4c + 4,3cc2 —7c+10 


23d2 + 14d —5,5d3d2—19d+6 


@ (d+5)(3d—1)(d—6) 
® 2d—12(d+5)(3d—1)(d—6), 
5d2 + 25d(d + 5)(3d — 1)(d—6) 


35m2 —3m— 2,6m5m2+ 17m+6 


Add and Subtract Rational Expressions with 
Unlike Denominators 


In the following exercises, perform the indicated 
operations. 


710x2y + 415xy2 


21ly + 8x30x2y2 


112a3b2 + 59a2b3 


3r+4+2r—5 


5r—7(r+4)(r—5) 


4s—7+5s+3 


53w-2+2wt1 


1llw+1(3w-2)(w+1) 


42x+5+2x-1 


Z2yy totoy=l 


2y2+y+ Hy +3)y-D 


3z2Z—2+12z2+5 


5ba2b — 2a2 + 2bb2 — 4 


b(5b+ 10 + 2a2)a2(b— 2)(b + 2) 


4cd+3c+1d2-—9 


—3m3m—-3+5mm2+3m-—4 


—mm-+ 4 


84n+4+6n2-—n-2 


3rr2 + 7r +64 912+ 4r+3 


3(r2 + 6r + 18)(1+1)(r+6)(r4+3) 


2ss2+2s—8+4s2+3s—10 


tt=6—f= 20 +6 


2(7t — 6)(t—6)(t+ 6) 


x-—3x+6-xx+3 


5aat+3—a+2a+6 


4a2 + 25a —6(a+3)(a+6) 


3bb—-2—b—6b—8 


6m+6—-—12mm2-— 36 


—6m-—6 


4n+4-—8nn2—-—16 


=9p=1/p2—4p-21—p+l7—p 


pr2p+s 


—13q-8q2 + 2q—24-—q+24—q 


— 2r—16r2 + 6r-—-16-—52-r 


3r—2 


4t= 302+ 0t=2/7 =23=1 


2x+710x-—1+3 


4(8x+1)10x—1 


8y—45y+2-6 


3x2 —3x —4-—2x2-—5x+4 


x—5(x-—4)(xk+1)(x--1) 


4x2 —6x+5-—3x2—7x+10 


5x2 + 8x —9-—4x2+10x+9 


1(x-—1)(«k+1) 


32x2 + 5x+2—-—12x2+3x+1 


5aa—2+9a—2a+18a2—2a 


5a2 + 7a— 36a(a—2) 


2bb — 5 + 32b —2b— 152b2—10b 


ec+5+5c—2-10cc2—4 


c—5c+2 


6dd—5+1d+4—7d—5d2—d—20 


3dd+2+4d—d+8d2+ 2d 


3(d+1)d+2 


2qg+59+3q—5— 139+ 1loq2+2q—15 


Add and Subtract Rational Functions 


In the following exercises, find @ R(x) = f(x) + g(x) 
® R(x) = f(x) — g(x). 


f(x) = —5x—5x2+x-—6 and 
g(x) =x+12—x 


@ R(x)= —(x+8)(k+1)(x-2)(x+3) © 
R(x) =x+1x+3 


f(x) = —4x-—24x2+x-—30 and 
g(x) =x+75—x 


f(x) = 6xx2 — 64 and 
g(x)=3x—-8 


@ 3(3x+ 8)(x—8)(x+ 8) 
® R(x)=3x+8 


f(x) =5x+7 and 
g(x) =10xx2 — 49 


Writing Exercises 


Donald thinks that 3x + 4x is 72x. Is Donald 
correct? Explain. 


Answers will vary. 


Explain how you find the Least Common 
Denominator of x2+5x+4 and x2—16. 


Felipe thinks 1x+1y is 2x+y. © Choose 
numerical values for x and y and evaluate 1x 
+1y. © Evaluate 2x+y for the same values of 
x and y you used in part ®@. © Explain why 
Felipe is wrong. @ Find the correct expression 
for 1x+ ly. 


@ Answers will vary. 
® Answers will vary. 
© Answers will vary. 
@ x+yxy 


Simplify the expression 4n2+6n+9-—1n2—9 
and explain all your steps. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Simplify Complex Rational Expressions 
By the end of this section, you will be able to: 
¢ Simplify a complex rational expression by 
writing it as division 


¢ Simplify a complex rational expression by using 
the LCD 


Before you get started, take this readiness quiz. 


Simplify: 35910. 
If you missed this problem, review [link]. 


Simplify: 1 - 1342+ 4:5. 
If you missed this problem, review [link]. 


Solve: 12x+14=18. 
If you missed this problem, review [link]. 


Simplify a Complex Rational Expression 
by Writing it as Division 


Complex fractions are fractions in which the 
numerator or denominator contains a fraction. We 
previously simplified complex fractions like these: 
3458x2xy6 


In this section, we will simplify complex rational 
expressions, which are rational expressions with 
rational expressions in the numerator or 
denominator. 


Complex Rational Expression 
A complex rational expression is a rational 


expression in which the numerator and/or the 
denominator contains a rational expression. 


Here are a few complex rational expressions: 
4y — 38y2 —91x+ lyxy — yx2x + 64x — 6 — 4x2 — 36 


Remember, we always exclude values that would 
make any denominator zero. 


We will use two methods to simplify complex 
rational expressions. 


We have already seen this complex rational 
expression earlier in this chapter. 
6x2 — 7x + 24x — 82x2 —8x+ 3x2—5x+6 


We noted that fraction bars tell us to divide, so 
rewrote it as the division problem: 
(6x2 —7x + 24x — 8) + (2x2 — 8x+ 3x2—5x+6). 


Then, we multiplied the first rational expression by 
the reciprocal of the second, just like we do when 
we divide two fractions. 


This is one method to simplify complex rational 
expressions. We make sure the complex rational 
expression is of the form where one fraction is over 
one fraction. We then write it as if we were dividing 
two fractions. 


Simplify the complex rational expression by 


writing it as division: 6x — 43x2—16. 


Rewrite the complex 
frantinn a Ax 


aL ac tivil ao ML Vv LOLOL. 


Rewrite as the product 


of first times the 
reciprocal of the 


ennnanda 
VeEL.VIAILU 
TLantar 
LULCULVI-. 


NAaaltintler 
AVLULLIP Ly. 


Remove common 


fantnara 
LULLVIVe 


Simplify. 


Aw _ AIQWwOD _14 
UA 1 LU 


Yaa 


6x—4+3x2—-16 


6x — 4x2 —163 


226 — 4)(x+ 4)3(x -—4) 


2(x + 4) 


Are there any value(s) of x that should not be 
allowed? The original complex rational 
expression had denominators of x —4 and 
x2—16. This expression would be undefined if 
x=4 or x= —4. 


Simplify the complex rational expression by 
writing it as division: 2x2 —13x+1. 


Simplify the complex rational expression by 
writing it as division: 1x2 —7x + 122x — 4. 


Fraction bars act as grouping symbols. So to follow 

the Order of Operations, we simplify the numerator 
and denominator as much as possible before we can 
do the division. 


Simplify the complex rational expression by 
writing it as division: 13 + 1612-13. 


Simplify the numerator 
and denominator. 

Fi nd adc 
h the 


ct 


n 
Find the LCD and 
subtract the fractions 
in the 


. 
danaminatar 
SSE ACE So oe ee ULV.Le 


Simplify the numerator 
and denominator. 


Rewrite the complex 
rational expression as a 
di 
prebicm: 

Multiply the first by 
the reciprocal of the 
se 


i 


Simplify. 


Simplify the complex rational expression by 
writing it as division: 12+ 2356+ 112. 


Simplify the complex rational expression by 
writing it as division: 34-1318 + 56. 


We follow the same procedure when the complex 
rational expression contains variables. 


How to Simplify a Complex Rational Expression 
using Division 


Simplify the complex rational expression by 
writing it as division: 1x + lyxy — yx. 


Simplify the complex rational expression by 
writing it as division: 1x+1lylx—ly. 


Simplify the complex rational expression by 
writing it as division: la+1bla2—1b2. 


We summarize the steps here. 


Simplify a complex rational expression by writing 
it as division. 


Simplify the numerator and denominator. Rewrite 
the complex rational expression as a division 
problem. Divide the expressions. 


Simplify the complex rational expression by 
writing it as division: n—4nn+51n+5+1n 


T+ 51] 
Simplify the numerator 
and denominator. 
i 
e 
elaverevsetietiiies e 


Simplify the 
numerators. 


TF ST — 3) 
Subtract the rational 
expressions in the 


ae 
Simplify. (We now 
have one rational 
expression over 


Rewrite as fraction 
division. 


ts oy — 7 
Multiply the first times 


the reciprocal of the 


se 
0s > ee 0) es 


Factor any expressioris 
if possible. 


Remove common 
factors. 


Simplify. 


Simplify the complex rational expression by 
writing it as division: b—3bb+52b+5+1b 
=o. 


b(b+ 2) —a)ob—5 


Simplify the complex rational expression by 
writing it as division: 1—3c+41c+4+c3. 


Simplify a Complex Rational Expression 
by Using the LCD 


We “cleared” the fractions by multiplying by the 
LCD when we solved equations with fractions. We 
can use that strategy here to simplify complex 
rational expressions. We will multiply the 
numerator and denominator by the LCD of all the 
rational expressions. 


Let’s look at the complex rational expression we 
simplified one way in [link]. We will simplify it here 
by multiplying the numerator and denominator by 
the LCD. When we multiply by LCDLCD we are 


multiplying by 1, so the value stays the same. 


Simplify the complex rational expression by 
sine the lkeD: Io loll 13. 


aa a i 
The LCD of all the 
fractions in the whole 


avnracainn ic & 
vapirvvvivit is UO. 


Clear the fractions by 
multiplying the 
n 
de y that 
; ae 
Distribute. 


Simplify. 


Simplify the complex rational expression by 
using the FGD212-> 15110715. 


Simplify the complex rational expression by 
using the LCD: 14+3812—516. 


103 


We will use the same example as in [link]. Decide 
which method works better for you. 


How to Simplify a Complex Rational Expressing 
using the LCD 


Simplify the complex rational expression by 
using the LCD: 1x + 1lyxy — yx. 


Simplify the complex rational expression by 
using the LCD: 1a+ 1bab + ba. 


b+aa2+b2 


Simplify the complex rational expression by 
using the MCD: Ix2— ly21x- ly. 


Simplify a complex rational expression by using the 
LCD. 


Find the LCD of all fractions in the complex 
rational expression. Multiply the numerator and 
denominator by the LCD. Simplify the expression. 


Be sure to start by factoring all the denominators so 
you can find the LCD. 


Simplify the complex rational expression by 
using the LCD: 2x + 64x — 6 — 4x2 — 36. 


a a 
Find the LCD of all 
fractions in the 
complex rational 


expression. The LCD is 


wD 94 —(w 1 AVlw~ _ 41 
4a A ee © ee ee Vie 


Multiply the numerator 


an 
th 


Simplify the 


aAvwnrnacann 
SHAS ee RevVuUivile 


Distribute in the 
denominator. 


ar oh) 
Simplify. 


Ys AVES, A) 
Simplify. 


a 
To simplify the 

denominator 
a 
and combine like 

Factor the 
denominator. 


ast, _] |_| 
Remove common 


factors. 
ee Co) es 
7-555) | | 
Simplify. 


Notice that there are 
no more factors 


common to the 
numerator and 
denominator. 


Simplify the complex rational expression by 
USIN@ thes Do 3x 25k — 2 — ok — 4. 


3(x —2)5x+7 


Simplify the complex rational expression by 
Using the he Wax 7 — ik Ok 7 xa: 


x+216x— 43 


Be sure to factor the denominators first. Proceed 
carefully as the math can get messy! 


Simplify the complex rational expression by 
using the LCD: 4m2 —-7m+123m—3—2m-—4. 


[73 7-4] 
Find the LCD of all 
fractions in the 

complex rational 


aAwnrnccainn 
SSS e4 L&evVUIVile 


The LCD is (m—3)(m 


—4. 


Multiply the numerator 


Distribute. 


Combine like terms. 


Simplify the complex rational expression by 
ising the GD: 3x2--7x- 104x724, x4, >: 


SOx 22 


Simplify the complex rational expression by 
using the LCD: 4yy+5+2y+ 63yy2+11y+ 30. 


2(2y2 + 13y +5)3y 


Simplify the complex rational expression by 
ising tre LeDayvy 4 ths ly — 1p 


7 +. — fi] 
Find the LCD of all 
fractions in the 
complex rational 


. 
aAVvVNnracainn 
Vera es RevVuUivVile 


Multiply the numerator 


and denominator b 
a 
Sere ee, 


Distribute in the 
denominator and 


si 


Simplify. 


Simplify the 
denominator and leave 
th 


Trerrrcr CALCVYEL LULL LVLULe 


a a a 
Factor the denominator 
and remove factors 


co 


wit 
22 


Simplify. 


Simplify the complex rational expression by 
(isle ido MODE voce Sil = lea 3. 


Simplify the complex rational expression by 
wsine the WCD2 1+ ix — sx i 


x(x+ 1)3(x-—1) 


Access this online resource for additional 
instruction and practice with complex fractions. 


* Complex Fractions 


Key Concepts 


* How to simplify a complex rational 
expression by writing it as division. 


Simplify the numerator and denominator. 
Rewrite the complex rational expression as a 


division problem. Divide the expressions. 


* How to simplify a complex rational 
expression by using the LCD. 


Find the LCD of all fractions in the complex 


rational expression. Multiply the numerator 
and denominator by the LCD. Simplify the 
expression. 


Practice Makes Perfect 


Simplify a Complex Rational Expression by 
Writing it as Division 


In the following exercises, simplify each complex 
rational expression by writing it as division. 


2aa+ 44a2a2—16 


a—42a 


3bb — 5b2b2 — 25 


5c2+5c—1410c+7 


12e=2) 


8d2+9d+1812d+6 


I2+45623-779 


1213 


12+ 3435+710 


23 —1934+56 


2057 


12—1623+ 34 


nm+ 1lnin—nm 


n2+mm-—n2 


lp+pqqp-—1q 


lee tle = 12 


a aa 


2v+ 2wlv2-—1w2 


xX —2xx + 31x+3+4+1x-3 


(x+1)(x-3)2 


y—2yy-42y—-—4+2y+4 


2-—2a+31la+3+a2 


4a+1 


4+4b-51b—5+b4 


Simplify a Complex Rational Expression by 
Using the LCD 


In the following exercises, simplify each complex 
rational expression by using the LCD. 


13+1814+112 


118 


14+1916+112 


56+ 29718—13 


19 


16+ 41535 -12 


cd+1dld—dc 


c2+cc—d2 


Im+mnnm-—1n 


lp-+ Iqlp2—1q2 


Pqq— Pp 


20 2tlr2— 12 


2x+ 53x-—54+1x2-—25 


2x — 103x+16 


Sy — 43y + 44+ 2y2—16 


5z2— 64+ 32+ 812+8+2z-8 


92—-193z2+8 


3s+6+5s—61s2—36+4s+6 


4a2-—2a-—15la—5+2a+3 


43a—7 


5b2 — 6b— 273b—9+1b+3 


5c+2—3c+75cec2+9c+14 


2c +295c 


6d—4—2d+ 72dd2 + 3d— 28 


2+1p—35p—3 


2p—55 


nn—23+5n-2 


mm+54+1m-5 


m(m—5)(4m—19)(m+5) 


FF2qg=2ig+2 


In the following exercises, simplify each complex 
rational expression using either method. 


34 —2712+514 


1324 


vw+ lvlv—vw 


2a+41a2-—16 


2(a—4) 


3b2—3b—405b+5-—2b—8 


3m+ 3nlm2-—1n2 


3mnn—m 


2r= Jiro sr2— sl 


xX —3xx + 23x +24+3x—-2 


(x—1)(x-—2)6 


yy toZ+ly—3 


Writing Exercises 


In this section, you learned to simplify the 
complex fraction 3x + 2xx2 — 4 two ways: 
rewriting it as a division problem or 
multiplying the numerator and denominator by 
the LCD. Which method do you prefer? Why? 


Answers will vary. 


Efraim wants to start simplifying the complex 
fraction 1la+1bla-—1b by cancelling the 
variables from the numerator and denominator, 
1la+1bla—1b. Explain what is wrong with 
Efraim’s plan. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Glossary 


complex rational expression 
A complex rational expression is a rational 
expression in which the numerator and/or 
denominator contains a rational expression. 


Solve Rational Equations 
By the end of this section, you will be able to: 


* Solve rational equations 


* Use rational functions 
* Solve a rational equation for a specific variable 


Before you get started, take this readiness quiz. 


ie solve: lox 12 — 13. 
If you missed this problem, review [link]. 


2. Solve: n2—5n—36=0. 

If you missed this problem, review [link]. 
3. Solve the formula 5x + 2y=10 for y. 

If you missed this problem, review [link]. 


After defining the terms ‘expression’ and ‘equation’ 
earlier, we have used them throughout this book. 
We have simplified many kinds of expressions and 
solved many kinds of equations. We have simplified 
many rational expressions so far in this chapter. 
Now we will solve a rational equation. 


Rational Equation 


A rational equation is an equation that contains a 
rational expression. 


You must make sure to know the difference between 
rational expressions and rational equations. The 
equation contains an equal sign. 

Rational ExpressionRational Equation 18x +12 y 

+ 6y2—36 In—3+1n+418x+12=14y 

+ 6y2—36=y+1 In—3+1n+4=15n2+n—-12 


Solve Rational Equations 


We have already solved linear equations that 
contained fractions. We found the LCD of all the 
fractions in the equation and then multiplied both 
sides of the equation by the LCD to “clear” the 
fractions. 


We will use the same strategy to solve rational 
equations. We will multiply both sides of the 
equation by the LCD. Then, we will have an 
equation that does not contain rational expressions 
and thus is much easier for us to solve. But because 
the original equation may have a variable in a 
denominator, we must be careful that we don’t end 
up with a solution that would make a denominator 
equal to zero. 


So before we begin solving a rational equation, we 


examine it first to find the values that would make 
any denominators zero. That way, when we solve a 
rational equation we will know if there are any 
algebraic solutions we must discard. 


An algebraic solution to a rational equation that 

would cause any of the rational expressions to be 
undefined is called an extraneous solution to a 
rational equation. 


Extraneous Solution to a Rational Equation 
An extraneous solution to a rational equation is 


an algebraic solution that would cause any of the 
expressions in the original equation to be 
undefined. 


We note any possible extraneous solutions, c, by 
writing xc next to the equation. 


How to Solve a Rational Equation 


Solve: 1x +13=56. 


Solve: ly +23=15. 


Solve: 23+15=1x. 


The steps of this method are shown. 


Solve equations with rational expressions. 


Note any value of the variable that would make 
any denominator zero. Find the least common 
denominator of all denominators in the equation. 
Clear the fractions by multiplying both sides of the 
equation by the LCD. Solve the resulting equation. 
Check: 


¢ If any values found in Step 1 are algebraic 
solutions, discard them. 


* Check any remaining solutions in the original 
equation. 


We always start by noting the values that would 
cause any denominators to be zero. 


How to Solve a Rational Equation using the 
Zero Product Property 


Solve: 1 —5y= — 6y2. 


ewe 
Note any value of the 


variable that would 
m 


any RAULIVILILLLILL UtvVL aquwvtivJe 
Find the least common 
denominator of all 
denominators in 


the equation. The LCD 
is-¥2. 

Clear the fractions by 
multiplying both sides 
of 
th 


Ten 


wile 


Distribute. 


Multiply. 


Solve the resulting 

equation. First 
Vt O=0 
equation in standard 


Farm 
LULiite 


Factor. 


Use the Zero Product 
Property. 


Solve. 


Check. 
We did not get 0 as an 
algebraic solution. 


a 
The solution is y= 2, 


y=3. 


Solve: 1 —2x=15x2. 


Solve: 1 —4y =12y2. 


In the next example, the last denominators is a 
difference of squares. Remember to factor it first to 
find the LCD. 


Solve: 2x + 2+ 4x -—2=x-—1x2—-4. 


Note any value of the 
variable 
th Sore erry 


denominator 


WwaATKN 
aqvliwve 


Find the least common 
denominator of all 
denominators 


in the equation. 

The LCD is (x + 2)(x 
—2): 

Clear the fractions by 
multiplying 

bo 

equation by the 


TOCN 


iwi. 


Distribute. 


bem ow 2 we ow 8 ef XH 1) | 
Es eee eee eee eee 
Remove common 


factors. 


Simplify. 
Distribute. 


Solve. 


Check: 


We did not get 2 or —2 
as algebraic solutions. 


a 
The solution is x= —1. 


Solve: 2x+1+1x-—1=1x2-1. 


Solve> oy 454,27 — 5 —5y2 — 9. 


In the next example, the first denominator is a 
trinomial. Remember to factor it first to find the 
LCD. 


Solve: m+11m2—5m+4=5m-4-3m-1. 


Note any value of the 
variable that 

vy (RS 
denominator zero. 

Use the factored form 

of the quadratic 


danaminatar 

Find the least common 
denominator 

of all denominators in 
the equation. 

The LCD is (m—4)(m 
—1), 

Clear the fractions by 
multiplying both sides 
of 


equation h ho TO 


w7 + 
yuu vy use nu. 


Distribute. 


—______________~ 
Remove common 
factors. 
a er ee ol 


Simplify. 


Solve the resulting 
equation. 


Check. 

The only algebraic 
solution 

was 4, but we said that 
4 would make 


a denominator equal to 
zero. The algebraic 
solution is an 


. 
avtrananiic anliutian 
VAULULLOEUUD VULULLVLL. 


There is no solution to 
this equation. 


Solve: x + 13x2—7x+10=6x-—5-4x-2. 


There is no solution. 


Solve: y—6y2+3y—-4=2y+4+/7y-1. 


There is no solution. 


The equation we solved in the previous example had 
only one algebraic solution, but it was an 
extraneous solution. That left us with no solution to 


the equation. In the next example we get two 
algebraic solutions. Here one or both could be 
extraneous solutions. 


Solve: yy +6=72y2— 36+ 4. 


SSS aa) 
Factor all the 
denominators 
<¢ A ere ez 
value of 
the variable that would 
make 


. 
ant dnanaminatar vara 
ALLY MLELLUYALLILIULUL LVL 


Find the least common 
denominator. 
The LCD is (y—6)(y 


Simplify. 


Simplify. 


Solve the resulting 
equation. 


Check. 


CS 
The solution is y =4. 


Solve: xx + 4=32x2—-16+5. 


Solve: yy +8=128y2—64+9. 


In some cases, all the algebraic solutions are 
extraneous. 


Solve: x2x —2—23x+3=5x2—2x 
+912x2—-12. 


We will start by 
factoring all 

de 

it easier 


to identify extraneous 
anliutinna and tha T cn 


VWVLELELVELD ULL LEED LIWIL 


Note any value of the 
variable 


1h ARCS ce ees 


tar warn 
MLL YLLLLL1ULY AL OULU. 


Find the least common 
denominator. 
The LCD is 12(x— 1)(x 


11) 
1 tje 


Clear the fractions. 


Simplify. 


Simplify. 


Solve the resulting 
equation. 


Check. 


x=1andx=-1 are 


. 
avtrannnite acnliutinna 
VALLULLEUUD vVYULULLULID. 


The equation has no 
solution. 


Solve: y5y —10—53y + 6= 2y2—19y 
foes 2— 60: 


There is no solution. 


Solve: 227+ 8 —34z-—8 =3z2—-16z 
— 168z2 + 27-64. 


There is no solution. 


Solve: 43x2 —-10x+34+33x2+ 2x—-—1=2x2—-—2x 
— 3. 


Factor all the 

denominators, so we 
coisa aS 

the variable that would 

make any denominator X~ — 1,x#13,x#3 


TWAYTM 
aqvlwve 


Find the least common 


denominator. The LCD 


Clear tha Pee 
2CUL LLLY 11ULLLULIDL. 


Simplify. 


Distribute. 


Simplify. 


The only algebraic 
solution was x=3, but 
we said that x=3 
would make a 
denominator equal to 
zero. The algebraic 


solution is an 


. 
avtrananiic anliutian 
VALU ULLOEUUD vVULULLYVLL. 


There is no solution to 
this equation. 


Solve: 15x2+x-—6-—3x-2=2x+3. 


There is no solution. 


Solve: 5x2+ 2x-—3-—3x2+x-2=1x2+5x+6. 


There is no solution. 


Use Rational Functions 


Working with functions that are defined by rational 
expressions often lead to rational equations. Again, 
we use the same techniques to solve them. 


For rational function, f(x) = 2x —6x2—8x+15, 
@) find the domain of the function, © solve 


f(x) =1, and © find the points on the graph at 
this function value. 


@ The domain of a rational function is all real 
numbers except those that make the rational 
expression undefined. So to find them, we will 
set the denominator equal to zero and solve. 


x2 —8x+15=0OFactor the trinomial.(x — 3)(x 
— 5)=0Use the Zero Product Property.x 

— 3=0x—5=O0Solve.x = 3x = 5The domain is 
all real numbers exceptx # 3,x +5.. 


© 


Substitute in the 
rational expression. 


Se a 
Factor the 


denominator. 


EC) 
Multiply both sides by 
the LCD 


(x7 
\> CSC ee 


Simplify. 


Solve. 


Factor. 


Use the Zero Product 
Property. 


Solve. 


© The value of the function is 1 when 
x = 7,x=3. So the points on the graph of this 
function when f(x) =1, will be (7,1),(3,1). 


For rational function, f(x) =8 —xx2—7x+ 12, 
@) find the domain of the function © solve 
f(x) =3 © find the points on the graph at this 
function value. 


@ The domain is all real numbers except x #3 
and x44, @ x=2,x=143 
© (2,3),(143,3) 


For rational function, f(x) =x—1x2-—6x+5, @ 
find the domain of the function © solve 

f(x) =4 © find the points on the graph at this 
function value. 


@ The domain is all real numbers except x 1 
and x= 55) x— Oo 


Solve a Rational Equation for a Specific 
Variable 


When we solved linear equations, we learned how 
to solve a formula for a specific variable. Many 
formulas used in business, science, economics, and 
other fields use rational equations to model the 
relation between two or more variables. We will 
now see how to solve a rational equation for a 
specific variable. 


When we developed the point-slope formula from 
our slope formula, we cleared the fractions by 
multiplying by the LCD. 


m=y-—ylx-—x1 Multiply both sides of the equation 
byx — x1.m(x — x1) =(y-— ylx—x1)(x-x1) 
Simplify.m(x — x1) =y—yl Rewrite the equation 
with theyterms on the left.y — yl =m(x—x1) 


In the next example, we will use the same technique 
with the formula for slope that we used to get the 
point-slope form of an equation of a line through 
the point (2,3). We will add one more step to solve 
for y. 


Solve:m = y — 2x — 3 for y. 


Note any value of the 
variable that would 


m 


Clear the fractions by 

multiplying both sides 
of 
th 


TCN w~ _FD 
Ue 


mi, 


Simplify. 


Isolate the term with y. 


Solve: m=y —5x — 4for y. 


Solve: m=y—1x+5 for y. 


Remember to multiply both sides by the LCD in the 
next example. 


Solve: 1c+1m=1 for c. 


aes ae | ees ee 
Note any value of the 


variable that would 
m 


ant dnanaminatar var 
aby MEL Dic. 


Clear the fractions by 


(eta | 
of 


the equations by the 


LGD,<cm: 
Distribute. 

— a 
Simplify. 


Collect the terms with 
c to the right. 


Factor the expression 
on the right. 


To isolate c, divide 
both sides by m—1. 


Simplify by removing 
common factors. 


Notice that even 
though we excluded 
c=0,m=0 from the 
original equation, we 
must also now state 
that m= 1. 


Solve: la+1b=c for a. 


Solve: 2x +13=1y for y. 


Access this online resource for additional 
instruction and practice with equations with 
rational expressions. 


* Equations with Rational Expressions 


Key Concepts 


* How to solve equations with rational 


expressions. 


Note any value of the variable that would make 
any denominator zero. Find the least common 
denominator of all denominators in the 
equation. Clear the fractions by multiplying 
both sides of the equation by the LCD. Solve 
the resulting equation. Check: 


© If any values found in Step 1 are algebraic 
solutions, discard them. 


© Check any remaining solutions in the 
original equation. 


Practice Makes Perfect 
Solve Rational Equations 


In the following exercises, solve each rational 
equation. 


la+25=12 


a=10 


63—2d=49 


45+14=2v 


v=4021 


38+ 2y=14 


1-—-2m=8m2 


m= -—-2,m=4 


14+4n=21n2 


1+9p= —20p2 


p= —5,p= —4 


1—7q= —6q2 


o3v —-2=74v 


v=14 


82w+1=3w 


3x+4+4+7x—4=8x2-16 


x=—45 


5y-9+1ly+9=18y2-81 


8z—10-—7z4+10=5z2-—100 


z=-—145 


9a+11—6a—11=6a2-—121 


—10q-2-—7q+4=1 


q=-18,q=-1 


28s+7—3s—3=1 


v—10v2—5v+4=3v-—1-6v-4 


no solution 


w+8w2-11w+28=5w-7+2w-4 


x—10x2+8x+12=3x+2+4x+6 


no solution 


y~oy2—4y —S=ly+i+ly=5 


b+33b+b24=1b 


b=-8 


c+312c+c36=14c 


dd+3=18d2—9+4 


d=2 


mm+5=50m2-—25+6 


nn+2-—3=8n2-4 


5 
] 


pp+7-—8=98p2—49 


q3q —-9-34q4+ 12=7q2+ 6q + 6324q2 — 216 


no solution 


r3r—15-—14r+20=3r24+ 17r+4012r2 — 300 


s2s+6—25s+5=5s2 —3s—710s2+ 40s + 30 


s=54 


1ot= 12 =52t+10=(2— 23+ 70122 + 36t 
=120 


2x2 + 2x —8 —1x2+9x+ 20 = 4x2+3x-—10 


x= —43 


5x2 + 4x+34+2x2+x—-—6=3x2-x-2 


3x2 — 5x —64+ 3x2 —7x+6=6x2-1 


no solution 


2x2 + 2x—-3+3x2+4x+3=6x2—-1 
Solve Rational Equations that Involve Functions 


For rational function, f(x) =x —2x2+6x+8, @ 
find the domain of the function © solve f(x)=5 
© find the points on the graph at this function 
value. 


> @ The domain is all real numbers except x # 
—2 and x= —4. © x= —3,x= —145 © (3,5), 
(—145,5) 


For rational function, f(x) =x+1x2-—2x—3, @ 
find the domain of the function © solve f(x) =1 
© find the points on the graph at this function 
value. 


For rational function, f(x) =2—xx2—7x+10, @ 
find the domain of the function © solve f(x) =2 


© find the points on the graph at this function 
value. 


@ The domain is all real numbers except x +2 
and x#5. © x=92, © (92,2) 


For rational function, f(x) =5—xx2+5x+6, 
@ find the domain of the function 

© solve f(x)=3 

© the points on the graph at this function 
value. 


Solve a Rational Equation for a Specific Variable 


In the following exercises, solve. 


Gr=20 for rf. 


f=C2n 


Ir=P for r. 


v+3w-1=12 for w. 


w=2v+7 


x+52—y=48 for y. 


a=b+3c—2 forc. 


c=b+3+2aa 


m=n2-—n forn. 


1p+2q=4 for p. 


p=q4q-2 


3s+1t=2 fors. 


2v+15=3w for w. 


w=15v10+Vv 


6x + 23 =1y for y. 


m+3n—2=45 for n. 


n=5m+ 234 


r=s3-—t for t. 


Ee=m_2 force. 


c=Em2 


RT=W for T. 


3x — 5y = 14 for y. 


y = 20x12-x 


c=2a+b5 fora. 


Writing Exercises 


Your class mate is having trouble in this 
section. Write down the steps you would use to 
explain how to solve a rational equation. 


Answers will vary. 


Alek thinks the equation yy + 6=72y2—36+4 
has two solutions, y= — 6 and y=4. Explain 
why Alek is wrong. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1—10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


extraneous solution to a rational equation 
An extraneous solution to a rational equation 
is an algebraic solution that would cause any 
of the expressions in the original equation to 
be undefined. 


rational equation 
A rational equation is an equation that 
contains a rational expression. 


Solve Applications with Rational Equations 
By the end of this section, you will be able to: 


* Solve proportions 

* Solve similar figure applications 

¢ Solve uniform motion applications 
* Solve work applications 

¢ Solve direct variation problems 

¢ Solve inverse variation problems 


Before you get started, take this readiness quiz. 


ipsolve: 2n— lji—4—— 10; 
If you missed this problem, review [link]. 

2. An express train and a charter bus leave 
Chicago to travel to Champaign. The express 
train can make the trip in two hours and the 


bus takes five hours for the trip. The speed of 
the express train is 42 miles per hour faster 
than the speed of the bus. Find the speed of 
the bus. 
If you missed this problem, review [link]. 

. Solve 13x + 14x=56. 
If you missed this problem, review [link]. 


Solve Proportions 


When two rational expressions are equal, the 
equation relating them is called a proportion. 


Proportion 
proportion is an equation of the form ab=cd, 


where b#0,d~0. 
The proportion is read “a is to b as c is to d.” 


The equation 12=48 is a proportion because the 
two fractions are equal. The proportion 12= 48 is 
read “1 is to 2 as 4 is to 8.” 


Since a proportion is an equation with rational 
expressions, we will solve proportions the same way 
we solved rational equations. We’ll multiply both 
sides of the equation by the LCD to clear the 
fractions and then solve the resulting equation. 


Solve: nn+ 14=57. 


Ce 
Multiply bott. 


sides by LCD. 


ay TT] 
Remove 


common 


VUAttwe 


Solve for n. 


NULL LTV 


ee 
Simplify. 


Show common 


a 
ae 2 ee ae 
Simplify. 


Solve the proportion: yy +55 = 38. 


Solve the proportion: zz— 84= — 15. 


Notice in the last example that when we cleared the 
fractions by multiplying by the LCD, the result is the 
same as if we had cross-multiplied. 


For any proportion, ab=cd, we get the same result 
when we clear the fractions by multiplying by the 
LCD as when we cross-multiply. 


To solve applications with proportions, we will 
follow our usual strategy for solving applications 
But when we set up the proportion, we must make 
sure to have the units correct—the units in the 
numerators must match each other and the units in 
the denominators must also match each other. 


When pediatricians prescribe acetaminophen 
to children, they prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of the 
child’s weight. If Zoe weighs 80 pounds, how 


many milliliters of acetaminophen will her 


doctor prescribe? 


Identify what we are 
asked to find, 
and choose a variable 


tn ranranannt it 
tv S| BASS eS ile 


Write a sentence that 
gives the 
information to find it. 


Translate into a 
proportion—be 


rarafiail Af tha s1nita 
RVULLELUE UL LLLY ULLLLD. 


How many ml of 
acetaminophen will the 
doctor prescribe? 


Let a = ml of 
anantaminnnhan 

ur SAS S| PASSO 

If 5 ml is prescribed for 
every 

25 pounds, how much 
will be 

prescribed for 80 


nawundad 
pyutuy: 


_—_—_ nnn nn 
Multiply both sides by 


the LCD, 400. 


CS a 
Remove common 


factors on each side. 


oT 
Simplify, but don’t 
multiply on the left. 
Ne... 1O*3=50 


what the next step wiii 
ha 


Were 


Solve for a. 


Check. 
Is the answer 
reasonable? 


MEE 
Write a complete The pediatrician would 
sentence. prescribe 16 ml of 

acetaminophen to Zoe. 


Pediatricians prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of a 
child’s weight. How many milliliters of 
acetaminophen will the doctor prescribe for 
Emilia, who weighs 60 pounds? 


The pediatrician will prescribe 12 ml of 
acetaminophen to Emilia. 


For every 1 kilogram (kg) of a child’s weight, 
pediatricians prescribe 15 milligrams (mg) of a 
fever reducer. If Isabella weighs 12 kg, how 
many milligrams of the fever reducer will the 
pediatrician prescribe? 


The pediatrician will prescribe 180 mg of fever 


reducer to Isabella. 


Solve similar figure applications 


When you shrink or enlarge a photo on a phone or 
tablet, figure out a distance on a map, or use a 
pattern to build a bookcase or sew a dress, you are 
working with similar figures. If two figures have 
exactly the same shape, but different sizes, they are 
said to be similar. One is a scale model of the other. 
All their corresponding angles have the same 
measures and their corresponding sides have the 
same ratio. 


Similar Figures 
Two figures are similar if the measures of their 


corresponding angles are equal and their 
corresponding sides have the same ratio. 


For example, the two triangles in [link] are similar. 
Each side of AABC is four times the length of the 


corresponding side of AXYZ. 


This is summed up in the Property of Similar 
Triangles. 


Property of Similar Triangles 

If AABC is similar to AXYZ, then their 
corresponding angle measure are equal and their 
corresponding sides have the same ratio. 


To solve applications with similar figures we will 
follow the Problem-Solving Strategy for Geometry 
Applications we used earlier. 


On a map, San Francisco, Las Vegas, and Los 
Angeles form a triangle. The distance between 
the cities is measured in inches. The figure on 
the left below represents the triangle formed 
by the cities on the map. If the actual distance 
from Los Angeles to Las Vegas is 270 miles, 
find the distance from Los Angeles to San 


Francisco. 


Since the triangles are similar, the 
corresponding sides are proportional. 


Read the problem. The figures are shown 
Draw the figures and_ above. 
label 


it va ae even 

nfa ati 
eke her we are the actual distance 
looking for. from Los Angeles 


tn Ca Tr 
w wai L Yarmciocu 


Name the variables. Let x = distance from 
Los Angeles 


. 
tn Can LBranniann 
ty WUE LE LULLLLIVe 


Translate into an 
equation. 


similar, the 


corresponding sides are 
proportional. We'll 
make the numerators 
“miles” and 

the denominators 


ZLILLIVVD 


Solve the equation. 


Check. 

On the map, the 
distance from Los 
Angeles 

to San Francisco is 
more than 

the distance from Los 
Angeles to 

Las Vegas. Since 351 is 
more than 270 

the answer makes 
sense. 


a a 

Answer the question The distance from Los 
Angeles to 
San Francisco is 351 
miles. 


On the map, Seattle, Portland, and Boise form a 
triangle. The distance between the cities is 
measured in inches. The figure on the left below 
represents the triangle formed by the cities on the 
map. The actual distance from Seattle to Boise is 
400 miles. 


Find the actual distance from Seattle to 


Portland. 


The distance is 150 miles. 


Find the actual distance from Portland to 
Boise. 


The distance is 350 miles. 


We can use similar figures to find heights that we 
cannot directly measure. 


Tyler is 6 feet tall. Late one afternoon, his 
shadow was 8 feet long. At the same time, the 
shadow of a tree was 24 feet long. Find the 
height of the tree. 


Read the problem and 
a KATAT na Gans 
MLUVY UU 16urre 
We are looking for h, 
the height of the tree. 


ca 
We will use similar 


triangles to write an 


. 
anii94tinn 
veyuunuvil. 


The small triangle is 
similar to the large 


a a 
Solve the proportion. 


Cimntlifrr 


Urliipiizy. 


Check. 


A telephone pole casts a shadow that is 50 feet 
long. Nearby, an 8 foot tall traffic sign casts a 


shadow that is 10 feet long. How tall is the 
telephone pole? 


The telephone pole is 40 feet tall. 


A pine tree casts a shadow of 80 feet next to a 
30 foot tall building which casts a 40 feet 
shadow. How tall is the pine tree? 


The pine tree is 60 feet tall. 


Solve Uniform Motion Applications 


We have solved uniform motion problems using the 
formula D=rt in previous chapters. We used a table 
like the one below to organize the information and 
lead us to the equation. 


The formula D=rt assumes we know r and t and use 
them to find D. If we know D and r and need to find 
t, we would solve the equation for t and get the 
formula t= Dr. 


We have also explained how flying with or against 
the wind affects the speed of a plane. We will revisit 
that idea in the next example. 


An airplane can fly 200 miles into a 30 mph 
headwind in the same amount of time it takes 


to fly 300 miles with a 30 mph tailwind. What 
is the speed of the airplane? 


This is a uniform motion situation. A diagram 
will help us visualize the situation. 


ee ee 
We fill in the chart to 
organize the 


ome . 
intarmoatinn 
SLLLULILIULLUILe 


We are looking for the Let r = the speed of 
onnad af tha sairnlanna tha airplane. 


By EAS SS Wk LLL (oes) Et tiL'e 
When the plane flies 

with the wind, 

the wind increases its 


speed and so the rate is 
a 1 On 


1 wWVe 


When the plane flies 
against the wind, 
the wind decreases its 


speed and the rate is r 
— Sin 


wWvVe 


Write in the rates. 
Write in the distances. 


Si . 
for t and get t=Dr. 


We divide the distance 
by the rate in each 
row, and place the 
expression in the time 


enlimna 
VeVLULL111e 


We know the times a’e 200r — 30 = 300r+ 30 
equal and so we write 

nun ani19atinn 

VuUo_L SENS [ESSE 


We multiply both sid2s (r+ 30)(r¥— 30)(200r 


by the LCD. — 30) =(r+ 30)(r— 30) 
(200r+-30) 

Simplify. (r+ 30)(200)=(r 

303200 

200r + 6000 = 300r 
9009 

Solve; 15000-=-100: 

Check. 

Is 150 mpha 

reasonable speed for an 

airplane? Yes. 

If the plane is traveling 

150 mph and the wind 

is 30 mph, 

Tailvarind 5o + 20 — _ 1 2Om5h 20012 on — _ B2hourcHa wind 


BUALVV ELIE VAsipris vintyvuLvii1cnu 


The times are equal, so The plane was 
it checks. traveling 150 mph. 


Link can ride his bike 20 miles into a 3 mph 
headwind in the same amount of time he can 


ride 30 miles with a 3 mph tailwind. What is 
Link’s biking speed? 


Link’s biking speed is 15 mph. 


Danica can sail her boat 5 miles into a 7 mph 
headwind in the same amount of time she can 
sail 12 miles with a 7 mph tailwind. What is 
the speed of Danica’s boat without a wind? 


The speed of Danica’s boat is 17 mph. 


In the next example, we will know the total time 
resulting from travelling different distances at 
different speeds. 


Jazmine trained for 3 hours on Saturday. She 
ran 8 miles and then biked 24 miles. Her 


biking speed is 4 mph faster than her running 
speed. What is her running speed? 


This is a uniform motion situation. A diagram 


will help us visualize the situation. 


We fill in the chart to 
organize the 


mae . 
intarmoatinn 
SLLLULILIULLUILe 


We are looking for Let r = Jazmine’s 
Jazmine’s running running speed. 


anand 
4) PASSO 


Her biking speed is 4 r+ 4 = her biking 
miles faster than her speed 


. 
rannina anand 
BULLAE VPEerue 


The distances are 
given, enter them int) 
th 


Si 
fo 


We divide the distance 
by the rate in each 
row, and place the 
expression in the time 


enlimna 
VeVLULLs11e 


Write a word sentence. Her time plus the time 


hiLlina ta S)) haus) 
VLINLLLA LU YY 11YULDv. 


Translate the sentence 8r+24r+4=3 


1 mat tha aniuatinn 
Vv ove Ure cCyuUUuuvil. 


Solve. r(r+ 4)(8r+ 24r 
+4)=31r(r+4)8(r 
+ 4)+ 24r=3r(r+4)8r 
+324 24r= 3r2 + 12r32 H32r= 


— 920=3r+D6G—S> 

Aes vy 
(2r4—Or—8)—9 
1 vv 


Check. 

A negative speed does 
not make sense in this 
problem, 

so r=8 is the solution. 
Is 8 mph a reasonable 
running speed? Yes. 

If Jazmine’s running 
rate is 4, then her 
biking rate, 

r+4, which is 
8+4=12. 
Run8mph8miles8mph = 1lhour 


Rikal Im nhOAmilact Imnh = Dhours 


BANG De ubdd piles PAO 2 eid pds eet 


Total 3 hours. Jazmine’s running 
speed is 8 mph. 


Dennis went cross-country skiing for 6 hours 
on Saturday. He skied 20 mile uphill and then 
20 miles back downhill, returning to his 
starting point. His uphill speed was 5 mph 
slower than his downhill speed. What was 
Dennis’ speed going uphill and his speed going 
downhill? 


Dennis’s uphill speed was 10 mph and his 
downhill speed was 5 mph. 


Joon drove 4 hours to his home, driving 208 
miles on the interstate and 40 miles on 
country roads. If he drove 15 mph faster on 
the interstate than on the country roads, what 
was his rate on the country roads? 


Joon’s rate on the country roads is 50 mph. 


Once again, we will use the uniform motion formula 
solved for the variable t. 


Hamilton rode his bike downhill 12 miles on 
the river trail from his house to the ocean and 
then rode uphill to return home. His uphill 


speed was 8 miles per hour slower than his 
downhill speed. It took him 2 hours longer to 
get home than it took him to get to the ocean. 
Find Hamilton’s downhill speed. 


This is a uniform motion situation. A diagram 
will help us visualize the situation. 


We fill in the chart to 
organize the 


mene . 
intarmoatinn 
SLLLULILIULLUILe 


We are looking for Let h = Hamilton’s 
Hamilton’s downhill downhill speed. 


anand 
Cy PASS 


His uphill speed is 8 h — 8 = Hamilton’s 


miles per hour slower. uphill speed 
Enter the rates into the 

The distance is the 

same in both 
di 
12 


Since D=r+t, we solve 
for t and get t=Dr. 


We divide the distance 
by the rate in each 
row, and place the 
expression in the time 
ealiumn 


Write a word sentence He took 2 hours longer 

about the line. uphill than downhill. 
The uphill time is 2 
more than the downhill 

Translate the sentence 12h—8=12h+2 


ses mat tha aniuatinn 
Vv ove Ure CyuUuvil. 


Solve. h(h — 8)(12h — 8) =h(h 
—8)(12h 
+2)12h=12(h 
—8)+2h(h 
—8)12h=12h 
— 96+ 2h2 —16h0= 2h2—16h 
— 960 = 2(h2—8h 
— 48)0=2(h—12)(h 


+ 4)h—12=0h 
+4=0h=12h=—4 

Check. 

Is 12 mph a reasonable 

speed for biking 

downhill? Yes. 

Downhill12 mph12 

miles12 mph=1 

hourUphill12 —8=4 

mph12 miles4 mph=3 

hare 

The uphill time is 2 

hours more that the 


daxrmnhill tima 
RAW VV ELELEEE CELE LWe 


Hamilton’s downhill 
speed is 12 mph. 


Kayla rode her bike 75 miles home from 
college one weekend and then rode the bus 
back to college. It took her 2 hours less to ride 
back to college on the bus than it took her to 
ride home on her bike, and the average speed 


of the bus was 10 miles per hour faster than 
Kayla’s biking speed. Find Kayla’s biking 
speed. 


Kayla’s biking speed was 15 mph. 


Victoria jogs 12 miles to the park along a flat 
trail and then returns by jogging on an 20 mile 
hilly trail. She jogs 1 mile per hour slower on 
the hilly trail than on the flat trail, and her 
return trip takes her two hours longer. Find 
her rate of jogging on the flat trail. 


Victoria jogged 6 mph on the flat trail. 


Solve Work Applications 


The weekly gossip magazine has a big story about 
the Princess’ baby and the editor wants the 
magazine to be printed as soon as possible. She has 
asked the printer to run an extra printing press to 
get the printing done more quickly. Press #1 takes 6 
hours to do the job and Press #2 takes 12 hours to 
do the job. How long will it take the printer to get 
the magazine printed with both presses running 


together? 


This is a typical ‘work’ application. There are three 
quantities involved here—the time it would take 

each of the two presses to do the job alone and the 
time it would take for them to do the job together. 


If Press #1 can complete the job in 6 hours, in one 
hour it would complete 16 of the job. 


If Press #2 can complete the job in 12 hours, in one 
hour it would complete 112 of the job. 


We will let t be the number of hours it would take 
the presses to print the magazines with both presses 
running together. So in 1 hour working together 
they have completed 1t of the job. 


We can model this with the word equation and then 
translate to a rational equation. To find the time it 
would take the presses to complete the job if they 
worked together, we solve for t. 


A chart will help us organize the information. We 
are looking for how many hours it would take to 
complete the job with both presses running 
together. 


Let t = the number of 
hours needed to 


reamonlata tha inh tanaothar 
VV spszeee wie yuu weruiei. 


Enter the hours per job 
for Press #1 
Pr 
Ww 


If 
6 ; 
of the job is completed. 


Similarly find the part of 
the job completed/hours 
for Press #2 and when 
thet both together. 


an varara cantanra 
we Ch VV VEE JRLILVLivve 


AT vit 
The part completed by 
Press #1 plus the part 
completed by Press #2 


equals the amount 


reamnlatad taaaothar 
VV ltsprcrieu tugreuici. 


Translate into an 
equation. 


Solve. 


ey) ee ee 


Mutiply by the LCD, 12t 


get) gt 
RS TE 7) RL: 
Simplify. 


ES YS 
When both presses are 


running it 
takes 4 hours to do the 
job. 


Keep in mind, it should take less time for two 
presses to complete a job working together than for 
either press to do it alone. 


Suppose Pete can paint a room in 10 hours. If 
he works at a steady pace, in 1 hour he would 
paint 110 of the room. If Alicia would take 8 
hours to paint the same room, then in 1 hour 


she would paint 18 of the room. How long 
would it take Pete and Alicia to paint the room 
if they worked together (and didn’t interfere 
with each other’s progress)? 


This is a ‘work’ application. A chart will help 
us organize the information. We are looking 
for the numbers of hours it will take them to 
paint the room together. 


In one hour Pete did 110 of the job. Alicia did 
18 of the job. And together they did 1t of the 
job. 


Let t be the number of 
hours needed 

to paint the room 
together. 

Enter the hours per job 
for Pete, Alicia, and 
WwW 


to 


In I hour working 

together, they have 

completed 1t of the 

job. 

Similarly, find the part 

of the job 

completed/hour by 

Pete and then by 

Alinian 

Write a word sentence. The work completed by 
Pete plus the work 
completed by Alicia 
equals the total 
work completed. 


Work completed by: 


Multiply by the LCD, 


40t. 
ee 
Distribute. 


Simplify and solve. 


SL, Sa EE HST 
We'll write as a mixed 


number 


50 


it to hours 


Remember, 1 hour = 
60 minutes. 
EEE 

Multiply, and then 

round to the 
It would take Pete and 
Alica about 
4 hours and 27 


minutes to paint the 
room. 


One gardener can mow a golf course in 4 
hours, while another gardener can mow the 
same golf course in 6 hours. How long would 
it take if the two gardeners worked together to 
mow the golf course? 


When the two gardeners work together it takes 
2 hours and 24 minutes. 


Daria can weed the garden in 7 hours, while 
her mother can do it in 3. How long will it 
take the two of them working together? 


When Daria and her mother work together it 
takes 2 hours and 6 minutes. 


Ra’shon can clean the house in 7 hours. When 
his sister helps him it takes 3 hours. How long 


does it take his sister when she cleans the 
house alone? 


This is a work problem. A chart will help us 
organize the information. 


We are looking for how many hours it would 
take Ra’shon’s sister to complete the job by 
herself. 


Let s be the number cor 
hours Ra’shon’s 
sister takes to clean the 


haiwsan alana 
£LVUVY ULVIlwe 


Enter the hours per job 
for Ra’shon, his 
sis 


Ww 
If 

hours, then in I hour 
17 

of the job is completed. 


If Ra’shon’s sister takes 

s hours, then in 

1 hour 1s of the job is 

completed. 

Write a word sentence. The part completed by 
Ra’shon plus the part 
by his sister equals the 
amount completed 


taanthar 
ty jg triert . 


Translate to an 
equation. 


i =~ 
Solve. 


Multiply by the LCD, 
21s; 


ESS eS 
Simplify. 


el Sly Se 
Write as a mixed 


number to 


There are 60 minutes 
in 1 hour. 
 _____ Shou + isfues |__| 
It would take Ra’shon’s 
sister 5 hours and 
15 minutes to clean the 


house alone. 


Alice can paint a room in 6 hours. If Kristina 
helps her it takes them 4 hours to paint the 
room. How long would it take Kristina to paint 
the room by herself? 


Kristina can paint the room in 12 hours. 


Tracy can lay a slab of concrete in 3 hours, 
with Jordan’s help they can do it in 2 hours. If 
Jordan works alone, how long will it take? 


It will take Jordan 6 hours. 


Solve Direct Variation Problems 


When two quantities are related by a proportion, we 
say they are proportional to each other. Another way 
to express this relation is to talk about the variation 
of the two quantities. We will discuss direct 
variation and inverse variation in this section. 


Lindsay gets paid $15 per hour at her job. If we let s 
be her salary and h be the number of hours she has 
worked, we could model this situation with the 
equation 

s=15h 


Lindsay’s salary is the product of a constant, 15, and 
the number of hours she works. We say that 
Lindsay’s salary varies directly with the number of 
hours she works. Two variables vary directly if one 
is the product of a constant and the other. 


Direct Variation 
For any two variables x and y, y varies directly 


with x if 
=kx,wherek + 0 
The constant k is called the constant of variation. 


In applications using direct variation, generally we 


will know values of one pair of the variables and 
will be asked to find the equation that relates x and 
y. Then we can use that equation to find values of y 
for other values of x. 


We'll list the steps here. 


Solve direct variation problems. 


Write the formula for direct variation. Substitute 
the given values for the variables. Solve for the 
constant of variation. Write the equation that 
relates x and y using the constant of variation. 


Now we'll solve an application of direct variation. 


When Raoul runs on the treadmill at the gym, 
the number of calories, c, he burns varies 
directly with the number of minutes, m, he 
uses the treadmill. He burned 315 calories 
when he used the treadmill for 18 minutes. 


@) Write the equation that relates c and m. © 
How many calories would he burn if he ran on 


the treadmill for 25 minutes? 


The number of 
calories, c, varies 
directly with 

the number of minutes, 
m, on the treadmill, 
and c=315 when 


m —19 


Sit” 1 We 


Write the formula for 
direct variation. 


We will use c in place 
of y and m in place o7 


wr 


Substitute the given 
values for the 


Solve for the constan: 
of variation. 


Write the equation that 
relates c and m. 


Substitute in the 
constant of variation. 


© 


Write the equation that 
relates c and m. 


Substitute the given 
value for m. 


Simplify. 


Raoul would burn 
437.5 calories if 

he used the treadmill 
for 25 minutes. 


The number of calories, c, burned varies 
directly with the amount of time, t, spent 
exercising. Arnold burned 312 calories in 65 
minutes exercising. 


@ Write the equation that relates c and t. © 
How many calories would he burn if he 
exercises for 90 minutes? 


@ c=4.8t © He would burn 432 calories. 


The distance a moving body travels, d, varies 
directly with time, t, it moves. A train travels 
100 miles in 2 hours 


@) Write the equation that relates d and t. © 
How many miles would it travel in 5 hours? 


@® d=50t © It would travel 250 miles. 


Solve Inverse Variation Problems 


Many applications involve two variable that vary 
inversely. As one variable increases, the other 
decreases. The equation that relates them is y=kx. 


Inverse Variation 
For any two variables x and y, y varies inversely 


with x if 
= kx,wherek ~ 0 
The constant k is called the constant of variation. 


The word ‘inverse’ in inverse variation refers to the 
multiplicative inverse. The multiplicative inverse of 
x is 1x. 


We solve inverse variation problems in the same 
way we solved direct variation problems. Only the 
general form of the equation has changed. We will 
copy the procedure box here and just change ‘direct 
to ‘inverse’. 


9 


Solve inverse variation problems. 


Write the formula for inverse variation. Substitute 


the given values for the variables. Solve for the 
constant of variation. Write the equation that 
relates x and y using the constant of variation. 


The frequency of a guitar string varies 
inversely with its length. A 26 in.-long string 
has a frequency of 440 vibrations per second. 


@ Write the equation of variation. ® How 


many vibrations per second will there be if the 
string’s length is reduced to 20 inches by 
putting a finger on a fret? 


The frequency varies 
inversely with the 


Luin Lhe 


Name the variables. Let f = frequency. 
T — lanath 


oT £1 Hts 


Write the formula for 
inverse variation. 


Sa ey 
We will use f in place 


of : and L in ues of x. 
—_ __- ___._- |_|] 


Substitute the given 
values for the 
va 


4 a 
Solve for the constan: 


of variation 


Write the equation that 
relates f and L. 


T_T] 
Substitute the constant 


of variation 


® 

FindfwhenL = 20. Write the equation that 
relatesfandL.f = 11,440L Substitute the given 
value forL.f=11,44020 Simplify.f=572 A20”- 
guitar string has frequency 572vibrations per 


second. 


The number of hours it takes for ice to melt 
varies inversely with the air temperature. 
Suppose a block of ice melts in 2 hours when 
the temperature is 65 degrees Celsius. 


@ Write the equation of variation. ® How 
many hours would it take for the same block 
of ice to melt if the temperature was 78 
degrees? 


@ h=130t © 123 hours 


Xander’s new business found that the daily 
demand for its product was inversely 
proportional to the price, p. When the price is 
$5, the demand is 700 units. 


@ Write the equation of variation. ® What is 
the demand if the price is raised to $7? 


@ x=3500p © 500 units 


Access this online resource for additional 
instruction and practice with applications of 
rational expressions 


¢ Applications of Rational Expressions 


Key Concepts 


* A proportion is an equation of the form ab=cd, 
where b#0,d +0. The proportion is read “a is 
to b as c is to d.” 

* Property of Similar Triangles 
If AABC is similar to AXYZ, then their 
corresponding angle measure are equal and 
their corresponding sides have the same ratio. 


¢ Direct Variation 


© For any two variables x and y, y varies 
directly with x if y=kx, where k#0. The 
constant k is called the constant of 
variation. 

© How to solve direct variation problems. 


Write the formula for direct variation. 
Substitute the given values for the 
variables. Solve for the constant of 
variation. Write the equation that relates x 
and y. 


¢ Inverse Variation 


© For any two variables x and y, y varies 
inversely with x if y=kx, where k +0. The 
constant k is called the constant of 
variation. 

© How to solve inverse variation problems. 


Write the formula for inverse variation. 
Substitute the given values for the 
variables. Solve for the constant of 
variation. Write the equation that relates x 
and y. 


Practice Makes Perfect 


Solve Proportions 


In the following exercises, solve each proportion. 


x56=78 


x=49 


5672=y9 


98154=—7p 


p=-1ll 


72156 = —6q 


aa+12=47 


a=16 


bb—16=119 


m+9025=m+3015 


m= 60 


n+104=40-—n6 


2p + 48=p+186 


p=30 


q—-22=2q-718 


In the following exercises, solve. 


Kevin wants to keep his heart rate at 160 beats 
per minute while training. During his workout 

he counts 27 beats in 10 seconds. 

@ How many beats per minute is this? © Has 

Kevin met his target heart rate? 


@ 162 beats per minute © yes 


Jesse’s car gets 30 miles per gallon of gas. 


@ If Las Vegas is 285 miles away, how many 
gallons of gas are needed to get there and then 


home? © If gas is $3.09 per gallon, what is the 
total cost of the gas for the trip? 


Pediatricians prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of a child’s 
weight. How many milliliters of acetaminophen 
will the doctor prescribe for Jocelyn, who 
weighs 45 pounds? 


9 ml 


A veterinarian prescribed Sunny, a 65-pound 
dog, an antibacterial medicine in case an 
infection emerges after her teeth were cleaned. 
If the dosage is 5 mg for every pound, how 
much medicine was Sunny given? 


A new energy drink advertises 106 calories for 
8 ounces. How many calories are in 12 ounces 
of the drink? 


159 calories 


One 12-ounce can of soda has 150 calories. If 
Josiah drinks the big 32-ounce size from the 
local mini-mart, how many calories does he 


get? 


Kyra is traveling to Canada and will change 
$250 US dollars into Canadian dollars. At the 
current exchange rate, $1 US is equal to $1.3 
Canadian. How many Canadian dollars will she 
get for her trip? 


325 Canadian dollars 


Maurice is traveling to Mexico and needs to 
exchange $450 into Mexican pesos. If each 
dollar is worth 12.29 pesos, how many pesos 
will he get for his trip? 


Ronald needs a morning breakfast drink that 
will give him at least 390 calories. Orange juice 
has 130 calories in one cup. How many cups 
does he need to drink to reach his calorie goal? 


3 cups 


Sonya drinks a 32-ounce energy drink 
containing 80 calories per 12 ounce. How many 
calories did she drink? 


Phil wants to fertilize his lawn. Each bag of 
fertilizer covers about 4,000 square feet of 
lawn. Phil’s lawn is approximately 13,500 
square feet. How many bags of fertilizer will he 
have to buy? 


4 bags 


An oatmeal cookie recipe calls for 12 cup of 
butter to make 4 dozen cookies. Hilda needs to 
make 10 dozen cookies for the bake sale. How 
many cups of butter will she need? 


Solve Similar Figure Applications 


In the following exercises, the triangles are similar. 
Find the length of the indicated side. 


@ side x © side b 


@6© 12 


@ side d © side q 


In the following exercises, use the map shown. On 
the map, New York City, Chicago, and Memphis 
form a triangle. The actual distance from New York 
to Chicago is 800 miles. 


Find the actual distance from New York to 
Memphis. 


950 miles 


Find the actual distance from Chicago to 


Memphis. 


In the following exercises, use the map shown. On 
the map, Atlanta, Miami, and New Orleans form a 
triangle. The actual distance from Atlanta to New 
Orleans is 420 miles. 


Find the actual distance from New Orleans to 
Miami. 


680 miles 


Find the actual distance from Atlanta to Miami. 
In the following exercises, answer each question. 


A 2-foot-tall dog casts a 3-foot shadow at the 
same time a cat casts a one foot shadow. How 
tall is the cat ? 


23 foot (8 in.) 


Larry and Tom were standing next to each other 
in the backyard when Tom challenged Larry to 
guess how tall he was. Larry knew his own 
height is 6.5 feet and when they measured their 
shadows, Larry’s shadow was 8 feet and Tom’s 
was 7.75 feet long. What is Tom’s height? 


The tower portion of a windmill is 212 feet tall. 
A six foot tall person standing next to the tower 
casts a seven-foot shadow. How long is the 
windmill’s shadow? 


247.3 feet 


The height of the Statue of Liberty is 305 feet. 
Nikia, who is standing next to the statue, casts a 
6-foot shadow and she is 5 feet tall. How long 
should the shadow of the statue be? 


Solve Uniform Motion Applications 


In the following exercises, solve the application 
problem provided. 


Mary takes a sightseeing tour on a helicopter 


that can fly 450 miles against a 35-mph 
headwind in the same amount of time it can 
travel 702 miles with a 35-mph tailwind. Find 
the speed of the helicopter. 


160 mph 


A private jet can fly 1,210 miles against a 25- 
mph headwind in the same amount of time it 
can fly 1694 miles with a 25-mph tailwind. 
Find the speed of the jet. 


A boat travels 140 miles downstream in the 
same time as it travels 92 miles upstream. The 
speed of the current is 6mph. What is the speed 
of the boat? 


29 mph 


Darrin can skateboard 2 miles against a 4-mph 
wind in the same amount of time he 
skateboards 6 miles with a 4-mph wind. Find 
the speed Darrin skateboards with no wind. 


Jane spent 2 hours exploring a mountain with a 
dirt bike. First, she rode 40 miles uphill. After 


she reached the peak she rode for 12 miles 
along the summit. While going uphill, she went 
5 mph slower than when she was on the 
summit. What was her rate along the summit? 


30 mph 


Laney wanted to lose some weight so she 
planned a day of exercising. She spent a total of 
2 hours riding her bike and jogging. She biked 
for 12 miles and jogged for 6 miles. Her rate for 
jogging was 10 mph less than biking rate. What 
was her rate when jogging? 


Byron wanted to try out different water craft. 
He went 62 miles downstream in a motor boat 
and 27 miles downstream on a jet ski. His speed 
on the jet ski was 10 mph faster than in the 
motor boat. Bill spent a total of 4 hours on the 
water. What was his rate of speed in the motor 
boat? 


20 mph 


Nancy took a 3-hour drive. She went 50 miles 
before she got caught in a storm. Then she 
drove 68 miles at 9 mph less than she had 


driven when the weather was good. What was 
her speed driving in the storm? 


Chester rode his bike uphill 24 miles and then 
back downhill at 2 mph faster than his uphill. If 
it took him 2 hours longer to ride uphill than 
downhill, what was his uphill rate? 


4 mph 


Matthew jogged to his friend’s house 12 miles 
away and then got a ride back home. It took 
him 2 hours longer to jog there than ride back. 
His jogging rate was 25 mph slower than the 
rate when he was riding. What was his jogging 
rate? 


Hudson travels 1080 miles in a jet and then 240 
miles by car to get to a business meeting. The 
jet goes 300 mph faster than the rate of the car, 
and the car ride takes 1 hour longer than the 
jet. What is the speed of the car? 


60 mph 


Nathan walked on an asphalt pathway for 12 


miles. He walked the 12 miles back to his car 
on a gravel road through the forest. On the 
asphalt he walked 2 miles per hour faster than 
on the gravel. The walk on the gravel took one 
hour longer than the walk on the asphalt. How 
fast did he walk on the gravel. 


John can fly his airplane 2800 miles with a 
wind speed of 50 mph in the same time he can 
travel 2400 miles against the wind. If the speed 
of the wind is 50 mph, find the speed of his 
airplane. 


650 mph 


Jim’s speedboat can travel 20 miles upstream 
against a 3-mph current in the same amount of 
time it travels 22 miles downstream with a 3- 
mph current speed . Find the speed of the Jim’s 
boat. 


Hazel needs to get to her granddaughter’s house 
by taking an airplane and a rental car. She 
travels 900 miles by plane and 250 miles by 
car. The plane travels 250 mph faster than the 
car. If she drives the rental car for 2 hours more 
than she rode the plane, find the speed of the 
car. 


50 mph 


Stu trained for 3 hours yesterday. He ran 14 
miles and then biked 40 miles. His biking speed 
is 6 mph faster than his running speed. What is 
his running speed? 


When driving the 9-hour trip home, Sharon 
drove 390 miles on the interstate and 150 miles 
on country roads. Her speed on the interstate 
was 15 more than on country roads. What was 
her speed on country roads? 


50 mph 


Two sisters like to compete on their bike rides. 
Tamara can go 4 mph faster than her sister, 
Samantha. If it takes Samantha 1 hours longer 
than Tamara to go 80 miles, how fast can 
Samantha ride her bike? 


Dana enjoys taking her dog for a walk, but 
sometimes her dog gets away, and she has to 
run after him. Dana walked her dog for 7 miles 
but then had to run for 1 mile, spending a total 
time of 2.5 hours with her dog. Her running 
speed was 3 mph faster than her walking speed. 


Find her walking speed. 


4.2 mph 


Ken and Joe leave their apartment to go toa 
football game 45 miles away. Ken drives his car 
30 mph faster Joe can ride his bike. If it takes 
Joe 2 hours longer than Ken to get to the game, 
what is Joe’s speed? 


Solve Work Applications 


Mike, an experienced bricklayer, can build a 
wall in 3 hours, while his son, who is learning, 
can do the job in 6 hours. How long does it take 
for them to build a wall together? 


2 hours 


It takes Sam 4 hours to rake the front lawn 
while his brother, Dave, can rake the lawn in 2 
hours. How long will it take them to rake the 
lawn working together? 


Mia can clean her apartment in 6 hours while 
her roommate can clean the apartment in 5 


hours. If they work together, how long would it 
take them to clean the apartment? 


2 hours and 44 minutes 


Brian can lay a slab of concrete in 6 hours, 
while Greg can do it in 4 hours. If Brian and 
Greg work together, how long will it take? 


Josephine can correct her students test papers 
in 5 hours, but if her teacher’s assistant helps, it 
would take them 3 hours. How long would it 
take the assistant to do it alone? 


7 hours and 30 minutes 


Washing his dad’s car alone, eight year old Levi 
takes 2.5 hours. If his dad helps him, then it 
takes 1 hour. How long does it take Levi’s dad 
to wash the car by himself? 


At the end of the day Dodie can clean her hair 
salon in 15 minutes. Ann, who works with her, 
can clean the salon in 30 minutes. How long 
would it take them to clean the shop if they 
work together? 


10 min 


Ronald can shovel the driveway in 4 hours, but 
if his brother Donald helps it would take 2 
hours. How long would it take Donald to shovel 
the driveway alone? 


Solve Direct Variation Problems 


In the following exercises, solve. 


If y varies directly as x and y=14, when x=3. 
find the equation that relates x and y. 


y = 143x 


If a varies directly as b and a=16, when b=4. 
find the equation that relates a and b. 


If p varies directly as q and p=9.6, when q=3. 
find the equation that relates p and q. 


p=3.2q 


If v varies directly as w and v=8, when w= 12. 


find the equation that relates v and w. 


The price, P, that Eric pays for gas varies 
directly with the number of gallons, g, he buys. 
It costs him $50 to buy 20 gallons of gas. 


@ Write the equation that relates P and g. © 
How much would 33 gallons cost Eric? 


® P=2.5g © $82.50 


Joseph is traveling on a road trip. The distance, 
d, he travels before stopping for lunch varies 
directly with the speed, v, he travels. He can 
travel 120 miles at a speed of 60 mph. 


@ Write the equation that relates d and v. © 
How far would he travel before stopping for 
lunch at a rate of 65 mph? 


The mass of a liquid varies directly with its 
volume. A liquid with mass 16 kilograms has a 
volume of 2 liters. 


@) Write the equation that relates the mass to 
the volume. © What is the volume of this liquid 
if its mass is 128 kilograms? 


@ m=8v © 16 liters 


The length that a spring stretches varies directly 
with a weight placed at the end of the spring. 
When Sarah placed a 10-pound watermelon on 
a hanging scale, the spring stretched 5 inches. 


@ Write the equation that relates the length of 
the spring to the weight. © What weight of 
watermelon would stretch the spring 6 inches? 


The maximum load a beam will support varies 
directly with the square of the diagonal of the 
beam’s cross-section. A beam with diagonal 6 
inch will support a maximum load of 108 
pounds. 


@ Write the equation that relates the load to 


the diagonal of the cross-section. ® What load 
will a beam with a 10-inch diagonal support? 


@ L=3d2 © 300 pounds 


The area of a circle varies directly as the square 
of the radius. A circular pizza with a radius of 6 
inches has an area of 113.04 square inches. 


@ Write the equation that relates the area to 


the radius. © What is the area of a personal 
pizza with a radius 4 inches? 


Solve Inverse Variation Problems 


In the following exercises, solve. 


If y varies inversely with x and y=5 when 
x = 4, find the equation that relates x and y. 


y = 20x 


If p varies inversely with q and p=2 when 
q=1, find the equation that relates p and q. 


If v varies inversely with w and v=6 when 
w= 12, find the equation that relates v and w. 


v=3w 


If a varies inversely with b and a=12 when 
b=13, find the equation that relates a and b. 


In the following exercises, write an inverse variation 
equation to solve the following problems. 


The fuel consumption (mpg) of a car varies 
inversely with its weight. A Toyota Corolla 
weighs 2800 pounds getting 33 mpg on the 
highway. 


@ Write the equation that relates the mpg to 
the car’s weight. ® What would the fuel 
consumption be for a Toyota Sequoia that 
weighs 5500 pounds? 


@ g=92,400w © 16.8 mpg 


A car’s value varies inversely with its age. 
Jackie bought a 10-year-old car for $2,400. 


@ Write the equation that relates the car’s 
value to its age. ® What will be the value of 
Jackie’s car when it is 15 years old? 


The time required to empty a tank varies 
inversely as the rate of pumping. It took Ada 5 
hours to pump her flooded basement using a 
pump that was rated at 200 gpm (gallons per 
minute). 


@) Write the equation that relates the number 
of hours to the pump rate. ® How long would 
it take Ada to pump her basement if she used a 
pump rated at 400 gpm? 


@ t=1000r © 2.5 hours 


On a string instrument, the length of a string 
varies inversely as the frequency of its 
vibrations. An 11-inch string on a violin has a 
frequency of 400 cycles per second. 


@ Write the equation that relates the string 
length to its frequency. © What is the 
frequency of a 10 inch string? 


Paul, a dentist, determined that the number of 
cavities that develops in his patient’s mouth 
each year varies inversely to the number of 
minutes spent brushing each night. His patient, 
Lori, had four cavities when brushing her teeth 
30 seconds (0.5 minutes) each night. 


@) Write the equation that relates the number 
of cavities to the time spent brushing. ® How 
many cavities would Paul expect Lori to have if 
she had brushed her teeth for 2 minutes each 
night? 


@ c=2t © 1 cavity 


Boyle’s law states that if the temperature of a 
gas stays constant, then the pressure varies 


inversely to the volume of the gas. Braydon, a 
scuba diver, has a tank that holds 6 liters of air 
under a pressure of 220 psi. 


@ Write the equation that relates pressure to 
volume. © If the pressure increases to 330 psi, 
how much air can Braydon’s tank hold? 


The cost of a ride service varies directly with 
the distance traveled. It costs $35 for a ride 
from the city center to the airport, 14 miles 
away. 


@ Write the equation that relates the cost, c, 
with the number of miles, m. © What would it 
cost to travel 22 miles with this service? 


@ c=2.5m © $55 


The number of hours it takes Jack to drive from 
Boston to Bangor is inversely proportional to 
his average driving speed. When he drives at an 
average speed of 40 miles per hour, it takes him 
6 hours for the trip. 


@) Write the equation that relates the number 
of hours, h, with the speed, s. © How long 
would the trip take if his average speed was 75 
miles per hour? 


Writing Exercises 


Marisol solves the proportion 144a=94 by 
‘cross multiplying,’ so her first step looks like 
4-144 =9-a. Explain how this differs from the 
method of solution shown in [link]. 


Answers will vary. 


Paula and Yuki are roommates. It takes Paula 3 
hours to clean their apartment. It takes Yuki 4 
hours to clean the apartment. The equation 
13+14=1t can be used to find t, the number of 
hours it would take both of them, working 
together, to clean their apartment. Explain how 
this equation models the situation. 


In your own words, explain the difference 
between direct variation and inverse variation. 


Answers will vary. 


Make up an example from your life experience 
of inverse variation. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Glossary 


proportion 
When two rational expressions are equal, the 
equation relating them is called a proportion. 


similar figures 
Two figures are similar if the measures of 
their corresponding angles are equal and their 
corresponding sides have the same ratio. 


Simplify Expressions with Roots 
By the end of this section, you will be able to: 


¢ Simplify expressions with roots 
¢ Estimate and approximate roots 
* Simplify variable expressions with roots 


Before you get started, take this readiness quiz. 


1. Simplify: @ (—9)2 © —92 © (—9)3. 
If you missed this problem, review [link]. 

2. Round 3.846 to the nearest hundredth. 
If you missed this problem, review [link]. 

3. Simplify: © x3-x3 © y2-y2-y2 © z3-z3-z3-z3. 
If you missed this problem, review [link]. 


Simplify Expressions with Roots 


In Foundations, we briefly looked at square roots. 
Remember that when a real number n is multiplied 
by itself, we write n2 and read it ‘n squared’. This 
number is called the square of n, and n is called the 
square root. For example, 

132is read “13 squared”169 is called thesquareof 


13, since132 = 16913 is asquare rootof 169 


Square and Square Root of a number 
Square 


Ifn2 =m,thenmis thesquareofn. 
Square Root 
Ifn2 =m,thennis asquare rootofm. 


Notice (—13)2 = 169 also, so —13 is also a square 
root of 169. Therefore, both 13 and —13 are square 
roots of 169. 


So, every positive number has two square roots— 
one positive and one negative. What if we only 
wanted the positive square root of a positive 
number? We use a radical sign, and write, m, which 
denotes the positive square root of m. The positive 
square root is also called the principal square root. 
This symbol, as well as other radicals to be 
introduced later, are grouping symbols. 


We also use the radical sign for the square root of 
zero. Because 02 =0, 0=0. Notice that zero has only 
one square root. 


Square Root Notation 
mis read “the square root 


ofm” Ifn2 =m,thenn = m,forn=0. 


radical sign —-> Vm «— radicand 


We know that every positive number has two square 
roots and the radical sign indicates the positive one. 
We write 169= 13. If we want to find the negative 
square root of a number, we place a negative in 
front of the radical sign. For example, —169= —13. 


Simplify: ® 144 © —289. 


@® 
144Sincel 22 = 144.12 


® 
— 289Since172 = 289and the negative is 
infront of the radical sign. — 17 


Simplify: © —64 © 225. 


Simplify: ® 100 ® —121. 


Can we simplify — 49? Is there a number whose 
square is — 49? 
Q2=-—49 


Any positive number squared is positive. Any 
negative number squared is positive. There is no 
real number equal to — 49. The square root of a 
negative number is not a real number. 


Simplify: @ —196 ® —64. 


@ 
— 196There is no real number whose square is 
— 196. —196is not a real number. 


© 


— 64The negative is in front of the radical. —8 


Simplify: @ —169 ® —81. 


@ not areal number © —9 


Simplify: @ —49 ® —121. 


@ —7 © not areal number 


So far we have only talked about squares and square 
roots. Let’s now extend our work to include higher 
powers and higher roots. 


Let’s review some vocabulary first. 


We write:We say:n2nsquaredn3ncubedn4nto the 
fourth powern5nto the fifth power 


The terms ‘squared’ and ‘cubed’ come from the 
formulas for area of a square and volume of a cube. 


It will be helpful to have a table of the powers of the 
integers from —5 to 5. See [link]. 


Notice the signs in the table. All powers of positive 
numbers are positive, of course. But when we have a 
negative number, the even powers are positive and 
the odd powers are negative. We’ll copy the row 
with the powers of — 2 to help you see this. 


We will now extend the square root definition to 
higher roots. 


Po 


nth Root of a Number 


Ifbn = a,thenbis annthroot ofa.The principalnthroot 
ofais writtenan.nis called theindexof the radical. 


Just like we use the word ‘cubed’ for b3, we use the 
term ‘cube root’ for a3. 


We can refer to [link] to help find higher roots. 
43 = 6434=81(-— 2)5= — 32643 =4814=3-325= 
=e 


Could we have an even root of a negative number? 
We know that the square root of a negative number 
is not a real number. The same is true for any even 
root. Even roots of negative numbers are not real 
numbers. Odd roots of negative numbers are real 
numbers. 


Properties of an 
When n is an even number and 


* a=O, then an is a real number. 
* a<0O, then an is not a real number. 


When n is an odd number, an is a real number for 
all values of a. 


We will apply these properties in the next two 
examples. 


Simplify: © 643 © 814 © 325. 
@ 
643Since43 = 64.4 


©) 
814Since(3)4 = 81.3 


© 
37 55ince( 2) 5 —52-2 


Simplify: © 273 © 2564 © 2435. 


Simplify: @ 10003 © 164 © 2435. 


In this example be alert for the negative signs as 
well as even and odd powers. 


Simplify: © —1253 © 164 © —2435. 


@ 
— 1253Since(—5)3= —125.-—5 


® 

— 164Think,(?)4 = —16.No real number 
raisedto the fourth power is negative.Not a 
real number. 


© 
— 2435Since(— 3)5 = — 243.—3 


Simplify: © —273 © —2564 © —325. 


@ —3@® notreal © —2 


Simplify: © —2163 © —814 © —10245. 


@ —6©® not real © —4 


Estimate and Approximate Roots 


When we see a number with a radical sign, we often 
don’t think about its numerical value. While we 
probably know that the 4=2, what is the value of 
21 or 503? In some situations a quick estimate is 
meaningful and in others it is convenient to have a 
decimal approximation. 


To get a numerical estimate of a square root, we 
look for perfect square numbers closest to the 
radicand. To find an estimate of 11, we see 11 is 
between perfect square numbers 9 and 16, closer to 


9. Its square root then will be between 3 and 4, but 
closer to 3. 


Similarly, to estimate 913, we see 91 is between 
perfect cube numbers 64 and 125. The cube root 
then will be between 4 and 5. 


Estimate each root between two consecutive 


whole numbers: @ 105 © 433. 


@ Think of the perfect square numbers closest 
to 105. Make a small table of these perfect 
squares and their squares roots. 


7 
Locate 105 between 


two consecutive perfect 


on 
opus XRKvVe 


105 is between their 
square roots. 


© Similarly we locate 43 between two perfect 
cube numbers. 


J 
Locate 43 between two 


consecutive perfect 


a 


ot 
VeUYOVe 


433 is between their 


cube roots. 
ee 


Estimate each root between two consecutive 
whole numbers: 


@ 38 © 933 
@ 6<38<7 
® 4<933<5 


Estimate each root between two consecutive 
whole numbers: 


@ 84 © 1523 


@ 9<84<10 
® 5<1523<6 


There are mathematical methods to approximate 
square roots, but nowadays most people use a 
calculator to find square roots. To find a square root 
you will use the x key on your calculator. To find a 
cube root, or any root with higher index, you will 
use the xy key. 


When you use these keys, you get an approximate 
value. It is an approximation, accurate to the 
number of digits shown on your calculator’s display. 
The symbol for an approximation is = and it is read 
‘approximately’. 


Suppose your calculator has a 10 digit display. You 
would see that 

5 = 2.236067978rounded to two decimal places 

is5 = 2.24934 = 3.105422799rounded to two 
decimal places is934 ~ 3.11 


How do we know these values are approximations 

and not the exact values? Look at what happens 

when we square them: 

(2.236067978)2 = 5.000000002(2.24)2 =5.0176(3.105422 


Their squares are close to 5, but are not exactly 
equal to 5. The fourth powers are close to 93, but 
not equal to 93. 


Round to two decimal places: @ 17 © 493 © 
514. 


@ 


17Use the calculator square root 
key.4.123105626...Round to two decimal 
places.4.1217 = 4.12 


® 
493Use the calculatorxykey.3.659305710... 
Round to two decimal places.3.66493 =~ 3.66 


© 
514Use the calculatorxykey.2.6723451177... 
Round to two decimal places.2.67514 =~ 2.67 


Round to two decimal places: 


@ 11 © 713 © 1274. 


@ ~3.32 © ~4.14 
© ~3.36 


Round to two decimal places: 


@ 13 © 843 © 984. 


@ ~3.61 © ~4.38 
© =3.15 


Simplify Variable Expressions with Roots 


The odd root of a number can be either positive or 
negative. For example, 


But what about an even root? We want the principal 
root, so 6254=5. 


But notice, 


How can we make sure the fourth root of —5 raised 
to the fourth power is 5? We can use the absolute 
value. |—5|=5. So we say that when n is even 

ann = |a|. This guarantees the principal root is 
positive. 


Simplifying Odd and Even Roots 
For any integer n= 2, 

hen the indexnis oddann = awhen the indexnis 
evenann = |a| 
We must use the absolute value signs when we take 
an even root of an expression with a variable in the 
radical. 


Simplify: @ x2 © n33 © p44 @ y55. 


@) We use the absolute value to be sure to get 
the positive root. 


x2Since the indexnis even,ann = |a|.|x| 


© This is an odd indexed root so there is no 
need for an absolute value sign. 


m33Since the indexnis odd,ann =a.m 
© 
p44Since the indexnis evenann = |a].|p| 


@ 


y55Since the indexnis odd,ann=a.y 


Simplify: @ b2 © w33 © m44 @ q55. 


® |b| Ow © |m| @q 


Simplify: @ y2 © p33 © z44 @ q55. 


@ ly| ©p © |z| @q 


Po 


What about square roots of higher powers of 
variables? The Power Property of Exponents says 
(am)n=am-n. So if we square am, the exponent will 
become 2m. 

(am)2=a2m 


Looking now at the square root, 


a2mSince(am)2 = a2m.(am)2Sincenis evenann = |a|.| 
am|Soa2m = |am|. 


We apply this concept in the next example. 


Simplify: © x6 © y16. 


@) 
x6Since(x3)2 = x6.(x3)2Since the indexnis 


evenan = |a|.|x3| 


® 

y16Since(y8)2 = y16.(y8)2Since the indexnis 
evenann = |a|.y8In this case the absolute value 
sign isnot needed asy8is positive. 


Simplify: © y18 © z12. 


® ly9| © 26 


Simplify: © m4 @ b10. 


@ m2 © |b5| 


The next example uses the same idea for highter 
roots. 


Simplify: @ y183 © z84. 


@ 
y183Since(y6)3 = y18.(y6)33Sincenis 
odd,ann=a.y6 


® 
z84Since(z2)4 = z8.(z2)44Sincez2is positive, 
we do not need anz2absolute value sign. 


Simplify: ®@ u124 © v153. 


® |u3| © v5 


Simplify: @ c205 © d246 


In the next example, we now have a coefficient in 
front of the variable. The concept a2m = |am| works 
in much the same way. 

16r22 = 4|r11|because(4r11)2 = 16r22. 


But notice 25u8 = 5u4 and no absolute value sign is 
needed as u4 is always positive. 


Simplify: © 16n2 © —81c2. 


@® 
16n2Since(4n)2 = 16n2.(4n)2Since the 
indexnis evenann = |a|.4|n| 


© 
— 81c2Since(9c)2 = 81c2. — (9c)2Since the 
indexnis evenann = |a|. — 9|c| 


Simplify: © 64x2 ® —100p2. 


@ 8|x| © —10]p| 


Simplify: @ 169y2 © —121y2. 


@ 13ly| © —-11ly| 


This example just takes the idea farther as it has 
roots of higher index. 


Simplify: © 64p63 © 16q124. 


‘© 
64p63Rewrite64p6as(4p2)3.(4p2)33Take the 
cube root.4p2 


® 
16q124Rewrite the radicand as a fourth 
power.(2q3)44Take the fourth root.2|q3| 


Simplify: @ 27x273 © 81q284. 


® 3x9 © 3|q7| 


Simplify: @ 125q93 © 243q255. 


@ 5p3 © 3q5 


The next examples have two variables. 


Simplify: ® 36x2y2 © 121a6b8 © 64p63q93. 


® 
36x2y2Since(6xy)2 = 36x2y2(6xy)2Take the 
square root.6|xy| 


® 
121a6b8Since(11a3b4)2 = 121a6b8(11a3b4)2Takk 
the square root.11|a3|b4 


© 
64p63q93Since(4p21q3)3 = 64p63q9(4p21q3)33 Jake 
the cube root.4p21q3 


Simplify: © 100a2b2 © 144p12q20 © 
8x30y123 


@ 10|ab| © 12p6q10 
© 2x10y4 


Simplify: @ 225m2n2 © 169x10y14 © 
27w362Z153 


@ 15|mn| © 13|x5y7| 
© 3w12z5 


Access this online resource for additional 
instruction and practice with simplifying 
expressions with roots. 


¢ Simplifying Variables Exponents with Roots 
using Absolute Values 


Key Concepts 


* Square Root Notation 


© mis read ‘the square root of m’ 
O Ifn2 = m, thenn=m, for n=0. 


© The square root of m, m, is a positive 
number whose square is m. 


* nth Root of a Number 
© If bn=a, then b is an nt root of a. 
© The principal nth root of a is written an. 
© nis called the index of the radical. 

* Properties of an 


© When nis an even number and 


M@ a=0, then an is a real number 
M@ a<oO, then an is not a real number 


© When n is an odd number, an is a real 
number for all values of a. 


¢ Simplifying Odd and Even Roots 
© For any integer n= 2, 


M@ when nis odd ann=a 
M@ when n is even ann=|a| 


© We must use the absolute value signs 
when we take an even root of an 
expression with a variable in the radical. 


Practice Makes Perfect 
Simplify Expressions with Roots 


In the following exercises, simplify. 


@ 64 © —-81 
@8©®© —-9 

@ 169 ® —100 
@ 196 © -1 
@14© -1 

@ 144 © -121 


@ 49 © —0.01 


@ 23 © —-0.1 


@ 64121 © —0.16 


@ —121 © —289 


@ not real number © —17 


@ —400 © —36 


@ —225@®@ -9 


@ —15 © not real number 


@ —49 © —256 


@ 2163 © 2564 


@6©4 


@ 273 © 164 © 2435 


@ 5123 © 814 © 15 


@8O3©01 


@ 1253 © 12964 © 10245 


@ —83 © —814 © —325 


@ —2@®  notreal © —2 


@ —643 ® —164 © —2435 


@ —1253 ® —12964 © —10245 


@ —5 ® notreal © —4 


@ —5123 © —814 © —-15 


Estimate and Approximate Roots 


In the following exercises, estimate each root 
between two consecutive whole numbers. 


@ 70 © 713 


@ 8<70<9 
® 4<713<5 


@ 55 © 1193 


@ 200 © 1373 


@ 14<200<15 
® 5<1373<6 


@ 172 © 2003 


In the following exercises, approximate each root 
and round to two decimal places. 


@ 19 © 893 © 974 


@ 4.36 © ~4.46 
© =3.14 


@ 21 ® 933 © 1014 


@ 53 ® 1473 © 4524 


@ 7.28 © ~5.28 
© =4.61 


@ 47 ® 1633 © 5274 


Simplify Variable Expressions with Roots 


In the following exercises, simplify using absolute 
values as necessary. 


@ u55 © v88 


@®u © |v| 


@ a33 © b99 


@ y44 © m77 


@ |y| Om 


® k88 © p66 


@ x6 © yl16 


@ |x3| © y8 


@ al4 © w24 


@ x24 ®© y22 


@ x12 © ly11| 


@ al2 © b26 


@ x93 © y124 


® x3 © |y3| 


@ al05 © b273 


@ m84 ® n205 


@ m2 © n4 


@ 1126 ® s303 


@ 49x2 © —81x18 


@ 7|x| © —9|x9| 


® 100y2 ® —100m32 


@ 121m20 © —64a2 


® 11m10 © —8lal 


@ 81x36 © —25x2 


@ 16x84 © 64y126 


@ 2x2 © 2y2 


@ —8c93 © 125d153 


@ 216a63 © 32b205 


@ 6a2 © 2b4 


@ 1281147 © 818244 


@ 144x2y2 © 169w8y10 © 8a51b63 


@ 12|xy| © 13w4ly5| 
© 2a17b2 


® 196a2b2 © 81p24q6 © 27p45q93 


@ 121a2b2 © 9c8d12 © 64x15y663 


@ 11|ab] © 3c4d6 
© 4x5y22 


@ 225x2y2z2 © 36r6s20 © 125y18z273 


Writing Exercises 


Why is there no real number equal to — 64? 


Answers will vary. 


What is the difference between 92 and 9? 


Explain what is meant by the nth root of a 
number. 


Answers will vary. 


Explain the difference of finding the nth root of 
a number when the index is even compared to 
when the index is odd. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 
in your road to success. In math every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Who can you ask for help? Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no - I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Glossary 


square of a number 
If n2 = m, then m is the square of n. 


square root of a number 
If n2 = m, then n is a square root of m. 


Simplify Radical Expressions 
By the end of this section, you will be able to: 
* Use the Product Property to simplify radical 
expressions 


* Use the Quotient Property to simplify radical 
expressions 


Before you get started, take this readiness quiz. 


Simplify: x9x4. 
If you missed this problem, review [link]. 


Simplify: y3y11. 
If you missed this problem, review [link]. 


Simplify: (n2)6. 
If you missed this problem, review [link]. 


Use the Product Property to Simplify 
Radical Expressions 


We will simplify radical expressions in a way similar 
to how we simplified fractions. A fraction is 
simplified if there are no common factors in the 
numerator and denominator. To simplify a fraction, 
we look for any common factors in the numerator 
and denominator. 


A radical expression, an, is considered simplified if 
it has no factors of mn. So, to simplify a radical 
expression, we look for any factors in the radicand 
that are powers of the index. 


Simplified Radical Expression 
For real numbers a and m, and n=2, 


anis considered simplified ifahas no factors ofmn 


For example, 5 is considered simplified because 
there are no perfect square factors in 5. But 12 is 
not simplified because 12 has a perfect square factor 
of 4. 


Similarly, 43 is simplified because there are no 
perfect cube factors in 4. But 243 is not simplified 
because 24 has a perfect cube factor of 8. 


To simplify radical expressions, we will also use 
some properties of roots. The properties we will use 
to simplify radical expressions are similar to the 
properties of exponents. We know that (ab)n=anbn. 
The corresponding of Product Property of Roots 
says that abn=an-bn. 


Product Property of nth Roots 
If an and bn are real numbers, and n=2 is an 


integer, then 
abn = an:bnandan-bn = abn 


We use the Product Property of Roots to remove all 
perfect square factors from a square root. 


Simplify Square Roots Using the Product 
Property of Roots 


Simplify: 98. 


Simplify: 48. 


Simplify: 45. 


Notice in the previous example that the simplified 
form of 98 is 72, which is the product of an integer 
and a square root. We always write the integer in 
front of the square root. 


Be careful to write your integer so that it is not 


confused with the index. The expression 72 is very 
different from 27. 


Simplify a radical expression using the Product 
Property. 


Find the largest factor in the radicand that is a 


perfect power of the index. Rewrite the radicand as 
a product of two factors, using that factor. Use the 
product rule to rewrite the radical as the product o 
two radicals. Simplify the root of the perfect 
power. 


We will apply this method in the next example. It 
may be helpful to have a table of perfect squares, 
cubes, and fourth powers. 


Simplify: ® 500 ® 163 © 2434. 


vaya) 


Rewrite the radicand 100-5 
as a product using the 
largest perfect square 


fantar 
LULLUL. 


Rewrite the radical as 100°5 
the product of two 


LUULLCULD. 


Simplify. 105 


Rewrite the radicand 
as a product using the 
greatest perfect cube 
factor 23=8 

Rewrite the radical as 
the product of two 
radinala 


Simplify. 


Rewrite the radicand 
as a product using the 
greatest perfect fourth 
power factor. 

34=81 

Rewrite the radical as 
the product of two 


LUULLCULD. 


Simplify. 


83:23 


223 


NQAQA 
aivit 


81:34 


814-34 


334 


Simplify: ® 288 ® 813 © 644. 


@ 122 © 333 © 244 


Simplify: ® 432 © 6253 © 7294. 


@ 123 © 553 © 394 


The next example is much like the previous 
examples, but with variables. Don’t forget to use the 
absolute value signs when taking an even root of an 
expression with a variable in the radical. 


Simplify: @ x3 © x43 © x74. 


wD 
Rewrite the radicand x2-x 


as a product using the 
largest perfect square 


fantar 
LULLUL. 


Rewrite the radical as x2-x 
the product of two 


LUULLULDW. 


Simplify. |x|x 


wAD 


re 


Rewrite the radicand x3-x3. 
as a product using the 
largest perfect cube 


fantar 
LULLUL. 


Rewrite the radical as x33-x3 
the product of two 


radinala 
LUULLULW. 


Simplify. xx3 


Rewrite the radicand x4x34 


as a product using the 
greatest perfect fourth 


natarar fantar 
PY VSL surcciun. 


Rewrite the radical as x44-x34 
the product of two 


LUULLCULD. 


Simplify. |x|x34 


Simplify: @ b5 © y64 © z53 


@ b2b © ly|y24 © zz23 


Simplify: @ p9 © y85 © q136 


@ p4p ® yy35 
© q2q6 


We follow the same procedure when there is a 
coefficient in the radicand. In the next example, 
both the constant and the variable have perfect 
square factors. 


Simplify: @ 72n7 © 24x73 © 80y144. 


TOnT7 
= 


ais 


Rewrite the radicand 36n6-2n 
as a product using the 
largest perfect square 


fantar 
LULLUL. 


Rewrite the radical as 
the product of two 


LULULLULW. 


Simplify. 


Rewrite the radicand 
as a product using 


narfant aitha fantara 
Prersere euve szucivin. 


Rewrite the radical as 
the product of two 


radinoala 
LULULLULDW. 


Rewrite the first 


radinand aa (97919 
\aenayvU. 


LUULLCULIU UV 


Simplify. 


36n6:2n 


6|n3|2n 


IYQAx72 
_ v 


14u7/ 


8x6°3x3 


8x63°3x3 


(2x2)33-3x3 


2x23x3 


OMr1 AA 


SM) = tt 
Rewrite the radicand 16y12-5y24 
as a product using 
perfect fourth power 


fantara 
LULLULD. 


Rewrite the radical as 16y124-5y24 
the product of two 


LUULLCULD. 


Rewrite the first (2y3)44-5y24 
radicand as Qy3)4. 
Simplify. 2|y3|5y24 


Simplify: © 32y5 © 54p103 © 64q104. 


@ 4y22y © 3p32p3 
© 2q24q24 


Simplify: ® 75a9 © 128m113 © 162n74. 


@ 5a43a © 4m32m23 


© 3|n|2n34 


In the next example, we continue to use the same 
methods even though there are more than one 
variable under the radical. 


Simplify: @ 63u3v5 © 40x4y53 © 48x4y74. 


AIL 


Rewrite the radicand 9u2v4-7uv 
as a product using the 
largest perfect square 


fantar 
LULLUL. 


Rewrite the radical as 9u2v4-7uv 
the product of two 


radinoala 
LUULLULW. 


Rewrite the first (3uv2)2:7uv 


Taalcaima uv Lou v od 


Simplify. 3]u|v27uv 


4024753 
Rewrite the radicand 8x3y3-5xy23 
as a product using the 


largest perfect cube 


fantar 
LULLUL. 


Rewrite the radical as 8x3y33-5xy23 
the product of two 


LUULLCULD. 


Rewrite the first (2xy)33-5xy23 


radinanad aa (9071719 


BUMLEULIE UD Lana y jue 


Simplify. 2xyoxy23 


Q x 

sf 
Rewrite the radicand 16x4y4-3y34 
as a product using the 
largest perfect fourth 


noywor fantnar 
PY VS surcciu.. 


Rewrite the radical as 16x4y44-3y34 
the product of two 


LUULLCULD. 


Rewrite the sa (2xy)44-3y34 


raaicanG uv (oa 


Simplify. 2|xy|3y34 


Simplify: @ 98a7b5 © 56x5y43 © 32x5y84. 


® 7|a3|b22ab 
® 2xy7x2y3 © 2|x|y22x4 


Simplify: © 180m9n11 © 72x6y53 © 
80x7y44. 


@ 6m4|n5|/5mn 
® 2x2y9y23 © 2|xy|5x34 


Simplify: @ —273 © —164. 


PS 
Rewrite the radicand (—3)33 
as a product using 


narfant aiutha fantara 
Perszcre euve suctivin. 


Take the cube root. —3 


— 164A 
avi 


There is no real Not a real number. 
number n where n4= 
— 16. 


Simplify: © —643 © —814. 


@ —4@©® no real number 


Simplify: © —6253 © — 3244. 


@ —553 ® no real number 


We have seen how to use the order of operations to 
simplify some expressions with radicals. In the next 
example, we have the sum of an integer and a 

square root. We simplify the square root but cannot 
add the resulting expression to the integer since one 


term contains a radical and the other does not. The 
next example also includes a fraction with a radical 
in the numerator. Remember that in order to 
simplify a fraction you need a common factor in the 
numerator and denominator. 


Simplify: © 3+32 © 4-482. 


2-22 
Rewrite the radicand 3+162 


as a product using the 
largest perfect square 


fantar 
LULLUL. 


Rewrite the radical as 3416-2 
the product of two 


radinoala 
LULULLLULDW. 


Simplify. S42 


The terms cannot be added as one has a 
radical and the other does not. Trying to add 


an integer and a radical is like trying to add an 
integer and a variable. They are not like terms! 


© 


A—AQ)D 


Rewrite the radicand 4—16:32 
as a product using the 
largest perfect square 


fantar 
LULLUL. 


Rewrite the radical as 4—16:32 
the product of two 


radinoala 
LULULLULW. 


Cimnalifxr, A__A29 
iva 


Urliipiizy. t 


Factor the common 4(1 -—3)2 
factor from the 


niimaratar 
ALULLIVLLULUL. 


Remove the common 2:2(1-—3)2 
factor, 2, from the 
numerator and 


° 
minatar 
WAU 11LULLLLLIULU Le 


Simplify. 2(1 —3) 


Simplify: @ 5+75 © 10-755 


Qe, 53 G23 


Simplify: © 2+98 © 6-453 


27720 2—5 


Use the Quotient Property to Simplify 
Radical Expressions 


Whenever you have to simplify a radical expression, 
the first step you should take is to determine 
whether the radicand is a perfect power of the 
index. If not, check the numerator and denominator 
for any common factors, and remove them. You may 
find a fraction in which both the numerator and the 
denominator are perfect powers of the index. 


Simplify: ® 4580 © 16543 © 5804. 


ALON 


Simplify inside the 


radinal fF ot. 


Rewrite showing the 5-95-16 
common factors of the 
numerator and 


dannaminatar 
MALLY L111 


Simplify the fraction 916 
by removing commoti 


fantara 
LULLULD. 


Simplify. Note 34 
(34)2=916. 


Simplify inside the 


radinal firct 
LUULCUL LILUL. 


Rewrite showing the 2:82:273 
common factors of the 
numerator and 


. 
a anaminatar 
WALLY LL1LLIULY 


Simplify the fraction 8273 
by removing commoti 


fantara 
LULLULD. 


Simplify. Note ao 
(23)3 = 827. 
© 

504 
Simplify inside the 


woadinal fixnot 
Rewrite showing the 5-15:164 
common factors of the 


numerator and 


. 
dananaminatar 
MALLY LLL 


Simplify the fraction 1164 
by removing commoti 


fantara 
LULLULD. 


Simplify. Note 12 
(12)4=116. 


Simplify: ® 7548 © 542503 © 321624. 


Simplify: © 98162 © 243753 © 43244. 


In the last example, our first step was to simplify the 
fraction under the radical by removing common 
factors. In the next example we will use the 
Quotient Property to simplify under the radical. We 
divide the like bases by subtracting their exponents, 
aman =am-—n,a~0O 


PO 


Simplify: @ m6m4 © a8a53 © al10a24. 


Simplify the fraction 
inaidn tha vradinal firct 


SLLVLUL LLLY LUULLUE LILU Le 


Divide the like bases m2 
by subtracting the 


awnananta 
SE PASE Sed 


Simplify. |m| 
© 

aSaS3 
Use the Quotient a33 


Property of exponents 


to simplify the fraction 


andar tha rodical Firat 
ULL ULL LUUWULLUL LID... 


Simplify. a 
© 

aboa24 
Use the Quotient a84 


Property of exponents 
to simplify the fraction 


andar tha vradinal firct 
ULL ULL LUUWULLUL LAD. 


Rewrite the radicand (a2)44 
using perfect fourth 


natrar Ffantara 
PYYYLr 1uctvuiv. 


Simplify. a2 


Simplify: @ a8a6 © x7x34 © y17y54. 


® |a| © |x| © y3 


Simplify: ® x14x10 © m13m73 © n12n25. 


Remember the Quotient to a Power Property? It said 
we could raise a fraction to a power by raising the 
numerator and denominator to the power 
separately. 

(ab)m = ambm,b ~0 


We can use a similar property to simplify a root of a 
fraction. After removing all common factors from 
the numerator and denominator, if the fraction is 
not a perfect power of the index, we simplify the 
numerator and denominator separately. 


Quotient Property of Radical Expressions 
If an and bn are real numbers,b = 0, and for any 


integer n=>2 then, 
abn = anbnandanbn = abn 


How to Simplify the Quotient of Radical 
Expressions 


Simplify: 27m3196. 


Step 3. Simplify the radicals in the 9m? and 196 are perfect squares. 
numerator and the denominator. 


Simplify: 24p349. 


Simplify: 48x5100. 


2X23x5 


Simplify a square root using the Quotient Property. 


Simplify the fraction in the radicand, if possible. 
Use the Quotient Property to rewrite the radical as 
the quotient of two radicals. Simplify the radicals 
in the numerator and the denominator. 


Simplify: @ 45x5y4 © 24x7y33 © 48x10y84. 


ALxEx7A 


LS te a Li 


We cannot simplify the 45x5y4 


fraction in the 
radicand. Rewrite 
using the Quotient 


Dranarti 
paupricy. 


Simplify the radicals in 9x4-5xy2 
the numerator and the 


. 
ya annanminatar 
WALLY LL1LLIULY 


Simplify. 3x25xy2 


DAT SS 
The fraction in the 24x73y33 
radicand cannot be 
simplified. Use the 
Quotient Property to 


mitn ae Harn radinala 
Vv¥Eauc ao LvwU LraUuicuLo. 


Rewrite each radicand 8x6-3x3y33 
as a product using 


narfant m1 tho fa QEOES 
prrsrere vu LULLULD. 


Rewrite the numerator (2x2)33-3x3y33 
as the product of two 


radinala 
LUULLULW. 


Simplify. 2x23x3y 


Ags: 1.0584 
The fraction in the 48x104y84 
radicand cannot be 
simplified. 
Use the Quotient 16x8-3x24y84 
Property to write as 
two radicals. Rewrite 
each radicand as a 
product Mas perfect 


fauirth nararar fantara 
rourutL pe™ VL LULLULD. 


Rewrite the numerator (2x2)44-3x24(y2)44 
as the product of two 


LUULLCULD. 


Simplify. 2x23x24y2 


Simplify: © 80m3n6 © 108c10d63 © 
80x10y44. 


@ 4|m|5m|n3| © 3c34c3d2 
© 2x25x24ly| 


Simplify: © 54u7v8 © 40r3s63 © 
162m14n124. 


@ 3u36uv4 © 2r53s2 
© 3|m3|2m24|n3| 


Be sure to simplify the fraction in the radicand first, 
if possible. 


Simplify: @ 18p5q732pq2 © 16x5y754x2y23 
© 5a8b680a3b24. 


1 25507290002 
A ees tN eli Co 


Simplify the fraction in 9p4q516 
the radicand, if 


acaihla 
poOssivic. 


Rewrite using the 9p4q516 


O11Atinnt Deannartr 
Ww Uyverweiit a LENS EASES tye 


Simplify the radicals in 9p4q4-q4 
the numerator and the 


. 
danaminatar 
VU. 


Simplify. 3p2q2q4 


1 epeonts TEAyDw p>) 
Sy 12a 


By23 
Simplify the fraction in 8x3y5273 


the radicand, if 


ia VUULIWiwve 
Rewrite using the 8x3y53273 
O11nt1in + Dennnartr 


+4 
ucucnt a coed eA vy. 


Simplify the radicals in 8x3y33-y23273 
the numerator and the 


d Anaminatar 
V1LVALLLLAULY Le 


Simplify. 2xyy233 


SeSb680asb24 
Simplify the fraction in a5b4164 
the radicand, if 


ancaihla 
POssivic. 


Rewrite using the a5b44164 


O11Atinnt Deannrtr 
Ww Uyvereiit i ivp~rrt tye 


Simplify the radicals in a4b44-a4164 
the numerator and the 


. 
danaminatar 
VU. 


Simplify. |ab|a42 


Simplify: @ 50x5y372x4y © 16x5y754x2y23 
© 5a8b680a3b24. 


@ 5ly|x6 © 2xyy233 
© |ab|a42 


Simplify: © 48m7n2100m5n8 © 
54x7y5250x2y23 © 32a9b7162a3b34. 


@ 2|m|35|n3| © 3xyx235 
© 2lab|a243 


In the next example, there is nothing to simplify in 
the denominators. Since the index on the radicals is 
the same, we can use the Quotient Property again, 
to combine them into one radical. We will then look 
to see if we can simplify the expression. 


Simplify: ® 48a73a © — 108323 © 
96x7 43x24. 


AQaT24 


wus Vu 


The denominator 48a73a 
cannot be simplified, 

so use the Quotient 

Property to write as 


Vine L4UuUuLtd4.. 


Simplify the fraction 16a6 


andar tha vradinal 


RALAUIUL LELY LULLIVLCILe 


Simplify. 4|a3| 
© 

= NO273 
The denominator — 10823 


cannot be simplified, 
so use the Quotient 
Property to write as 


dianl 
ann radian 
WAL LULL ULe 


Simplify the fraction —543 


andar tha rodical, 
Une ULY LUUWLLOU 


Rewrite the aoihecad (—3)3-23 
as a product using 


narfant m1 tho fa GEORG 
prrsrere vu LULLULD. 


Rewrite the radical as (—3)33-23 


the product of two 


LbUULLULD. 


Simplify. —B23 
© 

6x7 ASDA 
The denominator 96x73x24 


cannot be simplified, 
so use the Quotient 
Property to write as 


dinal 
ann radian 
Wl LULL ULe 


Simplify the fraction 32x54 


andar tha eradinal 
Us1tue ULL LUUWULLUL 


Rewrite the radicand 16x44-2x4 
as a product using 
perfect fourth power 


fa ntnra 
LULLULD. 


Rewrite the radical as (2x)44-2x4 
the product of two 


radinala 
LUULLULW. 


Simplify. 2|x|2x4 


Simplify: @ 98z52z © —500323 © 
486m1143m54. 


@72z2)@) 523 
© 3|m|2m24 


Simplify: © 128m92m © — 192333 © 
324n742n34. 


® 8m4 © —4 © 3|n|24 


Access these online resources for additional 
instruction and practice with simplifying radical 
expressions. 


¢ Simplifying Square Root and Cube Root with 
Variables 

¢ Express a Radical in Simplified Form-Square 
and Cube Roots with Variables and Exponents 

¢ Simplifying Cube Roots 


Key Concepts 
¢ Simplified Radical Expression 


© For real numbers a, m and n=2 
an is considered simplified if a has no 
factors of mn 


* Product Property of nth Roots 


© For any real numbers, an and bn, and for 
any integer n=2 
abn = an-bn and an-bn= abn 


* How to simplify a radical expression using 
the Product Property 


Find the largest factor in the radicand that is a 
perfect power of the index. 

Rewrite the radicand as a product of two 
factors, using that factor. Use the product rule 
to rewrite the radical as the product of two 
radicals. Simplify the root of the perfect power. 


* Quotient Property of Radical Expressions 
© If an and bn are real numbers, b 0, and 


for any integer n= 2 then, 
abn =anbn and anbn=abn 


* How to simplify a radical expression using 
the Quotient Property. 


Simplify the fraction in the radicand, if 
possible. Use the Quotient Property to rewrite 
the radical as the quotient of two radicals. 


Simplify the radicals in the numerator and the 
denominator. 


Practice Makes Perfect 


Use the Product Property to Simplify Radical 
Expressions 


In the following exercises, use the Product Property 
to simplify radical expressions. 


27 


33 


80 


125 


a0 


96 


147 


7s 


450 


800 


202 


675 


@ 324 © 645 


@ 224 © 225 


@ 6253 ® 1286 


@ 644 © 2563 


® 244 © 443 


@ 31254 © 813 


In the following exercises, simplify using absolute 
value signs as needed. 


@ yll © r53 © s104 


@ | y5 |y ® rr23 © s2s24 


@ m13 © u75 © v116 


@ n21 © q83 © n108 


@ n10n © q2q23 
© |n|n28 


@ r25 © p85 © m54 


@ 125r13 © 108x53 © 48y64 


@ 5r65r © 3x4x23 
© 2|y|3y24 


@ 80s15 © 96a75 © 128b76 


@ 242m23 © 405m104 © 160n85 


® 11|m11|2m © 3m25m24 © 2n5n35 


® 175n13 © 512p55 © 324q74 


@ 147m7n11 © 48x6y73 © 32x5y44 


@® 7|m3n5|3mn © 2x2y26y3 © 2|xy|2x4 


@ 96r3s3 © 80x7y63 © 80x8y94 


@ 192q3r7 © 54m9n103 © 81a9b84 


@ 8|qr3|3qr © 3m3n32n3 © 3a2b2a4 


® 150m9n3 © 81p7q83 © 162c11d124 


@ — 8643 © — 2564 


@ —643 © not real 


@ — 4865 © —646 


@ —325 ® -18 


@ —2 © not real 


@ —83 © —-164 


@5+12 © 10-242 


@5+23 © 5-6 


@ 8+96 © 8-804 


@1+45 © 3+903 


@1+35 ®1+10 


@ 3+125 © 15+755 


Use the Quotient Property to Simplify Radical 
Expressions 


In the following exercises, use the Quotient Property 
to simplify square roots. 


@ 4580 © 8273 © 1814 


@ 34 © 23 © 13 


@ 7298 © 24813 © 6964 


@ 10036 © 813753 © 12564 


@ 53 © 35 © 14 


@ 12116 © 162503 © 321624 


® x10x6 © p11p23 © q17q134 


@ x2 © p3 © |q| 


@ p20p10 © d12d75 © m12m48 


@ y4y8 © u21u115 © v30v126 


® ly2 © u2 © |v3| 


@ q8q14 © r14r53 © c21c94 


96x7121 


4|x3|6x11 


108y449 


300m564 


5m23m4 


125n7169 


98r5100 


7r22r10 


180s10144 


28q6225 


2|q3|715 


150r3256 


@ 75r9s8 © 54a8b33 © 64c5d44 


@ 5r43rs4 © 3a22a23b 
© 2|c|4c4]d| 


@ 72x5y6 © 96rl1s55 © 128u7v126 


@ 28p7q2 © 81s8t33 © 64p15q124 


@ 2|p3|7p|q| © 3s23s23t 
© 2|p3|4p34|q3| 


@ 45r3s10 © 625u10v33 © 729c21d84 


@ 32x5y318x3y © 5x6y940x5y33 © 
5a8b680a3b24 


@ 4|xy|3 © y2x32 © |ab|a42 


@ 75r6s848rs4 © 24x8y481x2y3 © 
32m9n2162mn24 


@ 27p2q108p4q3 © 16c5d7250c2d23 © 
2m9n7128m3n6 


@ 12|pq| © 2cdd235 
© |mn|2 


@ 50r5s2128r2s6 © 24m9n7375m4n3 © 
81m2n8256m1n24 


® 45p95q2 © 64424 © 128x852x25 


@ 3p4p|q| © 224 
© 2x2x5 


® 80q55q © —625353 © 80m745m4 


® 50m72m © 125023 © 486y92y34 


® 5|m3| © 553 
© 3l|y|3y24 


@ 72n112n © 16263 © 160r105r34 


Writing Exercises 


Explain why x4=x2. Then explain why 
x16=x8. 


Answers will vary. 


Explain why 7 +9 is not equal to 7 +9. 


Explain how you know that x105 =x2. 


Answers will vary. 


Explain why — 644 is not a real number but 
— 643 is. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Simplify Rational Exponents 
By the end of this section, you will be able to: 


* Simplify expressions with aln 

* Simplify expressions with amn 

* Use the properties of exponents to simplify 
expressions with rational exponents 


Before you get started, take this readiness quiz. 


Add: 754-512: 
If you missed this problem, review [link]. 


Simplify: (4x2y5)3. 
If you missed this problem, review [link]. 


64x6y15 


Simplify: 5 —3. 
If you missed this problem, review [link]. 


Simplify Expressions with aln 


Rational exponents are another way of writing 
expressions with radicals. When we use rational 
exponents, we can apply the properties of exponents 
to simplify expressions. 


The Power Property for Exponents says that 
(am)n =am-n when m and n are whole numbers. 
Let’s assume we are now not limited to whole 
numbers. 


Suppose we want to find a number p such that 
(8p)3 = 8. We will use the Power Property of 
Exponents to find the value of p. 


(8p)3 = 8Multiply the exponents on the 
left.83p = 8Write the exponent 1 on the 
right.83p = 81Since the bases are the same, the 


exponents must be equal.3p = 1Solve forp.p = 13 


So (813)3=8. But we know also (83)3 =8. Then it 
must be that 813 =83. 


This same logic can be used for any positive integer 
exponent n to show that aln=an. 


Rational Exponent aln 


If an is areal number and n=2, then 
aln=an 


The denominator of the rational exponent is the 
index of the radical. 


There will be times when working with expressions 
will be easier if you use rational exponents and 
times when it will be easier if you use radicals. In 
the first few examples, you’ll practice converting 
expressions between these two notations. 


Write as a radical expression: ® x12 © y13 © 


z14. 


We want to write each expression in the form 
an. 


@ 


The denominator of =x 
the rational exponent 

is 2, so 

the index of the radical 
is 2. We do not show 

the 

index when it is 2. 


© 


ww12 
af iv 
The denominator of = y3 
the exponent is 3, so 

the 


index is 3. 


The denominator of 24 
the exponent is 4, so 

the 

index is 4. 


Write as a radical expression: © t12 © m13 © 
r14. 


Write as a radial expression: © b16 © z15 © 
pl4. 


In the next example, we will write each radical 
using a rational exponent. It is important to use 
parentheses around the entire expression in the 
radicand since the entire expression is raised to the 
rational power. 


Write with a rational exponent: @ 5y © 4x3 


© 3524. 


We want to write each radical in the form aln. 


@ 


Sy 


No index is shown, so (Sy)12 
it is 2. 
The denominator aN 
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Put parentheses around 
the entire 
expression 5y. 


© 
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4a 


The index is 3, so the (4x)13 
denominator of the 

exponent is 3. Include 
parentheses (4x). 


© 
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The index is 4,so the 3(5z)14 
denominator of the 

exponent is 4. Put 

parentheses only 

around 

the 5z since 3 is not 


under the radical sign. 


Write with a rational exponent: © 10m © 3n5 
© 36y4. 


® (10m)12 © (3n)15 
© 3(6y)14 


Write with a rational exponent: © 3k7 © 5j4 
© 82a3. 


® (3k)17 ® (5j)14 
© 8(2a)13 


In the next example, you may find it easier to 
simplify the expressions if you rewrite them as 
radicals first. 


Simplify: @ 2512 © 6413 © 25614. 


25 
Rewrite as a square 25 


Simplify. 5 


® 
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Recognize 64 is a 


narfant aniha 
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Simplify. 4 


© 


2561 
Rewrite as a fourth 2564 


LwvVtle 


Recognize 256 is a 444 


narfaont Ffaiuirth nararar 
Preesere syurus pure. 


Simplify. 4 


Simplify: ® 3612 © 813 © 1614. 


Simplify: ® 10012 ®© 2713 © 8114. 


Be careful of the placement of the negative signs in 
the next example. We will need to use the property 
a—n= lan in one case. 


Simplify: ® (—16)14 © —1614 © (16)-14. 


Rewrite as a fourth 


Simplify. 


® 


The exponent only 
applies to the 16. 
Rewrite as a fouth 


rant 
LavVLe 


Simplify. 


(—16\14 
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No real solution. 
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\t'v~) ait 


Rewrite using the 1(16)14 
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Rewrite as a fourth 1164 
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Simplify. 


Simplify: ® (—64)—-12 ® —6412 © 
(64) —12. 


@ No real solution ® —8 
© 18 


Simplify: @ (—256)14 © —25614 © 
(256) — 14. 


@ No real solution ® —4 
© 14 


Simplify Expressions with amn 


We can look at amn in two ways. Remember the 
Power Property tells us to multiply the exponents 
and so (aln)m and (am)1n both equal amn. If we 
write these expressions in radical form, we get 
amn = (aln)m = (an)mandamn = (am)1n=amn 


This leads us to the following definition. 


Rational Exponent amn 


For any positive integers m and n, 
amn = (an)mandamn =amn 


Which form do we use to simplify an expression? 


We usually take the root first—that way we keep the 
numbers in the radicand smaller, before raising it to 
the power indicated. 


Write with a rational exponent: @ y3 © 


(2x3)4 © (3a4b)3. 


We want to use amn=amn to write each 
radical in the form amn. 


@ 


Write with a rational exponent: @ x5 © 
(3y4)3 © (2m3n)5. 


@ x52 © (3y)34 © (2m3n)52 


Write with a rational exponent: @ a25 © 
(5ab3)5 © (7xyz)3. 


@ a25 ®© (5ab)53 
© (7xyz)32 


Remember that a—n=1an. The negative sign in the 
exponent does not change the sign of the expression. 


Simplity: @12523:@).16—32 © 3295. 


We will rewrite the expression as a radical first 
using the defintion, amn=(an)m. This form 
lets us take the root first and so we keep the 
numbers in the radicand smaller than if we 
used the other form. 


@ 


The power of the (1253)2 
radical is the 

numerator of the 

exponent, 2. 

The index of the 

radical is the 

denominator of the 


avnnnont 2 
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25 


© We will rewrite each expression first using a 
—n=1an and then change to radical form. 


= DS) 
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Rewrite using a 11632 


Change to radical form.1(16)3 
The power of the 

radical is the 

numerator of the 

exponent, 3. The index 

is the denominator 


anf tha awnanant 9 
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Rewrite using a 13225 
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Rewrite the radicand 1(255)2 
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ba 


Simplify: © 2723 © 81—32 © 16-34. 


Simplify: ®@ 432 © 27-23 © 625-34. 


Simplify: © —2532 © —25—32 © (—25)32. 


— 2522 
Rewrite in radical —(25)3 
form, 
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© 


Rewrite using a 
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Rewrite in radical 


LULiite 


Simplify tha vradinal 
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Simplify. 


© 


Rewrite in radical 


LuULiite 


There is no real 
number whose square 
root 
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— (12532) 


—(1(25)3) 


= (E33 
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(—25)3 


Not a real number. 


Simplify: © —1632 © —16—32 © 


(=16) = 32: 


@ —64 ® —164 © not areal number 


Simplify: © —8132 © —81—32 © 
(Safe 


@ —729 ® —1729 © not areal number 


Use the Properties of Exponents to 
Simplify Expressions with Rational 
Exponents 


The same properties of exponents that we have 
already used also apply to rational exponents. We 
will list the Properties of Exponenets here to have 
them for reference as we simplify expressions. 


Properties of Exponents 
If a and b are real numbers and m and n are 
rational numbers, then 


Product Propertyam-an = am + nPower 
Property(am)n=am-nProduct to a 

Power(ab)m = ambmQuotient Propertyaman=am 
—n,a~OZero Exponent 

DefinitionaO = 1,a = OQuotient to a Power 


We will apply these properties in the next example. 


Simplify: @ x12:x56 © (z9)23 © x13x53. 


@ The Product Property tells us that when we 
multiply the same base, we add the exponents. 


x1 9.~ Ea 
AtL VU 


ai AY 


The bases are the x12+56 
same, so we add the 


awnananta 
Capone. 
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Simplify the exponent. x43 


© The Power Property tells us that when we 
raise a power to a power, we multiply the 
exponents. 


(a7OV\9O9D 
La7 yeu 


To raise a power toa 29:23 
power, we multiply 


tha awnanananta 
tite CApPViiLiity. 


Simplify. z6 


© The Quotient Property tells us that when we 
divide with the same base, we subtract the 
exponents. 


ALGAYGY 


vw1QwEkD 


ALVAYVY 


To divide with the 1x53-13 
same base, we subtract 


tha awnananta 
tie CApPViiLiity. 


Simplify. 1x43 


Simplify: @ x16:x43 © (x6)43 © x23x53. 


Simplify: @ y34-y58 © (m9)29 © d15d65. 


Sometimes we need to use more than one property. 
In the next example, we will use both the Product to 
a Power Property and then the Power Property. 


Simplify: @ (27u12)23 © (m23n12)32. 


(2743212)23 
First we use the (27)23(u12)23 
Product to a Power 


Deannanrtrr 
pavpricy- 


Rewrite 27 as a power (33)23(u12)23 


nf 2 


Wil Ye 


To raise a power toa (32)(u13) 
power, we multiply 


tha avwnnnanta 
LLiw SEIS PAS ASSO 


Simplify. 9ul13 


® 


(1m92n19129 
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First we use the (m23)32(n12)32 
Product to a Power 


Dranartr 
paupricy-. 


To raise a power toa mn34 
power, we multiply 
the exponents. 


Simplify: @ (32x13)35 © (x34y12)23. 


@ 8x15 © x12y13 


Simplify: ® (81n25)32 © (a32b12)43. 


@ 729n35 © a2b23 


We will use both the Product Property and the 
Quotient Property in the next example. 


Simplify: @ x34-x—14x—64 ® (16x43y — 56x 
= 2 yo) U2: 


wIQA.>w_  1Axw__GA 
Avy i ar it 14 wil 


Use the Product x24x — 64 
Property in the 

numerator, 

ada tha awnnnnanta 

CARL LIL SEB EASA SEIEIO 

Use the Quotient x84 


Property, subtract the 


avwnanannanta 
SEAN NS SESE 


Simplify. x2 


© Follow the order of operations to simplify 
inside the parenthese first. 


(16x43y — 56x 


— 92x71 4119 
euvystvyie 


Use the Quotient (16x63y66)12 


Property, subtract the 


avnnnanta 
Vapvisriito. 


Cimnlifx, (1479x7119 
Were) a a . X i 1 SARS) / J ig 
Use the Product toa 4xy12 
Power Property, 


multiply the exponents. 


Simplify: © m23m—13m—53 © 
(25m16n116m23n— 16)12. 


@ m2 © 5nm14 


Simplify: @ u45-u—25u—135 © 
(27x45y16x15y — 56)13. 


® u3 © 3x15y13 


ccess these online resources for additional 


instruction and practice with simplifying rational 
exponents. 


¢ Review-Rational Exponents 
¢ Using Laws of Exponents on Radicals: 
Properties of Rational Exponents 


Key Concepts 
¢ Rational Exponent aln 


© If an is a real number and n= 2, then 
aln=an. 


* Rational Exponent amn 


© For any positive integers m and n, 
amn=(an)m and amn=amn 


* Properties of Exponents 


© Ifa b are real numbers and m, n are 
rational numbers, then 


M@ Product Property am-an=am+n 
M@ Power Property (am)n=amn 
M Product to a Power (ab)m=ambm 


Quotient Property aman=am 
—n,a~0 

Zero Exponent Definition a0=1, 
a~0 

Quotient to a Power Property 
(ab)m =ambm,b +0 

Negative Exponent Property a 
—n=lan,a~0 


Practice Makes Perfect 
Simplify expressions with aln 


In the following exercises, write as a radical 
expression. 


@ x12 © yl3 © z14 


@ x ® y3 © 24 


@ 112 © s13 © t14 


@ u15 © v19 © wl120 


@ u5 © v9 © w20 


® g17 ®h15 © jl25 


In the following exercises, write with a rational 
exponent. 


@ x7 ® y9 © f5 


@ x17 ® yl9 © f15 


@r8 © sl10 © t4 


@ 7c3 © 12d7 © 26b4 


@ (7c)13 © (12d)17 
© 2(6b)14 


@ 5x4 © 9y8 © 7325 


@ 21p © 8q4 © 436r6 


® (21p)12 ® (8q)14 
© 4(36r)16 


@ 25a3 © 3b © 40c8 


In the following exercises, simplify. 


@ 8112 © 12513 © 6412 


@9IO5O8 


@ 62514 © 24315 © 3215 


@ 1614 © 1612 © 62514 


@20405 


@ 6413 © 3215 © 8114 


@ (—216)13 © —21613 © (216)-13 


@ -—6® —6 © 16 


@ (—1000)13 ® —100013 © (1000)—13 


@ (—81)14 © —8114 © (81)-14 


@ not real ® -—3 © 13 


@ (—49)12 © —4912 © (49)—-12 


@ (—36)12 © —3612 © (36)—12 


@ not real © —6 © 16 


@ (—16)14 © —1614 © 16-14 


@ (—100)12 © —10012 © (100)-—-12 


@ not real ® —10 © 110 


@ (—32)15 © (243)—15 © —12513 


Simplify Expressions with amn 


In the following exercises, write with a rational 
exponent. 


@ m5 © (3y3)7 © (4x5y)35 


@ m52 © (3y)73 © (4x5y)35 


@ r74 © (2pq5)3 © (12m7n)34 


@ u25 ® (6x3)5 © (18a5b)74 


@ u25 © (6x)53 © (18a5b)74 


@ a3 © (21v4)3 © (2xy5z)24 
In the following exercises, simplify. 


@ 6452 © 81-32 © (—27)23 


@ 32,768 © 1729 © 9 


@ 2532 © 9-32 © (—64)23 


@ 3225 © 27-23 © (—25)12 


@ 4@® 19 © not real 


@ 10032 © 49-52 © (—100)32 


@ —932 © —9-32 © (—9)32 


@ —27 © —127 © not real 


@ —6432 © —64—32 © (—64)32 


Use the Laws of Exponents to Simplify 
Expressions with Rational Exponents 


In the following exercises, simplify. Assume all 
variables are positive. 


@ c14-c58 © (p12)34 © r45r95 


@ c78 © p9 © Ir 


@ 652-612 © (b15)35 © w27w97 


@ y12-y34 © (x12)23 © m58m138 


® y54 © x8 © 1m 


@ q23-q56 © (h6)43 © n35n85 


@ (27q32)43 © (a13b23)32 


® 81q2 ® al2b 


@ (64s37)16 ® (m43n12)34 


@ (16u13)34 © (4p13q12)32 


@ 8u14 © 8p12q34 


@ (625n83)34 © (9x25y35)52 


@ r52r—12r—32 © (36s15t— 32s —95t12)12 


@ r72 © 6st 


@ a34-a—14a—104 © (27b23c—52b 
— 73¢12)13 


® c53-:c—13c—23 ® (8x53y —1227x 
— 43y52)13 


@ c2 ® 2x3y 


@ m74-m—54m— 24 © (16m15n3281m95n 


—12)14 


Writing Exercises 


Show two different algebraic methods to 
simplify 432. Explain all your steps. 


Answers will vary. 


Explain why the expression (— 16)32 cannot be 
evaluated. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 


improve? 


Add, Subtract, and Multiply Radical Expressions 
By the end of this section, you will be able to: 


¢ Add and subtract radical expressions 

* Multiply radical expressions 

* Use polynomial multiplication to multiply 
radical expressions 


Before you get started, take this readiness quiz. 


1. Add: 3x2+ 9x -—5 — (x2 —2x+3). 

If you missed this problem, review [link]. 
2. Simplify: (2+a)(4-— a). 

If you missed this problem, review [link]. 
3. Simplify: (9 — 5y)2. 

If you missed this problem, review [link]. 


Add and Subtract Radical Expressions 


Adding radical expressions with the same index and 
the same radicand is just like adding like terms. We 
call radicals with the same index and the same 
radicand like radicals to remind us they work the 
same as like terms. 


Like Radicals 


Like radicals are radical expressions with the same 
index and the same radicand. 


We add and subtract like radicals in the same way 
we add and subtract like terms. We know that 3x 

+ 8x is 11x. Similarly we add 3x + 8x and the result 
1S: Lx. 


Think about adding like terms with variables as you 
do the next few examples. When you have like 
radicals, you just add or subtract the coefficients. 
When the radicals are not like, you cannot combine 
the terms. 


Simplify: @ 22—72 © 5y3+4y3 © 7x4 —2y4. 


@) 

22 —72Since the radicals are like, we subtract 
thecoefficients. — 52 

© 

5y3 + 4y3Since the radicals are like, we add 
thecoefficients.9y3 


© 


7X4 — 2y4 


The indices are the same but the radicals are 
different. These are not like radicals. Since the 
radicals are not like, we cannot subtract them. 


Simplify: @ 82—92 © 4x3+7x3 © 3x4—5y4. 


@ —2 ® 11x3 
© 3x4—5y4 


Simplify: © 53-93 © 5y3+3y3 © 
9m4— 2m3. 


® —43 © 8y3 
© 5m4-2m3 


For radicals to be like, they must have the same 
index and radicand. When the radicands contain 


more than one variable, as long as all the variables 
and their exponents are identical, the radicands are 
the same. 


Simplify: © 25n—65n+45n © 
3xy4 + 53xy4 — 43xy4. 


@ 
25n—65n+ 45nSince the radicals are like, we 
combine them.05nSimplify.0 


® 
3xy4 + 53xy4 — 43xy4Since the radicals are 
like, we combine them.23xy4 


Simplify: © 7x-—77x+ 47x © 
45xy4 + 25xy4 — 75xy4. 


@ —27x ® —5xy4 


Simplify: @ 43y —73y + 23y © 
67mn3 + 7mn3 — 47mn3. 


@ —3y © 37mn3 


Remember that we always simplify radicals by 
removing the largest factor from the radicand that is 
a power of the index. Once each radical is 
simplified, we can then decide if they are like 
radicals. 


Simplify: © 20+35 © 243-3753 © 


12484 — 232434. 


@ 

20+ 35Simplify the radicals, when 
possible.4-5 + 3525 + 35Combine the like 
radicals.55 


© 
243 — 3753Simplify the 
radicals.83°33 — 1253-33233 —533Combine the 


like radicals. — 333 


© 


12484 — 232434Simplify the 
radicals. 12164-34 — 23814-:3412:2:34 — 23:3:3434 4234C 
the like radicals. — 34 


Simplify: @ 18+62 © 6163—22503 © 
23813 — 12243. 


Simplify: © 27+43 © 453-7403 © 
121283 —53543. 


(1 73°@) 1053 © — 323 


In the next example, we will remove both constant 
and variable factors from the radicals. Now that we 


have practiced taking both the even and odd roots 
of variables, it is common practice at this point for 
us to assume all variables are greater than or equal 
to zero so that absolute values are not needed. We 
will use this assumption throughout the rest of this 
chapter. 


Simplify: @ 950m2—648m2 © 
94n53 — 16n53. 


@ 

950m2 — 648m2Simplify the 

radicals.925m2:2 — 616m2:39-5m:-2 — 6:-4m:345m2 | 24m 
radicals are not like and so cannot 

becombined. 


© 

54n53— 16n53Simplify the 

radicals.27n33-2n23 — 8n33:2n233n2n23 — 2n2n28Comt 
the like radicals.n2n23 


Simplify: @ 32m7—50m7 © 135x73 — 40x73. 


@ —m32m © x25x3 


Simplify: ®@ 27p3—48p3 © 256y53 —32n53. 


@ —p3p 
® 4y4y23 — 2n4n23 


Multiply Radical Expressions 


We have used the Product Property of Roots to 
simplify square roots by removing the perfect square 
factors. We can use the Product Property of Roots 
‘in reverse’ to multiply square roots. Remember, we 
assume all variables are greater than or equal to 
zero. 


We will rewrite the Product Property of Roots so we 
see both ways together. 


Product Property of Roots 
For any real numbers, an and bn, and for any 


integer n=>2 
abn = an-bnandan-bn = abn 


When we multiply two radicals they must have the 
same index. Once we multiply the radicals, we then 
look for factors that are a power of the index and 
simplify the radical whenever possible. 


Multiplying radicals with coefficients is much like 
multiplying variables with coefficients. To multiply 
4x:3y we multiply the coefficients together and then 
the variables. The result is 12xy. Keep this in mind 
as you do these examples. 


Simplify: ® (62)(310) © (—543)(— 463). 


@ 

(62)(310)Multiply using the Product 
Property.1820Simplify the 
radical.184-5Simplify.18-2-5365 


© 
(—543)(—463)Multiply using the Product 


Property.20243Simplify the 
radical.2083-33Simplify.20-2:334033 


Simplify: © (32)(230) © (2183)(— 363). 


OBA KOM iliey76) 


Simplify: ® (33)(36) ® (—493)(363). 


@ 27278) — 3623 


We follow the same procedures when there are 
variables in the radicands. 


Simplify: ® (106p3)(43p) ® (220y24) 
(328y34). 


@ 
(106p3)(43p)Multiply.4018p4Simplify the 
radical.409p4-2Simplify.40-3p2:31 20p23 


© When the radicands involve large numbers, 


it is often advantageous to factor them in order 
to find the perfect powers. 


(220y24)(328y34)Multiply.64-5-4-7y54Simplify 
the 
radical.616y44-35y4Simplify.6-2y35y4Multiply.14y35y¢ 


Simplify: @ (66x2)(830x4) © (—412y34) 
(—8y34). 


@ 36x35 © 8y3y24 


Simplify: @ (26y4)(1230y) © (-—49a34) 
(327a24). 


® 144y25y © —363a4 


Use Polynomial Multiplication to 
Multiply Radical Expressions 


In the next a few examples, we will use the 
Distributive Property to multiply expressions with 
radicals. First we will distribute and then simplify 
the radicals when possible. 


Simplify: @ 6(2+18) ® 93(5—183). 


@ 
6(2 + 18)Multiply.12 + 108Simplify.4-3 + 36-3Simplify.2: 
like radicals.83 


® 


=~ 


3638 


93(5 — 183)Distribute.593 — 1623Simplify.593 — 2 


Simplify: ® 6(1+36) ® 43(—2-63). 


ys 6"b—— 245 233 


Simplify: ® 8(2—58) ® 33(—93-—63). 


@ —40+42 © —3-183 


When we worked with polynomials, we multiplied 
binomials by binomials. Remember, this gave us 
four products before we combined any like terms. 
To be sure to get all four products, we organized our 
work—usually by the FOIL method. 


Simplify: @ (3 —27)(4—27) ® (x3-2) 


(x3 + 4). 


@) 

(3 —27) 

(4 —27)Multiply12 — 67 — 87 + 4-7Simplify.12 — 67j— 87 + 
like terms.40 — 147 


© 

(x3 —2) 

(x3 + 4)Multiply.x23 + 4x3 — 2x3 — 8Combine 
like terms.x23 + 2x3 —8 


Simplify: @ (6 —37)(3+47) © (x3-2) 
(x3 —3). 


@ —66+157 
® x23—5x3+6 


Simplify: @ (2—311)(4-11) © («3+1) 
(x3 +3). 


@ 41-1411 
® x234+4x3+3 


Simplify: (32 —5)(2+ 45). 


(32-5) 
(2+ 45)Multiply.3-2 + 1210 —10—4-5Simplify.6 +210 - 
like terms. —14+1110 


Sumplitves(538—7)(o427) 


Simplify: (6 — 38)(26 + 8) 


Recognizing some special products made our work 
easier when we multiplied binomials earlier. This is 
true when we multiply radicals, too. The special 
product formulas we used are shown here. 


Special Products 
Binomial SquaresProduct of Conjugates(a 


+b)2=a2+2ab+b2(a+b)(a—b)=a2—b2(a 
—b)2=a2-—2ab+b2 


We will use the special product formulas in the next 
few examples. We will start with the Product of 
Binomial Squares Pattern. 


Simplify: ® (2+3)2 ® (4—25)2. 


Be sure to include the 2ab term when squaring 
a binomial. 


@ 


Multiply, using the 
Product of Binomial 
Sq 


Simplify. 
4 4/2. > | 
bie ee eee 
Combine like terms. 


© 


ra 2V 7 
Multiply, using the 
Product of Binomial 
Sq 


Simplify. 


Combine like terms. 


Simplify: @ (10+ 2)2 © (1+ 36)2. 


@ 102+202 © 55+66 


Simplify: ®@ (6—5)2 ® (9—210)2. 


@ 41-125 
© 121—3610 


In the next example, we will use the Product of 
Conjugates Pattern. Notice that the final product has 
no radical. 


Simplify: (5 — 23)(5 + 23). 


Multiply, using the 
Product of Conjugates 


Pa 
ak ad 
Simplify. 


Simplity: (3 —25)(3425) 


Simplify: (4+ 57)(4—57). 


Access these online resources for additional 
instruction and practice with adding, subtracting, 
and multiplying radical expressions. 


¢ Multiplying Adding Subtracting Radicals 

¢ Multiplying Special Products: Square 
Binomials Containing Square Roots 

¢ Multiplying Conjugates 


Key Concepts 


¢ Product Property of Roots 


© For any real numbers, an and bn, and for 
any integer n=2 
abn = an-bn and an-bn=abn 
¢ Special Products 
Binomial SquaresProduct of Conjugates(a 


+b)2=a2+2ab+b2(a+b)(a—b)=a2—b2(a 
—b)2=a2—2ab+b2 


Practice Makes Perfect 
Add and Subtract Radical Expressions 


In the following exercises, simplify. 


® 82-52 © 5m3+2m3 © 8m4—2m4 
® 32 ® 7m3 © 6m4 

® 72—32 © 7p3+2p3 © 5x3—3x3 

® 35+65 © 9a3+3a3 © 5224+ 224 


@ 95 © 12a3 © 6224 


@ 45+85 © m3—4m3 © n+3n 


@ 32a—42a+52a © 53ab4 — 33ab4 — 23ab4 


@ 42a © 0 


@ 11b—511b+311b © 
811cd4+511cd4—911cd4 


@ 83c+23c—93c © 24pq3 —54pq3 + 44pq3 


@ —23 © 4pq3 


@ 35d+85d—115d © 112rs3 — 92rs3 + 32rs3 


@ 27-75 ® 403-3203 © 12324+ 231624 


@ -23 ® —253 © 324 


@ 72—98 ® 243+813 © 12804 — 234054 


@ 48+ 27 © 543+1283 © 654-— 32804 


@ 73 ® 723 © 354 


@ 45+80 © 813-1923 © 52804+734054 


@ 72a5—50a5 © 980p44 — 6405p44 


@ a22a © 0 


® 48b5 —75b5 ® 864q63 —3125q63 


@ 80c7 —20c7 © 21621104 + 432r104 


@ 2c35c © 14r221r24 


@ 96d9— 24d9 © 5243864 + 23864 


3128y2 + 4y162 —898y2 


4y2 


375y2 + 8y48 — 300y2 


Multiply Radical Expressions 


In the following exercises, simplify. 


@ (—23)(318) © (843)(— 4183) 


@ —186 © —6493 


@ (—45)(510) © (—293)(793) 


@ (56)(—12) © (—2184)(— 94) 


@ —302) © 624 


@ (—27)(— 214) © (— 384)(- 564) 


@ (412z3)(39z) © (53x33)(318x33) 


@ 72223 © 45x223 


@ (32x3)(718x2) © (—620a23)(— 216a33) 


@ (—2723)(314z8) © (28y24)(— 212y34) 


@ —42752z © —8y6y4 


@ (42k5)(— 332k6) © (—6b34)(38b34) 


Use Polynomial Multiplication to Multiply 
Radical Expressions 


In the following exercises, multiply. 


@ 7(5+27) © 63(4+ 183) 


@ 14+57 © 463+343 


@ 11(8+411) © 33(93 +183) 


@ 11(—3+411) © 34(544+184) 


@ 44-311 © 324+544 


@ 2(-5 +92) © 24(124 + 244) 


(73 )(9-3) 


60+ 23 


SHZ2)34+2) 


@ (9—32)(6+ 42) ®© (x3—3)(x3+1) 


@ 30+182 © x23—2x3-3 


@ (3-—27)(5—47) © (x3—5)(x3—3) 


@ (1+310)(5—210) © (2x3+6)(x3 +1) 


@ —55+1310 
© 2x23 + 8x3+6 


@ (7—25)(4+95) © (3x3 + 2)(x3 — 2) 


(3+ 10)(3 + 210) 


23 +330 


(11+5)(11 + 65) 


(27 —511)(47+ 911) 


=AS9= 277 


(46 + 713)(86 — 313) 


@ (34+5)2 © (2—53)2 


@ 14+65 © 79-203 


@ (44+11)2 © (3—25)2 


@ (9—-6)2 ® (10+37)2 


@ 87-186 
© 163+ 607 


@ (5-10)2 © (8+32)2 


(44+ 2)(4-2) 


14 


(7 F10)7 —10) 


(4+ 93)(4—-93) 


= 2a/ 


(1+ 82)(1 — 82) 


(12—55)(12+ 55) 


19 


(9—43)(9 + 43) 


(3x3+2)(3x3-— 2) 


9x23 —4 


(4x3 + 3)(4x3 — 3) 


Mixed Practice 


2327 + 3448 


53 


175k4 — 63k4 


96162 + 316128 


92 


243 + /813 


12804 — 234054 


—54 


8134 — 4134 — 3134 


912c4 — 327c6 


10623 =9¢33 


80a5 — 45a5 


3575 — 1448 


23 


2193 = 293 


864q63 — 3125q63 


17q2 


Litl=1O11 


3:21 


37 


(46)(— 18) 


(743)(— 3183) 


— 4293 


(412x5)(26x3) 


(29)2 


29 


(—417)(- 317) 


(—4+17)(-—3+17) 


29717 


(38a24)(12a34) 


(632)2 


94 — 362 


3(4— 33) 


33(293 + 183) 


6-325 


(6+ 3)(6+ 63) 


Writing Exercises 


Explain the when a radical expression is in 
simplest form. 


Answers will vary. 


Explain the process for determining whether 
two radicals are like or unlike. Make sure your 
answer makes sense for radicals containing both 
numbers and variables. 


@ Explain why (—n)2 is always non-negative, 
for n=O. 
® Explain why —(n)2 is always non-positive, 
for n=0. 


Answers will vary. 


Use the binomial square pattern to simplify 
(3+ 2)2. Explain all your steps. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® Ona scale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Glossary 


like radicals 
Like radicals are radical expressions with the 
same index and the same radicand. 


Divide Radical Expressions 
By the end of this section, you will be able to: 


* Divide radical expressions 


¢ Rationalize a one term denominator 
¢ Rationalize a two term denominator 


Before you get started, take this readiness quiz. 


1. Simplify: 3048. 
If you missed this problem, review [link]. 


2. Simplify: x2-x4. 

If you missed this problem, review [link]. 
2) Multiply. 25)(7 — 3x): 

If you missed this problem, review [link]. 


Divide Radical Expressions 


We have used the Quotient Property of Radical 
Expressions to simplify roots of fractions. We will 
need to use this property ‘in reverse’ to simplify a 
fraction with radicals. 


We give the Quotient Property of Radical 


Expressions again for easy reference. Remember, we 
assume all variables are greater than or equal to 
zero so that no absolute value bars re needed. 


Quotient Property of Radical Expressions 
If an and bn are real numbers, b~0, and for any 


integer n=>2 then, 
abn = anbnandanbn = abn 


We will use the Quotient Property of Radical 
Expressions when the fraction we start with is the 
quotient of two radicals, and neither radicand is a 
perfect power of the index. When we write the 
fraction in a single radical, we may find common 
factors in the numerator and denominator. 


Simplify: @ 72x3162x © 32x234x53. 


@ 

72x3162xRewrite using the quotient 
property,anbn = abn.72x3162xRemove 
common 

factors. 18-4-x2-x18-9-xSimplify.4x29Simplify 


the radical.2x3 


® 

32x234x53Rewrite using the quotient 
property,anbn = abn.32x24x53Simplify the 
fraction under the radical.8x33Simplify the 
radical.2x 


Simplify: © 50s3128s © 56a37a43. 


Simplify: ® 75q5108q ® 72b239b53. 


@ 5q26 © 2b 


Simplify: @ 147ab83a3b4 © —250mn— 232m 


— 2n43. 


@ 

147ab83a3b4Rewrite using the quotient 
property.147ab83a3b4Remove common 
factors in the fraction.49b4a2Simplify the 
radical.7b2a 


® 

— 250mn — 232m — 2n43Rewrite using the 
quotient property. — 250mn — 22m 

— 2n43Simplify the fraction under the radical. 
— 125m3n63Simplify the radical. —5mn2 


Simplify: @ 162x10y22x6y6 © —128x2y 
=N3Zx—aly23. 


@ 9x2y2 ® — 4xy 


Simplify: @ 300m3n73m5n © —81pq—133p 
=o. 


@ 10n3m © — 3pq2 


Simplify: 54x5y33x2y. 


54x5y33x2y Rewrite using the quotient 
property.54x5y33x2y Remove common factors 
in the fraction.18x3y2 Rewrite the radicand as 
a product using the largest perfect square 
factor.9x2y2-2x Rewrite the radical as the 
product of two radicals.9x2y2-2x 


Simplify.3xy2x 


Simplify: 64x4y52xy3. 


Simplify: 96a5b42a3b. 


4ab3b 


Rationalize a One Term Denominator 


Before the calculator became a tool of everyday life, 
approximating the value of a fraction with a radical 
in the denominator was a very cumbersome process! 


For this reason, a process called rationalizing the 
denominator was developed. A fraction with a 
radical in the denominator is converted to an 
equivalent fraction whose denominator is an 
integer. Square roots of numbers that are not perfect 
squares are irrational numbers. When we rationalize 
the denominator, we write an equivalent fraction 
with a rational number in the denominator. 


This process is still used today, and is useful in other 
areas of mathematics, too. 


Rationalizing the Denominator 
Rationalizing the denominator is the process of 
converting a fraction with a radical in the 


denominator to an equivalent fraction whose 


denominator is an integer. 


Even though we have calculators available nearly 
everywhere, a fraction with a radical in the 
denominator still must be rationalized. It is not 
considered simplified if the denominator contains a 
radical. 


Similarly, a radical expression is not considered 
simplified if the radicand contains a fraction. 


Simplified Radical Expressions 
A radical expression is considered simplified if 
there are 


no factors in the radicand have perfect powers 
of the index 

no fractions in the radicand 

no radicals in the denominator of a fraction 


To rationalize a denominator with a square root, we 
use the property that (a)2 =a. If we square an 
irrational square root, we get a rational number. 


We will use this property to rationalize the 


denominator in the next example. 


Simplify: ®@ 43 © 320 © 36x. 


To rationalize a denominator with one term, 
we can multiply a square root by itself. To 
keep the fraction equivalent, we multiply both 
the numerator and denominator by the same 
factor. 


@ 


[Vv __ 
Multiply both the 
numerator and 

defor by 3. 


Vv 
Simplify. 


® We always simplify the radical in the 
denominator first, before we rationalize it. 
This way the numbers stay smaller and easier 
to work with. 


The fraction is not a 


perfect square, so 
re g the 
Or IAN Arti 


coe 00731 ys 


Simplify the 
denominator. 


Multiply the numerator 
and denominator by 55. 


Simplify. 


Simplify. 


Multiply the numerator 
and denominator by 
6x 


Simplify. 


Simplify: © 53 © 332 © 22x. 


Simplify: @ 65 © 718 © 55x. 


@ 655 © 146 © 5xx 


When we rationalized a square root, we multiplied 
the numerator and denominator by a square root 
that would give us a perfect square under the 
radical in the denominator. When we took the 
square root, the denominator no longer had a 
radical. 


We will follow a similar process to rationalize 
higher roots. To rationalize a denominator with a 
higher index radical, we multiply the numerator and 
denominator by a radical that would give us a 
radicand that is a perfect power of the index. When 
we simplify the new radical, the denominator will 
no longer have a radical. 


For example, 


We will use this technique in the next examples. 


Simplify ® 163 © 7243 © 34x3. 


To rationalize a denominator with a cube root, 
we can multiply by a cube root that will give 
us a perfect cube in the radicand in the 
denominator. To keep the fraction equivalent, 
we multiply both the numerator and 
denominator by the same factor. 


@ 


The radical in the 
denominator has one 
fa 

M th the 
numerator and 
denominator by 623, 
which gives us 2 more 


fantara af & 


AULtVIVD Vi Ve 


Multiply. Notice the 
radicand in the 
de r 


mo af & 


ha 
110 1 6. 


Simplify the cube roct 
in the denominator. 


® We always simplify the radical in the 
denominator first, before we rationalize it. 
This way the numbers stay smaller and easier 
to work with. 


The fraction is not a 


denominator. 


Multiply the numerator 


je) 
=) 
a. 


ora 
<_ O 
i 


will give 


ata D2 Fantara nf 2 
Uv vv 1uULcLYViIv U1 YU. 


Simplify. 


Remember, 333 =3. 


Simplify. 


Rewrite the radicand 
to show the factors. 


Multiply the numerator 
and denominator by 


3) 
factors of 2 and 3 


fantara af v 
LULLULYD UL NA 


Simplify. 


Simplify the radical i 
the denominator. 


Simplify: ® 173 © 5123 © 59y3. 


@ 4937 © 9036 © 53y233y 


Simplify: ® 123 ® 3203 © 225n3. 


@ 432 © 150310 © 25n235n 


Simplify: @ 124 © 5644 © 28x4. 


To rationalize a denominator with a fourth 
root, we can multiply by a fourth root that will 
give us a perfect fourth power in the radicand 
in the denominator. To keep the fraction 
equivalent, we multiply both the numerator 
and denominator by the same factor. 


@ 


yz] 
The radical in the 


de r has one 
fa 

Multiply both the 
numerator and 
denominator by 

234, 

which gives us 3 more 
factors-of 2. 

Multiply. Notice the 
radicand in the 


Simplify the fourth 
root in the 
de 


© We always simplify the radical in the 
denominator first, before we rationalize it. 
This way the numbers stay smaller and easier 
to work with. 


as 
The fraction is not a 


pe 
SO 
using the Quotient 


Dranartir 
pavupricy. 


Rewrite the radicand in 
the denominator to 


power, 


Multiply the numerator 
and denominator by 

22 

T 


fantnra anf 9 
LULLULYD VIL ae 


us 4 


Simplify. 


Remember, 244= 2. 


Simplify. 


Rewrite the radicand 
to show the factors. 


Multiply the numerator 
a denominator by 


a 4 
factors of 2 and 4 


fa etara af v 


Simplify the radical i 
the denominator. 


Simplify the fraction. 


Simplify: ®@ 134 © 3644 © 3125x4. 


@ 2743 © 1244 © 35x345x 


Simplify: @ 154 © 71284 © 44x4 


@ 12545 © 22448 
© 64x34x 


Rationalize a Two Term Denominator 


When the denominator of a fraction is a sum or 
difference with square roots, we use the Product of 
Conjugates Pattern to rationalize the denominator. 
(a—b)(a+b)(2—5)(2+5)a2 —b222—(5)24-—5-1 


When we multiply a binomial that includes a square 
root by its conjugate, the product has no square 
roots. 


Simplify: 52—3. 


Multiply the numerator 
and denominator by 


Multiply the conjugates 
in the denominator. 


Simplify the 
denominator. 


Simplify the 
denominator. 


Simplify. 


Simplify: 31—5. 


Simplify: 24 —6. 


Notice we did not distribute the 5 in the answer of 
the last example. By leaving the result factored we 
can see if there are any factors that may be common 
to both the numerator and denominator. 


Simplify: 3u—6. 


Multiply the numerator 


ae denominator i 


d Anaminatar 
VLLVALLLLIULY ie 


Multiply the conjugates 
in the les teh 


Simplify the 
denominator. 


Simplify: 5x +2. 


Simplify: 10y —3. 


LOG 3)y —3 


Be careful of the signs when multiplying. The 
numerator and denominator look very similar when 
you multiply by the conjugate. 


Simplify: x + 7x —7. 


2 | 
Multiply the numerator 


and denominator b 
th 
co 


. 
danaminatar 
VU. 


Multiply the conjugates 
in the denominator. 


Simplify the 
denominator. 


We do not square the numerator. Leaving it in 
factored form, we can see there are no 
common factors to remove from the numerator 
and denominator. 


Sumplity: p+ 2p — 2. 


(p+ 2)p 22 


Simplify: q—10q+10 


(=10)q=102 


Access these online resources for additional 
instruction and practice with dividing radical 
expressions. 


Rationalize the Denominator 
Dividing Radical Expressions and 


Rationalizing the Denominator 
Simplifying a Radical Expression with a 
Conjugate 

Rationalize the Denominator of a Radical 
Expression 


Key Concepts 
* Quotient Property of Radical Expressions 
© If an and bn are real numbers, b 0, and 
for any integer n=2 then, 
abn =anbn and anbn=abn 


¢ Simplified Radical Expressions 


© A radical expression is considered 
simplified if there are: 


M@ no factors in the radicand that have 
perfect powers of the index 


M@ no fractions in the radicand 
HM no radicals in the denominator of a 
fraction 


Practice Makes Perfect 
Divide Square Roots 


In the following exercises, simplify. 


@ 12872 © 1283543 


@ 43 © 43 


@ 4875 © 813243 


® 200m598m © 54y232y53 


@ 10m27 © 3y 


® 108n7243n3 ® 54y316y43 


@ 75r3108r7 © 24x7381x43 


@ 56r2 © 2x3 


® 196q484q5 © 16m4354m3 


® 108p5q23p3q6 ® —16a4b—232a—2b3 


@ 6pq2 © —2a2b 


@ 98rs102r3s4 © —375y4z—233y— 2243 


@ 320mn—545m-—7n3 © 16x4y —23-—54x 
— 2y43 


@ 8m43n4 © —2x23y2 


@ 810c—3d71000cd—1 © 24a7b—13-81la 
— 2b23 


56x5y42xy3 


x228y 


72a3b63ab3 


48a3b633a—1b33 


2ab2a3 


162x — 3y632x3y — 23 


Rationalize a One Term Denominator 


In the following exercises, rationalize the 
denominator. 


@ 106 © 427 © 105x 


@ 563 ® 239 © 25xx 


® 83 ® 740 © 82y 


® 67 © 845 © 123p 


® 677 © 21015 © 43pp 


@ 45 ® 2780 © 186q 


@ 153 © 5243 © 436a3 


@ 2535 © 4536 © 26a233a 


@ 133 © 5323 © 749b3 


@ 1113 © 7543 © 33x23 


@ 121311 © 2836 © 9x3x 


@ 1133 © 31283 © 36y23 


@ 174 © 5324 © 44x24 


@ 34347 © 4044 © 24x24x 


@ 144 © 9324 © 69x34 


@ 194 © 251284 © 627a4 


@ 943 ® 5044 © 23a24a 


@ 184 © 271284 © 1664b24 


Rationalize a Two Term Denominator 


In the following exercises, simplify. 


S$l=—5 


=2(1:+5) 


72=6 


63-7 


3347) 


94-11 


3m—5 


3(m+5)m—5 


5n—7 


2x —6 


2(x+ 6)x—6 


7y+3 


r+5r—-—5 


(r+5)r—52 


s—6s+6 


x+8x-—8 


(x+22)x —82 


m—3m+3 


Writing Exercises 


@ Simplify 273 and explain all your steps. 
® Simplify 275 and explain all your steps. 


© Why are the two methods of simplifying 
square roots different? 


Answers will vary. 


Explain what is meant by the word rationalize 
in the phrase, “rationalize a denominator.” 


Explain why multiplying 2x — 3 by its conjugate 
results in an expression with no radicals. 


Answers will vary. 


Explain why multiplying 7x3 by x3x3 does not 
rationalize the denominator. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Glossary 


rationalizing the denominator 
Rationalizing the denominator is the process 
of converting a fraction with a radical in the 
denominator to an equivalent fraction whose 
denominator is an integer. 


Solve Radical Equations 
By the end of this section, you will be able to: 
* Solve radical equations 


* Solve radical equations with two radicals 
¢ Use radicals in applications 


Before you get started, take this readiness quiz. 


simplify: (y—3)2. 
If you missed this problem, review [link]. 


Solve: 2x—5=0. 
If you missed this problem, review [link]. 


Solve n2—6n+8=0. 
If you missed this problem, review [link]. 


Solve Radical Equations 


In this section we will solve equations that have a 
variable in the radicand of a radical expression. An 
equation of this type is called a radical equation. 


Radical Equation 
An equation in which a variable is in the radicand 


of a radical expression is called a radical 
equation. 


As usual, when solving these equations, what we do 
to one side of an equation we must do to the other 
side as well. Once we isolate the radical, our 
strategy will be to raise both sides of the equation to 
the power of the index. This will eliminate the 


radical. 


Solving radical equations containing an even index 
by raising both sides to the power of the index may 
introduce an algebraic solution that would not be a 
solution to the original radical equation. Again, we 
call this an extraneous solution as we did when we 
solved rational equations. 


In the next example, we will see how to solve a 
radical equation. Our strategy is based on raising a 
radical with index n to the nth power. This will 
eliminate the radical. 

Fora=> 0,(an)n=a. 


How to Solve a Radical Equation 


Solve: 5n—4-—-9=0. 


Solve: 3m+2—5=0. 


Solve: 10z+1-—2=0. 


Solve a radical equation with one radical. 


Isolate the radical on one side of the equation. 


Raise both sides of the equation to the power of the 
index. Solve the new equation. Check the answer in 
the original equation. 


When we use a radical sign, it indicates the 
principal or positive root. If an equation has a 
radical with an even index equal to a negative 
number, that equation will have no solution. 


Solve: 9k -2+1=0. 


ee es a 
To isolate the radical, 
subtract 1 to both 


o1 
wL 


Simplify. 
PV 9kK—2=-1 | 


Because the square root is equal to a negative 
number, the equation has no solution. 


Solve: 2r—3+5=0. 


no solution 


Solve: 7s—3+2=0. 


no solution 


If one side of an equation with a square root is a 
binomial, we use the Product of Binomial Squares 
Pattern when we square it. 


Binomial Squares 
(a+ b)2=a2+ 2ab+ b2(a— b)2=a2—2ab+b2 


Don’t forget the middle term! 


Solve: p—1+1=p. 


——___¥. f4 ——_ ___fi__ 7] 
To isolate the radical, 
subtract 1 from both 
Simplify. 

[-__________,__,__| 
Square both sides of 
the equation. 


A Be | 
Simplify, using the 


ae p-t=p-2p+i__ 
Squares Pattern on the 
right. Then solve the 


ANntarT aAn1149tinn 

dauevy VYuUUativil. 

It is a quadratic 
equation, so get zero 


Factor the right side. 


Use the Zero Product 
Property. 


Solve each equation. 


ee ee ee 
SS a SS ees SS OE 
Chaal, th 


mn anoarwrrnra 
NYLEGEIN LLLY ULL VVELVe 


a Se 
The solutions are 


p=1,p=2. 


Solve: x -2+2=x. 


Solve: y-—5+5=y. 


When the index of the radical is 3, we cube both 
sides to remove the radical. 
(a3)3=a 


Solve: 5x+13+8=4. 


E~r1t191O0-A 
wow tl 2 I YO t 


To isolate the radical, 5x+13=-4 


subtract 8 from both 


. 
o1 a ac 
VLLLUVe 


Cube both sides of the 


. 
anii94tinn 
ees 


nli fr 


Smphs 


Solva tha ani1atian 
Vave wie CYyUUtivil. 


Chaal, tha aneararar 
NYELEAWELA CLEY ULLIVVYL 


(5x+ 13)3=(—4)3 


Rw 
Va 


ae 
1 
Cc 
vy 


Solve: 4x -—-33+8=5 


The solution is x= 
—13. 


Solve: 6x -—103+1=-3 


Sometimes an equation will contain rational 
exponents instead of a radical. We use the same 
techniques to solve the equation as when we have a 
radical. We raise each side of the equation to the 
power of the denominator of the rational exponent. 
Since (am)n=am-n, we have for example, 
(x12)2=x,(x13)3=x 


Remember, x12 =x and x13 =x3. 


Solve: (3x—2)14+3=5. 


\YyaA aiyr wv” wv 


To isolate the term (3x -—2)14=2 
with the rational 

exponent, 

subtract 3 from both 


. 
o1 a ac 
VLLIUVe 


Raise each side of the: ((3x — 2)14)4 =(2)4 
equation to the fourth 


TAMTATAY 
Ae VV\Le 


nli fr Qu _ 


9 
Smphs Va <I 
ww 
a 


bel po 
cn GO CD 


Solva tha aniatian Q 
Vave wie CYyUUutivil. uv 


Chaal, tha aneararar 
NYEELWELA CELY ULLIVVYL 


Ss so a. 
The solution is x=6. 


Solve: (9x + 9)14—2=1. 


Solve: (4x-—8)14+5=7. 


Sometimes the solution of a radical equation results 
in two algebraic solutions, but one of them may be 
an extraneous solution! 


Solve: r+4—r+2=0. 


po 4— t=O 
Isclate-the radical. pobdap—2 
Square both sides of (r+ 4)2=(r—2)2 
tha aniiatinn 
t1iv SAS [ERS BO 
Simplify and then solve r+4=r2—4r+4 


. 
than aniuintinn 
tae CYUUUYAaL 


It is a quadratic O=r2—5r 


equation, so get zero 
on 


id 
Onna ot a 
WLllwe ViIttwve 


Facter-the-right-side:; S=rG—53 
Use the Zero Product 0=r0=r—5 


Dranartir 
pavupricy. 


Calxra tha aniuatinn 
UvivVe Use CYyuUuUuiuii. 


ri haol WAAAY ANCTATAY 
NLL jf SARS ULLIVV Le 


The solution is r = 5. 


eS ee EY, 
r=0 is an extraneous 


solution. 


Solve: m+9—m+3=0. 


Solve: n+1—n+1=0. 


=) 
II 
Se) 


When there is a coefficient in front of the radical, 
we must raise it to the power of the index, too. 


Solve: 33x-—5-8=4. 


Isolate the radical 33x -—5=12 


tarm 
LVL. 


Isolate the radical by 3x-—5=4 
dividing both sides by 
Q 


Square both sides of (3x —5)2=(4)2 


. 
than aniuintinn 
tase CYUULLVLIL. 


Simplify, then solve the 3x—5=16 


° 
aAtaT ANn119at1inN 
dav vv VeYyuUUutiuit. 


. 
Cali tha anni1atinn 7 
Uvave ULE CYyuUUutiuis. a 


Chaals tha anararar 


NYE DDA CLAW VULLIVVY Le 


ees = 
The solution is x=7. 


Solve: 24a+4-16=16. 


Solve: 32b+3-—25=50. 


Solve Radical Equations with Two 
Radicals 


If the radical equation has two radicals, we start out 
by isolating one of them. It often works out easiest 
to isolate the more complicated radical first. 


In the next example, when one radical is isolated, 
the second radical is also isolated. 


Solve: 4x —33 =3x+ 23. 


The radical terms are 4x—33=3x+23 


ianlatad 
LUVLULOU. 


Since the index is 3, (4x—33)3=(3x+23)3 
cube both sides of the 


anaii14tinn 
Veyuuuvil. 


Simplify, then solve the4x —3=3x+2 


nmataT AN1W1aAt1inNn 


—_2o-—9 
Se | 


. A 
alatian iow —E 
VLU LOA UD 


0 
qa 


Chaoal, tha anerarar 
NYELWELA LEEW ULLIVVYLe 


We leave it to you to 
show that 5 checks! 


Solve: 5x — 43 = 2x+ 53. 


Solve: 7x+13=2x-—53. 


Sometimes after raising both sides of an equation to 
a power, we still have a variable inside a radical. 

When that happens, we repeat Step 1 and Step 2 of 
our procedure. We isolate the radical and raise both 


sides of the equation to the power of the index 
again. 


How to Solve a Radical Equation 


Solve: m+1=m+9. 


Solve: 3-—x=x-—3. 


Solve: x +2=x+16. 


We summarize the steps here. We have adjusted our 
previous steps to include more than one radical in 
the equation This procedure will now work for any 
radical equations. 


Solve a radical equation. 


Isolate one of the radical terms on one side of the 
equation. Raise both sides of the equation to the 
power of the index. Are there any more radicals? 
If yes, repeat Step 1 and Step 2 again. 


If no, solve the new equation. Check the answer in 
the original equation. 


Be careful as you square binomials in the next 
example. Remember the pattern is (a 
+b)2=a2+2ab+b2 or (a—b)2=a2—2ab+ b2. 


Solve: q—2+3=4q+1. 


EE ee, ee ee 
The radical on the 
right is isolated. Squere 


ha 
vy 


Simplify. 


There is still a radica. 
in the equation so 
WwW 


previous steps. Isolate 


tha radinal 


CLEWS LUULLLLLLLe 


Square both sides. It 
would not help to 


ale 


Simplify, then solve the 
new equation. 


Distribute. 


It is a quadratic 


equation, so get zero 
FOND OF — 2G + 108 


id 
ann ai n 
Wile ViIttwve 


Factor the right side. 


t= 59-1] 9-2] __ 
Use the Zero Product 


Property. 


SS a 
The checks are left to The solutions are q=6 
you. and q=2. 


Solve: x -1+2=2x+6 
<5 


Solve: x + 2=3x+4 


Use Radicals in Applications 


As you progress through your college courses, you'll 
encounter formulas that include radicals in many 
disciplines. We will modify our Problem Solving 
Strategy for Geometry Applications slightly to give 
us a plan for solving applications with formulas 
from any discipline. 


Use a problem solving strategy for applications 


ith formulas. 


Read the problem and make sure all the words and 
ideas are understood. When appropriate, draw a 
figure and label it with the given information. 
Identify what we are looking for. Name what we 
are looking for by choosing a variable to represent 
it. Translate into an equation by writing the 
appropriate formula or model for the situation. 
Substitute in the given information. Solve the 
equation using good algebra techniques. Check 
the answer in the problem and make sure it makes 
sense. Answer the question with a complete 
sentence. 


One application of radicals has to do with the effect 
of gravity on falling objects. The formula allows us 
to determine how long it will take a fallen object to 
hit the gound. 


Falling Objects 
On Earth, if an object is dropped from a height of h 


feet, the time in seconds it will take to reach the 
ground is found by using the formula 
t=h4. 


For example, if an object is dropped from a height 
of 64 feet, we can find the time it takes to reach the 
ground by substituting h = 64 into the formula. 


Simplify the fraction. 


It would take 2 seconds for an object dropped from 
a height of 64 feet to reach the ground. 


Marissa dropped her sunglasses from a bridge 
400 feet above a river. Use the formula t=h4 


to find how many seconds it took for the 
sunglasses to reach the river. 


Step 1. Read the 


pivuviwstiie 


Step 2. Identify what the time it takes for the 
we are looking for. sunglasses to reach the 


. 
wrtTAYr 
Zivun 


Step 3. Name what weLet t= time. 


ara lanling 
UL LYUUVINIIL6: 


Step 4. Translate into 
an equation by writirg 
th 
ap 
Su 


in 


0° ee 


Step 5. Solve the 


equation. 


Step 6. Check the 
answer in the probletn 
and make 

sure it makes sense. 


5=5/7 | 

Does 5 seconds seem _ ‘Yes. 
like a reasonable 

length of 


LLbtiwe 


Step 7. Answer the It will take 5 seconds 
question. for the 
sunglasses to reach the 
river. 


A helicopter dropped a rescue package from a 
height of 1,296 feet. Use the formula t=h4 to 
find how many seconds it took for the package 


to reach the ground. 


9 seconds 


A window washer dropped a squeegee from a 
platform 196 feet above the sidewalk Use the 
formula t=h4 to find how many seconds it 


took for the squeegee to reach the sidewalk. 


Police officers investigating car accidents measure 
the length of the skid marks on the pavement. Then 
they use square roots to determine the speed, in 
miles per hour, a car was going before applying the 
brakes. 


Skid Marks and Speed of a Car 

If the length of the skid marks is d feet, then the 
speed, s, of the car before the brakes were applied 
can be found by using the formula 

s=24d 


After a car accident, the skid marks for one car 
measured 190 feet. Use the formula s = 24d to 
find the speed of the car before the brakes 


were applied. Round your answer to the 
nearest tenth. 


Step 1. Read the 


pivuviwii 


Step 2. Identify what the speed of a car 


TATA TAKA lanlinag far 
VVEe) ULL LUYUINILIG LULL. 


Step 3. Name what _ Let s= the speed. 


TATANTKNA lanlinag far 
VVREULY LYUINIIIG 1LU1L, 


Step 4. Translate into 
an equation by writir. 
th 
fo 
th 


. . . 
mritTan in farm atinn 
OLY Vrs AAAL VL LILLY IIe 


Step 5. Solve the 


equation. 


Round to 1 decimal 
place. 


67S 3075277 TT YT 
The speed of the car 


before the brakes were 
applied 

was 67.5 miles per 
hour. 


An accident investigator measured the skid 
marks of the car. The length of the skid marks 
was 76 feet. Use the formula s=24d to find 
the speed of the car before the brakes were 
applied. Round your answer to the nearest 
tenth. 


42.7 feet 


The skid marks of a vehicle involved in an 
accident were 122 feet long. Use the formula 


s= 24d to find the speed of the vehicle before 
the brakes were applied. Round your answer 
to the nearest tenth. 


54.1 feet 


Access these online resources for additional 
instruction and practice with solving radical 
equations. 


Solving an Equation Involving a Single Radical 
Solving Equations with Radicals and Rational 
Exponents 

Solving Radical Equations 

Solve Radical Equations 

Radical Equation Application 


Key Concepts 


* Binomial Squares 
(a+b)2=a2+ 2ab+ b2(a— b)2=a2—2ab+ b2 
* Solve a Radical Equation 


Isolate one of the radical terms on one side of 
the equation. Raise both sides of the equation 
to the power of the index. Are there any more 
radicals? 

If yes, repeat Step 1 and Step 2 again. 

If no, solve the new equation. Check the answer 
in the original equation. 


* Problem Solving Strategy for Applications 
with Formulas 


Read the problem and make sure all the words 
and ideas are understood. When appropriate, 
draw a figure and label it with the given 
information. Identify what we are looking for. 
Name what we are looking for by choosing a 
variable to represent it. Translate into an 
equation by writing the appropriate formula or 
model for the situation. Substitute in the given 
information. Solve the equation using good 
algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer 
the question with a complete sentence. 


* Falling Objects 
© On Earth, if an object is dropped from a 
height of h feet, the time in seconds it will 
take to reach the ground is found by using 


the formula t=h4. 


¢ Skid Marks and Speed of a Car 


© If the length of the skid marks is d feet, 
then the speed, s, of the car before the 
brakes were applied can be found by using 
the formula s= 24d. 


Practice Makes Perfect 
Solve Radical Equations 


In the following exercises, solve. 


ox—-6=8 
x=14 
4x-—3=7 
ox+1=—-3 


no solution 


3y—-4=-2 


2x3 = -2 


4x—-13=3 


2m—-3-—5=0 


2n-1-3=0 


6v—2-—10=0 


Vva17 


12u+1-—11=0 


4m+2+2=6 


m=72 


6n+1+4=8 


2u-—3+2=0 


no solution 


5v—-—2+5=0 


u-3+3=Uu 


u=3,u=4 


v-—10+10=v 


11x+43=5 


4x+53-2=—5 


x=—8 


9x—13-—1=—-5 


(6x+1)12—3=4 


rae 
II 
ee) 


(3x—2)12+1=6 


(8x+5)13+2=—1 


x=—4 


(12x—5)13+8=3 


(12x—3)14-5=—2 


X=7 


(5x—4)14+7=9 


x+1-—x+1=0 


wt+25-w=-5 


32x —3—20=7 


x=42 


25x+1-—8=0 


37y+1-10=8 


Solve Radical Equations with Two Radicals 


In the following exercises, solve. 


3u+7=5ut+1 


u=3 


4v+1=3v+3 


84+2r=3r+10 


r=-2 


10+ 2c=4c+16 


5x—-13=x+33 


Pad 
Il 
a" 


8x — 53 =3x+53 


2x2 + 9x — 183 =x24+3x—- 23 


x= —8,x=2 


x2—x+183 =2x2 —3x-63 


at+2=a+4 


a=0 


r+6=r+8 


u+l=u+4 


—2=d—20-d 


2x+1=1+x 


x=0x=4 


3x+1=1+2x-1 


2x—-—1-x-1=1 


x=I1x=5 


x+1l-—-x-2=1 


x+7-x-5=2 


rae 
II 
\O 


x+5-x-3=2 


Use Radicals in Applications 


In the following exercises, solve. Round 
approximations to one decimal place. 


Landscaping Reed wants to have a square 
garden plot in his backyard. He has enough 
compost to cover an area of 75 square feet. Use 
the formula s=A to find the length of each side 
of his garden. Round your answer to the nearest 
tenth of a foot. 


8.7 feet 


Landscaping Vince wants to make a square 
patio in his yard. He has enough concrete to 
pave an area of 130 square feet. Use the 
formula s=A to find the length of each side of 
his patio. Round your answer to the nearest 
tenth of a foot. 


Gravity A hang glider dropped his cell phone 
from a height of 350 feet. Use the formula 
t=h4 to find how many seconds it took for the 
cell phone to reach the ground. 


4.7 seconds 


Gravity A construction worker dropped a 
hammer while building the Grand Canyon 
skywalk, 4000 feet above the Colorado River. 
Use the formula t=h4 to find how many 
seconds it took for the hammer to reach the 
river. 


Accident investigation The skid marks for a 
car involved in an accident measured 216 feet. 
Use the formula s = 24d to find the speed of the 
car before the brakes were applied. Round your 
answer to the nearest tenth. 


72 feet 


Accident investigation An accident 
investigator measured the skid marks of one of 
the vehicles involved in an accident. The length 
of the skid marks was 175 feet. Use the formula 
s= 24d to find the speed of the vehicle before 
the brakes were applied. Round your answer to 
the nearest tenth. 


Writing Exercises 


Explain why an equation of the form x+ 1=0 
has no solution. 


Answers will vary. 


@ Solve the equation r+4—r+2=0. © 
Explain why one of the “solutions” that was 
found was not actually a solution to the 
equation. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Glossary 


radical equation 


An equation in which a variable is in the 
radicand of a radical expression is called a 
radical equation. 


Use the Complex Number System 
By the end of this section, you will be able to: 


* Evaluate the square root of a negative number 
¢ Add and subtract complex numbers 

¢ Multiply complex numbers 

* Divide complex numbers 

¢ Simplify powers of i 


Before you get started, take this readiness quiz. 


1. Given the numbers — 4, —7,0.5-,73,3,81, list 
the ® rational numbers, © irrational 
numbers, © real numbers. 


If you missed this problem, review [link]. 
Ze vinltiply.( 3) ( 2x4, 5). 

If you missed this problem, review [link]. 
3. Rationalize the denominator:55 — 3. 

If you missed this problem, review [link]. 


Evaluate the Square Root of a Negative 
Number 


Whenever we have a situation where we have a 


square root of a negative number we say there is no 
real number that equals that square root. For 
example, to simplify —1, we are looking for a real 
number x so that x2 = -1. Since all real numbers 
squared are positive numbers, there is no real 
number that equals —1 when squared. 


Mathematicians have often expanded their numbers 
systems as needed. They added 0 to the counting 
numbers to get the whole numbers. When they 
needed negative balances, they added negative 
numbers to get the integers. When they needed the 
idea of parts of a whole they added fractions and 
got the rational numbers. Adding the irrational 
numbers allowed numbers like 5. All of these 
together gave us the real numbers and so far in your 
study of mathematics, that has been sufficient. 


But now we will expand the real numbers to include 
the square roots of negative numbers. We start by 
defining the imaginary unit i as the number whose 
square is —1. 


Imaginary Unit 
The imaginary unit i is the number whose square 


is —l. 
—lori=—-1 


We will use the imaginary unit to simplify the 
square roots of negative numbers. 


Square Root of a Negative Number 


If b is a positive real number, then 
—b=bi 


We will use this definition in the next example. Be 
careful that it is clear that the i is not under the 
radical. Sometimes you will see this written as 
—b=ib to emphasize the i is not under the radical. 
But the —b=bi is considered standard form. 


Write each expression in terms of i and 
simplify if possible: 


25, (7 Oe. 


@ 
— 25 Use the definition of the square root 
ofnegative numbers.25i Simplify.5i 


© 


— 7 Use the definition of the square root 
ofnegative numbers.7i Simplify.Be careful that 
it is clear thatiis not under theradical sign. 


© 
— 12 Use the definition of the square root 
ofnegative numbers.12i Simplify12.23i 


Write each expression in terms of i and 
simplify if possible: 


Oh SIO SG) lies 


Write each expression in terms of i and 
simplify if possible: 


Gr 36 sO 27, 


Now that we are familiar with the imaginary 
number i, we can expand the real numbers to 
include imaginary numbers. The complex number 
system includes the real numbers and the imaginary 
numbers. A complex number is of the form a + bi, 
where a, b are real numbers. We call a the real part 
and b the imaginary part. 


Complex Number 
A complex number is of the form a + bi, where a 
and b are real numbers. 


a+ bi 


imaginary part 


A complex number is in standard form when written 
as a+ bi, where a and Db are real numbers. 


If b=0, then a+bi becomes a+ 0-i=a, and is a real 
number. 


If b+0, then a+bi is an imaginary number. 


If a=0, then a+ bi becomes 0+ bi=bi, and is called 


a pure imaginary number. 


We summarize this here. 


re 1 bi 
b=0 at Ota 
b=0 at+bi 
a=0 0+ bibi 


Imaginary 
Pure imaginary 
number 


The standard form of a complex number is a+ bi, so 
this explains why the preferred form is —b=bi 


when b> 0. 


The diagram helps us visualize the complex number 
system. It is made up of both the real numbers and 
the imaginary numbers. 


Add or Subtract Complex Numbers 


We are now ready to perform the operations of 
addition, subtraction, multiplication and division on 
the complex numbers—just as we did with the real 
numbers. 


Adding and subtracting complex numbers is much 
like adding or subtracting like terms. We add or 
subtract the real parts and then add or subtract the 
imaginary parts. Our final result should be in 
standard form. 


Add: —12+ —27. 


—12+ —27 Use the definition of the square 
root ofnegative numbers.12i+27i Simplify the 
square roots.23i + 33i Add.53i 


AGC aes. 


Add) =274-—46. 


Remember to add both the real parts and the 
imaginary parts in this next example. 


Simplify: © (4—3i)+ (5+ 6i) © 


CASE Sie ME 


@ 

(4 —3i) + (5+6i) Use the Associative Property 
to put the realparts and the imaginary parts 
together.(4 + 5) + (—3i+ 6i) Simplify.9 + 3i 


© 
(2 —5i) — (5— 2i) Distribute.2 —5i—5+2i Use 


the Associative Property to put the realparts 
and the imaginary parts together.2 — 5 — 5i+ 2i 
Simplify. — 3 —3i 


Simplify: © (2+7i)+(4—2i) © 
(SS4 21): 


@ 6+5i © 6—3i 


Simplify: ® (3 -—2i)+(-—5—4i) © 
(44-31) — 2 — Gi) 


SAS Oar 


Multiply Complex Numbers 


Multiplying complex numbers is also much like 
multiplying expressions with coefficients and 
variables. There is only one special case we need to 
consider. We will look at that after we practice in 
the next two examples. 


Multiply: 2i(7 — 5i). 


2i(7 — 5i) Distribute.14i — 10i2 Simplifyi2.14i 
—10(—1) Multiply.14i1+ 10 Write in standard 
form.10 + 141 


Multiply: 4i(5 — 3i). 


12 201 


Multiply: — 3i(2 + 4i). 


In the next example, we multiply the binomials 
using the Distributive Property or FOIL. 


Multiply: (3 + 2i)(4 — 33). 


(3-214 —31) Use FOIL 12 — 914 8i—612 
Simplifyi2and combine like terms.12 —i 
—6(—1) Multiply.12—i+6 Combine the real 
parts.18 —i 


Mialtiply<(3—30)(— bs 


Multiply: (— 4—3i)(2+i). 


In the next example, we could use FOIL or the 
Product of Binomial Squares Pattern. 


Multiply: (3 + 2i)2 


Use the Product of 


Binomial Squares 
a 
al 


a 


Simplify. 


Simplify i2. 


Simplify. 


Multiply using the Binomial Squares pattern: 
(= 2 = si). 


Multiply using the Binomial Squares pattern: 
(—541)2, 


Since the square root of a negative number is not a 
real number, we cannot use the Product Property for 
Radicals. In order to multiply square roots of 
negative numbers we should first write them as 
complex numbers, using —b=bi. This is one place 
students tend to make errors, so be careful when 
you see multiplying with a negative square root. 


Multiply: —36-—4. 


To multiply square roots of negative numbers, 
we first write them as complex numbers. 


— 36:—4 Write as complex numbers using 
—b=bi.36i-4i Simplify.6i-2i Multiply.12i2 
SimplifyiZand multiply. — 12 


Multiply: —49-—4. 


Multiply: —36-—81. 


In the next example, each binomial has a square 
root of a negative number. Before multiplying, each 
square root of a negative number must be written as 
a complex number. 


Multiply (3 =o 27). 
To multiply square roots of negative numbers, 
we first write them as complex numbers. 


(3— —12)(5+ — 27) Write as complex numbers 
using — b= bi.(3 — 23i)(5 + 33i) Use 


FOIL.15 + 93i — 103i — 6:3i2 Combine like 
terms and simplifyi2.15 — 3i—6((— 3) Multiply 
and combine like terms.33 — 3i 


Multiply: (4-— —12)(3— — 48). 


ah 2251 


Multiplya(—2-- —5)(3— — 18): 


61221 


We first looked at conjugate pairs when we studied 
polynomials. We said that a pair of binomials that 
each have the same first term and the same last 
term, but one is a sum and one is a difference is 
called a conjugate pair and is of the form (a—b),(a 
+b). 


A complex conjugate pair is very similar. For a 
complex number of the form a+bi, its conjugate is a 
— bi. Notice they have the same first term and the 
same last term, but one is a sum and one is a 
difference. 


Complex Conjugate Pair 


A complex conjugate pair is of the form a+ bi,a 
— bi. 


We will multiply a complex conjugate pair in the 
next example. 


Multiply: (3 — 2i)(3 + 2i). 


(= 206 21) Use FOILS +61 — 61-412 
Combine like terms and simplifyi2.9 — 4(—1) 
Multiply and combine like terms.13 


Multiply: (4 — 3i)-(4 + 33). 


Miltiply-((=92.1- 51) (251): 


From our study of polynomials, we know the 
product of conjugates is always of the form (a—b)(a 
+b)=a2—b2. The result is called a difference of 
squares. We can multiply a complex conjugate pair 
using this pattern. 


The last example we used FOIL. Now we will use the 
Product of Conjugates Pattern. 


Notice this is the same result we found in [link]. 


When we multiply complex conjugates, the product 
of the last terms will always have an i2 which 
simplifies to —1. 

(a—bi)(a+ bi)a2 — (bi)2a2 — b2i2a2 — b2(— 1)a2+b2 


This leads us to the Product of Complex Conjugates 
Pattern: (a—bi)(a+ bi) =a2+ b2 


Product of Complex Conjugates 


If a and b are real numbers, then 
(a—bi)(a+ bi) =a2+b2 


Multiply using the Product of Complex 
Conjugates Pattern: (8 — 2i)(8 + 2i). 


Use the Product of 


Complex Conjugates 
— 
(a 


Les ay) TL ESO) 
1 way Use 1 LY ale 


Simplify the squares. 


Add. 


Multiply using the Product of Complex 
Conjugates Pattern: (3 — 10i)(3 + 101). 


Multiply using the Product of Complex 
Conjugates Pattern: (—5+ 4i)(— 5 — 41). 


Divide Complex Numbers 


Dividing complex numbers is much like 
rationalizing a denominator. We want our result to 
be in standard form with no imaginary numbers in 
the denominator. 


How to Divide Complex Numbers 


Divide: 4+ 313 — 4i. 


Divide: 2+ 5i5 —2i. 


Divide: 1 + 616 —i. 


We summarize the steps here. 


How to divide complex numbers. 


Write both the numerator and denominator in 
standard form. Multiply the numerator and 


denominator by the complex conjugate of the 
denominator. Simplify and write the result in 
standard form. 


Divide, writing the answer in standard form: 
See vals 


— 35+ 2i Multiply the numerator and 
denominator by thecomplex conjugate of the 
denominator. — 3(5 — 2i)(5 + 2i)(5 — 2i) 
Multiply in the numerator and use the Product 
ofComplex Conjugates Pattern in the 
denominator. — 15+ 6152 + 22 Simplify. 
—15+6i29 Write in standard form. 

= S20 O21 


Divide, writing the answer in standard form: 
41 —4i. 


417+1617i 


Divide, writing the answer in standard form: 
emt | 


25+ 451 


Be careful as you find the conjugate of the 
denominator. 


Divide: 5+ 314i. 


5 +3i4i Write the denominator in standard 
form.5 + 310+ 4i Multiply the numerator and 
denominator bythe complex conjugate of the 
denominator.(5 + 3i)(0 — 41)(0 + 41)(0 — 4i) 
Simplify.(5 + 3i)(— 4i)(4i)(— 4i) Multiply. — 20i 
i212 —16i2 simplify thei2.— 2014 1216 
Rewrite in standard form.1216 — 2016i 


Simplify the fractions.34 — 54i 


Divide: 3+ 312i. 


Divide: 2+ 415i. 


Simplify Powers of i 


The powers of i make an interesting pattern that 
will help us simplify higher powers of i. Let’s 
evaluate the powers of i to see the pattern. 
i1i2i3i4i — 1i12-ii2:i2 — 1-i(—1)(—1) —il i5i6i7i8 
14-114-1214-1314-14 1-11:121-131-1 112131 —1—i 


We summarize this now. 
il =ii5=ii2= —1i6= —1 i3= —ii7 = —ii4=1i8=1 


If we continued, the pattern would keep repeating 
in blocks of four. We can use this pattern to help us 
simplify powers of i. Since i4 = 1, we rewrite each 
power, in, as a product using i4 to a power and 
another power of i. 


We rewrite it in the form in=(i4)q-‘ir, where the 
exponent, q, is the quotient of n divided by 4 and 
the exponent, r, is the remainder from this division. 


For example, to simplify is7, we divide 57 by 4 and 
we get 14 with a remainder of 1. In other words, 
57 =4:14+41. So we write i57 = (14)14-i1 and then 
simplify from there. 


Simplify: i86. 


i86 Divide 86 by 4 and rewritei86in 
thein = (i4)q-irform.(14)21-i2 


Simplify.(1)21-(— 1) Simplify.-1 


Simplify: 175. 


Access these online resources for additional 
instruction and practice with the complex number 
system. 


Expressing Square Roots of Negative Numbers 
with i 

Subtract and Multiply Complex Numbers 
Dividing Complex Numbers 

Rewriting Powers of i 


Key Concepts 


¢ Square Root of a Negative Number 


vaal niumbhar than — h —hi 
UU 2d, Late v ve. 


QO Tf hie a nnaitix 
m4 


dt uyviv uu pyyvw 


ati 
b=0 attia Reabnumber 
b+0 a+bi Imaginary 
number 
a=0 0+ bibi Pure 
imaginary 
number 


© A complex number is in standard form 
when written as a + bi, where a, b are real 
numbers. 


* Product of Complex Conjugates 


© Ifa b are real numbers, then 
(a—bi)(a+ bi) =a2+b2 


* How to Divide Complex Numbers 


Write both the numerator and denominator in 


standard form. Multiply the numerator and 
denominator by the complex conjugate of the 
denominator. Simplify and write the result in 
standard form. 


Section Exercises 


Practice Makes Perfect 
Evaluate the Square Root of a Negative Number 


In the following exercises, write each expression in 
terms of i and simplify if possible. 


@ -16® -11 
© -8 


@ 4i © 11i © 22i 


@ =—121 © -1© =—20 


@® —100 ® —-13 © —45 


@ 10i © 13i © 35i 


@ —-49 ® -15 © —-75 


Add or Subtract Complex Numbers In the 
following exercises, add or subtract. 


-75+ —48 


931i 


=e 7.5 


=50> =15 


82i 


-72+-8 


(1+ 3i) +(7 + 41) 


8+7i 


(6+ 2i) + (3 — 41) 


(8—i)+ (6+ 3i) 


144+ 2i 


(7 — 41) + (— 2-61) 


(1 — 4i) -(3 —- 61) 


ret 21 


(8 — 41) -(3 +71) 


(6+i)—(—2-4)i) 


8+5i 


(—2+5i)—-(—5+6i) 


(S5— —36)+(2— —49) 


7131 


(=3-+— 64) +(5 = —16) 
(=7-——50)=(—32=—18) 
25221 


(—5+ —27)-(-4- —48) 


Multiply Complex Numbers 


In the following exercises, multiply. 


4i(5 — 3i) 
12+ 201 
2i(—3+ 41) 
=61(—3— 21) 
= 1242161 


—i(6 + 5i) 


(4+ 3i)(—5 + 61) 


= 307 FO 


(—2—5i)(—4+3i) 


(—3+31)0—2—=71) 


27 Lt 


(=6=21)(=3 51) 


In the following exercises, multiply using the 
Product of Binomial Squares Pattern. 


(3+ 4i)2 


—7 +241 


C=151)2 


(=2=31)2 


=p = 121 


(—6-—5i)2 
In the following exercises, multiply. 


=29'=36 


301 


—~4-—16 


—9-=100 


— 30 


—64-—9 


(—2--27)(4- —48) 


—~444 43: 


(33 12)€=378 = 75) 


(2+ —8)(—4+ —18) 


20221 


(59+ 18)(=2= 50) 


(2=—)@2 +1) 


(4—5i)(4 + 5i) 


(7=21 7 +21) 


oS 


(—3-8i)(— 3+ 8i) 


In the following exercises, multiply using the 
Product of Complex Conjugates Pattern. 


(7-1) 41) 


50 


(6 — 5i)(6 + 5i) 


(9 — 21)(9 + 2i) 


85 


(—3-4i)(-3+ 41) 


Divide Complex Numbers 


In the following exercises, divide. 


3+ 414 — 31 


o> 212 Fol 


YF i ea 


229 F11251 


o= 210-11 


3231 


6134-9131 


24-5i 


— 43 -2i 


=1213=8131 


Loe 21 


1+ 413i 


43-131 


4+ 317i 


=2-3I41 


= 344121 


= 30121 


Simplify Powers of i 


In the following exercises, simplify. 


i41 


i255 


Writing Exercises 


Explain the relationship between real numbers 
and complex numbers. 


Answers will vary. 


Aniket multiplied as follows and he got the 
wrong answer. What is wrong with his 
reasoning? 


=P fA97 


Why is —64=8i but —643= — 4. 


Answers will vary. 


Explain how dividing complex numbers is 
similar to rationalizing a denominator. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On a scale of 1—10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Chapter Review Exercises 


Simplify Expressions with Roots 


Simplify Expressions with Roots 


In the following exercises, simplify. 


@ 225 © —-16 
@15 © —4 
@ -—169 © —-8 


@ 83 ® 814 © 2435 


@®203©3 


@ —5123 © —814 © —-15 


Estimate and Approximate Roots 


In the following exercises, estimate each root 
between two consecutive whole numbers. 


@ 68 © 843 


@ 8<68<9 
® 4<843<5 


In the following exercises, approximate each root 


and round to two decimal places. 
@ 37 © 843 © 1254 


Simplify Variable Expressions with Roots 


In the following exercises, simplify using absolute 
values as necessary. 


@ a33 
© b77 


@®a®©® |b| 


@ al4 
®© w24 


@ m84 
® n205 


@ m2 © n4 


@ 121m20 
® —64a2 


@ 216a63 
© 32b205 


@ 6a2 © 2b4 


@ 144x2y2 
© 169w8y10 
© 8a51b63 


Simplify Radical Expressions 


Use the Product Property to Simplify Radical 
Expressions 


In the following exercises, use the Product Property 
to simplify radical expressions. 


125 


eh) 


675 


@ 6253 ® 1286 


@ 553 © 226 


In the following exercises, simplify using absolute 
value signs as needed. 


@ a23 
® b83 
© ¢c138 


@ 80s15 
® 96a75 
© 128b76 


@ 4|s7|5s © 2a3a25 
© 2|b|2b6 


@ 96r3s3 
® 80x7y63 
© 80x8y94 


@ —325 
® —18 


@ —2 © not real 


@ 8+96 
® 2+ 402 


Use the Quotient Property to Simplify Radical 
Expressions 


In the following exercises, use the Quotient Property 
to simplify square roots. 


@ 7298 © 24813 © 6964 


@ 67 © 23 © 12 


@ y4y8 © u21u115 © v30v126 


300m564 


10m23m8 


@ 28p7q2 
® 81s8t33 
© 64p15q124 


@ 27p2q108p4q3 
® 16c5d7250c2d23 
© 2m9n7128m3n6 


@ 12|pq| © 2cd2d255 
© |mn|262 


@ 80q55q 
® — 625353 
© 80m745m4 


Simplify Rational Exponents 


Simplify expressions with aln 


In the following exercises, write as a radical 
expression. 


@ 112 © s13 © t14 


@r@®s3 © t4 


In the following exercises, write with a rational 
exponent. 


@ 21p © 8q4 © 436r6 


In the following exercises, simplify. 


@ 62514 
® 24315 
© 3215 


@503©2 


@ (—1,000)13 
® —1,00013 
© (1,000) —13 


@ (—32)15 
® (243)-15 
© —12513 


@-2@®13© -5 


Simplify Expressions with amn 


In the following exercises, write with a rational 
exponent. 


@ r74 
® (2pq5)3 
© (12m7n)34 


In the following exercises, simplify. 


@ 2532 
® 9-32 
© (—64)23 


@ 125 © 127 © 16 


@ —6432 
® —64-—32 
© (—64)32 


Use the Laws of Exponents to Simplify 
Expressions with Rational Exponents 


In the following exercises, simplify. 


@ 652-612 
® (b15)35 
© w27w97 


@ 63 ® b9 © lw 


@ a34-a—14a—104 

® (27b23c—52b—73c12)13 
Add, Subtract and Multiply Radical Expressions 
Add and Subtract Radical Expressions 


In the following exercises, simplify. 


@ 72—32 
® 7p3+2p3 
© 5x3—3x3 


® 42 © 9p3 © 2x3 


@ 11b—511b+311b 
® 811cd4+511cd4-—911cd4 


@ 48+27 
® 54341283 
© 654 -—323204 


@ 73 ® 723 © 354 


@ 80c7 — 20c7 
©) 2162r104+ 432r104 


375y2 + 8y48 — 300y2 


37y3 


Multiply Radical Expressions 


In the following exercises, simplify. 


@ (56)(—12) 
® (—2184)(—-94) 


@ (32x3)(718x2) 
© (—620a23)(— 216a33) 


@ 126x22 ® 48aa23 


Use Polynomial Multiplication to Multiply 
Radical Expressions 


In the following exercises, multiply. 


@ 11(8+411) 
® 33(93 + 183) 


@ (3-—27)(5—47) 
® (x3—5)(x3—3) 


@ 71 —227 
® x23-—8x3+15 


(27 =—S11)(47 +911) 


@ (44+11)2 


® (3—25)2 


@ 27+811 © 29-125 


(7+10)7 =10) 


(3x3 + Z)(3x3 = 2) 


9x23 —4 


Divide Radical Expressions 
Divide Square Roots 


In the following exercises, simplify. 


@ 4875 
® 813243 


@ 320mn—545m — 7n3 
® 16x4y — 23 —54x-— 2y43 


@ 8m43n4 © —x22y2 


Rationalize a One Term Denominator 


In the following exercises, rationalize the 
denominator. 


® 83 ® 740 © 82y 


@ 1113 © 7543 © 33x23 


@ 121311 © 2836 © 9x3x 


@ 144 © 9324 © 69x34 


Rationalize a Two Term Denominator 


In the following exercises, simplify. 


72=6 


=7(2+6)2 


5n—7 


x+8x-—8 


(x+22)x —82 


Solve Radical Equations 
Solve Radical Equations 


In the following exercises, solve. 


4x-—3=7 


5x+1=-3 


no solution 


4x-13=3 
u-—3+3=Uu 
u=3,u=4 


4x+53-2=—5 


(8x+5)13+2=—1 


yt+4—-y+2=0 
28r+1—8=2 
r=3 


Solve Radical Equations with Two Radicals 


In the following exercises, solve. 


10+ 2c=4c+16 


2x2 + 9x — 183 =x24+ 3x—-—23 


x= —8,x=2 


r+6=r+8 


x+1-x-2=1 


* 
II 
wo 


Use Radicals in Applications 


In the following exercises, solve. Round 
approximations to one decimal place. 


Landscaping Reed wants to have a square 
garden plot in his backyard. He has enough 
compost to cover an area of 75 square feet. Use 
the formula s=A to find the length of each side 
of his garden. Round your answer to the nearest 
tenth of a foot. 


Accident investigation An accident 
investigator measured the skid marks of one of 
the vehicles involved in an accident. The length 
of the skid marks was 175 feet. Use the formula 
s= 24d to find the speed of the vehicle before 
the brakes were applied. Round your answer to 
the nearest tenth. 


64.8 feet 


Use Radicals in Functions 
Evaluate a Radical Function 


In the following exercises, evaluate each function. 


g(x) =6x+1, find 
@ g(4) 
® g(8) 


G(x) =5x-—1, find 
@ G(5) 
® G(2) 


@ G(5)=26 © G(2)=3 


h(x) = x2 —43, find 
@ h(-2) 
® h(6) 


For the function 
g(x) =4-— 4x4, find 
@ g(1) 

© g(-3) 


@ g(1)=0 © g(—3)=2 


Find the Domain of a Radical Function 


In the following exercises, find the domain of the 
function and write the domain in interval notation. 


g(x) =2—3x 


F(x) =x+3x-2 


(2, °) 


f(x) =4x2-—163 


F(x) =10—7x4 


[710, ~) 


Graph Radical Functions 


In the following exercises, ® find the domain of the 
function © graph the function © use the graph to 
determine the range. 


g(x) =x+4 


g(x) = 2x 


@ domain: [0,°-) 
©) 


© range: [0,°-) 


f(x)=x-13 


f(x) =x3+3 


@ domain: (— ©, °°) 


© 


© range: (— ,°°) 


Use the Complex Number System 
Evaluate the Square Root of a Negative Number 


In the following exercises, write each expression in 
terms of i and simplify if possible. 


@ —100 
® —13 
© —45 


Add or Subtract Complex Numbers 


In the following exercises, add or subtract. 


=50+=15 


82i 


(8—i)+ (6+ 3i) 


(6+i)—-(—2-4)1) 


Gaol 


(=7==50)=(-—32==18) 


Multiply Complex Numbers 


In the following exercises, multiply. 


(—2—-5i)(—4+3i) 
23+14i 
—6i(—3—2i) 
—4-—16 

—6 


6 = 12)(=3.4-=79) 


In the following exercises, multiply using the 
Product of Binomial Squares Pattern. 


(=2=312 


=p = 121 


In the following exercises, multiply using the 
Product of Complex Conjugates Pattern. 


(9=21)(9+ 21) 


Divide Complex Numbers 


In the following exercises, divide. 


2+13- 41 


229 bA1251 


— 43 -2i 


Simplify Powers of i 


In the following exercises, simplify. 


i48 


1299 


Practice Test 


In the following exercises, simplify using absolute 
values as necessary. 


125x93 


5x3 


169x8y6 


72x8y43 


2x2y9x2y3 


45x3y4180x5y2 


In the following exercises, simplify. Assume all 
variables are positive. 


@ 216-14 © — 4932 


@ 14 © —343 


—45 


x—14-x54x — 34 


x74 


(8x23y—52x=73y12)13 


48x5 — 75x5 


—x23x 


27x2 — 4x12 + 108x2 


212x5-36x3 


36x42 


43(163 — 63) 


(4—33)(5+ 23) 


213 


1283543 


245xy — 445x — 4y3 


7x93y7 


153 


S243 


— 4i(-— 2 —3i) 


12+ 81 


4+i13-2i 


1172 


In the following exercises, solve. 


2x+5+8=6 


x+5+1=x 


ae 
II 
aN 


2x2 — 6x — 233 = x2—3x+53 


In the following exercise, @ find the domain of the 
function © graph the function © use the graph to 
determine the range. 


g(x)=x+2 


@ domain: [ —2,°°) 
©) 


© range: [0,°-) 


Glossary 


complex conjugate pair 
A complex conjugate pair is of the form a + 
bi, a — bi. 


complex number 
A complex number is of the form a + bi, 
where a and b are real numbers. We call a the 
real part and b the imaginary part. 


complex number system 
The complex number system is made up of 
both the real numbers and the imaginary 
numbers. 


imaginary unit 
The imaginary unit i is the number whose 


square is —-1. iz = -1 ori=~—1l. 


standard form 
A complex number is in standard form when 
written as a+ bi, where a, b are real numbers. 


Solve Quadratic Equations Using the Square Root 
Property 


By the end of this section, you will be able to: 


* Solve quadratic equations of the form ax2=k 
using the Square Root Property 

¢ Solve quadratic equations of the form a(x— 
h)2=k using the Square Root Property 


Before you get started, take this readiness quiz. 


Simplify: 128. 
If you missed this problem, review [link]. 


Simplify: 325. 
If you missed this problem, review [link]. 


Factor: 9x2—12x+4. 
If you missed this problem, review [link]. 


A quadratic equation is an equation of the form ax2 
+ bx + c = 0, where a~0. Quadratic equations 
differ from linear equations by including a quadratic 
term with the variable raised to the second power of 
the form ax2. We use different methods to solve 
quadratic equations than linear equations, because 
just adding, subtracting, multiplying, and dividing 
terms will not isolate the variable. 


We have seen that some quadratic equations can be 
solved by factoring. In this chapter, we will learn 
three other methods to use in case a quadratic 
equation cannot be factored. 


Solve Quadratic Equations of the form 
ax2 =k using the Square Root Property 


We have already solved some quadratic equations 
by factoring. Let’s review how we used factoring to 
solve the quadratic equation x2 = 9. 


vIO— a 
Put the equation in x2—9=0 
standard—term:. 
Factor the difference of (x-—3)(x+3)=0 
squares 
Use the Zero Product x—3=0x-3=0 
Property. 
Solve each equation. Xx=3x=-3 


We can easily use factoring to find the solutions of 
similar equations, like x2 = 16 and x2 = 25, 
because 16 and 25 are perfect squares. In each case, 
we would get two solutions, x =4,x = — 4 and 
X=5,x=—5. 


But what happens when we have an equation like x2 
= 7? Since 7 is not a perfect square, we cannot 
solve the equation by factoring. 


Previously we learned that since 169 is the square of 
13, we can also say that 13 is a square root of 169. 
Also, (—13)2 = 169, so —13 is also a square root of 
169. Therefore, both 13 and — 13 are square roots 
of 169. So, every positive number has two square 
roots—one positive and one negative. We earlier 
defined the square root of a number in this way: 

Ifn2 =m,thennis a square root ofm. 


Since these equations are all of the form x2 = k, the 
square root definition tells us the solutions are the 
two square roots of k. This leads to the Square Root 


Property. 


Square Root Property 
If x2 = k, then 


=korx = —korx= +k. 


Notice that the Square Root Property gives two 
solutions to an equation of the form x2 = k, the 
principal square root of k and its opposite. We could 
also write the solution as x= +k. We read this as x 
equals positive or negative the square root of k. 


Now we will solve the equation x2 = 9 again, this 
time using the Square Root Property. 


x2=9 
Use the Square Root x=2t9 
Dennoartrr 
poe Ve ty . 
= +2 


Sox = 30rx = — 3. 


What happens when the constant is not a perfect 


square? Let’s use the Square Root Property to solve 
the equation x2 = 7. 


Use the Square Root X=7,x=—7 
Property. 


We cannot simplify 7, so we leave the answer as a 
radical. 


How to solve a Quadratic Equation of the form 
ax2 = k Using the Square Root Property 


Solve: x2 —50=0. 


Solve: x2 —48=0. 


Solve: y2 — 27 =0. 


The steps to take to use the Square Root Property to 
solve a quadratic equation are listed here. 


Solve a quadratic equation using the square root 
property. 


Isolate the quadratic term and make its coefficient 
one. Use Square Root Property. Simplify the 
radical. Check the solutions. 


In order to use the Square Root Property, the 
coefficient of the variable term must equal one. In 
the next example, we must divide both sides of the 
equation by the coefficient 3 before using the 
Square Root Property. 


Solve: 3z2 = 108. 


The quadratic term is 3723 = 1083 
isolated. 
Divide by 3 to make its 


nt 1 


COCmicicne ae 


Cimnlifrr 


es / . 


Use the Square Root 


Dennanrtrr 
ak SAAS tye 


nlifer tha radinal 


Cim 
ee ee) / LLL LUNI. 


Rewrite to show two 


enliutinna 
VVLULLUYIL. 


Check the solutions: 


Solve: 2x2 = 98. 


Solve: 5m2= 80. 


The Square Root Property states ‘If x2 =k,’ What 
will happen if k<0? This will be the case in the next 
example. 


Solve: x2+72=0. 


wILTII-—N 
Aaiilsrav 


Isolate the quadratic x2=—72 


tarm 
v1. 


Use the Square Root x=+-—72 


Deannnrtrr 
zpavpricy-. 


Simplify using compl2xx= +72i 


niim ara 
LLULLIWULVe. 


Cimnlifxr tha vradinal 
Re eee) / LLL LUNLLILUILe 


Rewrite to show two x=62i,x= —62i 


1 . 
anliutinna 
VULULLULID. 


Check the solutions: 


Solve: c2+12=0. 


c=23i,c= — 231 


Solve: q2+24=0. 


c= 26i,c= — 261 


Our method also works when fractions occur in the 
equation, we solve as any equation with fractions. 
In the next example, we first isolate the quadratic 
term, and then make the coefficient equal to one. 


Solve: 23u2+5=17. 


Isolate the quadratic 
term. 


Multiply by 32 to aE 
the coefficient 1. 


Simplify. 


Use the Square Root 


Property. 
| 


Saas ee 
Simplify the radical. 


Simplify. 


Rewrite to show two 
solutions. 


Check: 


Solve: 12x2+4= 24. 


x=210,x= —210 


Solve: 34y2—3=18. 


The solutions to some equations may have fractions 
inside the radicals. When this happens, we must 
rationalize the denominator. 


Solve: 2x2—8=41. 


Isolate the quadratic 
term. 


Divide by 2 to make 
the coefficient 1. 


Simplify. 


awe See 
Use the Square Root 
Property. 


YS 
Rewrite the radical as a 


fraction of square 
ro 
a 


Rationalize the 
denominator. 


Simplify. 


a a 
Rewrite to show two 
solutions. 


Check: 
We leave the check for 
you. 


Solve: 5r2 —-2= 34. 


r=655,r= — 655 


Solve: 3t2+6=70. 


t=833,t= —833 


Solve Quadratic Equations of the Form 
a(x — h)2 = k Using the Square Root 
Property 


We can use the Square Root Property to solve an 
equation of the form a(x — h)2 = kas well. Notice 
that the quadratic term, x, in the original form ax2 
= k is replaced with (x — h). 


The first step, like before, is to isolate the term that 
has the variable squared. In this case, a binomial is 
being squared. Once the binomial is isolated, by 
dividing each side by the coefficient of a, then the 


Square Root Property can be used on (x — A)2. 


Solve: 4(y —7)2= 48. 


Divide both sides by 


tha nanfininnt A 
LEYS VVELLIVILIIL Te 


Use the Square Root 
Property on the 


Cimntlifar tha veadinal 
Wiltipiiny wie 1UUuircdUtl. 


Calzsza XY tT 
UVIVE LULL y. 


Rewrite to show two 


enliutinna 
VVLULLUYLIL. 


Check: 


Solve: 3(a—3)2=54. 


a=3+32,a=3-32 


Solve: 2(b+ 2)2=80. 


= —2+210,b= —2—210 


Remember when we take the square root of a 
fraction, we can take the square root of the 
numerator and denominator separately. 


Solve: (x —13)2=59. 


Use the Square Root x—13=+59 


Deannanrtrr 
pavpricy- 


Rewrite the radical as ax—13= +59 
fraction of square 


nranta 
LUULWe 


ci imnli fr tha wadinal As) ey | So eer et 

Ae) ee) / LEA LULU a ae — WY 

Solve for x, semen be pained} 

Rewrite to show two x=13+53,x=13-53 
selutiens 

Check: 

We leave the check for 

you. 


Solve: (x —12)2=54. 


x=12+52,x=12-52 


Solve: (y+ 34)2=716. 


y= —34+74,y= -34-74 


Solve: 2(x—2)2+3=57. 


Subtract 3 from both 
sides to isolate the 


. . 
hHinamial tare 
WLLLVLL11UE COULIILe 


Nivzida hath aidac hr: |) 
iviame Vy oinTD Vy ioe 


Use the Square Root 


Deannnrtrr 
pavpricy- 


Cimntlifar tha vadinal 


Urlttpissy sie LULU 


Calin Far vw 
WvVYive LVL Lreo 


Rewrite to show two 


1 . 
aonliitinna 
VUVLULLULIve 


Check: 


We leave the check for 


We will start the solution to the next example by 
isolating the binomial term. 


ay4 eyai1v—ws 


2(x—2)2=54 


(x — 9V\9N — 97 
ws aja” as 


”. a tee =F 
> 


Solve: 5(a—5)2+4=104. 


a=5+25,a=5-25 


Solve: 3(b+ 3)2—8=88. 


= —3+42,b=-3-42 


Sometimes the solutions are complex numbers. 


Solve: (2x —3)2= —12. 


Use the Square Root 2x—3=+-12 


Deannnrtrr 
pavpricy- 


Simplif-the-radical Di — 2-=e a Dt 
Add 3 te beth sides. 2x = 2+ 233 
Divide-beth-sides-by.-x=-323i2 
Rewrite in standard X= 32+23i2 
form 

Claw w— 9904901 
re) e a YS ad — Vi 
Rewrite to show two x=32+3i,x=32—3i 
selutions 

Check: 

We leave the check for 

you. 


Solve: (3r+4)2= —8 


r= — 43+ 2213,r= — 43 — 2213 


Solve: (2t—8)2= —10. 


t=4+10i12,t=4—-10i2 


The left sides of the equations in the next two 
examples do not seem to be of the form a(x — A)2. 
But they are perfect square trinomials, so we will 
factor to put them in the form we need. 


Solve: 4n2+4n+1=16. 


We notice the left side of the equation is a 
perfect square trinomial. We will factor it first. 


Factor the perfect 


ania) trinamial 
oper Ye us Lito. 


Use the Square Root 


Deannnanrtrr 
ak vpYt cy . 


Cimntlifar tha vadinal 


eye et aS / LLL LUNI. 


Calkra far nn 
UVIVEe 1U1 11. 


AnD LAn _ 
Tlligw 1 ma 1 


Divide each side by 2. 2n2= —1+42 


n —1+A9) 


pe ee ae i ie 
Rewrite to show two n=—1+42,n= 
cnliutinna ee 1  ) 
VVULULLULID. a ia 
Cimnli if: aaah aniusation n—29 n— _E9 
ere VeUcilL seks [et CALE Ede LL Very iL Vel 


Check: 


Solve: 9m2—12m+4=25. 


Solve: 16n2+ 40n+ 25=4. 


Access this online resource for additional 


instruction and practice with using the Square Root 
Property to solve quadratic equations. 


* Solving Quadratic Equations: The Square Root 
Property 

* Using the Square Root Property to Solve 
Quadratic Equations 


Key Concepts 
¢ Square Root Property 
O If x2=k, then x=korx= —k or x= +k 
How to solve a quadratic equation using the 
square root property. 
Isolate the quadratic term and make its 


coefficient one. Use Square Root Property. 
Simplify the radical. Check the solutions. 


Practice Makes Perfect 


Solve Quadratic Equations of the Form ax2 = k 
Using the Square Root Property 


In the following exercises, solve each equation. 


a2=49 

a= +7 
b2=144 
r2—24=0 
r= +26 
t2—75=0 
u2—300=0 


u= +103 


3n2= 48 


43x2 = 48 


X=on6 


53y2=60 


x2+25=0 


y2+64=0 


x2+63=0 


cS 371 


y2+45=0 


43x2+2=110 


x=2+9 


23y2-8=-2 


25a2+3=11 


a=2+25 


32b2—7=41 


7p2+10=26 


p= +477 


2q2+5=30 


5y2—-7=25 


y= +4105 


3x2 —8= 46 


Solve Quadratic Equations of the Form a(x — h)2 
= k Using the Square Root Property 


In the following exercises, solve each equation. 


(u—6)2=64 


u=14,u= —-2 


(v+10)2=121 


(m — 6)2= 20 


m=6+25 


(n+5)2=32 


(r—12)2=34 


r=12+32 


(x+15)2=725 


(y +23)2=881 


y= —23+229 


(t—56)2=1125 


(a—7)2+5=55 


a= / to2 


(b—1)2—9=39 


4(x+3)2—-5=27 


k= SoZ 


5(x+ 3)2—7=68 


(S5c+1)2= —27 


C= 1543351 


(8d—6)2= — 24 


(4x—3)2+11=—17 


X=34472i 


(2y+1)2-5= -23 


m2—4m+4=8 


m=2+22 


n2+8n+16=27 


x2-—6x+9=12 


XS=S 23 


y2+ 12y+36=32 


25x2 — 30x + 9=36 


X= —35,x=95 


9y24+12y+4=9 


36x2 —24x+4=81 


x= —76,x=116 


64x2+ 144x+ 81=25 


Mixed Practice 


In the following exercises, solve using the Square 
Root Property. 


2r2 = 32 


(a—4)2=28 


a=4+27 


(b+7)2=8 


9w2-24w+16=1 


w=1,w=53 


422+ 4z+1=49 


a2—18=0 


a= 32 


b2—108=0 


(p—13)2=79 


p=13+73 


(q—35)2=34 


m2+12=0 


m+ 231 


n2+48=0. 


u2—14u+49=72 


u=7+62 


v2+18v+81=50 


(m—4)2+3=15 


m=4+23 


(n—7)2-—8=64 


(x+5)2=4 


X= —3,x=—-—7 


(y—4)2=64 


6c2+4=29 


c= +566 


2d2—4=77 


(x-6)2+7=3 


X=6 421 


(y—4)2+10=9 


Writing Exercises 


In your own words, explain the Square Root 
Property. 


Answers will vary. 


In your own words, explain how to use the 
Square Root Property to solve the quadratic 
equation (x+2)2=16. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


Choose how would you respond to the statement “I 
can solve quadratic equations of the form a times 
the square of x minus h equals k using the Square 
Root Property.” “Confidently,” “with some help,” or 
“No, I don’t get it.” 


® If most of your checks were: 


...confidently. Congratulations! You have achieved 
the objectives in this section. Reflect on the study 
skills you used so that you can continue to use 
them. What did you do to become confident of your 
ability to do these things? Be specific. 


...with some help. This must be addressed quickly 
because topics you do not master become potholes 


in your road to success. In math every topic builds 
upon previous work. It is important to make sure 
you have a strong foundation before you move on. 
Whom can you ask for help?Your fellow classmates 
and instructor are good resources. Is there a place 
on campus where math tutors are available? Can 
your study skills be improved? 


...no - I don’t get it! This is a warning sign and you 
must not ignore it. You should get help right away 
or you will quickly be overwhelmed. See your 
instructor as soon as you can to discuss your 
situation. Together you can come up with a plan to 
get you the help you need. 


Solve Quadratic Equations by Completing the 
Square 


By the end of this section, you will be able to: 


* Complete the square of a binomial expression 

* Solve quadratic equations of the form x2 + bx 
+c=0 by completing the square 

* Solve quadratic equations of the form ax2+bx 
+c=0 by completing the square 


Before you get started, take this readiness quiz. 


Expand: (x+9)2. 
If you missed this problem, review [link]. 


x2+18x+81 


Factor y2—14y+ 49. 
If you missed this problem, review [link]. 


Factor 5n2+ 40n+ 80. 
If you missed this problem, review [link]. 


So far we have solved quadratic equations by 
factoring and using the Square Root Property. In 
this section, we will solve quadratic equations by a 
process called completing the square, which is 
important for our work on conics later. 


Complete the Square of a Binomial 
Expression 


In the last section, we were able to use the Square 
Root Property to solve the equation (y — 7)2 = 12 
because the left side was a perfect square. 
(y—7)2=12y—-—7=+12y-—7=+23y=7+ 23 


We also solved an equation in which the left side 
was a perfect square trinomial, but we had to 
rewrite it the form (x —k)2 in order to use the 
Square Root Property. 
x2—10x+25=18(x-—5)2=18 


What happens if the variable is not part of a perfect 
square? Can we use algebra to make a perfect 
square? 


Let’s look at two examples to help us recognize the 
patterns. 

(x+9)2(y —7)2 (x+9)(x+ 9)(y — 7)(y —7) x2 + 9x 
+ 9x+ 8ly2—7y—7y+49 x24+18x+8ly2—-14y 
+49 


We restate the patterns here for reference. 


Binomial Squares Pattern 
If a and b are real numbers, 


(a+by = a + 2ab + B 
a+by=a+2ab+b : ‘ 


(binomial)? (first termy 2+ (product of (second term)’ 
terms) 


a— by =a’ -2ab +b? (a—- by e mY 2ab a B 


(binomial) (first term) 2 + (product of (second term) 


We can use this pattern to “make” a perfect square. 


We will start with the expression x2 + 6x. Since 
there is a plus sign between the two terms, we will 
use the (a + b)2 pattern, a2 + 2ab + b2 = (a + 
b)2. 


We ultimately need to find the last term of this 
trinomial that will make it a perfect square 
trinomial. To do that we will need to find b. But first 
we start with determining a. Notice that the first 
term of x2 + 6x is a square, x2. This tells us that a 
=x. 


What number, b, when multiplied with 2x gives 6x? 
It would have to be 3, which is 12(6). So b = 3. 


Now to complete the perfect square trinomial, we 
will find the last term by squaring b, which is 32 = 


We can now factor. 


So we found that adding 9 to x2 + 6x ‘completes 
the square’, and we write it as (x + 3)2. 


Complete a square of x2 + bx. 


Identify b, the coefficient of x. Find (12b)2, the 
number to complete the square. Add the (12b)2 to 

2 + bx. Factor the perfect square trinomial, 
writing it as a binomial squared. 


Complete the square to make a perfect square 
trinomial. Then write the result as a binomial 
squared. 


@ x2-—26x © y2—9y © n2+12n 


x" Zox | 
The coefficient of x is 
OYA 


ani Je 


Find(12b)2. 


(19.6 — 9NENNIO1 9290140 
L2au aevyJJaevivyaorive 


Add 169 to the 


binomial to complete 


+h SET) 
LiL UVaUrwe 


Factor the perfect 
square trinomial, 

WwW 

a binomial squared. 


© 


7 — 7 
The coefficient of y is 
=O) 


Find(12b)2. 
(12-99) 2¢ 99) 
Add 814 to the 
binomial to complete 


th 


a3 
Factor the perfect 
square trinomial, 
WwW 

a 


NOTA 
wast 


_ 


uared. 


(©) 


- 
The coefficient of n is 
12. 

Find(1 2b)2. 

(19.1 OVOFTANIOIATG 

(toon aeyeya trjyosay 
Add 116 to the 


binomial to complete 
th 


Rewrite as a binomial 
square. 


Complete the square to make a perfect square 
trinomial. Then write the result as a binomial 
squared. 


@ a2—20a © m2—5m © p2+14p 


@ (a—10)2 © (b—52)2 
© (p+18)2 


Complete the square to make a perfect square 
trinomial. Then write the result as a binomial 
squared. 


® b2—4b © n2+13n © q2—23q 


@ (b—2)2 © (n+132)2 
© (q—13)2 


Solve Quadratic Equations of the Form x2 
+ bx + c = 0 by Completing the Square 


In solving equations, we must always do the same 
thing to both sides of the equation. This is true, of 
course, when we solve a quadratic equation by 
completing the square too. When we add a term to 
one side of the equation to make a perfect square 
trinomial, we must also add the same term to the 
other side of the equation. 


For example, if we start with the equation x2 + 6x 
= 40, and we want to complete the square on the 
left, we will add 9 to both sides of the equation. 


Add 9 to both sides to 
complete the square. 


Now the equation is in the form to solve using the 
Square Root Property! Completing the square is a 
way to transform an equation into the form we need 
to be able to use the Square Root Property. 


How to Solve a Quadratic Equation of the Form 
2+bx+c=0 by Completing the Square 


Solve by completing the square: x2 + 8x=48. 


Solve by completing the square: x2+ 4x=5. 


Solve by completing the square: y2—10y= 
=) 


The steps to solve a quadratic equation by 
completing the square are listed here. 


Solve a quadratic equation of the form x2 + bx 
+c=0 by completing the square. 


Isolate the variable terms on one side and the 
constant terms on the other. Find (12-b)2, the 
number needed to complete the square. Add it to 


both sides of the equation. Factor the perfect 
Square trinomial, writing it as a binomial squared 
on the left and simplify by adding the terms on the 
right Use the Square Root Property. Simplify the 
radical and then solve the two resulting equations. 
Check the solutions. 


When we solve an equation by completing the 
square, the answers will not always be integers. 


Solve by completing the square: x2 + 4x= 
= il. 


ee 
The variable 
terms are on 


(1 9LANVIN — A 
YteqaUls7J—a °°” I 


Add 4 to both 
sides. 


Factor the 

perfect square 

(i 
writing it as a 

binomial 


aniuara A 
oy ULL. 


Use the Square 
Root Property. 
Simplify usinz 
complex 


LUTE wo Cro efFfFfFfFfFS 


each side. 


Rewrite to 
show two 


aon 
UY 


We leave the 
check to you. 


Solve by completing the square: y2 —10y= 
— 30, 


Solve by completing the square: 22+ 8z= — 19. 


Z= —4+31,z2= —4-—-3i1 


In the previous example, our solutions were 
complex numbers. In the next example, the solutions 
will be irrational numbers. 


Solve by completing the square: y2—18y= 
=(8) 


eS = TT 
The variable terms are 
on the left side. 
Take half of —18 and 


anii94K) 1+ 
AS [EASES ibe 


(12(—18))2=81 


———— 7s | 
Add 81 to both sides. 


Factor the perfect 
square trinomial, 


aon1194%KrM 


Use the Square Root 
Property. 


Se 2a foe 
Simplify the radical. 


ee ae 
| Ee | 
Solve for y. 


ae) 


Check. 


Another way to check this would be to use a 
calculator. Evaluate y2—18yfor both of the 
solutions. The answer should be — 6. 


Solve by completing the square: x2 —16x= 
— 16. 


x=8+43,x=8-43 


Solve by completing the square: y2+ 8y=11. 


= —4+33,y= —4-33 


We will start the next example by isolating the 
variable terms on the left side of the equation. 


Solve by completing the square: x2 + 10x 
+4=15. 


Isolate the variable 

terms on the left side, 
Su 
constant terms on the 


wiaht aida 
21st oiur. 


Take half of 10 and 


oni1194K)A 1+ 
PAS [eet ile 


(12(10))2=25 


| 


Ss | ey ey es 
Add 25 to both sides. 


Factor the perfect 

square trinomial, 

yy a 
ial aA 

A VLsiVitiiuL ToS [eet 

Use the Square Root 

Property. 


Simplify the radical. 


Solve for x. 


Rewrite to show two 
solutions. 


Check: 


Solve by completing the square: a2 + 4a 
+9=30. 


Solve by completing the square: b2 + 8b 
—4=16. 


To solve the next equation, we must first collect all 
the variable terms on the left side of the equation. 
Then we proceed as we did in the previous 
examples. 


Solve by completing the square: n2=3n+11. 


Subtract 3n to 

get the variable 
(a 
Take half of 

— 3 and square 


. 
1t 
Lue 


(12(— 3))2=94 


ed ay 
Add 94 to both 


sides. 


Factor the 
perfect square 
tri 

writing it as 

a binomial 


aenw948r0d 
PAS ees Ute 


Add the 
fractions on the 
a L.LULrr——C‘CisCOY 


2S CO es 


Use the Square 


Root eee 


ye  ) 
Simplify the 
radical. 


es 
Solve for n. 


Rewrite to 
show two 
xe) 


Check: 


We leave the 
check for you! 


Solve by completing the square: p2=5p+9. 


p=52+612,p=52-612 


Solve by completing the square: q2 =7q — 3. 


q=72+372,q=72-372 


Notice that the left side of the next equation is in 
factored form. But the right side is not zero. So, we 
cannot use the Zero Product Property since it says 
“If ab=0, then a = 0 or b = O.” Instead, we 
multiply the factors and then put the equation into 
standard form to solve by completing the square. 


Solve by completing the square: (x — 3)(x 
+5)=9. 


fy Vy yp 0) OQ 
We 
multiply 
(h ree 


binomials 


an tha laft 
ULL ULI 1LLELL. 


Add 15 to 
isolate the 
co a 2 ee 


terms on 


tha viaht 
L1ie 11H11t. 


Take half 
of 2 and 


ania it 
oepuare ibe 


(12-(2))2=1 


ees ta a ee 
Add 1 to 


both sides. 


Factor the 

perfect 

<q ae 
trinomial, 

writing it 

as 

a binomial 


aniwaend 
AS ees Ute 


Use the 
Square 
R 


Dranartir 
pavupricy. 


Solve for x. 


Rewrite to 
show two 


Simplify. 


Check: 
We leave 
the check 
for you! 


Solve by completing the square: (c — 2)(c 
+8)=11. 


Solve by completing the square: (d—7)(d 
+ 3)=56. 


Solve Quadratic Equations of the Form 
ax2 + bx + c = 0 by Completing the 
Square 


The process of completing the square works best 
when the coefficient of x2 is 1, so the left side of the 
equation is of the form x2 + bx + c. If the x2 term 
has a coefficient other than 1, we take some 
preliminary steps to make the coefficient equal to 1. 


Sometimes the coefficient can be factored from all 
three terms of the trinomial. This will be our 
strategy in the next example. 


Solve by completing the square: 3x2 — 12x 
—15=0. 


To complete the square, we need the 
coefficient of x2 to be one. If we factor out the 
coefficient of x2 as a common factor, we can 
continue with solving the equation by 
completing the square. 


Factor out the greatest 
common factor. 


Divide both sides by 3 
to isolate the trinomial 


wi 


Simplify. 


Add 5 to get the 
onstant terms on the: 


. 
rr 
an 


‘Ona UALLwe 


Take half of 4 and 


anii94K8"8) 1+ 
vyUuse ite 


(12(-4))2=4 


Add 4 to both sides. 


Factor the perfect 
square trinomial, 


va 


° . . 
aa a Hhinamial aniarada 
Us UW WLLLULLLLEL OYUULONL. 


Use the Square Root 
Property. 


Ea ee Ee ae 
Solve for x. 


Rewrite to show two 
solutions. 


Simplify. 


Check: 


Solve by completing the square: 2m2+16m 
+14=0. 


Solve by completing the square: 4n2 —24n 
—56=8. 


To complete the square, the coefficient of the x2 
must be 1. When the leading coefficient is not a 
factor of all the terms, we will divide both sides of 
the equation by the leading coefficient! This will 
give us a fraction for the second coefficient. We 
have already seen how to complete the square with 
fractions in this section. 


Solve by completing the square: 2x2 —3x= 20. 


To complete the square we need the coefficient 
of x2 to be one. We will divide both sides of 
the equation by the coefficient of x2. Then we 
can continue with solving the equation by 
completing the square. 


Divide both 


sides by 2 to 

a 
coefficient of 

7D tn ha 1 


Ae tyv Vu te 


Simplify. 
ee ——__—_+y 35 _ 4 ——______ | 
ee 
Take half of 


oni11949K") 1+ 
iS (ee Ble 


(12(— 32))2 =:916 


Add 916 to 
both sides. 


Factor the 


perfect square 
tri 


writing it as a 
binomial 


fractions on the 


wrt 


<—— JJ 
Use the Square 


Root Propertv. 


ry 
Simplify the 
radical. 


| —__———— 
Solve for x. 


Rewrite to 
show two 
iva} 


—— 
Simplify. 


Check: 
We leave the 
check for you! 


Solve by completing the square: 3r2 — 2r= 21. 


Solve by completing the square: 4t2 + 2t= 20. 


Now that we have seen that the coefficient of x2 
must be 1 for us to complete the square, we update 
our procedure for solving a quadratic equation by 
completing the square to include equations of the 
form ax2 + bx + c = 0. 


Solve a quadratic equation of the form ax2 + bx 
+c=0 by completing the square. 


Divide by a to make the coefficient of x2 term 1. 
Isolate the variable terms on one side and the 
constant terms on the other. Find (12-b)2, the 


number needed to complete the square. Add it to 
both sides of the equation. Factor the perfect 
Square trinomial, writing it as a binomial squared 
on the left and simplify by adding the terms on the 
right Use the Square Root Property. Simplify the 
radical and then solve the two resulting equations. 
Check the solutions. 


Solve by completing the square: 3x2 + 2x=4. 


Again, our first step will be to make the 
coefficient of x2 one. By dividing both sides of 
the equation by the coefficient of x2, we can 
then continue with solving the equation by 
completing the square. 


Divide both 


sides by 3 to 
TT 


coefficient of 
11 
Ae eyuar we 


Simplify. 


ie: el ee! 
Take half of 23 


and aniwarn 


Add 19 to borh 
sides. 


rots 9 | 
Factor the 


perfect square 
a 


writing it as 
a binomial 


aniwaend 


Use the Square 
Root Propertv. 


ee | 
Simplify the 
radical. 


Solve for x. 


Rewrite to 
show two 


sO 


Check: 
We leave the 
check for you! 


Solve by completing the square: 4x2 + 3x=2. 


x= — 38+ 418,x= —38-—418 


Solve by completing the square: 3y2—10y= 
=) 


y=53+103,y=53-103 


ccess these online resources for additional 
instruction and practice with completing the 
square. 


* Completing Perfect Square Trinomials 

* Completing the Square 1 

* Completing the Square to Solve Quadratic 
Equations 

¢ Completing the Square to Solve Quadratic 
Equations: More Examples 

* Completing the Square 4 


Key Concepts 


* Binomial Squares Pattern 
If a and b are real numbers, 


* How to Complete a Square 


Identify b, the coefficient of x. Find (12b)2, the 
number to complete the square. Add the (12b)2 
to x2 + bx Rewrite the trinomial as a binomial 
square 


* How to solve a quadratic equation of the form 


ax2 + bx + c = 0 by completing the square. 


Divide by a to make the coefficient of x2 term 
1. Isolate the variable terms on one side and 
the constant terms on the other. Find (12:b)2, 
the number needed to complete the square. 
Add it to both sides of the equation. Factor the 
perfect square trinomial, writing it as a 
binomial squared on the left and simplify by 
adding the terms on the right. Use the Square 
Root Property. Simplify the radical and then 
solve the two resulting equations. Check the 
solutions. 


Practice Makes Perfect 
Complete the Square of a Binomial Expression 
In the following exercises, complete the square to 


make a perfect square trinomial. Then write the 
result as a binomial squared. 


@ m2-—24m © x2—11x © p2-13p 


@ (m—12)2 © (x-112)2 
© (p—16)2 


@ n2-—16n © y2+15y © q2+34q 


@ p2—22p © y2+5y © m2+25m 


@ (p—11)2 © (y+52)2 
© (m+15)2 


>@ q2-—6q © x2—7x © n2—23n 


Solve Quadratic Equations of the form x2 + bx 
+ c = 0 by Completing the Square 


In the following exercises, solve by completing the 
square. 


u2+2u=3 


u= —3,u=1 


7Z2+12z=-11 


x2—20x= 21 


x= —1,x=21 


y2—2y=8 


m2+4m= — 44 


m= —2+210i 
n2—2n=—3 
r2+6r=-—-11 
r= —322i 
t2—14t= —50 
a2—10a=-—5 
a=52+25 
b2+6b=41 


x2+5x=2 


X= —52+332 


y2-—3y=2 


u2—14u+12=—1 


u=1,u=13 


7Z2+27-—5=2 


r2—4r-—3=9 


r= —2,r=6 


t2—10t-—6=5 


v2=9v+2 


v=92+892 


w2=5w-1 


y2—14=6y 


(x+6)(x-—2)=9 


X= —7,x=3 


(y+9)(y +7) =80 


(x+2)(x+4)=3 


x=—-5,x=-1 


(x—2)(x-—6)=5 


Solve Quadratic Equations of the form ax2 + bx 
+ c = 0 by Completing the Square 


In the following exercises, solve by completing the 
square. 


3m2 + 30m — 27=6 


m= -—1ll,m=1 


2x2 —14x+12=0 


2n2+ 4n=26 


n=—-1+14 


5x2 + 20x=15 


2c2+c=6 


c= —2,c=32 


3d2—4d=15 


2x2+7x—15=0 


X= —5,x=32 


3x2 —-14x+8=0 


2p2+7p=14 


p= —74+41614 


3q2-—5q=9 


5x2 —3x= —10 


x=310+19110i 


7X2+4x=-3 


Writing Exercises 


Solve the equation x2+ 10x= —25 
@) by using the Square Root Property 
© by Completing the Square 


© Which method do you prefer? Why? 


Answers will vary. 


Solve the equation y2 + 8y = 48 by completing 
the square and explain all your steps. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


@® After reviewing this checklist, what will you do 
to become confident for all objectives? 


Solve Quadratic Equations Using the Quadratic 
Formula 
By the end of this section, you will be able to: 


* Solve quadratic equations using the Quadratic 
Formula 

* Use the discriminant to predict the number and 
type of solutions of a quadratic equation 

* Identify the most appropriate method to use to 
solve a quadratic equation 


Before you get started, take this readiness quiz. 


1. Evaluate b2—4ab when a=3 and b= —2. 
If you missed this problem, review [link]. 


2. Simplify: 108. 

If you missed this problem, review [link]. 
3. Simplify: 50. 

If you missed this problem, review [link]. 


Solve Quadratic Equations Using the 
Quadratic Formula 


When we solved quadratic equations in the last 


section by completing the square, we took the same 
steps every time. By the end of the exercise set, you 
may have been wondering ‘isn’t there an easier way 
to do this?’ The answer is ‘yes’. Mathematicians look 
for patterns when they do things over and over in 
order to make their work easier. In this section we 
will derive and use a formula to find the solution of 
a quadratic equation. 


We have already seen how to solve a formula for a 
specific variable ‘in general’, so that we would do 
the algebraic steps only once, and then use the new 
formula to find the value of the specific variable. 
Now we will go through the steps of completing the 
square using the general form of a quadratic 
equation to solve a quadratic equation for x. 


We start with the standard form of a quadratic 
equation and solve it for x by completing the 
square. 


ee ee 2 el eee 
Isolate the variable terms 


on one side. 


Make the coefficient of «2 


equal to " ee 
di 
ae es Se + oa 


= er 

Simplify. 
Pv by 
aes Sey ey ee ee 


To complete the square, 
find (12:ba)2 and add it 
to both sides of the 


annii94tinn 
VeypUatruite 


(12ba)2 = b24a2 


ee 
The left side is a perfect 


square, factor it. 


20 
Find the common 


denominator of the right 


si 
fr 
the common 


VALU ALLL Ye 


Simplify. 


a <7 AO" 
Combine to one fraction. 


EY os | 
Use the square root 


pr 
4 
Simplify the radical. 


ey {; 
Add —b2a to both sides 
of the equation. 


ee — ee 
Combine the terms on the 


right side. 


This equation is the 


Quadratic Formula. 


Quadratic Formula 
The solutions to a quadratic equation of the form 


ax2 + bx + c = O, where a=~0 are given by the 
formula: 
= —b+b2—4ac2a 


To use the Quadratic Formula, we substitute the 
values of a, b, and c from the standard form into the 
expression on the right side of the formula. Then we 
simplify the expression. The result is the pair of 
solutions to the quadratic equation. 


Notice the formula is an equation. Make sure you 
use both sides of the equation. 


How to Solve a Quadratic Equation Using the 
Quadratic Formula 


Solve by using the Quadratic Formula: 
2k2+9x—5=0, 


Solve by using the Quadratic Formula: 
3y2—5y+2=0. 


Solve by using the Quadratic Formula: 
422 +2z—6=0. 


Solve a quadratic equation using the quadratic 
formula. 


Write the quadratic equation in standard form, ax2 


+ bx + c = 0. Identify the values of a, b, and c. 
Write the Quadratic Formula. Then substitute in 
the values of a, b, and c. Simplify. Check the 
solutions. 


If you say the formula as you write it in each 
problem, you’ll have it memorized in no time! And 
remember, the Quadratic Formula is an EQUATION. 
Be sure you start with “x =”. 


Solve by using the Quadratic Formula: 
x7 —Ox— —o; 


Write the equation in 
standard form by 


11 SS 


Eta aaah aida 
vty eUreil 61ac. 


This equation is now in 
standard form. 
Vs 


PX —-6X+5=U0 
Identify the values of 
a, b, c. 


Write the Quadratic 
Formula. 


res a 
Then substitute in the 


values of a, b, c. 


Simplify. 


Rewrite to show two 
solutions. 


Simplify. 


Check: 


Solve by using the Quadratic Formula: 
a2 —2a=15. 


Solve by using the Quadratic Formula: 
b2+24=—10b. 


PT 


When we solved quadratic equations by using the 
Square Root Property, we sometimes got answers 
that had radicals. That can happen, too, when using 
the Quadratic Formula. If we get a radical as a 
solution, the final answer must have the radical in 
its simplified form. 


Solve by using the Quadratic Formula: 
2x2+10x+11=0. 


This equation is in 
standard form. 


Identify the values of 
a, b, and c. 


Write the Quadratic 


Foie 
———— 
Then substitute in the 


values of a, b, and c. 


Ee oT 
Factor out the common 
factor in the 


nii1 
an 


4 | 
Remove the common 
factors. 


ey 
Rewrite to show two 
solutions. 


Check: 
We leave the check for 
you! 


Solve by using the Quadratic Formula: 
3m2+12m+7=0. 


m= —6-153.m=—6—153 


Solve by using the Quadratic Formula: 
5n2+4n—4=0. 


n= —2-+ 265 n= —2—265 


When we substitute a, b, and c into the Quadratic 
Formula and the radicand is negative, the quadratic 
equation will have imaginary or complex solutions. 
We will see this in the next example. 


Solve by using the Quadratic Formula: 
3p2+2p+9=0. 


This equation is in 
standard form 


a 
Identify the values of 
a,b,c. 


Write the Quadratic 
Formula. 


ee 
Then substitute in the 
values of a,b,c. 


Simplify the radical 


ise maul 
n1 


Simplify the radical. 


= 


Factor the common 
factor in the 


N11 


Remove the common 
factors. 


= — 
Rewrite in standard 2 


+ bi form. 


Write as two solutions. 


Solve by using the Quadratic Formula: 
4a2—2a+8=0. 


a=14+314i,a=14-314i 


Solve by using the Quadratic Formula: 
5b2+ 2b+4=0. 


b= — 15+ 1951. b= —15— 1951 


Remember, to use the Quadratic Formula, the 
equation must be written in standard form, ax2 + 
bx + c = 0. Sometimes, we will need to do some 
algebra to get the equation into standard form 
before we can use the Quadratic Formula. 


Solve by using the Quadratic Formula: x(x 


+6)+4=0. 


Our first step is to get the equation in standard 
form. 


Distribute to get the 


equation in standard 
CS 0 


mn 
LWVitile 


This equation is now in 
standard form 


PX +6X+4=U 
Identify the values of 
a,b,c. 


Write the Quadratic 
Formula. 


ee 
Then substitute in the 


values of a,b,c. 


aS 
Factor the common 
factor in the 


nu 


TTT 
Remove the common 
factors. 


Write as two solutions. 


Check: 
We leave the check for 
you! 


Solve by using the Quadratic Formula: x(x 
+2)—5=0. 


Solve by using the Quadratic Formula: 3y(y 
—2)—-3=0. 


When we solved linear equations, if an equation had 
too many fractions we cleared the fractions by 
multiplying both sides of the equation by the LCD. 
This gave us an equivalent equation—without 
fractions— to solve. We can use the same strategy 
with quadratic equations. 


Solve by using the Quadratic Formula: 


12u2+ 23u=13. 


Our first step is to clear the fractions. 


aa EEE EE Eee Ss 
Multiply both sides by 
the LCD, 6, to clear the 


; Oe 
AL 


Multiply. 


Subtract 2 to get the 
equation in standard 
Identify the values of 

a, b, and c. 


Write the Quadratic 

Formula. 
aes es ee ed 

Then substitute in the 

values of a a and c. 
SES TE ae 

Simplify. 


ee 
Simplify the radical. 


Factor the common 
factor in the 


n1i1 


11 
Remove the common 


factors. 


_ 
Rewrite to show two 
solutions. 


Check: 
We leave the check for 
you! 


Solve by using the Quadratic Formula: 
14c2 —13c=112. 


c=2+73,c=2-—73 


Solve by using the Quadratic Formula: 
19d2—12d= — 13. 


d=9+334,d=9-—334 


Think about the equation (x — 3)2 = 0. We know 
from the Zero Product Property that this equation 
has only one solution, 

x = 3. 


We will see in the next example how using the 
Quadratic Formula to solve an equation whose 
standard form is a perfect square trinomial equal to 
O gives just one solution. Notice that once the 
radicand is simplified it becomes 0 , which leads to 
only one solution. 


Solve by using the Quadratic Formula: 
4x2 —20x= — 25. 


Add 25 to get the 
equation in standard 


fr 
iv 


Identify the values of 
a, b, and c. 


Write the quadratic 
formula. 


ey Te es 
Then substitute in the 


values of a, b, and c. 
————— a 
Simplify. 


ey ey Ee BE 
Simplify the radical. 


aS: a es ee 
Simplify the fraction. 


Check: 
We leave the check for 
you! 


Did you recognize that 4x2 — 20x + 25isa 


perfect square trinomial. It is equivalent to (2x 
— 5)2? If you solve 

4x2 — 20x + 25 = 0 by factoring and then 
using the Square Root Property, do you get the 
same result? 


Solve by using the Quadratic Formula: r2+ 10r 
+25=0. 


Solve by using the Quadratic Formula: 
25t2 — 40t= — 16. 


Use the Discriminant to Predict the 
Number and Type of Solutions of a 
Quadratic Equation 


When we solved the quadratic equations in the 
previous examples, sometimes we got two real 
solutions, one real solution, and sometimes two 
complex solutions. Is there a way to predict the 
number and type of solutions to a quadratic 
equation without actually solving the equation? 


Yes, the expression under the radical of the 
Quadratic Formula makes it easy for us to determine 
the number and type of solutions. This expression is 
called the discriminant. 


In the Quadratic Formula, x = b+ 


the quantity b’ — 4ac is called the discriminant. 


Let’s look at the discriminant of the equations in 
some of the examples and the number and type of 
solutions to those quadratic equations. 


Quadratic DiscriminanValue of t1eNumber 
Equation b2-4ac Discrimin antnd Type of 


(in standaia solutions 
LA ascee \ 

LVUL Ail) 

2x2 + 9x 92—4:2(-—5)HI1 2 real 
—5-9 

4x2 — 20x (— 20)2 —4-4-250 1 real 
+25=0 

3p2+2p 22 — 4-3-9 --104 2 complex 
+9=0 


Using the Discriminant, b2 — 4ac, to Determine the 
Number and Type of Solutions of a Quadratic 
Equation 

For a quadratic equation of the form ax2 + bx + c 
= 0, a~0O, 


* If b2 — 4ac > O, the equation has 2 real 
solutions. 

¢ if b2 — 4ac = O, the equation has 1 real 
solution. 

* if b2 — 4ac < O, the equation has 2 complex 
solutions. 


Determine the number of solutions to each 
quadratic equation. 


@ 3x2+7x—9=0 ® 5n2+n+4=0 © 
Qy2—6y+1=0. 


To determine the number of solutions of each 
quadratic equation, we will look at its 
discriminant. 


@ 

3x2 + 7x —9=0 The equation is in standard 
form, identifya,b,andc.a=3,b=7,c= —9 Write 
the discriminant.b2 — 4ac Substitute in the 
values ofa,b,andc.(7)2 — 4:3-(—9) 

Simplify.49 + 108 157 


Since the discriminant is positive, there are 2 
real solutions to the equation. 


® 

5n2+n+4=0 The equation is in standard 
form, identifya,b,andc.a=5,b=1,c=4 Write 
the discriminant.b2 — 4ac Substitute in the 
values ofa,b,andc.(1)2 — 4-5-4 Simplify.1 — 80 
ao 


Since the discriminant is negative, there are 2 
complex solutions to the equation. 


© 

9y2 —6y +1=0 The equation is in standard 
form, identifya,b,andc.a=9,b = —6,c=1 Write 
the discriminant.b2 — 4ac Substitute in the 
values ofa,b,andc.( —6)2 — 4-9-1 

Simplify.36 — 36 0 


Since the discriminant is 0, there is 1 real 
solution to the equation. 


Determine the numberand type of solutions to 
each quadratic equation. 


@ 8m2—3m+6=0 ® 5z2+6z—-2=0 © 
9w2+ 24w+16=0. 


@ 2 complex solutions; © 2 real solutions; © 
1 real solution 


Determine the number and type of solutions to 
each quadratic equation. 


@ b2+7b—13=0 © 5a2—6a+10=0 © 


4r2 — 20r+ 25=0. 


@ 2 real solutions; © 2 complex solutions; © 
1 real solution 


Identify the Most Appropriate Method to 
Use to Solve a Quadratic Equation 


We summarize the four methods that we have used 
to solve quadratic equations below. 


Methods for Solving Quadratic Equations 


1. Factoring 

2. Square Root Property 
3. Completing the Square 
4. Quadratic Formula 


Given that we have four methods to use to solve a 
quadratic equation, how do you decide which one to 
use? Factoring is often the quickest method and so 


we try it first. If the equation is ax2 =k or a(x 
—h)2=k we use the Square Root Property. For any 
other equation, it is probably best to use the 
Quadratic Formula. Remember, you can solve any 
quadratic equation by using the Quadratic Formula, 
but that is not always the easiest method. 


What about the method of Completing the Square? 
Most people find that method cumbersome and 
prefer not to use it. We needed to include it in the 
list of methods because we completed the square in 
general to derive the Quadratic Formula. You will 
also use the process of Completing the Square in 
other areas of algebra. 


Identify the most appropriate method to solve a 
quadratic equation. 


Try Factoring first. If the quadratic factors easily, 
this method is very quick. Try the Square Root 


Property next. If the equation fits the form ax2=k 
or a(x —h)2=k, it can easily be solved by using the 
Square Root Property. Use the Quadratic 
Formula. Any other quadratic equation is best 
solved by using the Quadratic Formula. 


The next example uses this strategy to decide how 


to solve each quadratic equation. 


Identify the most appropriate method to use to 
solve each quadratic equation. 


@ 5z22=17 © 4x2—12x+9=0 © 


8u2+6u=11. 
@ 
522 — 7 


Since the equation is in the ax2 =k, the most 
appropriate method is to use the Square Root 
Property. 


© 
4x2-—12x+9=0 


We recognize that the left side of the equation 
is a perfect square trinomial, and so factoring 
will be the most appropriate method. 


© 
8u2+6u=11 Put the equation in standard 


form.8u2+ 6u—11=0 


While our first thought may be to try 


factoring, thinking about all the possibilities 
for trial and error method leads us to choose 
the Quadratic Formula as the most appropriate 
method. 


Identify the most appropriate method to use to 
solve each quadratic equation. 


@ x2+6x+8=0 © (n—3)2=16 © 
op2—6p=9. 


@ factoring; © Square Root Property; © 
Quadratic Formula 


Identify the most appropriate method to use to 
solve each quadratic equation. 


@ 8a2+3a—9=0 © 4b2+4b+1=0 © 
9c2=125. 


@ Quadratic Forumula; 
® Factoring or Square Root Property © 


Square Root Property 


Access these online resources for additional 
instruction and practice with using the Quadratic 
Formula. 


¢ Using the Quadratic Formula 

* Solve a Quadratic Equation Using the 
Quadratic Formula with Complex Solutions 

¢ Discriminant in Quadratic Formula 


Key Concepts 
* Quadratic Formula 
© The solutions to a quadratic equation of 
the form ax2 + bx + c = 0,aO are 
given by the formula: 


x= —b+b2-—4ac2a 


* How to solve a quadratic equation using the 
Quadratic Formula. 


Write the quadratic equation in standard form, 


ax2 + bx + c = 0. Identify the values of a, b, 
c. Write the Quadratic Formula. Then substitute 
in the values of a, b, c. Simplify. Check the 
solutions. 


Using the Discriminant, b2 — 4ac, to Determine 
the Number and Type of Solutions of a 
Quadratic Equation 


© For a quadratic equation of the form ax2 
+ bx + c = 0,a~0, 


M@ Ifb2 — 4ac > O, the equation has 2 
real solutions. 

M@ if b2 — 4ac = O, the equation has 1 
real solution. 

M@ if b2 — 4ac < 0, the equation has 2 
complex solutions. 


Methods to Solve Quadratic Equations: 


© Factoring 

© Square Root Property 
© Completing the Square 
© Quadratic Formula 


How to identify the most appropriate method 
to solve a quadratic equation. 


Try Factoring first. If the quadratic factors 
easily, this method is very quick. Try the 
Square Root Property next. If the equation fits 


the form ax2 = k or a(x — h)2 = k, it can 
easily be solved by using the Square Root 
Property. Use the Quadratic Formula. Any 
other quadratic equation is best solved by using 
the Quadratic Formula. 


Practice Makes Perfect 


Solve Quadratic Equations Using the Quadratic 
Formula 


In the following exercises, solve by using the 
Quadratic Formula. 


4m2+m-—3=0 


m= —1,m=34 


4n2—9n+5=0 


2p2—7p+3=0 


p=12,p=3 


3q2+8q—3=0 


p2+7p+12=0 


p= —4,p= —3 


q2+3q—18=0 


r2—8r=33 


r= —3,r=11 


t2+13t=—40 


3u2+ 7u—2=0 


u= —7+736 


2p2+8p+5=0 


2a2—6a+3=0 


a=St32 


5b2+ 2b—4=0 


x2+8x-—4=0 


x= —-—42+25 


y2+4y—4=0 


3y2+5y—2=0 


y=-2,y=13 


6x2 + 2x —20=0 


2x2 +3x+3=0 


x= —34+4154i 


2x2-—-x+1=0 


8x2 -—6x+2=0 


X= 38+ 78i 


8x2 —4x+1=0 


(v+1)(v—5)—4=0 


v=2+213 


(x+1)(x-—3)=2 


(y+ 4)(y—7)=18 


y= —4,y=7 


(x+2)(x+6)=21 


13m2+112m=14 


m= —-1,m=34 


13n2+n=-12 


34b2 + 12b = 38 


b= —2+116 


19¢c2+ 23c=3 


16c2 + 24c+9=0 


c= —34 


25d2 — 60d + 36=0 


25q2 + 30q+9=0 


q=-35 


l6oy2+8y+1=0 


Use the Discriminant to Predict the Number of 
Real Solutions of a Quadratic Equation 


In the following exercises, determine the number of 
real solutions for each quadratic equation. 


@ 4x2—5x+16=0 © 36y2+36y+9=0 © 
6m2+3m—5=0 


@ no real solutions © 1 


©2 


@ 9v2—15v+25=0 © 100w2+60w+9=0 © 
5c2+7c—10=0 


@ r2+12r+36=0 © 8t2—11t+5=0 © 
3v2-—5v-—-1=0 


@ 1 © no real solutions 


©2 


@ 25p2+10p+1=0 © 7q2—3q-—6=0 © 
7y2+2y+8=0 


Identify the Most Appropriate Method to Use to 
Solve a Quadratic Equation 


In the following exercises, identify the most 
appropriate method (Factoring, Square Root, or 
Quadratic Formula) to use to solve each quadratic 
equation. Do not solve. 


@ x2—5x-—24=0 © (y+5)2=12 © 
14m2+3m=11 


@ factor © square root 
© Quadratic Formula 


@® (8v+3)2=81 © w2-—9w-22=0 © 
4n2—10=6 


@ 6a2+14=20 © (x—-14)2=516 © 
y2—2y=8 


@ Quadratic Formula 
® square root © factor 


@ 8b2+15b=4 © 59v2—23v=1 © (w 
+ 43)2= 29 


Writing Exercises 


Solve the equation x2 + 10x=120 


@ by completing the square 


® using the Quadratic Formula 


© Which method do you prefer? Why? 


Answers will vary. 


Solve the equation 12y2+23y=24 
@ by completing the square 
® using the Quadratic Formula 


© Which method do you prefer? Why? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


discriminant 
In the Quadratic Formula, x = —b 
+b2-—4ac2a, the quantity b2 — 4ac is called 
the discriminant. 


Solve Quadratic Equations in Quadratic Form 
By the end of this section, you will be able to: 


¢ Solve equations in quadratic form 


Before you get started, take this readiness quiz. 


Factor by substitution: y4— y2— 20. 
If you missed this problem, review [link]. 


WAGON PAKS, 


Factor by substitution: (y— 4)2+8(y—4)+15. 
If you missed this problem, review [link]. 


y=DG +) 


Simplify: @ x12:x14 © (x13)2 © (x-1)2. 
If you missed this problem, review [link]. 


@ x34; © x23; © x-2 


Solve Equations in Quadratic Form 


Sometimes when we factored trinomials, the 
trinomial did not appear to be in the ax2 + bx + c 
form. So we factored by substitution allowing us to 
make it fit the ax2 + bx + c form. We used the 
standard u for the substitution. 


To factor the expression x4 — 4x2 — 5, we noticed 
the variable part of the middle term is x2 and its 
square, x4, is the variable part of the first term. (We 
know (x2)2=x4.) So we let u = x2 and factored. 


Let u=x2 and substitute. 


Factor the trinomial. 


Replace u with x2. 


Similarly, sometimes an equation is not in the ax2 + 
bx + c = 0 form but looks much like a quadratic 
equation. Then, we can often make a thoughtful 
substitution that will allow us to make it fit the ax2 
+ bx + c = 0 form. If we can make it fit the form, 
we can then use all of our methods to solve 
quadratic equations. 


Notice that in the quadratic equation ax2 + bx + c 
= 0, the middle term has a variable, x, and its 
square, x2, is the variable part of the first term. Look 
for this relationship as you try to find a substitution. 


Again, we will use the standard u to make a 
substitution that will put the equation in quadratic 
form. If the substitution gives us an equation of the 
form ax2 + bx + c = O, we say the original 
equation was of quadratic form. 


The next example shows the steps for solving an 
equation in quadratic form. 


How to Solve Equations in Quadratic Form 


Solve: 6x4—7x2+2=0 


Solve: x4-—6x2+ 8=0. 


Solve: x4—11x2+28=0. 


We summarize the steps to solve an equation in 
quadratic form. 


Solve equations in quadratic form. 


Identify a substitution that will put the equation in 
quadratic form. Rewrite the equation with the 
substitution to put it in quadratic form. Solve the 
quadratic equation for u. Substitute the original 
variable back into the results, using the 
substitution. Solve for the original variable. Check 
the solutions. 


In the next example, the binomial in the middle 
term, (x — 2) is squared in the first term. If we let u 
= x — 2 and substitute, our trinomial will be in ax2 
+ bx + c form. 


Solve: (x —2)2+7(x-—2)+12=0. 


Prepare for the 
substitution. 


Let u=x—2 and 
substitute. 


Solve by factoring. 


Replace u with x— 2. 


Solve for x. 


Check: 


Solve: (x —5)2+ 6(x—5)+8=0. 


Solve: (y—4)2+8(y—4)+15=0. 


In the next example, we notice that (x)2=x. Also, 
remember that when we square both sides of an 
equation, we may introduce extraneous roots. Be 
sure to check your answers! 


Solve: x -—3x+2=0. 


The x in the middle term, is squared in the 
first term (x)2 =x. If we let u=x and 
substitute, our trinomial will be in ax2 + bx + 
¢ — O fon: 


a 


Rewrite the trinomia 


to PASI for the 


Let u=x and 
substitute. 


Solve by factoring. 


Replace u with x. 


Solve for x, by 
squaring both sides. 


Check: 


Solve: x —7x+12=0. 


Solve: x —6x+8=0. 


Substitutions for rational exponents can also help us 
solve an equation in quadratic form. Think of the 
properties of exponents as you begin the next 
example. 


Solve: x23 — 2x13 —24=0. 


The x13 in the middle term is squared in the 
first term (x13)2=x23. If we let u=x13 and 
substitute, our trinomial will be in ax2 + bx + 
€ — 0 form. 


TE . 6 4. 4 
Rewrite the trinomia] 


to “Cr for the 


substitution 
Let u=x13 and 
substitute. 


Solve by factoring. 


Replace u with x13. 


Solve for x by cubing 
both sides. 


Check: 


Solve: x23 —5x13-—-14=0. 


Solve: x12—8x14+15=0. 


In the next example, we need to keep in mind the 
definition of a negative exponent as well as the 
properties of exponents. 


Solve: 3x —-2-—7x—-1+2=0. 


The x—1 in the middle term is squared in the 
first term (x —1)2=x-—2. If we let u=x—1 and 
substitute, our trinomial will be in ax2 + bx + 
¢ — 0 form. 


Rewrite the 
trinomial to 


Pe 0) ts ) + 2-0 


. . 
outhotitutian 
VUYUVLLLULLULL 


Let u=x-1l 
and substitute. 


Solve by 
factoring. 


Replace u with 
xe I 


Solve for x by 


taking the 
a 


Check: 


Solver Sx 2 — 10x 10) 


Solve: Ox—2—23x—1--20—0. 


Access this online resource for additional 
instruction and practice with solving quadratic 
equations. 


¢ Solving Equations in Quadratic Form 


Key Concepts 
* How to solve equations in quadratic form. 


Identify a substitution that will put the 
equation in quadratic form. Rewrite the 
equation with the substitution to put it in 
quadratic form. Solve the quadratic equation 
for u. Substitute the original variable back into 
the results, using the substitution. Solve for the 
original variable. Check the solutions. 


Practice Makes Perfect 


Solve Equations in Quadratic Form 


In the following exercises, solve. 


x4—7x2+12=0 


x= +3,x=42 


x4-—9x2+18=0 


x4 — 13x2—30=0 


x= +15.x= +21 


x4 + 5x2 —36=0 


2x4 —5x2+3=0 


4x4 —-5x2+1=0 


2x4 —7x2+3=0 


3x4 —14x2+8=0 


(x—3)2—5(x—3)—-36=0 


x= —1,x=12 


(x+2)2-—3(x+2)-—54=0 


(3y + 2)2+ (3y+2)-6=0 


x= —53,x=0 


(5y —1)2+3(5y —1)-28=0 


(x2 + 1)2-—5(x2+1)+4=0 


(x2 —4)2 —4(x2-—4)+3=0 


2(x2 —5)2—5(x2-—5) + 2=0 


2(x2 —5)2—7(x2-—5)+6=0 


x-—x—20=0 


x=25 


x—8x+15=0 


x+6x—16=0 


6x+x—1=0 


10x —17x+3=0 


x=125, x=94 


12x+5x-—3=0 


x23 +9x13+8=0 


x=—-1,x=—-512 


x23 —3x13=28 


x23 + 4x13=12 


x=8,x= —216 


x23 —11x13+30=0 


6x23 —x13=12 


X = 278,x = — 6427 


3x23 —10x13=8 


8x23 — 43x13 +15=0 


xX =27512,x=125 


20x23 — 23x13 +6=0 


x —8x12+7=0 


x=1,x=49 


2x —7x12=15 


6x—2+13x-1+5=0 


x= —-2,x=—35 


15x —2-—26x—1+8=0 


8x—2-—2x—1-3=0 
X= —2,x=43 
1ox—-2-—4x—1—-—4=0 


Writing Exercises 


Explain how to recognize an equation in 
quadratic form. 


Answers will vary. 


Explain the procedure for solving an equation 
in quadratic form. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® On ascale of 1-10, how would you rate your 
mastery of this section in light of your responses on 
the checklist? How can you improve this? 


Solve Applications of Quadratic Equations 
By the end of this section, you will be able to: 


* Solve applications modeled by quadratic 
equations 


Before you get started, take this readiness quiz. 


1. The sum of two consecutive odd numbers is 
— 100. Find the numbers. 
If you missed this problem, review [link]. 
Cesolves 2x ia, Ix — ix 
If you missed this problem, review [link]. 
3. Find the length of the hypotenuse of a right 
triangle with legs 5 inches and 12 inches. 
If you missed this problem, review [link]. 


Solve Applications Modeled by Quadratic 
Equations 


We solved some applications that are modeled by 
quadratic equations earlier, when the only method 
we had to solve them was factoring. Now that we 
have more methods to solve quadratic equations, we 


will take another look at applications. 


Let’s first summarize the methods we now have to 
solve quadratic equations. 


Methods to Solve Quadratic Equations 


1. Factoring 

2. Square Root Property 
3. Completing the Square 
4. Quadratic Formula 


As you solve each equation, choose the method that 
is most convenient for you to work the problem. As 
a reminder, we will copy our usual Problem-Solving 
Strategy here so we can follow the steps. 


Use a Problem-Solving Strategy. 


Read the problem. Make sure all the words and 
ideas are understood. Identify what we are looking 
for. Name what we are looking for. Choose a 
variable to represent that quantity. Translate into 
an equation. It may be helpful to restate the 
problem in one sentence with all the important 


information. Then, translate the English sentence 
into an algebraic equation. Solve the equation 
using algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer the 
question with a complete sentence 


We have solved number applications that involved 
consecutive even and odd integers, by modeling the 
situation with linear equations. Remember, we 
noticed each even integer is 2 more than the 
number preceding it. If we call the first one n, then 
the next one isn + 2. The next one would ben + 2 
+ 2orn + 4. This is also true when we use odd 
integers. One set of even integers and one set of odd 
integers are shown below. 

Consecutive even integersConsecutive odd integers 
64,66,6877,79,81 nlsteven integern1stodd integer n 
+ 22ndconsecutive even integern + 22ndconsecutive 
odd integer n+ 43rdconsecutive even integern 

+ 43rdconsecutive odd integer 


Some applications of odd or even consecutive 
integers are modeled by quadratic equations. The 
notation above will be helpful as you name the 
variables. 


The product of two consecutive odd integers is 
195. Find the integers. 


Step 1. Readthe problem. Step 2. Identifywhat 
we are looking for.We are looking for two 
consecutive odd integers. Step 3. Namewhat 
we are looking for.Letn =the first odd integer. 
n+2=the next odd integer Step 4. 
Translateinto an equation. State the problem 
in one sentence.“The product of two 
consecutive odd integers is 195.” The product 
of the first odd integer andthe second odd 
integer is 195. Translate into an equation.Step 
5. Solvethe equation. Distribute.Write the 
equation in standard form.Factor.Use the Zero 
Product Property.Solve each equation.n(n 
+2)=195 n2+ 2n=195 n2+ 2n—195=0 (n 
+15)@m-13)=0n+15=0n-13=0n= 
—15,n=13 There are two values ofnthat are 
solutions. This will give us two pairs of 
consecutive odd integersfor our solution. First 
odd integern = 13First odd integern= —15 
next odd integern + 2next odd integern + 2 
Ve Po eo leproenecktine 
answer. Do these pairs work? Are they 
consecutive odd integers? 13,15yes— 13, 

— 15yes Is their product 195? 13-:15=195yes 
—13(—15)=195yes Step 7. Answerthe 
question.Two consecutive odd integers whose 
productis195 ared 3) 1o:and—13.— 15, 


The product of two consecutive odd integers is 
99. Find the integers. 


The two consecutive odd integers whose 
product is 99 are:o) Pile and»—9) — 11 


The product of two consecutive even integers 
is 168. Find the integers. 


The two consecutive even integers whose 
product is 128 are 12, 14 and —12, —14. 


We will use the formula for the area of a triangle to 
solve the next example. 


rea of a Triangle 
For a triangle with base, b, and height, h, the area, 
, is given by the formula A= 12bh. 


Recall that when we solve geometric applications, it 
is helpful to draw the figure. 


An architect is designing the entryway of a 
restaurant. She wants to put a triangular 
window above the doorway. Due to energy 
restrictions, the window can only have an area 
of 120 square feet and the architect wants the 
base to be 4 feet more than twice the height. 
Find the base and height of the window. 


Step 1. Read 
the problem. 
Draw a picture. 


Step 2. 
Identify what 


we are looking 
far 


Step 3. Name 
what we are 
looking for. 


Step 4. 
Translate into 
an equation. 
We know the 
area. Write the 
formula for the 
area of a 
triannal 

Step 5. Solve 
the equation. 
Substitute in 


tha vraliaina 
Ldae VULULD. 


. . 
Niatrithiuita 
Vivi iwurce. 


This is a 
quadratic 
equation, 
rewrite it in 


We are looking 
for the base 
and height. 


Let h = the 
height of the 
triangle. 

2h + 4 = the 
base of the 


trianala 
111161 


A=12bh 


120=12(2h 
+4)h 


120-=h2-+-2h 
h2+2h 
—120=0 


Factor. 


Use the Zero 
Product 


Deannartrr 
ak vpYt cy . 


Simplify 
Since h is the 
height of a 
window, a 
value of h = 
— 12 does not 
mala annan 
The height of 
the triangle 
h—1N 


iit” 1WVe 


The base of the 
triangle 2h+ 4. 
2:10+4 

2A 

Step 6. Check 
the answer. 
Does a triangle 
with height 10 
and base 24 


have area 120? 
Vana 


Lveve 


Step 7. 
Answer the 
question. 


(h—10)(h 
+13}=9 
h—10=0h 
+12=0 


h=10,h=—12 


The height of 
the triangular 
window is 10 
feet and the 


base is 24 feet. 


Find the base and height of a triangle whose 
base is four inches more than six times its 
height and has an area of 456 square inches. 


The height of the triangle is 12 inches and the 
base is 76 inches. 


If a triangle that has an area of 110 square feet 
has a base that is two feet less than twice the 
height, what is the length of its base and 
height? 


The height of the triangle is 11 feet and the 
base is 20 feet. 


In the two preceding examples, the number in the 


radical in the Quadratic Formula was a perfect 
square and so the solutions were rational numbers. 
If we get an irrational number as a solution to an 
application problem, we will use a calculator to get 
an approximate value. 


We will use the formula for the area of a rectangle 
to solve the next example. 


Area of a Rectangle 
For a rectangle with length, L, and width, W, the 
area, A, is given by the formula A = LW. 


Mike wants to put 150 square feet of artificial 
turf in his front yard. This is the maximum 
area of artificial turf allowed by his 
homeowners association. He wants to have a 
rectangular area of turf with length one foot 


less than 3 times the width. Find the length 
and width. Round to the nearest tenth of a 
foot. 


Step 1. Read the 
problem. 
Dr 


eS a 
Step 2. Identify what: We-ar are looking for the 


ta arn Inalrina far lanath and waridth 
Vv are LVVUINIILG 1U1- AV416tit ULL vv iitise 


Step 3. Name what we Let w= the width of 
are looking for. the rectangle. 
3w—1= the length of 


tha ranrtanala 
ante PEL LULI SBI 


Step 4. Translate into 

an equation. 

W GRO ee 
Write the formula for 


tha arann anf a vantanala 
Ute ULE YIU LELLULIBIL. 


Step 5. Solve the 


equation. Substitute in 
tha craliaine P50 =(3w-iwe 


CLAS VULLLY 


Distribute. 


This is a quadratic 
equation; rewrite it in 
standard form. 

Solve the equation 
using the Quadratic 


TDarmiil nn 
2wvi111uUuiue 


Identify the a,b,c 
values. 


Write the Quadratic 
Formula. 
Pb b= 4ac 
es 
Then substitute in the 
values of a,b,c. 


Simplify. 
Pt 1801 
SS a ee ess 
Rewrite to show two 
solutions. 
P14 1801 1-801 | 


Approximate the 
answers using a 
calculator. 

We eliminate the 


negative solution 
tha wariAth 


ULLLW VV EUELELe 


Step 6. Check the 


answer. 

Make sure that the 
answers make sense. 
Since the 

answers are 
approximate, the area 
will not come 


1t av actly tr TEN 


Cue RAUL LE. twa tAtVWVe 


Step 7. haces the The width of the 
question. rectangle is 
approximately 7.2 feet 
and the 
length is approximately 
20.6 feet. 


The length of a 200 square foot rectangular 
vegetable garden is four feet less than twice 
the width. Find the length and width of the 
garden, to the nearest tenth of a foot. 


The length of the garden is approximately 18 
feet and the width 11 feet. 


A rectangular tablecloth has an area of 80 

square feet. The width is 5 feet shorter than 
the length.What are the length and width of 
the tablecloth to the nearest tenth of a foot.? 


The length of the tablecloth is approximatel 
11.8 feet and the width 6.8 feet. 


The Pythagorean Theorem gives the relation 
between the legs and hypotenuse of a right triangle. 
We will use the Pythagorean Theorem to solve the 
next example. 


Pythagorean Theorem 


In any right triangle, where a and b are the lengths 
of the legs, and c is the length of the hypotenuse, 
2 7-E 25 —c2. 


Rene is setting up a holiday light display. He 
wants to make a ‘tree’ in the shape of two 
right triangles, as shown below, and has two 
10-foot strings of lights to use for the sides. He 
will attach the lights to the top of a pole and 
to two stakes on the ground. He wants the 
height of the pole to be the same as the 
distance from the base of the pole to each 
stake. How tall should the pole be? 


Step 1. Read the 
problem. Draw a 


pi 


ss Se SA 
Step 2. Identify what We are looking for the 


AT no arn lnanlina for. haiaht af tha 5ole., 
Ve use 1tyuniiigs 1uU gai H11l Ya use 


Step 3. Name what we The distance from the 

are looking for. base of the pole to 
either stake is the same 
as the height of the 


pole. 


Let x= the height of 
the pole. 

x= the distance from 
pole to stake 


Each side is a right 
triangle. We draw a 
picture of one of them. 


ee) ae a ae 
Step 4. Translate into a2+b2=c2 
an equation. 

We can use the 

Pythagorean Theorem 

to solve for x. 

Write the Pythagorean 


Thanram 
BLLCvViLrLiite 


Step 5. Solve the x2+x2=102 


. . 
anniiatinn Cithotituta 
Veyu4euvin VUvoLULYE 


Cimnalifxr, 9~9 — T1NN 
atiieat = LY 


Urltipiiny. 


Divide by 2 to isolate 2x22=1002 


tha crarinhla 
L4de VULLUWILIL. 


Cimnlifrr 


Ulliipiizy. 


Use the Square Root x==+50 


Dranartr 
pavupricy. 


Simolif, tha radinal 


BALL LaLy CLI LULU 


Rewrite to show two x=52,x=—52 


1 . 
aenliutinna 
VVULULLULID. 


If we approximate this 
number to the 

nearest tenth with a 
calculator, we find 


v~T71 
ua” 7” fF ode 


Step 6. Check the 


answer. 
Check on your own in 
the Pythagorean 


Th aAnram 
BLLCVLLiile 


Step 7. Answer the — The pole should be 
question. about 7.1 feet tall. 


The sun casts a shadow from a flag pole. The 
height of the flag pole is three times the length 
of its shadow. The distance between the end of 
the shadow and the top of the flag pole is 20 
feet. Find the length of the shadow and the 
length of the flag pole. Round to the nearest 
tenth. 


The length of the flag pole’s shadow is 
approximately 6.3 feet and the height of the 
flag pole is 18.9 feet. 


The distance between opposite corners of a 
rectangular field is four more than the width 
of the field. The length of the field is twice its 
width. Find the distance between the opposite 
corners. Round to the nearest tenth. 


The distance between the opposite corners is 
approximately 7.2 feet. 


The height of a projectile shot upward from the 
ground is modeled by a quadratic equation. The 
initial velocity, vo, propels the object up until 
gravity causes the object to fall back down. 


Projectile motion 
The height in feet, h , of an object shot upwards 
into the air with initial velocity, vO, after t seconds 


is given by the formula 
h= —16t2+v0t 


We can use this formula to find how many seconds 
it will take for a firework to reach a specific height. 


A firework is shot upwards with initial velocity 
130 feet per second. How many seconds will it 
take to reach a height of 260 feet? Round to 
the nearest tenth of a second. 


Step 1. Read the 


pivuviwtiie 


Step 2. Identify what We are looking for the 
we are looking for. number of 


. . 
annandAea wrthiaokh ia tima 
UE YALU) VV ELEVA LD LILLLLe 


Step 3. Name what we Let t= the number of 


. 
avn ladnlina Far aonnnnaAa 
uUuLtw SINAN S) LV.ie Vel ViALUdVe 


Step 4. Translate into 
an equation. Use the 


Ex 
Step 5. Solve the 
equation. 

W 

vO is 130 feet per 
second. 

The height is 260 feet. 


. 
Cathotituta tha vraliw46c 
VUYVLLLULY LULY VuULULD. 


This is a quadratic 
equation, rewrite it in 
st 

Solve the equation 
using the Quadratic 


TDarmiil nn 
2wvi111uUuiue 


Identify the values of 
a,b,c. 


Write the Quadratic 
Formula. 


Rewrite to show two 
solutions. 


Approximate the 

answer with a 

Step 6. Check the 

answer. 

The check is left to 

yOu; 

Step 7. Answer the The firework will go up 

question. and then fall back 
down. As the firework 
goes up, it will 
reach 260 feet after 
approximately 3.6 
seconds. It will also 
pass that height on 
the way down at 4.6 
seconds. 


An arrow is shot from the ground into the air 
at an initial speed of 108 ft/s. Use the formula 


h = —16t2 + vot to determine when the 
arrow will be 180 feet from the ground. Round 
the nearest tenth. 


The arrow will reach 180 feet on its way up 
after 3 seconds and again on its way down 
after approximately 3.8 seconds. 


A man throws a ball into the air with a 
velocity of 96 ft/s. Use the formula h = —16t2 
+ vot to determine when the height of the ball 
will be 48 feet. Round to the nearest tenth. 


The ball will reach 48 feet on its way up after 
approximately .6 second and again on its way 
down after approximately 5.4 seconds. 


We have solved uniform motion problems using the 
formula D = rt in previous chapters. We used a 
table like the one below to organize the information 
and lead us to the equation. 


The formula D = rt assumes we know r and t and 
use them to find D. If we know D and r and need to 
find t, we would solve the equation for t and get the 
formula t= Dr. 


Some uniform motion problems are also modeled by 
quadratic equations. 


Professor Smith just returned from a 
conference that was 2,000 miles east of his 
home. His total time in the airplane for the 


round trip was 9 hours. If the plane was flying 
at a rate of 450 miles per hour, what was the 
speed of the jet stream? 


This is a uniform motion situation. A diagram 
will help us visualize the situation. 


We fill in the chart to organize the 
information. 


We are looking for the speed of the jet 
stream.Letr =the speed of the jet stream. 


When the plane flies with the wind, the wind 
increases its speed and so the rate is 450 + r. 


When the plane flies against the wind, the 
wind decreases its speed and the rate is 450 — 
i 


Write in the rates. 
Write in the distances. 
Si 
fo 
t 
W 
by 

the rate in each row, 
and 

place the expression in 


Lbbttwe CYVLUILIII. 


We know the times a1d2000450-—r 
to 9 +2000450+r=9 
and so we write our 


We multiply both sidi2s (450 —r)(450 +r) 


by the LCD. (2000450 —-r 
+ 2000450 +r) = 
9M 50 — 450-1) 
Simplify. 2000(450 + r) + 2000(450 
DEO — 450-1 
Factor the 2,000. 2000(450+r 
+450-r)= 


94 EN9 — x} 


ivwVve 


Solve. 2000(900) = = 


DA EN9o — x 


ivwVvew 


Nivrida hr, A 2n0001 80>-= —_ AGN) —+r9 
oR IVvVew Lad 


we v 1Ge vy 


Simplify. 200000 = 202500 ae 
—2500= —r2 
50=rThe speed of the 


. 
tat atranm 
Jes vurcui. 


Check: 

Is 50 mph a reasonable 
speed for the jet 
stream? Yes. 

If the plane is traveling 
450 mph and the wind 
is 50 mph, 

Tailwind 

450 + 50 = 500mph2000500 = 4hours 
Headwind 

450 —50= 400 
mph2000400=5 hours 
The times add to 9 


. 
ha ra an 1+ + oh acla 
rere ore VU» VY LE ’RPMLOLEDWV 


The speed of the jet 
stream was 50 mph. 


MaryAnne just returned from a visit with her 
grandchildren back east . The trip was 2400 
miles from her home and her total time in the 
airplane for the round trip was 10 hours. If the 
plane was flying at a rate of 500 miles per 
hour, what was the speed of the jet stream? 


The speed of the jet stream was 100 mph. 


Gerry just returned from a cross country trip. 
The trip was 3000 miles from his home and his 
total time in the airplane for the round trip 
was 11 hours. If the plane was flying at a rate 
of 550 miles per hour, what was the speed of 
the jet stream? 


The speed of the jet stream was 50 mph. 


Work applications can also be modeled by quadratic 
equations. We will set them up using the same 
methods we used when we solved them with 
rational equations.We’ll use a similar scenario now. 


The weekly gossip magazine has a big story 
about the presidential election and the editor 
wants the magazine to be printed as soon as 
possible. She has asked the printer to run an 
extra printing press to get the printing done 


more quickly. Press #1 takes 12 hours more 
than Press #2 to do the job and when both 
presses are running they can print the job in 8 
hours. How long does it take for each press to 
print the job alone? 


This is a work problem. A chart will help us 
organize the information. 


We are looking for how many hours it would 
take each press separately to complete the job. 


Let x= the number of 
hours for Press #2 


thar rar arl, tadcathar 
eS / Vvwaidkt SS pS SO 


The part completed by 


Press #1 plus the part 
mz 
eq 


amount completed 
together. 
Translate to an 


. 
anii94tinn 
veyuuauvil. 


Solve. 


SEs Bee Sk es 
Multiply by the LCD, 
8x(x+12). 


Simplify. 


Solve. 
K-71 2K +8) 
P92 =0,X4+8=0 

Since the idea of 

negative hours does 


TOO) eos Con Wome orn hms 
the value x= 12. 


Write our sentence Press #1 would take 
answer. 24 hours and 
Press #2 would take 
12 hours to do the job 
alone. 


The weekly news magazine has a big story 
naming the Person of the Year and the editor 
wants the magazine to be printed as soon as 


possible. She has asked the printer to run an 
extra printing press to get the printing done 
more quickly. Press #1 takes 6 hours more 
than Press #2 to do the job and when both 
presses are running they can print the job in 4 
hours. How long does it take for each press to 
print the job alone? 


Press #1 would take 12 hours, and Press #2 
would take 6 hours to do the job alone. 


Erlinda is having a party and wants to fill her 
hot tub. If she only uses the red hose it takes 3 
hours more than if she only uses the green 
hose. If she uses both hoses together, the hot 
tub fills in 2 hours. How long does it take for 
each hose to fill the hot tub? 


The red hose take 6 hours and the green hose 
take 3 hours alone. 


ccess these online resources for additional 
instruction and practice with solving applications 


modeled by quadratic equations. 


* Word Problems Involving Quadratic Equations 
* Quadratic Equation Word Problems 
¢ Applying the Quadratic Formula 


Key Concepts 
* Methods to Solve Quadratic Equations 


© Factoring 

© Square Root Property 
© Completing the Square 
© Quadratic Formula 


* How to use a Problem-Solving Strategy. 


Read the problem. Make sure all the words and 
ideas are understood. Identify what we are 
looking for. Name what we are looking for. 
Choose a variable to represent that quantity. 
Translate into an equation. It may be helpful 
to restate the problem in one sentence with all 
the important information. Then, translate the 
English sentence into an algebra equation. 
Solve the equation using good algebra 
techniques. Check the answer in the problem 


and make sure it makes sense. Answer the 
question with a complete sentence. 


¢ Area of a Triangle 


© For a triangle with base, b, and height, h, 
the area, A, is given by the formula 
A=12bh. 


¢ Area of a Rectangle 


© Fora rectangle with length, L, and width, 
W, the area, A, is given by the formula A 
= LW. 


* Pythagorean Theorem 


© In any right triangle, where a and b are 
the lengths of the legs, and c is the length 
of the hypotenuse, a2 + b2 = c2. 


* Projectile motion 
© The height in feet, h, of an object shot 
upwards into the air with initial velocity, 


vo, after t seconds is given by the formula 
h = —16t2 + vot. 


Practice Makes Pefect 


Solve Applications Modeled by Quadratic 
Equations 


In the following exercises, solve using any method. 


The product of two consecutive odd numbers is 
255. Find the numbers. 


Two consecutive odd numbers whose product is 
255 are 15 and 17, and —15 and —17. 


The product of two consecutive even numbers 
is 360. Find the numbers. 


The product of two consecutive even numbers 
is 624. Find the numbers. 


The first and second consecutive odd numbers 
are 24 and 26, and — 26 and — 24. 


The product of two consecutive odd numbers is 
1,023. Find the numbers. 


The product of two consecutive odd numbers is 
483. Find the numbers. 


Two consecutive odd numbers whose product is 
483 are 21 and 23, and —21 and — 23. 


The product of two consecutive even numbers 
is 528. Find the numbers. 


In the following exercises, solve using any method. 


Round your answers to the nearest tenth, if needed. 


A triangle with area 45 square inches has a 
height that is two less than four times the base 
Find the base and height of the triangle. 


The width of the triangle is 5 inches and the 
height is 18 inches. 


The base of a triangle is six more than twice the 
height. The area of the triangle is 88 square 
yards. Find the base and height of the triangle. 


The area of a triangular flower bed in the park 
has an area of 120 square feet. The base is 4 
feet longer that twice the height. What are the 
base and height of the triangle? 


The base is 24 feet and the height of the 
triangle is 10 feet. 


A triangular banner for the basketball 
championship hangs in the gym. It has an area 
of 75 square feet. What is the length of the base 
and height , if the base is two-thirds of the 
height? 


The length of a rectangular driveway is five feet 
more than three times the width. The area is 50 
square feet. Find the length and width of the 
driveway. 


The length of the driveway is 15.0 feet and the 
width is 3.3 feet. 


A rectangular lawn has area 140 square yards. 
Its width that is six less than twice the length. 
What are the length and width of the lawn? 


A rectangular table for the dining room has a 
surface area of 24 square feet. The length is two 
more feet than twice the width of the table. 
Find the length and width of the table. 


The length of table is 8 feet and the width is 3 
feet. 


The new computer has a surface area of 168 
square inches. If the the width is 5.5 inches less 
that the length, what are the dimensions of the 
computer? 


The hypotenuse of a right triangle is twice the 


length of one of its legs. The length of the other 
leg is three feet. Find the lengths of the three 
sides of the triangle. 


The length of the legs of the right triangle are 
3.2 and 9.6 cm. 


The hypotenuse of a right triangle is 10 cm 
long. One of the triangle’s legs is three times as 
the length of the other leg . Round to the 
nearest tenth. Find the lengths of the three sides 
of the triangle. 


A rectangular garden will be divided into two 
plots by fencing it on the diagonal. The 
diagonal distance from one corner of the garden 
to the opposite corner is five yards longer than 
the width of the garden. The length of the 
garden is three times the width. Find the length 
of the diagonal of the garden. 


The length of the diagonal fencing is 7.3 yards. 


Nautical flags are used to represent letters of 
the alphabet. The flag for the letter, O consists 
of a yellow right triangle and a red right 
triangle which are sewn together along their 
hypotenuse to form a square. The hypotenuse of 
the two triangles is three inches longer than a 
side of the flag. Find the length of the side of 
the flag. 


Gerry plans to place a 25-foot ladder against 
the side of his house to clean his gutters. The 
bottom of the ladder will be 5 feet from the 
house.How for up the side of the house will the 
ladder reach? 


The ladder will reach 24.5 feet on the side of 


the house. 


John has a 10-foot piece of rope that he wants 
to use to support his 8-foot tree. How far from 
the base of the tree should he secure the rope? 


A firework rocket is shot upward at a rate of 
640 ft/sec. Use the projectile formula h = 
—16t2 + vot to determine when the height of 
the firework rocket will be 1200 feet. 


The arrow will reach 400 feet on its way up in 
2.8 seconds and on the way down in 11 
seconds. 


An arrow is shot vertically upward at a rate of 

220 feet per second. Use the projectile formula 
h = —16t2 + vot, to determine when height of 
the arrow will be 400 feet. 


A bullet is fired straight up from a BB gun with 
initial velocity 1120 feet per second at an initial 
height of 8 feet. Use the formula h = —16t2 + 
vot + 8 to determine how many seconds it will 
take for the bullet to hit the ground. (That is, 
when will h = 0?) 


The bullet will take 70 seconds to hit the 
ground. 


A stone is dropped from a 196-foot platform. 
Use the formula h = —16t2 + vot + 196 to 
determine how many seconds it will take for 
the stone to hit the ground. (Since the stone is 
dropped, vo= 0.) 


The businessman took a small airplane for a 
quick flight up the coast for a lunch meeting 
and then returned home. The plane flew a total 
of 4 hours and each way the trip was 200 miles. 
What was the speed of the wind that affected 
the plane which was flying at a speed of 120 
mph? 


The speed of the wind was 49 mph. 


The couple took a small airplane for a quick 
flight up to the wine country for a romantic 
dinner and then returned home. The plane flew 
a total of 5 hours and each way the trip was 
300 miles. If the plane was flying at 125 mph, 
what was the speed of the wind that affected 
the plane? 


Roy kayaked up the river and then back in a 
total time of 6 hours. The trip was 4 miles each 
way and the current was difficult. If Roy 
kayaked at a speed of 5 mph, what was the 
speed of the current? 


The speed of the current was 4.3 mph. 


Rick paddled up the river, spent the night 
camping, and and then paddled back. He spent 
10 hours paddling and the campground was 24 
miles away. If Rick kayaked at a speed of 5 
mph, what was the speed of the current? 


Two painters can paint a room in 2 hours if 
they work together. The less experienced 
painter takes 3 hours more than the more 
experienced painter to finish the job. How long 
does it take for each painter to paint the room 
individually? 


The less experienced painter takes 6 hours and 
the experienced painter takes 3 hours to do the 
job alone. 


Two gardeners can do the weekly yard 
maintenance in 8 minutes if they work 


together. The older gardener takes 12 minutes 
more than the younger gardener to finish the 

job by himself. How long does it take for each 
gardener to do the weekly yard maintainence 

individually? 


It takes two hours for two machines to 
manufacture 10,000 parts. If Machine #1 can 
do the job alone in one hour less than Machine 
#2 can do the job, how long does it take for 
each machine to manufacture 10,000 parts 
alone? 


Machine #1 takes 3.6 hours and Machine #2 
takes 4.6 hours to do the job alone. 


Sully is having a party and wants to fill his 
swimming pool. If he only uses his hose it takes 
2 hours more than if he only uses his neighbor’s 
hose. If he uses both hoses together, the pool 
fills in 4 hours. How long does it take for each 
hose to fill the pool? 


Writing Exercises 


Make up a problem involving the product of 
two consecutive odd integers. 


@) Start by choosing two consecutive odd 
integers. What are your integers? 


® What is the product of your integers? 


© Solve the equation n(n + 2) = p, where p is 
the product you found in part (b). 


@ Did you get the numbers you started with? 
Answers will vary. 
Make up a problem involving the product of 


two consecutive even integers. 


@) Start by choosing two consecutive even 
integers. What are your integers? 


© What is the product of your integers? 


© Solve the equation n(n + 2) = p, where p is 
the product you found in part (b). 


@ Did you get the numbers you started with? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 


section. 


® After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Graph Quadratic Functions Using Properties 
By the end of this section, you will be able to: 


* Recognize the graph of a quadratic function 

¢ Find the axis of symmetry and vertex of a 
parabola 

¢ Find the intercepts of a parabola 

* Graph quadratic functions using properties 

¢ Solve maximum and minimum applications 


Before you get started, take this readiness quiz. 


Graph the function f(x) =x2 by plotting points. 
If you missed this problem, review [link]. 


Solve: 2x24, 3x—2—(. 
If you missed this problem, review [link]. 


Evaluate —b2a when a = 3 andb = —6. 
If you missed this problem, review [link]. 


Recognize the Graph of a Quadratic 
Function 


Previously we very briefly looked at the function 
f(x) =x2, which we called the square function. It 
was one of the first non-linear functions we looked 


at. Now we will graph functions of the form 
f(x) =ax2+ bx+c ifa~0O. We call this kind of 
function a quadratic function. 


Quadratic Function 
quadratic function, where a, b, and c are real 


mumbers and a~(0, is a function of the form 
f(x) =ax2+bx+c 


We graphed the quadratic function f(x) =x2 by 
plotting points. 


Every quadratic function has a graph that looks like 
this. We call this figure a parabola. 


Let’s practice graphing a parabola by plotting a few 
points. 


Graph f(x) =x2-1. 


We will graph the function by plotting points. 


Choose integer values 


Plot the points, and 
then connect 

them with a smooth 
curve. The 

result will be the graph 
of the 

function f(x) =x2-1. 


Graph f(x) = —xz2.. 


Graph f(x) =x2+1. 


All graphs of quadratic functions of the form f (x) = 
ax2 + bx + c are parabolas that open upward or 
downward. See [link]. 


Notice that the only difference in the two functions 
is the negative sign before the quadratic term (x2 in 
the equation of the graph in ). When the 
quadratic term, is positive, the parabola opens 
upward, and when the quadratic term is negative, 
the parabola opens downward. 


Parabola Orientation 


For the graph of the quadratic function f (x) = ax2 
+ bx + c, if 


e a> 0, the parabola opens upward LF, 


e a<0, the parabola opens downward ras 


Determine whether each parabola opens 
upward or downward: 


@ f(x)= —3x2+2x—4 © f(x) =6x2+7x-9. 


Find the value of “a”. 


co 99 


Since the “a” is 
negative, the parabola 
will open downward. 


Find the value of “a”. 


co 99 


Since the “a” is 
positive, the parabola 
will open upward. 


Determine whether the graph of each function 
is a parabola that opens upward or downward: 


@ f(x)=2x2+5x-—2 ® f(x) = —3x2—4x+7. 


@ up; ® down 


Determine whether the graph of each function 
is a parabola that opens upward or downward: 


@ f(x) = —2x2-—2x-—3 © f(x)=5x2-—2x-1. 


@ down; © up 


Find the Axis of Symmetry and Vertex of 
a Parabola 


Look again at [link]. Do you see that we could fold 
each parabola in half and then one side would lie on 
top of the other? The ‘fold line’ is a line of 
symmetry. We call it the axis of symmetry of the 
parabola. 


We show the same two graphs again with the axis of 
symmetry. See [link]. 


The equation of the axis of symmetry can be derived 
by using the Quadratic Formula. We will omit the 
derivation here and proceed directly to using the 
result. The equation of the axis of symmetry of the 
graph of f (x) = ax2 + bx + cis x= —b2a. 


So to find the equation of symmetry of each of the 


parabolas we graphed above, we will substitute into 
the formula x= —b2a. 


Notice that these are the equations of the dashed 
blue lines on the graphs. 


The point on the parabola that is the lowest 
(parabola opens up), or the highest (parabola opens 
down), lies on the axis of symmetry. This point is 
called the vertex of the parabola. 


We can easily find the coordinates of the vertex, 
because we know it is on the axis of symmetry. This 
means its 

x-coordinate is — b2a. To find the y-coordinate of 
the vertex we substitute the value of the x- 
coordinate into the quadratic function. 


Axis of Symmetry and Vertex of a Parabola 
The graph of the function f (x) = ax2 + bx + cis 
a parabola where: 


the axis of symmetry is the vertical line x= 
= Dar 

the vertex is a point on the axis of symmetry, 
so its x-coordinate is —b2a. 

the y-coordinate of the vertex is found by 
substituting x = — b2a into the quadratic 
equation. 


For the graph of f(x) = 3x2 —6x+ 2 find: 


@ the axis of symmetry © the vertex. 


Tey = KOK a 
The axis of symmetry 


is the vertical line 
y— —h2e 


Veiule 


Substitute the values of 
a,b into the 
ed 


Simplify. 


The axis of symmetry 
is the line x=1. 


FB iT eh oh I Ee 
The vertex is a point 
on the line of 
sy 
coordinate will be 


Simplify. 


The result is the y- 
coordinate. 


The vertex is (1,—1). 


For the graph of f(x) = 2x2 —8x+1 find: 


@ the axis of symmetry © the vertex. 


@ x=2°@ (2-7) 


For the graph of f(x) = 2x2 — 4x — 3 find: 


@ the axis of symmetry © the vertex. 


@ x=1; © (1, —5) 


Find the Intercepts of a Parabola 


When we graphed linear equations, we often used 
the x- and y-intercepts to help us graph the lines. 
Finding the coordinates of the intercepts will help us 
to graph parabolas, too. 


Remember, at the y-intercept the value of x is zero. 
So to find the y-intercept, we substitute x = 0 into 
the function. 


Let’s find the y-intercepts of the two parabolas 
shown in [link]. 


An x-intercept results when the value of f (xc) is zero. 
To find an x-intercept, we let f (x) = 0. In other 
words, we will need to solve the equation 0 = ax2 
ae Doe eC fOr 2. 

f(x) =ax2+ bx+c0O=ax2+bx+c 


Solving quadratic equations like this is exactly what 
we have done earlier in this chapter! 


We can now find the x-intercepts of the two 
parabolas we looked at. First we will find the x- 
intercepts of the parabola whose function is f (x) = 
x2 + 4x + 3. 


Let f(x) =0. 


Factor. 


Use the Zero Product 
Property. 


Solve. 


The x-intercepts are 
(-—1,0) and (—3,0). 


Now we will find the x-intercepts of the parabola 
whose function is f (x) = —x2 + 4x + 3. 


Let f(x) =0. 


This quadratic does not 
factor, so 


The x-intercepts are 
(2+ 7,0) and 
(2—7,0). 


We will use the decimal approximations of the x- 
intercepts, so that we can locate these points on the 
graph, 

(2+7,0) = (4.6,0)(2 — 7,0) ~(—0.6,0) 


Do these results agree with our graphs? See [link]. 


Find the Intercepts of a Parabola 
To find the intercepts of a parabola whose function 
is f(x) =ax2+bx+c: 

-interceptx-interceptsLetx = Oand solve 
forf(x).Letf(x) =Oand solve forx. 


Find the intercepts of the parabola whose 
function is f(x) =x2 —2x-—8. 


To find the y- 
intercept, let 
x 

oalsra far fx7\ 
vvVvivw J 


LVL L\4Je 


El ee ee eee 

When x=0, 
then f(0)= —8. 
The y-intercept 
is the point (0, 
—2); 

To find the x-. 

intercept, let 

f( 


anlira Far w 
LVL 0 


Solve by 
factoring. 


When f(x) =0, 


then x = 4orx = 


=e 

The x- 
intercepts are 
the points (4,0) 
and 

(— 2,0). 


Find the intercepts of the parabola whose 
function is f(x) =x2+2x-—8. 


y-intercept: (0, —8) x-intercepts (— 4,0),(2,0) 


Find the intercepts of the parabola whose 
function is f(x) =x2 —4x—12. 


y-intercept: (0, —12) x-intercepts (—2,0),(6,0) 


In this chapter, we have been solving quadratic 
equations of the form ax2 + bx + c = 0. We solved 
for x and the results were the solutions to the 
equation. 


We are now looking at quadratic functions of the 
form f (x) = ax2 + bx + c. The graphs of these 
functions are parabolas. The x-intercepts of the 
parabolas occur where f (x) = 0. 


For example: 

Quadratic equationQuadratic function x2 — 2x 
—15=0(«-5)(«k+3)=0x—5=0x+3=0x=5x= 
— 3Letf(x) = 0.f(x) = x2 —2x-—150=x2—- 2x 
—150=(x-5)(xk+3)x-—5=0x+3=0x=5x= 

— 3(5,0)and( — 3,0)x-intercepts 


The solutions of the quadratic function are the x 
values of the x-intercepts. 


Earlier, we saw that quadratic equations have 2, 1, 
or 0 solutions. The graphs below show examples of 
parabolas for these three cases. Since the solutions 
of the functions give the x-intercepts of the graphs, 
the number of x-intercepts is the same as the 
number of solutions. 


Previously, we used the discriminant to determine 
the number of solutions of a quadratic function of 
the form ax2 + bx +c=0. Now we can use the 
discriminant to tell us how many x-intercepts there 
are on the graph. 


Before you to find the values of the x-intercepts, you 
may want to evaluate the discriminant so you know 
how many solutions to expect. 


Find the intercepts of the parabola for the 
function f(x) =5x2+x+4. 
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To find the x-intercept, 
let f(x) =0 and 


om 
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Find the value of the 
discriminant to 
predict the number of 
solutions which is 
also the number of x- 


intarannta 
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Since the value of the 
discriminant is 
negative, there is no 
real solution to the 
equation. 

There are no x- 
intercepts. 


Find the intercepts of the parabola whose 
function is f(x) =3x2+4x+ 4. 


y-intercept: (0, 4) no x-intercept 


Find the intercepts of the parabola whose 
function is f(x) =x2—4x-—5. 


y-intercept: (0, —5) x-intercepts (—1, 0),(5, 0) 


Graph Quadratic Functions Using 
Properties 


Now we have all the pieces we need in order to 
graph a quadratic function. We just need to put 
them together. In the next example we will see how 
to do this. 


Po 


How to Graph a Quadratic Function Using 
Properties 


Graph f (x) = x2 —6x + 8 by using its 
properties. 


Graph f (x) = x2 + 2x — 8 by using its 
properties. 


Graph f (x) = x2 — 8x + 12 by using its 
properties. 


We list the steps to take in order to grapha 
quadratic function here. 


To graph a quadratic function using properties. 


Determine whether the parabola opens upward or 
downward. Find the equation of the axis of 


symmetry. Find the vertex. Find the y-intercept. 
Find the point symmetric to the y-intercept across 
the axis of symmetry. Find the x-intercepts. Find 
additional points if needed. Graph the parabola. 


We were able to find the x-intercepts in the last 
example by factoring. We find the x-intercepts in 
the next example by factoring, too. 


Graph f (x) = x2 + 6x — 9 by using its 
properties. 


(ee ee 
Since a is —1, the 
parabola opens 


| 
To find the equation of 


the axis of symmetry, 


uS 


VeiUe 


The axis of symmetry 
is x— 3: 
The vertex is on the 


diblue a” YY 
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Find f(3). 
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=a 
The y-intercept occurs 


when x= 0. Find f(0). 


Substitute x =0. 


Simplify. 


The y-intercept is (0, 


—O) 


The point (0, —9) is 
three units to the left 
of the line of 
symmetry. The point 
three units to the right 
of the line of symmetry 
is (6, —9). 


A TS A 
Point symmetric to the 
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The x-intercept occurs 
when f(x) =0. 


Find f(x) =0. 


Factor the GCF. 


Factor the trinomial. 


Solve for x. 


Connect the points to 
graph the parabola. 


Graph f () = —3x2 + 12x — 12 by using its 
properties. 


Graph f (x) = 4x2 + 24x + 36 by using its 
properties. 


For the graph of f (0) = —x2 + 6x — 9, the vertex 
and the x-intercept were the same point. Remember 
how the discriminant determines the number of 
solutions of a quadratic equation? The discriminant 
of the equation 0 = —x2 + 6x — 9 is 0, so there is 
only one solution. That means there is only one x- 
intercept, and it is the vertex of the parabola. 


How many x-intercepts would you expect to see on 
the graph of f (xc) = x2 + 4x + 5? 


Graph f (x) = x2 + 4x + 5 by using its 
properties. 


Since a is 1, the 
parabola opens 


To find the axis of 
symmetry, find x= 


The equation of the 
axis of symmetry is x= 
=) 


—————— 
The vertex is on the 


24h1y A ale 


Find f(x) when x= — 2. 
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= 
The y-intercept occurs 


when x=0. 


Find f(0). 


Simplify. 
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The point (— 4,5) is 
two units to the left of 


Point symmetric to the 
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The x-intercept occurs 
when f(x)=0. 


Find f(x) =0. 
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Since the value of the 
discriminant is 


negative, there is 
no real solution and so 
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Connect the points to 
graph the parabola. 


Graph f (x) = x2 — 2x + 3 by using its 


properties. 


Graph f (x) = —3x2 — 6x — 4 by using its 
properties. 


Finding the y-intercept by finding f (0) is easy, isn’t 
it? Sometimes we need to use the Quadratic 
Formula to find the x-intercepts. 


Graph f (x) = 2x2 — 4x — 3 by using its 
properties. 


Since a is 2, the 
parabola opens 
upward. 


To find the equation of 
the axis of symmetry, 


The equation of the 
axis of 
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The vertex is on the 
line x=1. 


Find f(1). 
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The y-intercept occurs 
when x=0. 


Find f(0). 


Simplify. 


The y-intercept is (0, 


=D \ 


The point (0,—3)is | Point symmetric to 
one unit to the left of the 
the line of y-intercept is (2, — 3) 


The point one unit to 


the right of the line of 
om mater ia (9 _ 9) 

Ce Pees / iv ee) Yije 
The x-intercept occurs 
when y=0. 


Find f(x) =0. 


Use the Quadratic 
Formula. 


a | Ts 
Substitute in the values 
of a,b, and c. 


es 

Simplify. 
TET — 

Simplify inside the 

radical. 


ii ee 
Simplify the radical. 
Factor the GCF. 
Remove common 


factors. 


Write as two equations. 


Approximate the 


values. 
The approximate 
values of the 
x-intercepts are 
(2.5,0) and 
(—-0.6,9). 

Graph the parabola 


using the points found. 


Graph f (x) = 5x2 + 10x + 3 by using its 
properties. 


Graph f (x) = —3x2 — 6x + 5 by using its 
properties. 
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Solve Maximum and Minimum 
Applications 


Knowing that the vertex of a parabola is the lowest 
or highest point of the parabola gives us an easy 
way to determine the minimum or maximum value 
of a quadratic function. The y-coordinate of the 
vertex is the minimum value of a parabola that 
opens upward. It is the maximum value of a 
parabola that opens downward. See [link]. 


Minimum or Maximum Values of a Quadratic 
Function 

The y-coordinate of the vertex of the graph of a 
quadratic function is the 


* minimum value of the quadratic equation if the 
parabola opens upward. 

* maximum value of the quadratic equation if 
the parabola opens downward. 


Find the minimum or maximum value of the 
quadratic function f(x) =x2+2x-—8. 


Since a is positive, the 
parabola opens 
upward. 

The quadratic equation 
hae 4 minimum 


Find the equation of 


the axis of symmetry. 


The vertex is on the 
line x= —1. 


The equation of the 
axis of 


. 
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Find f(—1). 


Since the parabola has 
a minimum, the y- 
coordinate of 

the vertex is the 
minimum y-value of 
the quadratic 
equation. 

The minimum value of 
the quadratic is —9 
and it 
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Show the graph to 
verify the result. 


Find the maximum or minimum value of the 
quadratic function f(x) =x2—8x+12. 


The minimum value of the quadratic function 
is —4 and it occurs when x = 4. 


Find the maximum or minimum value of the 
quadratic function f(x) = —4x2+16x—11. 


The maximum value of the quadratic function 
is 5 and it occurs when x = 2. 


We have used the formula 
h(t) = —16t2+ v0t+ho 


to calculate the height in feet, h , of an object shot 
upwards into the air with initial velocity, vo, after t 
seconds . 


This formula is a quadratic function, so its graph is a 
parabola. By solving for the coordinates of the 
vertex (t, h), we can find how long it will take the 
object to reach its maximum height. Then we can 
calculate the maximum height. 


The quadratic equation h(t) = —16t2 + 176t 
+ 4 models the height of a volleyball hit 
straight upwards with velocity 176 feet per 
second from a height of 4 feet. 


@ How many seconds will it take the 
volleyball to reach its maximum height? © 
Find the maximum height of the volleyball. 


Since a is negative, thie 


parabola opens 
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has a maximum. 
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Find the equation of 


. 
thn awia anf arrmmoaterr 


CLL UALY YE UY LALLA UL y 


The vertex is on the 
line t=5.5. 


© 


t= —b2at= 
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The maximum occurs 
when t=5.5 seconds. 


Find h(5.5). h(t) = —16t2+176t+4 


h(t) = 
— 16(5.5)2 + 176(5.5)+ 4 
h(t) = 488 


Use a calculator to 
(Os eae e 


The vertex is (5.5,488). 


Since the parabola has a maximum, the h- 
coordinate of the vertex is the maximum value 
of the quadratic function. 


The maximum value of the quadratic is 488 
feet and it occurs when t = 5.5 seconds. 


After 5.5 seconds, the volleyball will reach its 
maximum height of 488 feet. 


Solve, rounding answers to the nearest tenth. 


The quadratic function h(t) = —16t2 + 128t 
+ 32 is used to find the height of a stone 


thrown upward from a height of 32 feet at a 
rate of 128 ft/sec. How long will it take for the 
stone to reach its maximum height? What is 
the maximum height? 


It will take 4 seconds for the stone to reach its 
maximum height of 288 feet. 


A path of a toy rocket thrown upward from the 
ground at a rate of 208 ft/sec is modeled by 
the quadratic function of h(t) = —16t2 + 
208t. When will the rocket reach its maximum 
height? What will be the maximum height? 


It will 6.5 seconds for the rocket to reach its 
maximum height of 676 feet. 


Access these online resources for additional 
instruction and practice with graphing quadratic 
functions using properties. 


* Quadratic Functions: Axis of Symmetry and 
Vertex 
Finding x- and y-intercepts of a Quadratic 
Function 
Graphing Quadratic Functions 
Solve Maxiumum or Minimum Applications 
Quadratic Applications: Minimum and 
Maximum 


Key Concepts 
¢ Parabola Orientation 


© For the graph of the quadratic function 
f(x) =ax2+bx+c, if 


M@ a > 0, the parabola opens upward. 
M a < 0, the parabola opens downward. 


* Axis of Symmetry and Vertex of a Parabola The 
graph of the function f(x) =ax2+bx+c isa 
parabola where: 


© the axis of symmetry is the vertical line 
x= —b2a. 

© the vertex is a point on the axis of 
symmetry, so its x-coordinate is — b2a. 

© the y-coordinate of the vertex is found by 
substituting x = —b2a into the quadratic 
equation. 


¢ Find the Intercepts of a Parabola 


© To find the intercepts of a parabola whose 
function is f(x) =ax2+bx+c: 
y-interceptx-interceptsLetx = Oand solve 
forf(x).Letf(x) = Oand solve forx. 


* How to graph a quadratic function using 
properties. 


Determine whether the parabola opens upward 
or downward. Find the equation of the axis of 
symmetry. Find the vertex. Find the y-intercept. 
Find the point symmetric to the y-intercept 
across the axis of symmetry. Find the x- 
intercepts. Find additional points if needed. 
Graph the parabola. 


¢ Minimum or Maximum Values of a Quadratic 
Equation 


© The y-coordinate of the vertex of the graph 
of a quadratic equation is the 

©. minimum value of the quadratic equation if 
the parabola opens upward. 

© maximum value of the quadratic equation 
if the parabola opens downward. 


Practice Makes Perfect 
Recognize the Graph of a Quadratic Function 


In the following exercises, graph the functions by 
plotting points. 


f(x) =x24+3 


f(x) =x2-—3 


y= —-x2+1 


f(x) = -—x2-1 


For each of the following exercises, determine if the 
parabola opens up or down. 


@ f(x) = —2x2—6x—7 © f(x) =6x24+2x+3 


@ down © up 


@ f(x)=4x2+x—4 © f(x) = —9x2-—24x-16 


@ f(x) = —3x2+5x-1 © f(x) =2x2-4x+5 


@ down © up 


@ f(x)=x2+3x—4 © f(x)= —4x2-—12x-9 


Find the Axis of Symmetry and Vertex of a 
Parabola 


In the following functions, find @ the equation of 
the axis of symmetry and © the vertex of its graph. 


f(x) =x2+8x-1 


@ x= —4; © (—4, -17) 


f(x) =x2+10x+25 


f(x) = -—x2+2x+5 


@ x=1; © (1,6) 


f(x) = —2x2-—8x-3 


Find the Intercepts of a Parabola 


In the following exercises, find the intercepts of the 
parabola whose function is given. 


f(x) =x2+7x+6 


y-intercept: (0, 6); x-intercept (—1, 0),(—6, 0) 
f(x) =x2+10x-11 
f(x) =x2+8x+12 
y-intercept: (0, 12); x-intercept (— 2, 0),(—6, 0) 
f(x) =x2+5x+6 
f(x) = -—x2+8x-19 
y-intercept: (0, — 19); x-intercept: none 
f(x) = —3x2+x-1 
f(x) =x2+6x+13 
y-intercept: (0, 13); x-intercept: none 


f(x) =x2+8x+12 


f(x) = 4x2 —20x+ 25 

y-intercept: (0,25); x-intercept (52,0) 
f(x) = —x2-—14x-—49 

f(x) = -—x2-6x-9 

y-intercept: (0, —9); x-intercept (— 3, 0) 


f(x) =4x2+4x+1 


Graph Quadratic Functions Using Properties 


In the following exercises, graph the function by 
using its properties. 


f(x) =x2+6x+5 


f(x) =x2+4x-12 


f(x) =x2+4x+3 


f(x) =x2-—6x+8 


f(x) = 9x2+12x+4 


f(x) = —x2+8x-16 


f(x) = -—x2+2x-—7 


f(x) =5x2+2 


f(x) = 2x2-—4x+1 


f(x) = 3x2-6x-1 


f(x) = 2x2-—4x+2 


f(x) = —4x2—6x-—2 


f(x) = —x2-4x+2 


f(x) =x2+6x+8 


f(x) =5x2—-10x+8 


f(x) = —16x2+24x-9 


f(x) = 3x2+18x+ 20 


f(x) = —2x2+8x—10 


Solve Maximum and Minimum Applications 


In the following exercises, find the maximum or 
minimum value of each function. 


f(x) =2x2+x-1 


The minimum value is —98 when x= — 14. 


y= —4x2+12x—-5 


y=x2-6x+15 


The minimum value is 6 when x = 3. 


y= —-x2+4x—-5 


y= —9x2+16 


The maximum value is 16 when x = 0. 


y =4x2—-49 


In the following exercises, solve. Round answers to 
the nearest tenth. 


An arrow is shot vertically upward from a 
platform 45 feet high at a rate of 168 ft/sec. 
Use the quadratic function h(t) = —16f2 + 
168t + 45 find how long it will take the arrow 
to reach its maximum height, and then find the 
maximum height. 


In 5.3 sec the arrow will reach maximum height 
of 486 ft. 


A stone is thrown vertically upward from a 
platform that is 20 feet height at a rate of 160 
ft/sec. Use the quadratic function h(t) = —16t2 
+ 160t + 20 to find how long it will take the 
stone to reach its maximum height, and then 
find the maximum height. 


A ball is thrown vertically upward from the 
ground with an initial velocity of 109 ft/sec. 
Use the quadratic function h(t) = —16tf2 + 
109t + 0 to find how long it will take for the 
ball to reach its maximum height, and then find 
the maximum height. 


In 3.4 seconds the ball will reach its maximum 


height of 185.6 feet. 


A ball is thrown vertically upward from the 
ground with an initial velocity of 122 ft/sec. 
Use the quadratic function h(t) = —16t2 + 
122t + 0 to find how long it will take for the 
ball to reach its maximum height, and then find 
the maximum height. 


A computer store owner estimates that by 
charging x dollars each for a certain computer, 
he can sell 40 — x computers each week. The 
quadratic function R(x) = —x2 + 40x is used to 
find the revenue, R, received when the selling 
price of a computer is x, Find the selling price 
that will give him the maximum revenue, and 
then find the amount of the maximum revenue. 


A selling price of $20 per computer will give 
the maximum revenue of $400. 


A retailer who sells backpacks estimates that by 
selling them for x dollars each, he will be able 
to sell 100 — x backpacks a month. The 
quadratic function R(x) = —x2 +100x is used 
to find the R, received when the selling price of 
a backpack is x. Find the selling price that will 
give him the maximum revenue, and then find 


the amount of the maximum revenue. 


A retailer who sells fashion boots estimates that 
by selling them for x dollars each, he will be 
able to sell 70 — x boots a week. Use the 
quadratic function R(x) = —x2 + 70x to find 
the revenue received when the average selling 
price of a pair of fashion boots is x. Find the 
selling price that will give him the maximum 
revenue, and then find the amount of the 
maximum revenue per day. 


A selling price of $35 per pair of boots will give 
a maximum revenue of $1,225. 


A cell phone company estimates that by 
charging x dollars each for a certain cell phone, 
they can sell 8 — x cell phones per day. Use the 
quadratic function R(x) = —x2 + 8x to find the 
revenue received per day when the selling price 
of a cell phone is x. Find the selling price that 
will give them the maximum revenue per day, 
and then find the amount of the maximum 
revenue. 


A rancher is going to fence three sides of a 
corral next to a river. He needs to maximize the 
corral area using 240 feet of fencing. The 


quadratic equation A(x) =x120—x2 gives the 
area of the corral, A, for the length, x, of the 
corral along the river. Find the length of the 
corral along the river that will give the 
maximum area, and then find the maximum 
area of the corral. 


The length of one side along the river is 120 
feet and the maximum are is 7,200 square feet. 


A veterinarian is enclosing a rectangular 
outdoor running area against his building for 
the dogs he cares for. He needs to maximize the 
area using 100 feet of fencing. The quadratic 
function A(x) = x50 — x2 gives the area, A, of 
the dog run for the length, x, of the building 
that will border the dog run. Find the length of 
the building that should border the dog run to 
give the maximum area, and then find the 
maximum area of the dog run. 


A land owner is planning to build a fenced in 
rectangular patio behind his garage, using his 
garage as one of the “walls.” He wants to 
maximize the area using 80 feet of fencing. The 
quadratic function A(x) = x(80 — 2x) gives the 
area of the patio, where x is the width of one 
side. Find the maximum area of the patio. 


The maximum area of the patio is 800 feet. 


A family of three young children just moved 
into a house with a yard that is not fenced in. 
The previous owner gave them 300 feet of 
fencing to use to enclose part of their backyard. 
Use the quadratic function A(x) =x150 — x2 
determine the maximum area of the fenced in 
yard. 


Writing Exercise 


How do the graphs of the functions f(x) =x2 
and f(x) =x2—1 differ? We graphed them at the 
start of this section. What is the difference 
between their graphs? How are their graphs the 
same? 


Answers will vary. 


Explain the process of finding the vertex of a 
parabola. 


Explain how to find the intercepts of a 
parabola. 


Answers will vary. 


How can you use the discriminant when you 
are graphing a quadratic function? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Glossary 


quadratic function 
A quadratic function, where a, b, and c are 
real numbers and a=~0, is a function of the 
form f(x) =ax2+ bx+c. 


Graph Quadratic Functions Using Transformations 


Before you get started, take this readiness quiz. 


Graph the function f(x) =x2 by plotting points. 
If you missed this problem, review [link]. 


Factor completely: y2—14y+ 49. 
If you missed this problem, review [link]. 


Factor completely: 2x2 —16x + 32. 
If you missed this problem, review [link]. 


Graph Quadratic Functions of the form 
f(x) =x2+k 


In the last section, we learned how to graph 
quadratic functions using their properties. Another 
method involves starting with the basic graph of 
f(x) =x2 and ‘moving’ it according to information 
given in the function equation. We call this graphing 
quadratic functions using transformations. 


In the first example, we will graph the quadratic 
function f(x) =x2 by plotting points. Then we will 
see what effect adding a constant, k, to the equation 
will have on the graph of the new function 


f(x) =x2+k. 


Graph f(x) =x2,¢(x) =x2+2, and h(x)=x2-—2 
on the same rectangular coordinate system. 


Describe what effect adding a constant to the 
function has on the basic parabola. 


Plotting points will help us see the effect of the 
constants on the basic f(x) =x2 graph. We fill 
in the chart for all three functions. 


The g(x) values are two more than the f(x) 
values. Also, the h(x) values are two less than 
the f(x) values. Now we will graph all three 
functions on the same rectangular coordinate 
system. 


The graph of g(x) =x2+ 2 is the same as the 
graph of f(x)=x2 but shifted up 2 units. 


The graph of h(x) =x2—2 is the same as the 
graph of f(x)=x2 but shifted down 2 units. 


@ Graph f(x) =x2,g(x)=x2+1, and 
h(x) =x2—1 on the same rectangular 


coordinate system. 
© Describe what effect adding a constant to 
the function has on the basic parabola. 


® The graph of g(x) =x2+1 is the same as the 
graph of f(x) =x2 but shifted up 1 unit. The 
graph of h(x) =x2—1 is the same as the graph 
of f(x) =x2 but shifted down 1 unit. 


@ Graph f(x) =x2,¢(x) =x2+6, and 
h(x) =x2—6 on the same rectangular 


coordinate system. 
® Describe what effect adding a constant to 
the function has on the basic parabola. 


® The graph of h(x) =x2+6 is the same as the 
graph of f(x)=x2 but shifted up 6 units. The 
graph of h(x) =x2—6 is the same as the graph 
of f(x) =x2 but shifted down 6 units. 


The last example shows us that to graph a quadratic 
function of the form f(x) =x2+k, we take the basic 

parabola graph of f(x) =x2 and vertically shift it up 

(k>0) or shift it down (k<0O). 


This transformation is called a vertical shift. 


Graph a Quadratic Function of the form 
f(x) =x2+k Using a Vertical Shift 


The graph of f(x) =x2+k shifts the graph of 
f(x) = x2 vertically k units. 


¢ If k > O, shift the parabola vertically up k 
units. 

- Ifk < 0, shift the parabola vertically down |k| 
units. 


Now that we have seen the effect of the constant, k, 
it is easy to graph functions of the form f(x) =x2+k. 
We just start with the basic parabola of f(x) =x2 and 
then shift it up or down. 


It may be helpful to practice sketching f(x) =x2 
quickly. We know the values and can sketch the 
graph from there. 


Once we know this parabola, it will be easy to apply 
the transformations. The next example will require a 
vertical shift. 


Graph f(x) =x2—3 using a vertical shift. 


We first draw the 
graph of f(x)=x2 on 
th 


eS 
Determine k. 


Shift the graph 
f(x) =x2 down 3. 


Graph f(x) =x2—5 using a vertical shift. 


Graph f(x) =x2+ 7 using a vertical shift. 


Graph Quadratic Functions of the form 
f(x) =(x—h)2 


In the first example, we graphed the quadratic 
function f(x) =x2 by plotting points and then saw 
the effect of adding a constant k to the function had 
on the resulting graph of the new function 

f(x) =x2+k. 


We will now explore the effect of subtracting a 
constant, h, from x has on the resulting graph of the 
new function f(x) =(x—h)2. 


Graph f(x) =x2,¢(x) =(x—1)2, and h(x) =(« 
+ 1)2 on the same rectangular coordinate 


system. Describe what effect adding a constant 
to the function has on the basic parabola. 


Plotting points will help us see the effect of the 
constants on the basic f(x) =x2 graph. We fill 
in the chart for all three functions. 


The g(x) values and the h(x) values share the 
common numbers 0, 1, 4, 9, and 16, but are 
shifted. 


@ Graph f(x) = x2,g(x) =(x+2)2, and h(x) =(x 
— 2)2 on the same rectangular coordinate 
system. 

© Describe what effect adding a constant to 
the function has on the basic parabola. 


© The graph of g(x) =(x+2)2 is the same as 
the graph of f(x) =x2 but shifted left 2 units. 
The graph of h(x) =(x—2)2 is the same as the 
graph of f(x) =x2 but shift right 2 units. 


@ Graph f(x) =x2,¢(x) =x2+5, and 

h(x) =x2—5 on the same rectangular 
coordinate system. 

® Describe what effect adding a constant to 
the function has on the basic parabola. 


© The graph of g(x) =(x+5)2 is the same as 
the graph of f(x) =x2 but shifted left 5 units. 
The graph of h(x) =(x—5)2 is the same as the 
graph of f(x) =x2 but shifted right 5 units. 


The last example shows us that to graph a quadratic 
function of the form f(x) =(x—h)2, we take the 
basic parabola graph of f(x) =x2 and shift it left (h 
> 0) or shift it right (h < 0). 


This transformation is called a horizontal shift. 


Graph a Quadratic Function of the form f(x) = (x 
—h)2 Using a Horizontal Shift 

The graph of f(x) =(x—h)2 shifts the graph of 
f(x) =x2 horizontally h units. 


* Ifh > O, shift the parabola horizontally right 
h units. 

- If h < 0, shift the parabola horizontally left | 
h| units. 


Now that we have seen the effect of the constant, h, 
it is easy to graph functions of the form f(x) = (x 
—h)2. We just start with the basic parabola of 

f(x) =x2 and then shift it left or right. 


The next example will require a horizontal shift. 


Graph f(x) = (x —6)2 using a horizontal shift. 


We first draw the 


Determine h. 


Shift the graph 
f(x) =x2 to the right 6 


Graph f(x) = (x — 4)2 using a horizontal shift. 


Graph f(x) =(x+6)2 using a horizontal shift. 


Now that we know the effect of the constants h and 
k, we will graph a quadratic function of the form 
f(x) =(x —h)2+k by first drawing the basic parabola 
and then making a horizontal shift followed by a 
vertical shift. We could do the vertical shift followed 
by the horizontal shift, but most students prefer the 
horizontal shift followed by the vertical. 


Graph f(x) =(x+1)2—2 using transformations. 


This function will involve two transformations 
and we need a plan. 


Let’s first identify the constants h, k. 


The h constant gives us a horizontal shift and 
the k gives us a vertical shift. 


We first draw the graph of f(x) =x2 on the 
grid. 


Graph f(x) =(x+ 2)2—3 using transformations. 


Graph f(x) =(x—3)2+1 using transformations. 


Graph Quadratic Functions of the Form 
f(x) =ax2 


So far we graphed the quadratic function f(x) = x2 
and then saw the effect of including a constant h or 
k in the equation had on the resulting graph of the 
new function. We will now explore the effect of the 
coefficient a on the resulting graph of the new 
function f(x) =ax2. 


If we graph these functions, we can see the effect of 
the constant a, assuming a > 0. 


To graph a function with constant a it is easiest to 
choose a few points on f(x) =x2 and multiply the y- 
values by a. 


Graph of a Quadratic Function of the form 
f(x) =ax2 


The coefficient a in the function f(x) =ax2 affects 
the graph of f(x) =x2 by stretching or compressing 
it. 


* If O<|a| <1, the graph of f(x) =ax2 will be 
“wider” than the graph of f(x) = x2. 

- If |al>1, the graph of f(x) =ax2 will be 
“skinnier” than the graph of f(x) = x2. 


Graph f(x) = 3x2. 


We will graph the functions f(x) =x2 and 
g(x) =3x2 on the same grid. We will choose a 
few points on f(x) =x2 and then multiply the 
y-values by 3 to get the points for g(x) = 3x2. 


Graph f(x) = — 3x2. 


Graph f(x) = 2x2. 


Graph Quadratic Functions Using 
Transformations 


We have learned how the constants a, h, and k in 
the functions, f(x) =x2+k,f(x) =(x—h)2, and 

f(x) =ax2 affect their graphs. We can now put this 
together and graph quadratic functions 

f(x) =ax2+ bx+c by first putting them into the form 
f(x) =a(x—h)2+k by completing the square. This 
form is sometimes known as the vertex form or 
standard form. 


We must be careful to both add and subtract the 
number to the SAME side of the function to 
complete the square. We cannot add the number to 


both sides as we did when we completed the square 
with quadratic equations. 


When we complete the square in a function with a 
coefficient of x2 that is not one, we have to factor 
that coefficient from just the x-terms. We do not 
factor it from the constant term. It is often helpful to 
move the constant term a bit to the right to make it 
easier to focus only on the x-terms. 


Once we get the constant we want to complete the 
square, we must remember to multiply it by that 
coefficient before we then subtract it. 


Rewrite f(x) = —3x2—6x-—1 in the f(x) =a(x 
—h)2+k form by completing the square. 
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Rewrite f(x) = —4x2—8x+1 in the f(x) =a(x 
—h)2+k form by completing the square. 


f(x) = —4(xk+1)24+5 


Rewrite f(x) = 2x2 —8x+3 in the f(x) =a(x 
—h)2+k form by completing the square. 


f(x) =2(x-—2)2-5 


Once we put the function into the f(x) =(x—h)2+k 
form, we can then use the transformations as we did 


in the last few problems. The next example will 
show us how to do this. 


Graph f(x) =x2+6x+5 by using 


transformations. 


Step 1. Rewrite the function in f(x) =a(x 
—h)2+k vertex form by completing the 
square. 
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Step 2: Graph the function using 
transformations. 


Looking at the h, k values, we see the graph 
will take the graph of f(x)=x2 and shift it to 
the left 3 units and down 4 units. 


We first draw the graph of f(x) =x2 on the 


grid. 


Graph f(x) =x2+ 2x—3 by using 
transformations. 


Graph f(x) =x2—8x+12 by using 
transformations. 


We list the steps to take to graph a quadratic 
function using transformations here. 


Graph a quadratic function using transformations. 


Rewrite the function in f(x) = a(x —h)2+k form by 


completing the square. Graph the function using 
transformations. 


Graph f(x) = —2x2—4x+2 by using 


transformations. 


Step 1. Rewrite the function in f(x) =a(x 
—h)2+k vertex form by completing the 
square. 
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The function is now in 


the f(x)=a(x—h)2+k 
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Step 2. Graph the function using 
transformations. 


We first draw the graph of f(x) =x2 on the 
grid. 


Graph f(x) = —3x2+12x-— 4 by using 
transformations. 


Graph f(x) = —2x2+12x-—9 by using 


transformations. 


Now that we have completed the square to put a 
quadratic function into f(x) =a(x—h)2+k form, we 
can also use this technique to graph the function 
using its properties as in the previous section. 


If we look back at the last few examples, we see that 
the vertex is related to the constants h and k. 


In each case, the vertex is (h, k). Also the axis of 
symmetry is the line x = h. 


We rewrite our steps for graphing a quadratic 
function using properties for when the function is in 
f(x) =a(x—h)2+k form. 


Graph a quadratic function in the form f(x) =a(x 
—h)2+k using properties. 


Rewrite the function in f(x) =a(x —h)2+k form. 
Determine whether the parabola opens upward, a 


> 0, or downward, a < 0. Find the axis of 
symmetry, x = h. Find the vertex, (h, k). Find the 
y-intercept. Find the point symmetric to the y- 
intercept across the axis of symmetry. Find the x- 
intercepts. Graph the parabola. 


@ Rewrite f(x) =2x2+4x+5 in f(x) =a(x 
—h)2+k form and © graph the function using 
properties. 


Rewrite the function in f(x) = 2x2+4x+5 


f(x) =a(x—h)2+k 
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Find the y-intercept Ly f(0)=2:02+40+5 
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Find the x-intercepts. The discriminant 
negative, so there are 
no x-intercepts. Graph 
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@ Rewrite f(x) =3x2—6x+5 in f(x) =a(x 
—h)2+k form and © graph the function using 
properties. 


@ f(x)=3(x-1)24+2 
© 


@ Rewrite f(x) = — 2x2+8x-—7 in f(x) =a(x 
—h)2+k form and © graph the function using 
properties. 


@ f@) = —-2(«-2)2+1 
® 


Find a Quadratic Function from its Graph 


So far we have started with a function and then 
found its graph. 


Now we are going to reverse the process. Starting 
with the graph, we will find the function. 


Determine the quadratic function whose graph 
is shown. 


Since it is quadratic, 
we start with the 
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The vertex, (h,k), is f(x) =a(x—(-—2))2-1 
(—2,-1)soh=-2 
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Substitute in h= f(x) = 2(x+2)2-1 
—2,k=—1 and a=2: 


Write the quadratic function in f(x) =a(x 
—h)2+k form whose graph is shown. 


f(x) =(x-—3)2--4 


Determine the quadratic function whose graph 
is shown. 


f(x) =(k+3)2-1 


ccess these online resources for additional 
instruction and practice with graphing quadratic 
functions using transformations. 


¢ Function Shift Rules Applied to Quadratic 
Functions 
* Changing a Quadratic from Standard Form to 


Vertex Form 

* Using Transformations to Graph Quadratic 
Functions 

¢ Finding Quadratic Equation in Vertex Form 
from Graph 


Key Concepts 


* Graph a Quadratic Function of the form 
f(x) =x2+k Using a Vertical Shift 


© The graph of f(x) =x2+k shifts the graph 
of f(x) =x2 vertically k units. 


M@ If k > 0, shift the parabola vertically 
up k units. 

M@ Ifk < 0, shift the parabola vertically 
down |k| units. 


* Graph a Quadratic Function of the form 
f(x) = (x —h)2 Using a Horizontal Shift 


© The graph of f(x) =(x—h)2 shifts the graph 
of f(x) =x2 horizontally h units. 


M@ ifh > 0, shift the parabola 
horizontally left h units. 


M@ iIfh < 0, shift the parabola 
horizontally right |h| units. 


* Graph of a Quadratic Function of the form 
f(x) =ax2 


© The coefficient a in the function f(x) =ax2 
affects the graph of f(x) =x2 by stretching 
or compressing it. 
If 0<|a| <1, then the graph of f(x) =ax2 
will be “wider” than the graph of f(x) = x2. 
If ja] >1, then the graph of f(x) =ax2 will 
be “skinnier” than the graph of f(x) = x2. 


¢ How to graph a quadratic function using 
transformations 


Rewrite the function in f(x) =a(x—h)2+k form 
by completing the square. Graph the function 
using transformations. 


* Graph a quadratic function in the vertex form 
f(x) =a(x—h)2+k using properties 


Rewrite the function in f(x) =a(x—h)2+k 

form. Determine whether the parabola opens 
upward, a > 0, or downward, a < 0. Find the 
axis of symmetry, x = h. Find the vertex, (h, k). 
Find they-intercept. Find the point symmetric 
to the y-intercept across the axis of symmetry. 
Find the x-intercepts, if possible. Graph the 
parabola. 


Practice Makes Perfect 


Graph Quadratic Functions of the form 
f(x) =x2+k 


In the following exercises, ® graph the quadratic 
functions on the same rectangular coordinate system 
and © describe what effect adding a constant, k, to 
the function has on the basic parabola. 


f(x) = x2,¢(x)=x2+4, and h(x) =x2—4. 


® The graph of g(x) =x2+4 is the same as the 
graph of f(x) =x2 but shifted up 4 units. The 
graph of h(x) =x2-—4 is the same as the graph 
of f(x) =x2 but shift down 4 units. 


f(x) = x2,¢(x) =x2+/7, and h(x) =x2-—7. 


In the following exercises, graph each function using 
a vertical shift. 


f(x) =x24+3 


f(x) =x2—7 


g(x) =x2+2 


g(x)=x2+5 


h(x) =x2-4 


h(x)=x2-—5 


Graph Quadratic Functions of the form f(x) = (x 
—h)2 


In the following exercises, ® graph the quadratic 
functions on the same rectangular coordinate system 
and © describe what effect adding a constant, h, 
inside the parentheses has 


f(x) = x2,¢(x) = (x— 3)2, and h(x) =(x+3)2. 


© The graph of g(x) =(x—3)2 is the same as 
the graph of f(x) =x2 but shifted right 3 units. 


The graph of h(x) =(x+3)2 is the same as the 
graph of f(x) =x2 but shifted left 3 units. 


f(x) = x2,¢(x) =(x+ 4)2, and h(x) = (x -— 4)2. 


In the following exercises, graph each function using 
a horizontal shift. 


f(x) =(x-—2)2 


f(x) =(x-1)2 


f(x) =(x+5)2 


f(x) =(x+3)2 


f(x) =(x-—5)2 


f(x) =(x+2)2 


In the following exercises, graph each function using 
transformations. 


f(x) =(k+2)2+1 


f(x) =(k+4)2+2 


f(x) =(x-1)2+5 


f(x) =(x-—3)2+4 


f(x) =(x+3)2-1 


f(x) =(x+5)2-2 


f(x) =(x-4)2-3 


f(x) =(x-—6)2-—2 


Graph Quadratic Functions of the form f(x) =ax2 


In the following exercises, graph each function. 


f(x) = —2x2 


f(x) = 4x2 


f(x) = —4x2 


f(x) = -—x2 


f(x)=12x2 


f(x) =13x2 


f(x) = 14x2 


f(x) = —12x2 


Graph Quadratic Functions Using 
Transformations 


In the following exercises, rewrite each function in 
the f(x) =a(x—h)2+k form by completing the 
square. 


f(x) = —3x2-—12x-—5 


f(x) = —3(K+2)2+7 


f(x) = 2x2 —-12x+7 


f(x) = 3x2+6x-1 


f(x) =3(x+1)2-4 


f(x) = —4x2-—16x-9 


In the following exercises, ® rewrite each function 
in f(x) =a(x—h)2+k form and © graph it by using 
transformations. 


f(x) =x2+6x+5 


@® f(x)=(xk+3)2-—4 
© 


f(x) =x2+4x—-—12 


f(x) =x2+4x+3 


@ f(x)=(k+2)2-1 
® 


f(x) =x2-—6x+8 
f(x) =x2—6x+15 


@® f(x)=(x—-3)2+6 
© 


f(x) =x2+8x+10 


f(x) = —x2+8x-16 


@® f(x)= -—(x-—4)2+0 
© 


f(x) = -—x2+2x-—7 


f(x) = —x2-4x+2 


@® f(x)= —(x+2)2+6 
© 


f(x) = -—x2+4x-5 


f(x) =5x2-10x+8 


@ f(x)=5(x-1)2+3 
© 


f(x) = 3x2+18x+ 20 


f(x) = 2x2-4x+1 


@ f(x)=2(x-1)2-1 
® 


f(x) = 3x2-—6x-1 


f(x) = —2x2+8x—10 


@ f(x)= —2(«-—2)2-—2 
® 


f(x) = —3x2+6x+1 


In the following exercises, © rewrite each function 
in f(x) =a(x—h)2+k form and © graph it using 
properties. 


f(x) = 2x2+4x+6 


@ f(x)=2(x+1)2+4 


f(x) = 3x2-—12x+7 


f(x) = —x2+2x-—4 


@ f(x)= -—(-1)2-3 


© 


f(x) = —2x2-—4x—-—5 


Matching 


In the following exercises, match the graphs to one 
of the following functions: @ f(x)=x2+4 © 

f(x) =x2-4 © f(x) =(x+4)2 @ f&~) =(-4)2 © 
f(x) =(x+4)2-—4 © f(x) =(*+4)24+4 © fw~=( 
—4)2-—4 @ f(x) =(k-4)2+4 


@ 


Find a Quadratic Function from its Graph 


In the following exercises, write the quadratic 
function in f(x) =a(x —h)2+k form whose graph is 
shown. 


f(x) =(k+1)2-5 


f(x) =2(x-1)2-3 


Writing Exercise 


Graph the quadratic function f(x) =x2+4x+5 
first using the properties as we did in the last 
section and then graph it using transformations. 
Which method do you prefer? Why? 


Answers will vary. 


Graph the quadratic function f(x) = 2x2 —4x-—3 
first using the properties as we did in the last 
section and then graph it using transformations. 
Which method do you prefer? Why? 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Solve Systems of Nonlinear Equations 
By the end of this section, you will be able to: 


Solve a system of nonlinear equations using 
graphing 

Solve a system of nonlinear equations using 
substitution 

Solve a system of nonlinear equations using 
elimination 

* Use a system of nonlinear equations to solve 
applications 


. Solve the system by graphing: {x — 3y = — 3x 
+y=5. 
If you missed this problem, review [link]. 

. Solve the system by substitution: {x —4y= 
=o okt yy — 0: 


If you missed this problem, review [link]. 

. Solve the system by elimination: {3x —4y= 
—95x+ 3y=14. 
If you missed this problem, review [link]. 


Solve a System of Nonlinear Equations 
Using Graphing 


We learned how to solve systems of linear equations 
with two variables by graphing, substitution and 
elimination. We will be using these same methods as 
we look at nonlinear systems of equations with two 
equations and two variables. A system of nonlinear 
equations is a system where at least one of the 
equations is not linear. 


For example each of the following systems is a 
system of nonlinear equations. 
{x2 + y2= 9x2 —y=9{9x2 + y2=9y=3x— 3{x 
+y=4y=x2+2 


System of Nonlinear Equations 


A system of nonlinear equations is a system 
where at least one of the equations is not linear. 


Just as with systems of linear equations, a solution 
of a nonlinear system is an ordered pair that makes 
both equations true. In a nonlinear system, there 
may be more than one solution. We will see this as 
we solve a system of nonlinear equations by 
graphing. 


When we solved systems of linear equations, the 
solution of the system was the point of intersection 
of the two lines. With systems of nonlinear 


equations, the graphs may be circles, parabolas or 
hyperbolas and there may be several points of 
intersection, and so several solutions. Once you 
identify the graphs, visualize the different ways the 
graphs could intersect and so how many solutions 
there might be. 


To solve systems of nonlinear equations by 
graphing, we use basically the same steps as with 
systems of linear equations modified slightly for 
nonlinear equations. The steps are listed below for 
reference. 


Solve a system of nonlinear equations by graphing. 


Identify the graph of each equation. Sketch the 
possible options for intersection. Graph the first 
equation. Graph the second equation on the same 
rectangular coordinate system. Determine whether 
the graphs intersect. Identify the points of 
intersection. Check that each ordered pair is a 
solution to both original equations. 


Solve the system by graphing: {x —y= 
— 2y =x2. 


Identify each graph. {x-—y= 
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— 2y =x22-4=? 
= 24— 222 —2— 
—2/4=47 


Oe: 1,1) 
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—2y=x2-1-1=? 
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The solutions are (2,4) 
and (—1,1). 


Solve the system by graphing: {x 
+y=4y=x2+2. 


Solve the system by graphing: {x-—y=—ly= 
SOA eh. 


To identify the graph of each equation, keep in 
mind the characteristics of the x2 and y2 terms of 
each conic. 


Solve the system by graphing: {y= — 1(x 
—2)2+(y+3)2=4. 


Identify each graph. {y= -—1line(x 
Say 


+3)2=Acircle 
Sketch the possible 
options for the 
in 
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Graph the circle, (x 
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both equations true. 
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The solution is (2,—1). 


Solve the system by graphing: {x= — 6(x 
To2t(y = 1)2— 9. 


Solve the system by graphing: {y=4(« 
D2 (ys) 


Solve a System of Nonlinear Equations 
Using Substitution 


The graphing method works well when the points of 
intersection are integers and so easy to read off the 
graph. But more often it is difficult to read the 
coordinates of the points of intersection. The 
substitution method is an algebraic method that will 
work well in many situations. It works especially 


well when it is easy to solve one of the equations for 
one of the variables. 


The substitution method is very similar to the 
substitution method that we used for systems of 
linear equations. The steps are listed below for 
reference. 


Solve a system of nonlinear equations by 
substitution. 


Identify the graph of each equation. Sketch the 
possible options for intersection. Solve one of the 
equations for either variable. Substitute the 


expression from Step 2 into the other equation. 
Solve the resulting equation. Substitute each 
solution in Step 4 into one of the original equations 
to find the other variable. Write each solution as an 
ordered pair. Check that each ordered pair is a 
solution to both original equations. 


Solve the system by using substitution: 
{9x2 + y2=9y=3x—3. 


Identify each graph. {9x2+y2=9ellipsey = 3x 


wilin 


Sketch the possible 


options for intersection 
of 
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The equation y=3x- 3 
is solved for y. 


Substitute 3x — 3 for v 
in the first equation. 


Solve the equation for 
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x20 _ x=] 
Substitute x =0 and 


ae 1 into y=3x—3 to 
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pairs in both 
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9x2 + y2 = 9y = 3x 

— 39:02+(-3)2=? 
9—-3=?3:0—-30+9=? 
9—-3=?0—-39=9V 
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(1,0) 

9x2 + y2= 9y = 3x 

— 39:12+02=?90=? 
3:1—39+0=?90=? 
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The solutions are (0, 
= 3),(1,0). 


Solve the system by using substitution: 
{x2 + 9y2 =9y =13x— 3. 


Solve the system by using substitution: 
{4x2 + y2=4y=x+2. 


( a 45,65),(0,2) 


So far, each system of nonlinear equations has had 
at least one solution. The next example will show 
another option. 


Solve the system by using substitution: 
{x2 —y=0y=x-2. 


Identify each graph. {x2—y=Oparabolay=x 
Sketch the possible 

options for 

intersection of a 

parabola and a line 


CF son 
The equation y=x—2 
is solved for y. 


Substitute x —2 for y in 
the first equation. 


Solve the equation for 
x. 


This doesn’t factor 
easily, so we can 


. . . 
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b2—4ac(—1)2—4-1-2:—TYhe discriminant is 
negative, so there is no 
real solution. 


The system has no 
solution. 


Solve the system by using substitution: 
{x2 —y=O0y=2x—3. 


Solve the system by using substitution: 
{y2—x=0y=3x-2. 


(49, a 23),(1,1) 


Solve a System of Nonlinear Equations 
Using Elimination 


When we studied systems of linear equations, we 
used the method of elimination to solve the system. 
We can also use elimination to solve systems of 
nonlinear equations. It works well when the 
equations have both variables squared. When using 
elimination, we try to make the coefficients of one 
variable to be opposites, so when we add the 
equations together, that variable is eliminated. 


The elimination method is very similar to the 
elimination method that we used for systems of 


linear equations. The steps are listed for reference. 


Solve a system of equations by elimination. 


Identify the graph of each equation. Sketch the 
possible options for intersection. Write both 
equations in standard form. Make the coefficients 
of one variable opposites. 

Decide which variable you will eliminate. 
Multiply one or both equations so that the 
coefficients of that variable are opposites. Add the 
equations resulting from Step 3 to eliminate one 
variable. Solve for the remaining variable. 
Substitute each solution from Step 5 into one of the 
original equations. Then solve for the other 
variable. Write each solution as an ordered pair. 
Check that each ordered pair is a solution to both 
original equations. 


Solve the system by elimination: 
{x2 + y2=4x2—y=4. 


Identify each graph. 


Sketch the possible 
options for 
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Simplify. 


Add the two equatioris 
to eliminate x2. 


Solve for y. 


Substitute y=0 and 
y= — 1 into one of 
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Write each solution as The ordered pairs are 


an ordered pair. 


Check that each 
ordered pair is a 
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We will leave the 
checks for each of 
the four solutions to 


you. 


(— 2,0) (2,0). 
C;-DC-3,-) 


The solutions are 

(— 2,0), (2,0), (3,—1), 
and 

(-—3,-1). 


Solve the system by elimination: 


{x2 + y2=9x2—-y=9. 


( _ 330)5(3;0);¢ ime 22, 
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Solve the system by elimination: 
{x2+y2=1-x+y2=1. 


(= LEO VCOI.A0; a i) 


There are also four options when we consider a 
circle and a hyperbola. 


Solve the system by elimination: 
{x2 + y2=7x2—y2=1. 
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of a circle and 
hyperbola. 
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The coefficients of y2. {x2+y2=7x2—y2=1 
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simplify. x2=4x= +2 


Substitutex=2 and x2+y2=7x2+y2=722+ 
x=-—2 into one ofthe +3y=+3 
original equations. 
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Write each solution as The ordered pairs are 
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We will leave the The solutions are 
checks for each of the (—2,3), (—2,—3), 
four (2,3), 


2x 


solutions to you. and (2, — 3). 


Solve the system by elimination: 
{x2 + y2 = 25y2—-x2=7. 


( i 3, = 4),( 7 3,4),(6, = 4),(3,4) 


Solve the system by elimination: 
{x2 + y2=4x2—y2=4. 


( —- 2:0);2:0) 


Use a System of Nonlinear Equations to 
Solve Applications 


Systems of nonlinear equations can be used to 
model and solve many applications. We will look at 
an everyday geometric situation as our example. 


The difference of the squares of two numbers 
is 15. The sum of the numbers is 5. Find the 
numbers. 


Identify what we are Two different numbers. 
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Define the variables. x= first number 
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Solve the system by 
substitution 


Solve the second 
equation for x. 


Substitute x into the 
first equation. 


Expand and simplify. 


Solve for y. 


Substitute back into 
the second equation. 


The numbers are 1 and 


4. 


The difference of the squares of two numbers 
is — 20. The sum of the numbers is 10. Find 
the numbers. 


The difference of the squares of two numbers 
is 35. The sum of the numbers is — 1. Find the 
numbers. 


—18 and 17 


Myra purchased a small 25” TV for her 
kitchen. The size of a TV is measured on the 
diagonal of the screen. The screen also has an 
area of 300 square inches. What are the length 
and width of the TV screen? 


Identify what we are 
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Define the variables. 


Draw a diagram to 
help visualize the 
sit 


The length and width 
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Let x= width of the 
rectangle 
y= length of the 
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Translate the 
information into a 
system of 


The diagonal of the 
right triangle is 25 
inches. 
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Solve the system using 
substitution. 


Solve the second 
equation for x. 


Substitute x into the 
first equation. 


Multiply by y2 to clear 
the fractions. 


Put in standard form. 


Solve by factoring. 


Since y is a side of th 
rectangle, we discard 
Lhe 
Substitute back into 
the second equation. 


PX 15 = 300 _ X2 20=300 
SS A>) eS 5 
If the length is 15 


inches, the width is 20 
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If the length is 20 
inches, the width is 15 
inches. 


Edgar purchased a small 20” TV for his garage. 
The size of a TV is measured on the diagonal 
of the screen. The screen also has an area of 
192 square inches. What are the length and 


width of the TV screen? 


If the length is 12 inches, the width is 16 
inches. If the length is 16 inches, the width is 
12 inches. 


The Harper family purchased a small 


microwave for their family room. The diagonal 
of the door measures 15 inches. The door also 
has an area of 108 square inches. What are the 
length and width of the microwave door? 


If the length is 12 inches, the width is 9 
inches. If the length is 9 inches, the width is 
12 inches. 


ccess these online resources for additional 
instructions and practice with solving nonlinear 
equations. 


* Nonlinear Systems of Equations 
¢ Solve a System of Nonlinear Equations 
* Solve a System of Nonlinear Equations by 


Elimination 
* System of Nonlinear Equations — Area and 
Perimeter Application 


Key Concepts 


* How to solve a system of nonlinear 
equations by graphing. 


Identify the graph of each equation. Sketch the 
possible options for intersection. Graph the first 
equation. Graph the second equation on the 
same rectangular coordinate system. Determine 
whether the graphs intersect. Identify the 
points of intersection. Check that each ordered 
pair is a solution to both original equations. 


* How to solve a system of nonlinear 
equations by substitution. 


Identify the graph of each equation. Sketch the 
possible options for intersection. 


Solve one of the equations for either variable. 
Substitute the expression from Step 2 into the 
other equation. Solve the resulting equation. 


Substitute each solution in Step 4 into one of 
the original equations to find the other 
variable. Write each solution as an ordered 
pair. Check that each ordered pair is a solution 
to both original equations. 


* How to solve a system of equations by 
elimination. 


Identify the graph of each equation. Sketch the 
possible options for intersection. Write both 
equations in standard form. Make the 
coefficients of one variable opposites. 

Decide which variable you will eliminate. 
Multiply one or both equations so that the 
coefficients of that variable are opposites. Add 
the equations resulting from Step 3 to eliminate 
one variable. Solve for the remaining variable. 
Substitute each solution from Step 5 into one of 
the original equations. Then solve for the other 
variable. Write each solution as an ordered 
pair. Check that each ordered pair is a solution 
to both original equations. 


Section Exercises 


Practice Makes Perfect 


Solve a System of Nonlinear Equations Using 
Graphing 


In the following exercises, solve the system of 
equations by using graphing. 


{y=2x+ 2y= —x2+2 


{y = 6x — 4y = 2x2 


{x +y=2x=y2 


{x -—y= —2x=y2 


{y =32x+ 3y= —x2+2 


{y=x—ly=x2+1 


1x 


ty 


—2x2+y2=4 


— 4x2+y2=16 


{x =2(x+ 2)2+(y+3)2=16 


{y= —1(x-2)2+(y-4)2=25 


{y= —2x+4y=x+1 


{y= —12x+2y=x-2 


Solve a System of Nonlinear Equations Using 
Substitution 


In the following exercises, solve the system of 
equations by using substitution. 


{x2 + 4y2=4y=12x-1 


{9x2 + y2=9y=3x+3 


( aa 1,0),(0,3) 


{9x2 + y2=9y=x+3 


{9x2 + 4y2 = 36x =2 


(2,0) 


{4x2 + y2=4y=4 


{x2+y2=169x=12 


(12, S 3), (1255) 


{3x2 —y=O0y=2x-1 


{2y2—-x=0y=x+1l 


No solution 


{y=x2+3y=x+3 


{y =x2—4y=x-4 


(0, — 4),d, = 3) 


{x2+y2=25x—-y=1 


{x2 +y2=252x+y=10 


(3,4),(5,0) 


Solve a System of Nonlinear Equations Using 
Elimination 


In the following exercises, solve the system of 
equations by using elimination. 


{x2 + y2=16x2—2y=8 


{x2+y2=16x2—-—y=4 


(0, a 4),( i 753)(753) 


{x2 +y2=4x2+2y=1 


{x2+y2=4x2—-y=2 


(0, _ 2) 56 a 3, 1);(3;1) 


{x2+y2=9x2—-y=3 


{x2+y2=4y2—-x=2 


( -_ 2,070: _ 3);(133) 


{x2 + y2=252x2—3y2=5 


{x2 + y2=20x2—y2=—-12 


( a? 2, _ 4),( ar 2,4), (2, -_ 4),(2,4) 


{x2 +y2=13x2—-—y2=5 


{x2 +y2=16x2—y2=16 


( a 4,0),(4,0) 


{4x2 + 9y2 = 362x2—9y2=18 


{x2 —y2=32x2+y2=6 


( — 3,0),(3,0) 


{4x2 —y2=44x2+y2=4 


{x2 —y2= —53x2+ 2y2=30 


( * 2, — 3) 5h = 2,3) 2; a 3);( 255) 


{x2 —y2=1x2—2y=4 


{2x2 +y2=11x2+3y2=28 


(- ats = 3),( >! 153); ~ 3);(153) 


Use a System of Nonlinear Equations to Solve 
Applications 


In the following exercises, solve the problem using a 
system of equations. 


The sum of two numbers is — 6 and the product 
is 8. Find the numbers. 


The sum of two numbers is 11 and the product 
is — 42. Find the numbers. 


—3 and 14 


The sum of the squares of two numbers is 65. 
The difference of the number is 3. Find the 
numbers. 


The sum of the squares of two numbers is 113. 
The difference of the number is 1. Find the 
numbers. 


—7 and —8 or 8 and 7 


The difference of the squares of two numbers is 
15. The difference of twice the square of the 
first number and the square of the second 
number is 30. Find the numbers. 


The difference of the squares of two numbers is 
20. The difference of the square of the first 
number and twice the square of the second 
number is 4. Find the numbers. 


—6 and —4 or —6 and 4 or 6 and —4 or 6 and 
4 


The perimeter of a rectangle is 32 inches and its 
area is 63 square inches. Find the length and 


width of the rectangle. 


The perimeter of a rectangle is 52 cm and its 
area is 165 cm2. Find the length and width of 
the rectangle. 


If the length is 11 cm, the width is 15 cm. If the 
length is 15 cm, the width is 11 cm. 


Dion purchased a new microwave. The diagonal 
of the door measures 17 inches. The door also 
has an area of 120 square inches. What are the 
length and width of the microwave door? 


Jules purchased a microwave for his kitchen. 
The diagonal of the front of the microwave 
measures 26 inches. The front also has an area 
of 240 square inches. What are the length and 
width of the microwave? 


If the length is 10 inches, the width is 24 
inches. If the length is 24 inches, the width is 
10 inches. 


Roman found a widescreen TV on sale, but isn’t 
sure if it will fit his entertainment center. The 


TV is 60”. The size of a TV is measured on the 
diagonal of the screen and a widescreen has a 
length that is larger than the width. The screen 
also has an area of 1728 square inches. His 
entertainment center has an insert for the TV 
with a length of 50 inches and width of 40 
inches. What are the length and width of the TV 
screen and will it fit Roman’s entertainment 
center? 


Donnette found a widescreen TV at a garage 
sale, but isn’t sure if it will fit her entertainment 
center. The TV is 50”. The size of a TV is 
measured on the diagonal of the screen and a 
widescreen has a length that is larger than the 
width. The screen also has an area of 1200 
square inches. Her entertainment center has an 
insert for the TV with a length of 38 inches and 
width of 27 inches. What are the length and 
width of the TV screen and will it fit Donnette’s 
entertainment center? 


The length is 40 inches and the width is 30 
inches. The TV will not fit Donnette’s 
entertainment center. 


Writing Exercises 


In your own words, explain the advantages and 
disadvantages of solving a system of equations 
by graphing. 


Explain in your own words how to solve a 
system of equations using substitution. 


Answers will vary. 


Explain in your own words how to solve a 
system of equations using elimination. 


A circle and a parabola can intersect in ways 
that would result in 0, 1, 2, 3, or 4 solutions. 
Draw a sketch of each of the possibilities. 


Answers will vary. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


® After looking at the checklist, do you think you 
are well-prepared for the next section? Why or why 
not? 


Chapter Review Exercises 


Distance and Midpoint Formulas; Circles 
Use the Distance Formula 


In the following exercises, find the distance between 
the points. Round to the nearest tenth if needed. 


(—5,1) and (-1,4) 
(—2,5) and (1,5) 


d=3 


(8,2) and (—7,—3) 


(1, —4) and (5, -—5) 


d=17,d~=4.1 


Use the Midpoint Formula 


In the following exercises, find the midpoint of the 
line segments whose endpoints are given. 


(—2,-—6) and (-4,-—2) 


(3,7) and (5,1) 


(4,4) 


(—8,-—10) and (9,5) 


(—3,2) and (6, —9) 


(2;— 72) 


Write the Equation of a Circle in Standard Form 


In the following exercises, write the standard form 
of the equation of the circle with the given 
information. 


radius is 15 and center is (0,0) 


radius is 7 and center is (0,0) 


Xx2+y2=7 


radius is 9 and center is (—3,5) 


radius is 7 and center is (—2,—5) 


(x+2)2+(y+5)2=49 


center is (3,6) and a point on the circle is (3, 
= 2) 


center is (2,2) and a point on the circle is (4,4) 


(x-—2)2+(y—2)2=8 


Graph a Circle 


In the following exercises, ® find the center and 
radius, then © graph each circle. 


2x2 + 2y2 = 450 


3x2 + 3y2 = 432 


@ radius: 12, center: (0,0) 
© 


(x+3)2+(y—5)2=81 


(x+2)2+(y+5)2=49 


@ radius: 7, center: (—2,—5) 
© 


x2+y2—-6x—12y—19=0 


x2+y2—4y—-60=0 


@ radius: 8, center: (0,2) 
© 


Parabolas 
Graph Vertical Parabolas 


In the following exercises, graph each equation by 
using its properties. 


y=x2+4x—-3 


y =2x2+10x+7 


y= —6x2+12x-1 


y= —x2+10x 


In the following exercises, ® write the equation in 
standard form, then © use properties of the 
standard form to graph the equation. 


y=x2+4x+7 


y =2x2-—4x-2 


® y=2(x-1)2-4 
© 


y= —3x2—-18x-— 29 


y= —x2+12x-35 


@ y= —(x-6)2+1 
© 


Graph Horizontal Parabolas 


In the following exercises, graph each equation by 
using its properties. 


X= 2y2 


x=2y2+4y+6 


X= —y2+2y-4 


X= —3y2 


In the following exercises, ® write the equation in 
standard form, then © use properties of the 
standard form to graph the equation. 


x=4y2+ 8y 


x=y2+4y+5 


@ x=(y+2)2+1 
® 


x= —y2-—6y—7 


x= —2y2+4y 


® x=-Ay-1)2+2 
© 


Solve Applications with Parabolas 


In the following exercises, create the equation of the 
parabolic arch formed in the foundation of the 
bridge shown. Give the answer in standard form. 


y= —19x2+ 103x 


Ellipses 
Graph an Ellipse with Center at the Origin 


In the following exercises, graph each ellipse. 


x236+y225=1 


x24+y281=1 


49x2 + 64y2 = 3136 


9x2+y2=9 


Find the Equation of an Ellipse with Center at 
the Origin 


In the following exercises, find the equation of the 
ellipse shown in the graph. 


x236 +y264=1 


Graph an Ellipse with Center Not at the Origin 


In the following exercises, graph each ellipse. 


(x—1)225+(y—6)24=1 


(x+4)216+(y+1)29=1 


(x—5)216 +(y+3)236=1 


(x+3)29+(y-—2)225=1 


In the following exercises, ® write the equation in 
standard form and © graph. 


x2+y2+12x+40y+120=0 


25x2 + 4y2 — 150x — 56y + 321=0 


® (x—3)24+(y—7)225=1 
© 


25x2 + 4y2 4+ 150x+125=0 


4x2 + 9y2 —126x+ 405=0 


®@ x29+(y—7)24=1 
© 


Solve Applications with Ellipses 


In the following exercises, write the equation of the 
ellipse described. 


A comet moves in an elliptical orbit around a 
sun. The closest the comet gets to the sun is 
approximately 10 AU and the furthest is 
approximately 90 AU. The sun is one of the foci 
of the elliptical orbit. Letting the ellipse center 
at the origin and labeling the axes in AU, the 
orbit will look like the figure below. Use the 
graph to write an equation for the elliptical 


orbit of the comet. 


Hyperbolas 
Graph a Hyperbola with Center at (0,0) 


In the following exercises, graph. 


X225 —y29=1 


y249-—x216=1 


9y2—16x2=144 


16x2—4y2=64 


Graph a Hyperbola with Center at (h,k) 


In the following exercises, graph. 


(x+1)24—-—(y+1)29=1 


(x—2)24—-(y—-3)216=1 


(y +2)29—(x+1)29=1 


(y —1)225—-(x—-2)29=1 


In the following exercises, ® write the equation in 
standard form and © graph. 


4x2 —16y2+8x+96y—204=0 


@ (x+1)216-(y—3)24=1 
® 


16x2 — 4y2 — 64x — 24y —36=0 


4y2 — 16x2+ 32x— 8y —76=0 


@ (y—1)216-(x—-1)24=1 
® 


36y2 —16x2— 96x +216y — 396 =0 


Identify the Graph of each Equation as a Circle, 
Parabola, Ellipse, or Hyperbola 


In the following exercises, identify the type of 
graph. 


® 16y2—9x2—36x—96y —36=0 
® x2+y2-—4x+10y—7=0 

© y=x2-2x+3 

@ 25x2+9y2=225 


@ hyperbola © circle © parabola © ellipse 


@ x2+y2+4x—10y+25=0 
@® y2—x2-—4y+2x-—6=0 
© x=-y2-2y+3 

@ 16x2+9y2=144 


Solve Systems of Nonlinear Equations 


Solve a System of Nonlinear Equations Using 
Graphing 


In the following exercises, solve the system of 
equations by using graphing. 


{3x2 —y=Oy=2x-1 


{y =x2—4y=x-4 


{x2 + y2=169x=12 


{x2 +y2=25y=—5 


Solve a System of Nonlinear Equations Using 
Substitution 


In the following exercises, solve the system of 
equations by using substitution. 


{y =x2+3y=—-—2x+2 


(= 1,4) 


{x2+y2=4x-y=4 


{9x2 + 4y2=36y—-x=5 


No solution 


{x2 + 4y2=42x-—y=1 


Solve a System of Nonlinear Equations Using 
Elimination 


In the following exercises, solve the system of 
equations by using elimination. 


{x2 +y2=16x2—2y—1=0 


( = 7;3)(7,3) 


{x2 —y2=5— 2x2— 3y2= — 30 


{4x2 + 9y2 = 363y2—4x=12 


( _ 3,0),(0, — 2),(0,2) 


{x2 +y2=14x2—y2=16 


Use a System of Nonlinear Equations to Solve 
Applications 


In the following exercises, solve the problem using a 
system of equations. 


The sum of the squares of two numbers is 25. 
The difference of the numbers is 1. Find the 
numbers. 


—3 and —4or4 and 3 


The difference of the squares of two numbers is 
45. The difference of the square of the first 
number and twice the square of the second 
number is 9. Find the numbers. 


The perimeter of a rectangle is 58 meters and 
its area is 210 square meters. Find the length 
and width of the rectangle. 


If the length is 14 inches, the width is 15 
inches. If the length is 15 inches, the width is 
14 inches. 


Colton purchased a larger microwave for his 
kitchen. The diagonal of the front of the 
microwave measures 34 inches. The front also 
has an area of 480 square inches. What are the 
length and width of the microwave? 


Practice Test 


In the following exercises, find the distance between 
the points and the midpoint of the line segment with 
the given endpoints. Round to the nearest tenth as 
needed. 


(—4,-—3) and (—10, —11) 


distance: 10, midpoint: (— 7, —7) 


(6,8) and (—5,—3) 


In the following exercises, write the standard form 
of the equation of the circle with the given 
information. 


radius is 11 and center is (0,0) 


x2+y2=121 


radius is 12 and center is (10, — 2) 


center is (— 2,3) and a point on the circle is (2, 
=) 


(x+2)2+(y—3)2=52 


Find the equation of the ellipse shown in the 
graph. 


In the following exercises, © identify the type of 
graph of each equation as a circle, parabola, ellipse, 
or hyperbola, and © graph the equation. 


4x2. + 49y2=196 


@ ellipse 
® 


y=3(x—2)2-2 


3x2 + 3y2 = 27 


® circle 


© 


y2100—-x236=1 


x216+y281=1 


@ ellipse 
® 


x=2y2+10y+7 


64x2 —9y2=576 


@ hyperbola 
® 


In the following exercises, © identify the type of 
graph of each equation as a circle, parabola, ellipse, 
or hyperbola, © write the equation in standard 
form, and © graph the equation. 


25x2 + 64y2 + 200x — 256y — 944=0 
x2+y2+10x+6y+30=0 


@ circle 
® (x+5)2+(y+3)2=4 
© 


X= —y2+2y-—4 


9x2 — 25y2 — 36x — 50y —214=0 


@ hyperbola 
® (x-—2)225-(y+1)29=1 
© 


y=x2+6x+8 


Solve the nonlinear system of equations by 
graphing: 
{3y2—x=Oy= —-2x-1. 


No solution 


Solve the nonlinear system of equations using 
substitution: 
{x2+y2=8y=—x-—4. 


Solve the nonlinear system of equations using 
elimination: 
{x2 + 9y2 = 92x2 —9y2=18. 


(0, _ 3),(0,3) 


Create the equation of the parabolic arch 
formed in the foundation of the bridge shown. 
Give the answer in y=ax2+ bx+c form. 


A comet moves in an elliptical orbit around a 
sun. The closest the comet gets to the sun is 
approximately 20 AU and the furthest is 
approximately 70 AU. The sun is one of the foci 
of the elliptical orbit. Letting the ellipse center 
at the origin and labeling the axes in AU, the 
orbit will look like the figure below. Use the 
graph to write an equation for the elliptical 
orbit of the comet. 


X22025 + y21400=1 


The sum of two numbers is 22 and the product 
is — 240. Find the numbers. 


For her birthday, Olive’s grandparents bought 
her a new widescreen TV. Before opening it she 
wants to make sure it will fit her entertainment 
center. The TV is 55”. The size of a TV is 
measured on the diagonal of the screen and a 
widescreen has a length that is larger than the 
width. The screen also has an area of 1452 
square inches. Her entertainment center has an 
insert for the TV with a length of 50 inches and 
width of 40 inches. What are the length and 
width of the TV screen and will it fit Olive’s 
entertainment center? 


The length is 44 inches and the width is 33 
inches. The TV will fit Olive’s entertainment 
center. 


Glossary 


system of nonlinear equations 
A system of nonlinear equations is a system 
where at least one of the equations is not 
linear. 


Exponential Functions 
In this section, you will: 


* Evaluate exponential functions. 

¢ Find the equation of an exponential function. 
* Use compound interest formulas. 

¢ Evaluate exponential functions with base e. 


India is the second most populous country in the 
world with a population of about 1.25 billion 
people in 2013. The population is growing at a rate 
of about 1.2% each year[footnote]. If this rate 
continues, the population of India will exceed 
China’s population by the year 2031. When 
populations grow rapidly, we often say that the 
growth is “exponential,” meaning that something is 
growing very rapidly. To a mathematician, however, 
the term exponential growth has a very specific 
meaning. In this section, we will take a look at 
exponential functions, which model this kind of rapid 
growth. 
http://www.worldometers.info/world-population/. 
Accessed February 24, 2014. 


Identifying Exponential Functions 


When exploring linear growth, we observed a 
constant rate of change—a constant number by 
which the output increased for each unit increase in 
input. For example, in the equation f(x)=3x+4, the 


slope tells us the output increases by 3 each time the 
input increases by 1. The scenario in the India 
population example is different because we have a 
percent change per unit time (rather than a constant 
change) in the number of people. 


Defining an Exponential Function 


A study found that the percent of the population 
who are vegans in the United States doubled from 
2009 to 2011. In 2011, 2.5% of the population was 
vegan, adhering to a diet that does not include any 
animal products—no meat, poultry, fish, dairy, or 
eggs. If this rate continues, vegans will make up 
10% of the U.S. population in 2015, 40% in 2019, 
and 80% in 2021. 


What exactly does it mean to grow exponentially? 
What does the word double have in common with 
percent increase? People toss these words around 
errantly. Are these words used correctly? The words 
certainly appear frequently in the media. 


¢ Percent change refers to a change based on a 
percent of the original amount. 

* Exponential growth refers to an increase based 
on a constant multiplicative rate of change over 
equal increments of time, that is, a percent 
increase of the original amount over time. 

* Exponential decay refers to a decrease based 
on a constant multiplicative rate of change over 


equal increments of time, that is, a percent 
decrease of the original amount over time. 


For us to gain a clear understanding of exponential 
growth, let us contrast exponential growth with 
linear growth. We will construct two functions. The 
first function is exponential. We will start with an 
input of 0, and increase each input by 1. We will 
double the corresponding consecutive outputs. The 
second function is linear. We will start with an input 
of 0, and increase each input by 1. We will add 2 to 
the corresponding consecutive outputs. See [link]. 
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From [link] we can infer that for these two 
functions, exponential growth dwarfs linear growth. 


* Exponential growth refers to the original 


value from the range increases by the same 
percentage over equal increments found in the 
domain. 

¢ Linear growth refers to the original value from 
the range increases by the same amount over 
equal increments found in the domain. 


Apparently, the difference between “the same 
percentage” and “the same amount” is quite 
significant. For exponential growth, over equal 
increments, the constant multiplicative rate of 
change resulted in doubling the output whenever 
the input increased by one. For linear growth, the 
constant additive rate of change over equal 
increments resulted in adding 2 to the output 
whenever the input was increased by one. 


The general form of the exponential function is 
f(x) =a bx, where a is any nonzero number, b is a 
positive real number not equal to 1. 


- If b>1, the function grows at a rate 
proportional to its size. 

¢ If 0<b<1, the function decays at a rate 
proportional to its size. 


Let’s look at the function f(x)= 2x from our 
example. We will create a table ([link]) to 
determine the corresponding outputs over an 
interval in the domain from —3 to 3. 


x  -3 -2 -1 90 4 2 8 
f(x)= 2-3 2-22-120 21 22 23 
2x| =|1/8=|1/4=|1/2=1| =p] =4| =p 


Let us examine the graph of f by plotting the 
ordered pairs we observe on the table in [link], and 


then make a few observations. 
y 


f(x) = 2* 
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Let’s define the behavior of the graph of the 
exponential function f(x)= 2x and highlight some 
its key characteristics. 


the domain is ( — »,° ), 

the range is (0, ), 

as x0 f(x) >, 

as x—>-— ,f(x)—0, 

f(x) is always increasing, 

the graph of f(x) will never touch the x-axis 
because base two raised to any exponent never 


has the result of zero. 
* y=0 is the horizontal asymptote. 
* the y-intercept is 1. 


Exponential Function 
For any real number x, an exponential function is a 


function with the form 


* a is anon-zero real number called the initial 


value and 

b is any positive real number such that b#1. 
The domain of f is all real numbers. 

The range of f is all positive real numbers if 
a>0. 

The range of f is all negative real numbers if 
a<0. 

The y-intercept is ( 0,a ), and the horizontal 
asymptote is y=O0. 


Identifying Exponential Functions 


Which of the following equations are not 
exponential functions? 


° f(x)= 43(x-2) 


° g(x)= x3 
re Ge) nd (EI Ne aa) pe 
“j= —2) x 


By definition, an exponential function has a 
constant as a base and an independent variable 
as an exponent. Thus, g(x)= x 3 does not 
represent an exponential function because the 
base is an independent variable. In fact, g(x)= 
x 3 is a power function. 


Recall that the base b of an exponential 
function is always a positive constant, and 
b#1. Thus, j(x)= ( —2)x does not 
represent an exponential function because the 
base, — 2, is less than 0. 


Which of the following equations represent 
exponential functions? 


f(x) =2 x 2 —3x+1 
g(x)= 0.875 x 
HG 1e7 5x2 
j(x)= 1095.6 — 2x 


g(x)= 0.875 x and j(x)= 1095.6 —2x 


represent exponential functions. 


The graph shows the numbers of stores Companies 
A and B opened over a five-year period. 


Evaluating Exponential Functions 


Recall that the base of an exponential function must 
be a positive real number other than 1. Why do we 
limit the base b to positive values? To ensure that 
the outputs will be real numbers. Observe what 
happens if the base is not positive: 


¢ Let b= —9 and x= 1 2. Then f(x)=f(12)= 
( —9)12 = —9, which is not a real number. 


Why do we limit the base to positive values other 
than 1? Because base 1 results in the constant 
function. Observe what happens if the base is 1: 


* Let b=1. Then f(x)= 1 x =1 for any value of 
X. 


To evaluate an exponential function with the form 
f(x) = b x, we simply substitute x with the given 
value, and calculate the resulting power. For 
example: 


Let f(x)= 2x. What is f(3)? 


f(x) = 2xf(3) =23 Substitutex=3. =8 
Evaluate the power. 


To evaluate an exponential function with a form 
other than the basic form, it is important to follow 
the order of operations. For example: 


Let f(x)=30 (2) x. What is f(3)? 
f(x) =30(2)xf( 3) =30 (2 ) 3 Substitute x =3. 
=30( 8 ) Simplify the power first. =240 Multiply. 


Note that if the order of operations were not 
followed, the result would be incorrect: 
f(3)=30 (2) 3 = 603 =216,000 


Evaluating Exponential Functions 


Let f(x )=5(3)x+1. Evaluate f( 2 ) 
without using a calculator. 


Follow the order of operations. Be sure to pay 
attention to the parentheses. 

f(x) =5(3)x+1f(2) =5(3)2+1 
Substitute x=2. =5 (3 ) 3 Add the exponents. 
= 5( 27 ) Simplify the power. =135 Multiply. 


Let f(x )=8 (1.2) x—5. Evaluate f(3 ) 
using a calculator. Round to four decimal 


places. 


Defining Exponential Growth 


Because the output of exponential functions 
increases very rapidly, the term “exponential 
growth” is often used in everyday language to 
describe anything that grows or increases rapidly. 
However, exponential growth can be defined more 
precisely in a mathematical sense. If the growth rate 
is proportional to the amount present, the function 
models exponential growth. 


Exponential Growth 

function that models exponential growth grows 
by a rate proportional to the amount present. For 
any real number x and any positive real numbers 
a and b such that b#1, an exponential growth 
function has the form 
f(x)=abx 
where 


* a is the initial or starting value of the 
function. 

* b is the growth factor or growth multiplier 
per unit x. 


In more general terms, we have an exponential 
function, in which a constant base is raised to a 
variable exponent. To differentiate between linear 
and exponential functions, let’s consider two 
companies, A and B. Company A has 100 stores and 
expands by opening 50 new stores a year, so its 
growth can be represented by the function A( x 
)=100+50x. Company B has 100 stores and 
expands by increasing the number of stores by 50% 
each year, so its growth can be represented by the 
function B(x)=100(1+0.5)x. 


A few years of growth for these companies are 
illustrated in [link]. 


Year, X Stores, Stores, 
Company A Company D 

0 100+ 50( 0 100 (1+0.5)0 
A= 100 =100 


1 100+50( 1 100 (1+0.5)1 


+=150 =159 

2 100+ 50( 2 100 (1+0.5)2 
j= 200 =225 

3 100+50(3 100 ¢1+0.5)3 
+= 250 = 235 

x A(X B(x) = 100 ( 
y=100+ 50x 1+0.5)x 


The graphs comparing the number of stores for each 
company over a five-year period are shown in 
[link]. We can see that, with exponential growth, 
the number of stores increases much more rapidly 
than with linear growth. 


B(x) = 100(1 + 0.5) 


A(x) = 100 + 50x 


Number of Stores 


Years 


Notice that the domain for both functions is [0,--), 


and the range for both functions is [100,°°). After 
year 1, Company B always has more stores than 
Company A. 


Now we will turn our attention to the function 
representing the number of stores for Company B, 
B(x) =100 (1+0.5 ) x. In this exponential 
function, 100 represents the initial number of stores, 
0.50 represents the growth rate, and 1+0.5=1.5 
represents the growth factor. Generalizing further, 
we can write this function as B(x)=100(1.5)x, 
where 100 is the initial value, 1.5 is called the base, 
and x is called the exponent. 


Evaluating a Real-World Exponential Model 


At the beginning of this section, we learned 
that the population of India was about 1.25 
billion in the year 2013, with an annual 
growth rate of about 1.2%. This situation is 
represented by the growth function P(t)=1.25 
(1.012 ) t , where t is the number of years 
since 2013. To the nearest thousandth, what 
will the population of India be in 2031? 


To estimate the population in 2031, we 
evaluate the models for t=18, because 2031 is 
18 years after 2013. Rounding to the nearest 


thousandth, 
P(18)=1.25 (1.012 ) 18 =1.549 


There will be about 1.549 billion people in 
India in the year 2031. 


The population of China was about 1.39 
billion in the year 2013, with an annual 
growth rate of about 0.6%. This situation is 
represented by the growth function P(t)=1.39 
( 1.006 ) t , where t is the number of years 
since 2013. To the nearest thousandth, what 
will the population of China be for the year 
2031? How does this compare to the 
population prediction we made for India in 
[link]? 


About 1.548 billion people; by the year 2031, 
India’s population will exceed China’s by 
about 0.001 billion, or 1 million people. 


Finding Equations of Exponential 
Functions 


In the previous examples, we were given an 
exponential function, which we then evaluated for a 
given input. Sometimes we are given information 
about an exponential function without knowing the 
function explicitly. We must use the information to 
first write the form of the function, then determine 
the constants a and b, and evaluate the function. 


Given two data points, write an exponential 
model. 


1. If one of the data points has the form ( 0,a ), 
then a is the initial value. Using a, substitute 
the second point into the equation f(x)=a (b 
) x , and solve for b. 

. If neither of the data points have the form ( 
0,a ), substitute both points into two equations 
with the form f(x)=a(b)x. Solve the 


resulting system of two equations in two 
unknowns to find a and b. 

. Using the a and b found in the steps above, 
write the exponential function in the form 
Fei Ae ee 


Writing an Exponential Model When the 
Initial Value Is Known 


In 2006, 80 deer were introduced into a 
wildlife refuge. By 2012, the population had 


grown to 180 deer. The population was 
growing exponentially. Write an algebraic 
function N(t) representing the population (N 
) of deer over time t. 


We let our independent variable t be the 
number of years after 2006. Thus, the 
information given in the problem can be 
written as input-output pairs: (0, 80) and (6, 
180). Notice that by choosing our input 
variable to be measured as years after 2006, 
we have given ourselves the initial value for 
the function, a=80. We can now substitute 
the second point into the equation N(t)=80 b 
t to find b: 
N(t) =80 bt 180 =80b6 
Substitute using point (6,180). 94=b6 
Divide and write in lowest terms. b= (94 
) 1 6 Isolate b using properties of exponents. 
b ~1.1447 Round to 4 decimal places. 


NOTE: Unless otherwise stated, do not round any 
intermediate calculations. Then round the final 
answer to four places for the remainder of this 
section. 


The exponential model for the population of 
deer is N(t)=80 ( 1.1447 )t. (Note that this 
exponential function models short-term 
growth. As the inputs gets large, the output 
will get increasingly larger, so much so that 
the model may not be useful in the long term.) 


We can graph our model to observe the 
population growth of deer in the refuge over 
time. Notice that the graph in [link] passes 
through the initial points given in the problem, 
(0, 80 ) and (6, 180 ). We can also see that 
the domain for the function is [0,°°), and the 
range for the function is [80,). 

Graph showing the population of deer over 
time, N(t)=80 (1.1447 ) t, t years after 2006 


N(t) 
320! 


Deer Population 


A wolf population is growing exponentially. In 
2011, 129 wolves were counted. By 2013, 

the population had reached 236 wolves. What 
two points can be used to derive an 
exponential equation modeling this situation? 
Write the equation representing the population 


N of wolves over time t. 


(0,129 ) and ( 2,236 ); N(t)=129 (1.3526 ) t 


Writing an Exponential Model When the 
Initial Value is Not Known 


Find an exponential function that passes 
through the points ( —2,6 ) and (2,1 ). 


Because we don’t have the initial value, we 
substitute both points into an equation of the 
form f(x)=a bx, and then solve the system 
for a and b. 


¢ Substituting ( —2,6 ) gives 6=ab —2 
¢ Substituting (2,1 ) gives l1=ab2 


Use the first equation to solve for a in terms 
of b: 


6 


6 
b-2 
a= 


ab~? 
=a ___ Divide. 


6b? _—_ Use properties of exponents to rewrite the denominator. 


Substitute a in the second equation, and solve 
for b: 


1 = ab? 
1 = 6b*b* = 6b* Substitute a. 


1 
1\4 : : 
b= (ei Use properties of exponents to isolate b. 
b ~ 0.6389 Round 4 decimal places. 


Use the value of b in the first equation to 
solve for the value of a: 


a = 6b? ~ 6(0.6389)? ~ 2.4492 
Thus, the equation is f(x)= 2.4492 (0.6389) x. 


We can graph our model to check our work. 
Notice that the graph in [link] passes through 
the initial points given in the problem, ( 
—2,6) and (2,1). The graph is an example 
of an exponential decay function. 

The graph of f(x) =2.4492 (0.6389) x models 
exponential decay. 


Given the two points (1,3 ) and ( 2,4.5 ), find 
the equation of the exponential function that 
passes through these two points. 


f(x)=2(1.5)x 


Do two points always determine a unique 

exponential function? 

Yes, provided the two points are either both above the 
-axis or both below the x-axis and have different x- 


coordinates. But keep in mind that we also need to 
know that the graph is, in fact, an exponential 
unction. Not every graph that looks exponential really 
is exponential. We need to know the graph is based on 
a model that shows the same percent growth with each 
unit increase in x, which in many real world cases 
involves time. 


Given the graph of an exponential function, 
write its equation. 


1. First, identify two points on the graph. Choose 
the y-intercept as one of the two points 
whenever possible. Try to choose points that 
are as far apart as possible to reduce round-off 
error. 

. If one of the data points is the y-intercept ( 
0,a ), then a is the initial value. Using a, 
substitute the second point into the equation 
f(x) =a (b ) x, and solve for b. 

. If neither of the data points have the form ( 
0,a ), substitute both points into two equations 
with the form f(x)=a(b)x. Solve the 
resulting system of two equations in two 
unknowns to find a and b. 

4. Write the exponential function, f(x)=a(b)x 


Writing an Exponential Function Given Its 
Graph 


Find an equation for the exponential function 
graphed in [link]. 


~ xX 
“3i5 -3 -215 -2 -115 -4 -015 o5 1 15 2 25 3 35 
=3 


We can choose the y-intercept of the graph, ( 

0,3 ), as our first point. This gives us the initial 

value, a=3. Next, choose a point on the curve 

some distance away from (0,3 ) that has 

integer coordinates. One such point is (2,12). 
y=abx 

Write the general form of an exponential equatioy. 
y =3 b x Substitute the initial value 3 for a. 

12=3 b 2 Substitute in 12 for y and 2 for x. 
4= b2 Divide by 3. b= +2 

Take the square root. 


Because we restrict ourselves to positive values 
of b, we will use b=2. Substitute a and b 
into the standard form to yield the equation 
f(x) =3 (2)x. 


Find an equation for the exponential function 
graphed in [link]. 


f(x) = 2(2)x. Answers may vary due to 
round-off error. The answer should be very 
close to 1.4142 (1.4142) x. 


Given two points on the curve of an 
exponential function, use a graphing calculator 
to find the equation. 


. Press [STAT]. 

. Clear any existing entries in columns L1 or L2. 

. In L1, enter the x-coordinates given. 

. In L2, enter the corresponding y-coordinates. 

. Press [STAT] again. Cursor right to CALC, 
scroll down to ExpReg (Exponential 


oh WN 


Regression), and press [ENTER]. 
6. The screen displays the values of a and b in 
the exponential equation y=a' bx. 


Using a Graphing Calculator to Find an 
Exponential Function 


Use a graphing calculator to find the 
exponential equation that includes the points 
(2,24.8) and (5,198.4). 


Follow the guidelines above. First press 
[STAT], [EDIT], [1: Edit...], and clear the 
lists L1 and L2. Next, in the L1 column, enter 
the x-coordinates, 2 and 5. Do the same in the 
L2 column for the y-coordinates, 24.8 and 
198.4. 


Now press [STAT], [CALC], [0: ExpReg] 
and press [ENTER]. The values a=6.2 and 
b=2 will be displayed. The exponential 
equation is y=6.2°2x. 


Use a graphing calculator to find the 


exponential equation that includes the points 
(3, 75.98) and (6, 481.07). 


Applying the Compound-Interest Formula 


Savings instruments in which earnings are 
continually reinvested, such as mutual funds and 
retirement accounts, use compound interest. The 
term compounding refers to interest earned not only 
on the original value, but on the accumulated value 
of the account. 


The annual percentage rate (APR) of an account, 
also called the nominal rate, is the yearly interest 
rate earned by an investment account. The 

term nominal is used when the compounding occurs 
a number of times other than once per year. In fact, 
when interest is compounded more than once a 
year, the effective interest rate ends up being greater 
than the nominal rate! This is a powerful tool for 
investing. 


We can calculate the compound interest using the 


compound interest formula, which is an exponential 
function of the variables time t, principal P, APR r, 
and number of compounding periods in a year n: 
A(t)=P(1+4rn)nt 


For example, observe [link], which shows the result 
of investing $1,000 at 10% for one year. Notice how 
the value of the account increases as the 
compounding frequency increases. 


A 
x 
) 
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The Compound Interest Formula 
Compound interest can be calculated using the 


* A(t) is the account value, 
* t is measured in years, 


¢ P is the starting amount of the account, often 
called the principal, or more generally present 
value, 

* r is the annual percentage rate (APR) 
expressed as a decimal, and 

* n is the number of compounding periods in 


one year. 


Calculating Compound Interest 


If we invest $3,000 in an investment account 


paying 3% interest compounded quarterly, 
how much will the account be worth in 10 
years? 


Because we are starting with $3,000, 
P=3000. Our interest rate is 3%, so r = 0.03. 
Because we are compounding quarterly, we 
are compounding 4 times per year, so n=4. 
We want to know the value of the account in 
10 years, so we are looking for A( 10 ), the 
value when t = 10. 

A(t) =P(1+4rn)nt 

Use the compound interest formula. A(10) 

= 3000 (1+ 0.03 4 ) 4-10 

Substitute using given values. ~ $4045.05 
Round to two decimal places. 


The account will be worth about $4,045.05 in 
10 years. 


An initial investment of $100,000 at 12% 
interest is compounded weekly (use 52 weeks 
in a year). What will the investment be worth 
in 30 years? 


about $3,644,675.88 


Using the Compound Interest Formula to 
Solve for the Principal 


A 529 Plan is a college-savings plan that 
allows relatives to invest money to pay for a 
child’s future college tuition; the account 
grows tax-free. Lily wants to set up a 529 
account for her new granddaughter and wants 
the account to grow to $40,000 over 18 years. 
She believes the account will earn 6% 
compounded semi-annually (twice a year). To 
the nearest dollar, how much will Lily need to 
invest in the account now? 


The nominal interest rate is 6%, so r=0.06. 
Interest is compounded twice a year, so k=2. 


We want to find the initial investment, P, 
needed so that the value of the account will be 
worth $40,000 in 18 years. Substitute the 
given values into the compound interest 
formula, and solve for P. 

A(t) =P( 1+ 4rn)nt 
Use the compound interest formula. 40,000 
=P(1+ 0.06 2 ) 2(18) 
Substitute using given values A, r, n, and t. 
40,000 =P (1.03) 36 Simplify. 40,000 (1.03) 
36 =P Isolate P. P ~$13,801 
Divide and round to the nearest dollar. 


Lily will need to invest $13,801 to have 
$40,000 in 18 years. 


Refer to [link]. To the nearest dollar, how 
much would Lily need to invest if the account 
is compounded quarterly? 


$13,693 


Evaluating Functions with Base e 


As we Saw earlier, the amount earned on an account 
increases as the compounding frequency increases. 
[link] shows that the increase from annual to semi- 
annual compounding is larger than the increase 
from monthly to daily compounding. This might 
lead us to ask whether this pattern will continue. 


Examine the value of $1 invested at 100% interest 
for 1 year, compounded at various frequencies, 
listed in [link]. 


Frequency A(t)= (1+ 11 Value 

Vn 
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Once per second (1+131536000 $2.718282 
)} 31536000 


These values appear to be approaching a limit as n 
increases without bound. In fact, as n gets larger 
and larger, the expression (1+ 1n)n 
approaches a number used so frequently in 
mathematics that it has its own name: the letter e. 
This value is an irrational number, which means 
that its decimal expansion goes on forever without 
repeating. Its approximation to six decimal places is 
shown below. 


The Number e 

The letter e represents the irrational number 
(1+ 1n)n,asnincreases without bound 

The letter e is used as a base for many real-world 


exponential models. To work with base e, we use 
the approximation, e =~ 2.718282. The constant 
was named by the Swiss mathematician Leonhard 
Euler (1707-1783) who first investigated and 
discovered many of its properties. 


Using a Calculator to Find Powers of e 


Calculate e 3.14. Round to five decimal 
places. 


On a calculator, press the button labeled [ e x 
]. The window shows [ e’( ]. Type 3.14 and 
then close parenthesis, [ ) ]. Press [ENTER]. 
Rounding to 5 decimal places, e 3.14 

= 23.10387. Caution: Many scientific 
calculators have an “Exp” button, which is 
used to enter numbers in scientific notation. It 
is not used to find powers of e. 


Use a calculator to find e —0.5. Round to 
five decimal places. 


e — (05° —0:60653 


Investigating Continuous Growth 


So far we have worked with rational bases for 


exponential functions. For most real-world 
phenomena, however, e is used as the base for 
exponential functions. Exponential models that use 
e as the base are called continuous growth or decay 
models. We see these models in finance, computer 
science, and most of the sciences, such as physics, 
toxicology, and fluid dynamics. 


The Continuous Growth/Decay Formula 

For all real numbers t, and all positive numbers a 
and r, continuous growth or decay is represented 
by the formula 


¢ a is the initial value, 
* r is the continuous growth rate per unit time, 
¢ and t is the elapsed time. 


If r>0O , then the formula represents continuous 
growth. If r<0O , then the formula represents 
continuous decay. 

For business applications, the continuous growth 
formula is called the continuous compounding 
formula and takes the form 


¢ P is the principal or the initial invested, 


* r is the growth or interest rate per unit time, 
¢ and t is the period or term of the investment. 


Given the initial value, rate of growth or decay, 
and time t, solve a continuous growth or decay 
function. 


. Use the information in the problem to 
determine a, the initial value of the function. 

. Use the information in the problem to 
determine the growth rate r. 


1. If the problem refers to continuous 
growth, then r>0. 

2. If the problem refers to continuous decay, 
then r<0O. 


. Use the information in the problem to 
determine the time t. 

. Substitute the given information into the 
continuous growth formula and solve for A(t). 


Calculating Continuous Growth 


A person invested $1,000 in an account 
earning a nominal 10% per year compounded 
continuously. How much was in the account at 


the end of one year? 


Since the account is growing in value, this is a 
continuous compounding problem with growth 
rate r=0.10. The initial investment was 
$1,000, so P=1000. We use the continuous 
compounding formula to find the value after 
t=1 year: 

A(t) =Pert 

Use the continuous compounding formula. 

= 1000 (e) 0.1 

Substitute known values for P, r, and t. 

=~ 1105.17 Use a calculator to approximate. 


The account is worth $1,105.17 after one year. 


A person invests $100,000 at a nominal 12% 
interest per year compounded continuously. 
What will be the value of the investment in 30 


years? 


$3,659,823.44 


Calculating Continuous Decay 


Radon-222 decays at a continuous rate of 
17.3% per day. How much will 100 mg of 
Radon-222 decay to in 3 days? 


Since the substance is decaying, the rate, 
17.3% , is negative. So, r = —0.173. The 
initial amount of radon-222 was 100 mg, so 
a=100. We use the continuous decay formula 
to find the value after t=3 days: 

A(t) =aert 

Use the continuous growth formula. =100 e 
— 0.173(3) 

Substitute known values for a, r, and t. 

= 59.5115 Use a calculator to approximate. 


So 59.5115 mg of radon-222 will remain. 


Using the data in [link], how much radon-222 
will remain after one year? 


3.77E-26 (This is calculator notation for the 
number written as 3.77 x 10 —26 in 
scientific notation. While the output of an 
exponential function is never zero, this 


number is so close to zero that for all practical 
purposes we can accept zero as the answer.) 


Access these online resources for additional 
instruction and practice with exponential functions. 


¢ Exponential Growth Function 
¢* Compound Interest 


Key Equations 
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continuous growth A(t)=a ert , where 
formula t is the number of unit 


time periods of growth 

a is the starting amount 
(in the continuous 
compounding formula a is 
replaced with P, the 
principal) 

e is the mathematical 
constant, e=2.718282 


Key Concepts 


An exponential function is defined as a function 
with a positive constant other than 1 raised to 
a variable exponent. See [link]. 

A function is evaluated by solving at a specific 
value. See [link] and [link]. 

An exponential model can be found when the 
growth rate and initial value are known. See 
[link]. 

An exponential model can be found when the 
two data points from the model are known. See 
[link]. 

An exponential model can be found using two 
data points from the graph of the model. See 


[link]. 
An exponential model can be found using two 
data points from the graph and a calculator. 
See [link]. 
The value of an account at any time t can be 
calculated using the compound interest formula 
when the principal, annual interest rate, and 
compounding periods are known. See [link]. 
The initial investment of an account can be 
found using the compound interest formula 
when the value of the account, annual interest 
rate, compounding periods, and life span of the 
account are known. See [link]. 
* The number e is a mathematical constant often 
used as the base of real world exponential 
growth and decay models. Its decimal 
approximation is e= 2.718282. 
Scientific and graphing calculators have the key 
[ex] or [ exp(x) ] for calculating powers of 
e. See [link]. 
¢ Continuous growth or decay models are 
exponential models that use e as the base. 
Continuous growth and decay models can be 
found when the initial value and growth or 
decay rate are known. See [link] and [link]. 


Section Exercises 


Verbal 


Explain why the values of an increasing 
exponential function will eventually overtake 
the values of an increasing linear function. 


Linear functions have a constant rate of change. 
Exponential functions increase based on a 
percent of the original. 


Given a formula for an exponential function, is 
it possible to determine whether the function 
grows or decays exponentially just by looking 
at the formula? Explain. 


The Oxford Dictionary defines the word nominal 
as a value that is “stated or expressed but not 
necessarily corresponding exactly to the real 
value.” [footnote] Develop a reasonable 
argument for why the term nominal rate is used 
to describe the annual percentage rate of an 
investment account that compounds interest. 
Oxford Dictionary. http:// 
oxforddictionaries.com/us/definition/ 
american_english/nomina. 


When interest is compounded, the percentage 


of interest earned to principal ends up being 
greater than the annual percentage rate for the 
investment account. Thus, the annual 
percentage rate does not necessarily correspond 
to the real interest earned, which is the very 
definition of nominal. 


Algebraic 


For the following exercises, identify whether the 
statement represents an exponential function. 
Explain. 


The average annual population increase of a 
pack of wolves is 25. 


A population of bacteria decreases by a factor 
of 18 every 24 hours. 


exponential; the population decreases by a 
proportional rate. . 


The value of a coin collection has increased by 
3.25% annually over the last 20 years. 


For each training session, a personal trainer 
charges his clients $5 less than the previous 


training session. 


not exponential; the charge decreases by a 
constant amount each visit, so the statement 
represents a linear function. . 


The height of a projectile at time t is 
represented by the function h(t)= —4.9 t 2 
+18t+ 40. 


For the following exercises, consider this scenario: 
For each year t, the population of a forest of trees is 
represented by the function A(t)=115 (1.025) t. In 
a neighboring forest, the population of the same 
type of tree is represented by the function B(t)=82 
(1.029) t . (Round answers to the nearest whole 
number.) 


Which forest’s population is growing at a faster 
rate? 


The forest represented by the function B(t)=82 
(1.029) t. 


Which forest had a greater number of trees 
initially? By how many? 


Assuming the population growth models 
continue to represent the growth of the forests, 
which forest will have a greater number of trees 
after 20 years? By how many? 


After t=20 years, forest A will have 43 more 
trees than forest B. 


Assuming the population growth models 
continue to represent the growth of the forests, 
which forest will have a greater number of trees 
after 100 years? By how many? 


Discuss the above results from the previous four 
exercises. Assuming the population growth 
models continue to represent the growth of the 
forests, which forest will have the greater 
number of trees in the long run? Why? What 
are some factors that might influence the long- 
term validity of the exponential growth model? 


Answers will vary. Sample response: For a 
number of years, the population of forest A will 
increasingly exceed forest B, but because forest 
B actually grows at a faster rate, the population 
will eventually become larger than forest A and 
will remain that way as long as the population 
growth models hold. Some factors that might 


influence the long-term validity of the 
exponential growth model are drought, an 
epidemic that culls the population, and other 
environmental and biological factors. 


For the following exercises, determine whether the 
equation represents exponential growth, exponential 
decay, or neither. Explain. 


y=300(1-t)5 


y =220( 1.06 )x 


exponential growth; The growth factor, 1.06, is 
greater than 1. 


y=16.5 (1.025) 1x 


y=11,701 (0.97 )t 


exponential decay; The decay factor, 0.97, is 
between O and 1. 


For the following exercises, find the formula for an 
exponential function that passes through the two 
points given. 


(0,6 ) and (3,750) 


(.0,2000 ) and (2,20) 


f(x) = 2000 (0.1) x 


(-1,32) and (3,24) 


( —2,6) and (3,1 ) 


f(x)= (16) — 35(16)x5 =2.93 (0.699 ) 
x 


(3,1 ) and (5,4) 


For the following exercises, determine whether the 
table could represent a function that is linear, 
exponential, or neither. If it appears to be 
exponential, find a function that passes through the 
points. 


wv 1 
1 


f(x) 70 


Linear 

5 4 
h(x) 70 
B= 4 
m(x) 80 


Neither 


ie) 


34.3 


-20 


24.01 


f(x) 10 20 40 80 

x 4 2 3 A 
g(x) -3.25 2 7.25 12.5 
Linear 


For the following exercises, use the compound 
interest formula, A(t)=P(1+4rn)nt. 


After a certain number of years, the value of an 
investment account is represented by the 
equation 10,250 (1+ 0.04 12 ) 120. What is 
the value of the account? 


What was the initial deposit made to the 
account in the previous exercise? 


$10,250 


How many years had the account from the 
previous exercise been accumulating interest? 


An account is opened with an initial deposit of 
$6,500 and earns 3.6% interest compounded 
semi-annually. What will the account be worth 
in 20 years? 


$13,268.58 


How much more would the account in the 
previous exercise have been worth if the 
interest were compounding weekly? 


Solve the compound interest formula for the 
principal, P. 


P=A(t)}(1+ rn) —nt 


Use the formula found in the previous exercise 
to calculate the initial deposit of an account 
that is worth $14,472.74 after earning 5.5% 
interest compounded monthly for 5 years. 
(Round to the nearest dollar.) 


How much more would the account in the 


previous two exercises be worth if it were 
earning interest for 5 more years? 


$4,572.56 


Use properties of rational exponents to solve 
the compound interest formula for the interest 
rate, r. 


Use the formula found in the previous exercise 
to calculate the interest rate for an account that 
was compounded semi-annually, had an initial 
deposit of $9,000 and was worth $13,373.53 
after 10 years. 


4% 


Use the formula found in the previous exercise 
to calculate the interest rate for an account that 
was compounded monthly, had an initial 
deposit of $5,500, and was worth $38,455 after 
30 years. 


For the following exercises, determine whether the 
equation represents continuous growth, continuous 
decay, or neither. Explain. 


y =3742 (e) 0.75t 


continuous growth; the growth rate is greater 
than 0. 


y=150(e)3.25t 


y=2.25(e) —2t 


continuous decay; the growth rate is less than 
0. 


Suppose an investment account is opened with 
an initial deposit of $12,000 earning 7.2% 
interest compounded continuously. How much 
will the account be worth after 30 years? 


How much less would the account from 
Exercise 42 be worth after 30 years if it were 
compounded monthly instead? 


$669.42 


Numeric 


For the following exercises, evaluate each function. 
Round answers to four decimal places, if necessary. 


f(x)=2(5)x, for f( -—3) 


f(x)= — 42x+3, for f( —1) 


f(-1)=-4 


f(x)= ex, for f(3) 


f(x) = —2ex-—1, for f( —1) 


f(—1) = —0.2707 


f(x)=2.7 (4) —x+1 +1.5, for f( —2) 


f(x) =1.2 e 2x —0.3, for f( 3 ) 


f(3) = 483.8146 


fx =—.3 203) —xX +323 for fC 2)) 


Technology 


For the following exercises, use a graphing 
calculator to find the equation of an exponential 
function given the points on the curve. 


(0,3) and (3,375) 


y=3°5x 


(3,222.62) and (10,77.456) 


(20,29.495) and (150,730.89) 


y ~18- 1.025 x 


(5,2.909) and (13,0.005) 


(11,310.035) and (25,356.3652) 


y ~0.2: 1.95 x 


Extensions 


The annual percentage yield (APY) of an 
investment account is a representation of the 
actual interest rate earned on a compounding 
account. It is based on a compounding period of 
one year. Show that the APY of an account that 
compounds monthly can be found with the 
formula APY= (1+ r12)12 —1. 


Repeat the previous exercise to find the formula 
for the APY of an account that compounds 
daily. Use the results from this and the previous 
exercise to develop a function I(n) for the APY 
of any account that compounds n times per 
year. 


APY= A(t)-—aa = a(1+ r 365 ) 365(1) -—aa 
= al (1+ 1365) 365 -—1]a=(1+r 365) 
365 -—1;ImM)= (1+ 4rn)n-1 


Recall that an exponential function is any 
equation written in the form f(x)=a:-bx such 
that a and b are positive numbers and b#~1. 
Any positive number b can be written as b= 
en for some value of n. Use this fact to 
rewrite the formula for an exponential function 
that uses the number e as a base. 


In an exponential decay function, the base of 


the exponent is a value between 0 and 1. Thus, 
for some number b>1, the exponential decay 
function can be written as f(x)=a'(1b)x. 
Use this formula, along with the fact that b= e 
n , to show that an exponential decay function 
takes the form f(x)=a(e) —nx for some 
positive number n . 


Let f be the exponential decay function f(x)=a: 
(1b)x suchthat b>1. Then for some 
number n>0, f(x)=a:(1b)x =a(b —-1)x 
=a((en) —1)x =a(e —-n)x =a(e) —nx 


The formula for the amount A in an investment 
account with a nominal interest rate r at any 
time t is given by A(t)=a(e) rt, where a is 
the amount of principal initially deposited into 
an account that compounds continuously. Prove 
that the percentage of interest earned to 
principal at any time t can be calculated with 
the formula I(t)= ert —1. 


Real-World Applications 


The fox population in a certain region has an 
annual growth rate of 9% per year. In the year 


2012, there were 23,900 fox counted in the 
area. What is the fox population predicted to be 
in the year 2020? 


47,622 fox 


A scientist begins with 100 milligrams of a 
radioactive substance that decays exponentially. 
After 35 hours, 50mg of the substance remains. 
How many milligrams will remain after 54 
hours? 


In the year 1985, a house was valued at 
$110,000. By the year 2005, the value had 
appreciated to $145,000. What was the annual 
growth rate between 1985 and 2005? Assume 
that the value continued to grow by the same 
percentage. What was the value of the house in 
the year 2010? 


1.39%; $155,368.09 


A car was valued at $38,000 in the year 2007. 
By 2013, the value had depreciated to $11,000 
If the car’s value continues to drop by the same 
percentage, what will it be worth by 2017? 


Jamal wants to save $54,000 for a down 
payment on a home. How much will he need to 
invest in an account with 8.2% APR, 
compounding daily, in order to reach his goal 
in 5 years? 


$35,838.76 


Kyoko has $10,000 that she wants to invest. 
Her bank has several investment accounts to 
choose from, all compounding daily. Her goal is 
to have $15,000 by the time she finishes 
graduate school in 6 years. To the nearest 
hundredth of a percent, what should her 
minimum annual interest rate be in order to 
reach her goal? (Hint: solve the compound 
interest formula for the interest rate.) 


Alyssa opened a retirement account with 7.25% 
APR in the year 2000. Her initial deposit was 
$13,500. How much will the account be worth 
in 2025 if interest compounds monthly? How 
much more would she make if interest 
compounded continuously? 


$82,247.78; $449.75 


An investment account with an annual interest 
rate of 7% was opened with an initial deposit of 
$4,000 Compare the values of the account after 
9 years when the interest is compounded 
annually, quarterly, monthly, and continuously. 


Glossary 


annual percentage rate (APR) 
the yearly interest rate earned by an 
investment account, also called nominal rate 


compound interest 
interest earned on the total balance, not just 
the principal 


exponential growth 
a model that grows by a rate proportional to 
the amount present 


nominal rate 
the yearly interest rate earned by an 
investment account, also called annual 
percentage rate 


Graphs of Exponential Functions 


* Graph exponential functions. 
* Graph exponential functions using 
transformations. 


As we discussed in the previous section, exponential 
functions are used for many real-world applications 
such as finance, forensics, computer science, and 
most of the life sciences. Working with an equation 
that describes a real-world situation gives us a 
method for making predictions. Most of the time, 
however, the equation itself is not enough. We learn 
a lot about things by seeing their pictorial 
representations, and that is exactly why graphing 
exponential equations is a powerful tool. It gives us 
another layer of insight for predicting future events. 
Notice that the graph gets close to the x-axis, but 
never touches it. 


Graphing Exponential Functions 


Before we begin graphing, it is helpful to review the 
behavior of exponential growth. Recall the table of 
values for a function of the form f(x)= bx whose 
base is greater than one. We’ll use the function 

f(x) = 2x. Observe how the output values in [link] 
change as the input increases by 1. 


x —B_—21_—#| 9 4 2 3 
f@<)-=—-1-8-—_1-4-_ 12-1 2 4 8 
2x 


Each output value is the product of the previous 
output and the base, 2. We call the base 2 the 
constant ratio. In fact, for any exponential function 
with the form f(x)=a bx, b is the constant ratio of 
the function. This means that as the input increases 
by 1, the output value will be the product of the 
base and the previous output, regardless of the 
value of a. 


Notice from the table that 


¢ the output values are positive for all values of 
x 

* as x increases, the output values increase 
without bound; and 

* as x decreases, the output values grow smaller, 
approaching zero. 


[link] shows the exponential growth function f(x) = 
pe ee 


The x-axis is an asymptote. 


The domain of f(x)= 2.x _ is all real numbers, the 
range is (0,°° ), and the horizontal asymptote is 
y=0. 


To get a sense of the behavior of exponential decay, 
we can create a table of values for a function of the 
form f(x)= bx whose base is between zero and 
one. We'll use the function g(x)= (12)x. 
Observe how the output values in [link] change as 
the input increases by 1. 


Again, because the input is increasing by 1, each 
output value is the product of the previous output 
and the base, or constant ratio 12. 


Notice from the table that 


¢ the output values are positive for all values of 
x 

* as x increases, the output values grow smaller, 
approaching zero; and 

* as x decreases, the output values grow without 
bound. 


[link] shows the exponential decay function, g(x)= 
(12)x; 


The x-axis is an asymptote 


The domain of g(x)= (12) x is all real numbers, 
the range is (0, ), and the horizontal asymptote is 
y=0. 


Characteristics of the Graph of the Parent Function 
(x) = bx 
n exponential function with the form f(x)= bx, 
b>0, b#1, has these characteristics: 


one-to-one function 
horizontal asymptote: y=0 
domain: (-—°, °) 

range: (0,) 

x-intercept: none 
y-intercept: (0,1 ) 
increasing if b>1 
decreasing if b<1 


[link] compares the graphs of exponential growth 
and decay functions. 


f(x) f(x) 
4 4 


Given an exponential function of the form 
f(x) = bx, graph the function. 


1. Create a table of points. 

2. Plot at least 3 point from the table, including 
the y-intercept (0,1 ). 

3. Draw a smooth curve through the points. 


4. State the domain, ( — ~, ), the range, ( 
0,°o ), and the horizontal asymptote, y=0. 


Sketching the Graph of an Exponential 
Function of the Form f(x) = bx 


Sketch a graph of f(x)= 0.25 x . State the 
domain, range, and asymptote. 


Before graphing, identify the behavior and 
create a table of points for the graph. 


* Since b=0.25 is between zero and one, 
we know the function is decreasing. The 
left tail of the graph will increase without 
bound, and the right tail will approach 
the asymptote y=0. 


ry Create ro tabla of nninta as in [inl] 
AN 1b. oe > JiLitw tAvV Lil Ltteiir je 
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* Plot the y-intercept, (0,1 ), along with 
two other points. We can use ( —1,4 ) 
and) (1.0.25), 


Draw a smooth curve connecting the points as 


in [link]. 


(-1, 4) 


f(x) = 0.25% 


The domain is ( — ~~, ); the range is ( 0, 
); the horizontal asymptote is y=0. 


Sketch the graph of f(x)= 4x. State the 


domain, range, and asymptote. 


The domain is ( — ~, ); the range is ( 0, 
); the horizontal asymptote is y=0. 


(a) g(x)=3(2)x stretches the graph of f(x)= 2x 
vertically by a factor of 3. (b) h(X)= 13(2)x 
compresses the graph of f(x)= 2x vertically by a 
factor of 13 .(a) g(x)=— 2x reflects the graph of 
f(x)= 2x about the x-axis. (b) g(x)= 2 —x 
reflects the graph of f(x)= 2x about the y-axis. 


Graphing Transformations of Exponential 
Functions 


Transformations of exponential graphs behave 
similarly to those of other functions. Just as with 
other parent functions, we can apply the four types 
of transformations—shifts, reflections, stretches, and 
compressions—to the parent function f(x)= bx 
without loss of shape. For instance, just as the 
quadratic function maintains its parabolic shape 


when shifted, reflected, stretched, or compressed, 
the exponential function also maintains its general 
shape regardless of the transformations applied. 


Graphing a Vertical Shift 


The first transformation occurs when we add a 
constant d to the parent function f(x)= bx, giving 
us a vertical shift d units in the same direction as 
the sign. For example, if we begin by graphing a 
parent function, f(x)= 2 x , we can then graph two 
vertical shifts alongside it, using d=3: the upward 
shift, g(x) = 2x +3 and the downward shift, 
h(x)= 2 x —3. Both vertical shifts are shown in 
[link]. 


u 
10 
9 
8 
7 
6 
5 
— x 2 
g(x) = 2% + 3 ees 
2 
aii x 
See ae ee ee ey 23 4 5 
| 
— o_ Es 
h(x) = 2-3 ; y=-3 
-4 


Observe the results of shifting f(x)= 2x vertically: 
* The domain, ( — ~,° ) remains unchanged. 
* When the function is shifted up 3 units to 
g(x)= 2x +3: 


© The y-intercept shifts up 3 units to (0,4 ). 


© The asymptote shifts up 3 units to y=3. 
© The range becomes (3,° ). 


¢ When the function is shifted down 3 units to 
h(x)= 2x —3: 


© The y-intercept shifts down 3 units to (0, 
—2). 

© The asymptote also shifts down 3 units to 
y=—-3. 

© The range becomes ( —3, ). 


Graphing a Horizontal Shift 


The next transformation occurs when we add a 
constant c to the input of the parent function f(x) = 
b x, giving us a horizontal shift c units in the 
opposite direction of the sign. For example, if we 
begin by graphing the parent function f(x)= 2x, 
we can then graph two horizontal shifts alongside it, 
using c=3: the shift left, g(x)= 2x+3, and the 
shift right, h(x) = 2x—3. Both horizontal shifts are 
shown in [link]. 


h(x) = 2*-3 


“9 “8 “7 6 5 -4 “3 7-2 71 123 4 5 6 7 


Observe the results of shifting f(x)= 2 x 
horizontally: 


* The domain, ( — ~,- ), remains unchanged. 
* The asymptote, y=0, remains unchanged. 
¢ The y-intercept shifts such that: 


© When the function is shifted left 3 units to 
g(x)= 2x+3, the y-intercept becomes ( 
0,8 ). This is because 2x+3 =(8) 2x, 
so the initial value of the function is 8. 

© When the function is shifted right 3 units 
to h(x)= 2 x—3, the y-intercept becomes 
(0,18). Again, see that 2x-—3 =(18) 
2 x, so the initial value of the function is 
Ls; 


POT 


Shifts of the Parent Function f(x) = bx 
For any constants c and d, the function f(x)= bx 
+c +d shifts the parent function f(x)= bx 


* vertically d units, in the same direction of the 
sign of d. 
horizontally c units, in the opposite direction 
of the sign of c. 
The y-intercept becomes (0, bc +d ). 
The horizontal asymptote becomes y=d. 
The range becomes (d,°> ). 
The domain, ( — ©, ), remains unchanged. 


Given an exponential function with the form 
f(x) = bx+c +d, graph the translation. 


1. Draw the horizontal asymptote y=d. 

2. Identify the shift as ( —c,d ). Shift the graph 
of f(x)= bx left c units if c is positive, and 
right c units if c is negative. 

3. Shift the graph of f(k)= bx up d units if d 
is positive, and down d units if d is negative. 

4. State the domain, ( — ~, ), the range, ( 
d,oo ), and the horizontal asymptote y=d. 


Graphing a Shift of an Exponential 


Function 


Graph f(x)= 2x+1 —3. State the domain, 
range, and asymptote. 


We have an exponential equation of the form 
f(x)= bx+c +d, with b=2, c=1, and d= 
=O! 


Draw the horizontal asymptote y=d , so draw 
y=—3. 


Identify the shift as ( —c,d ), so the shift is ( 
—1,-3). 


Shift the graph of f(x)= bx left 1 units and 
down 3 units. 


f(x) 


f(x) = 2x+1-3 


8 
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1 
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The domain is ( — ~, ); the range is ( 
— 3, ); the horizontal asymptote is y= —3. 


Graph f(x)= 2x—1 +3. State domain, range, 


and asymptote. 


The domain is ( — ~, ); the range is ( 3,°° 
); the horizontal asymptote is y=3. 


+ f(x) = 2*-14+3 
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Given an equation of the form f(x)= bx+c +d 
for x, use a graphing calculator to approximate 
the solution. 


* Press [Y=]. Enter the given exponential 

equation in the line headed “Y1=”. 

Enter the given value for f(x) in the line 

headed “Y2=”. 

Press [WINDOW]. Adjust the y-axis so that it 

includes the value entered for “Y2=”. 

* Press [GRAPH] to observe the graph of the 
exponential function along with the line for 
the specified value of f(x). 


* To find the value of x, we compute the point 
of intersection. Press [Z2ND] then [CALC]. 
Select “intersect” and press [ENTER] three 
times. The point of intersection gives the value 
of x for the indicated value of the function. 


Approximating the Solution of an 
Exponential Equation 


Solve 42=1.2(5) x +2.8 graphically. Round 
to the nearest thousandth. 


Press [Y=] and enter 1.2(5)x +2.8 next to 
Y1=. Then enter 42 next to Y2=. Fora 
window, use the values —3 to 3 for x and —5 to 
55 for y. Press [GRAPH]. The graphs should 
intersect somewhere near x= 2. 


For a better approximation, press [2ND] then 
[CALC]. Select [5: intersect] and press 
[ENTER] three times. The x-coordinate of the 
point of intersection is displayed as 
2.1661943. (Your answer may be different if 
you use a different window or use a different 
value for Guess?) To the nearest thousandth, 
IONE, 


Solve 4=7.85 (1.15 ) x —2.27 graphically. 
Round to the nearest thousandth. 


Graphing a Stretch or Compression 


While horizontal and vertical shifts involve adding 
constants to the input or to the function itself, a 
stretch or compression occurs when we multiply the 
parent function f(x)= bx by aconstant |a|>0. 
For example, if we begin by graphing the parent 
function f(x)= 2 x , we can then graph the stretch, 
using a=3, to get g(x)=3 (2) x as shown on the 
left in [link], and the compression, using a= 13, 
to get h(x)= 13(2)x as shown on the right in 
[link]. 


Vertical Stretch Vertical Compression 
y y: 
a 9X) = 3(2) 4 


fo) = 2 


h(x) = 3 (2 


op, 1 OD A 


4-3-2 19 #14 2 3 3-2-1 OF 12 3 4 
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Stretches and Compressions of the Parent Function 
(x) = bx 
For any factor a>O0, the function f(x)=a(b)x 


is stretched vertically by a factor of a if |a| 
Ae 


is compressed vertically by a factor of a if |a| 
<1, 

has a y-intercept of ( 0,a ). 

has a horizontal asymptote at y=0, a range of 
(0,°¢ ), and a domain of ( — ~,° ), which 
are unchanged from the parent function. 


Graphing the Stretch of an Exponential 
Function 


Sketch a graph of f(x)=4(12)x. State the 
domain, range, and asymptote. 


Before graphing, identify the behavior and key 
points on the graph. 


¢« Since b= 12 is between zero and one, 
the left tail of the graph will increase 
without bound as x decreases, and the 
right tail will approach the x-axis as x 
increases. 


¢ Since a=4, the graph of f(x)= (12)x 
will be stretched by a factor of 4. 


Create a table of points as shown in 
Mint] 


Lisriirye 
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* Plot the y-intercept, (0,4 ), along with 
two other points. We can use ( —1,8 ) 
and Cle2, ): 


Draw a smooth curve connecting the points, as 
shown in [link]. 


“os 92 1. My 


The domain is ( —~, ); the range is ( 0, 
); the horizontal asymptote is y=0. 


Sketch the graph of f(x)= 12(4)x. State 
the domain, range, and asymptote. 


The domain is ( — ~~, ); the range is ( 0, 
); the horizontal asymptote is y=0. 


f(x) = (4 


“4 “3 7-2 "1 


Graphing Reflections 


In addition to shifting, compressing, and stretching 
a graph, we can also reflect it about the x-axis or the 


y-axis. When we multiply the parent function f(x) = 
bx by —1, we get a reflection about the x-axis. 
When we multiply the input by —1, we geta 
reflection about the y-axis. For example, if we begin 
by graphing the parent function f(x)= 2x , we can 
then graph the two reflections alongside it. The 
reflection about the x-axis, g(x)= —2x, is shown 
on the left side of [link], and the reflection about 
the y-axis h(x)= 2 —x, is shown on the right side 
of [link]. 


Reflection about the x-axis Reflection about the y-axis 


Reflections of the Parent Function f(x) = bx 
The function f(x)=— bx 


* reflects the parent function f(x)= bx about 
the x-axis. 

* has a y-intercept of (0,—1 ). 

« has a range of ( — ~,0 ). 


* has a horizontal asymptote at y=0O and 
domain of ( — ~,~ ), which are unchanged 
from the parent function. 


The function f(x)= b —x 


* reflects the parent function f(x)= bx about 
the y-axis. 

¢ has a y-intercept of (0,1 ), a horizontal 
asymptote at y=0, a range of (0,~ ), anda 
domain of ( — ~,~ ), which are unchanged 
from the parent function. 


Writing and Graphing the Reflection of an 
Exponential Function 


Find and graph the equation for a function, 
g(x), that reflects f(x)= (14)x about the x- 
axis. State its domain, range, and asymptote. 


Since we want to reflect the parent function 
f(x)= (14)x about the x-axis, we multiply 
fx) by — I te gets otx)—— (143) x Next 
we create a table of points as in [link]. 


wv Q DB) 1 
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Plot the y-intercept, (0,—1 ), along with two 
other points. We can use ( —1,—4) and (1, 
= (0245) )). 


Draw a smooth curve connecting the points: 


g(x) 
af (1, —0.25) 


The domain is ( — ~, ); the range is ( 
—co,Q ); the horizontal asymptote is y=0. 


Find and graph the equation for a function, 


g(x), that reflects f(x)= 1.25 x about the y- 
axis. State its domain, range, and asymptote. 


The domain is ( — ~, ); the range is ( 0, 
); the horizontal asymptote is y=0. 
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Summarizing Translations of the Exponential 
Function 


Now that we have worked with each type of 
translation for the exponential function, we can 
summarize them in [link] to arrive at the general 
equation for translating exponential functions. 


Translations of the 
Parent Function f(x)= b 


a 
ee we en TH 2220 
LLILGALLOIaALULvVIL PULL 


Shift f(x)= bx+c +d 


* Horizontally c units to the left 


a Vartinallxr A anita san 
Veruivuiny Uo Urliito up 


Stretch and Compress f(x)=abx 


* Stretch if |a|>1 
ry Camnanracainn if A, | a | —_—1 
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fi 
General equation for all f(x)=abx+e+d 
translations 


Translations of Exponential Functions 
translation of an exponential function has the 

form 

f(x)=abx+c+d 

Where the parent function, y= bx, b>1, is 


¢ shifted horizontally c units to the left. 

* stretched vertically by a factor of | a| if | a| 
> 0. 

* compressed vertically by a factor of | a | if 
Os say od 

¢ shifted vertically d units. 


¢ reflected about the x-axis when a<0O. 


Note the order of the shifts, transformations, and 
reflections follow the order of operations. 


Writing a Function from a Description 


Write the equation for the function described 
below. Give the horizontal asymptote, the 
domain, and the range. 


* f(x)= ex is vertically stretched by a 
factor of 2 , reflected across the y-axis, 
and then shifted up 4 units. 


We want to find an equation of the general 
form f(x)=abx+c +d. We use the 
description provided to find a, b, c, and d. 


- We are given the parent function f(x)= e 
Me SOD —e; 

* The function is stretched vertically by a 
factor of 2, so a=2. 

* The function is reflected about the y-axis. 
We replace x with=— x16 set te-— x. 

¢ The graph is shifted vertically 4 units, so 
d=4. 


Substituting in the general form we get, 
f(x) =abx+c +d =2e —x+0 +4 =2e -x 
+4 


The domain is ( — °,°° ); the range is ( 4, °° 
); the horizontal asymptote is y= 4. 


Write the equation for function described 
below. Give the horizontal asymptote, the 
domain, and the range. 


¢ f(x)= ex is compressed vertically by a 


factor of 13, reflected across the x-axis 
and then shifted down 2 units. 


f(x)= — 13ex —2; the domain is ( — ~~, 


); the range is ( — ~,2 ); the horizontal 
asymptote is y=2. 


Access this online resource for additional 
instruction and practice with graphing exponential 
functions. 


¢ Graph Exponential Functions 


Key Equations 


General Form for the f(x)=abx+c+d 
Translation of the Parent 
Function f(x)= bx 


Key Concepts 


* The graph of the function f(x)= bx hasay- 
intercept at (0, 1), domain ( — ~, © ), range 
(0, ~ ), and horizontal asymptote y=0. See 
[link]. 

* If b>1, the function is increasing. The left tail 
of the graph will approach the asymptote y=0, 
and the right tail will increase without bound. 

* If 0<b<1, the function is decreasing. The left 
tail of the graph will increase without bound, 
and the right tail will approach the asymptote 
y=0. 

¢ The equation f(x)= bx +d represents a 
vertical shift of the parent function f(x)= bx. 


The equation f(x)= bx+c represents a 
horizontal shift of the parent function f(x)= b 
x. See [link]. 

Approximate solutions of the equation f(x)= b 

x+c +d can be found using a graphing 

calculator. See [link]. 

The equation f(x)=a bx, where a>0, 

represents a vertical stretch if | a |>1 or 

compression if 0<|a|<1 of the parent 
function f(x)= bx. See [link]. 

* When the parent function f(x)= bx is 
multiplied by —1, the result, f(_)= — bx,isa 
reflection about the x-axis. When the input is 
multiplied by —1, the result, f(x)= b —x,isa 
reflection about the y-axis. See [link]. 

¢ All translations of the exponential function can 
be summarized by the general equation f(x)=a 
bx+c +d. See [link]. 

* Using the general equation f(x)=a bx+c +d, 

we can write the equation of a function given 

its description. See [link]. 


Section Exercises 


Verbal 


What role does the horizontal asymptote of an 


exponential function play in telling us about the 
end behavior of the graph? 


An asymptote is a line that the graph of a 
function approaches, as x either increases or 
decreases without bound. The horizontal 
asymptote of an exponential function tells us 
the limit of the function’s values as the 
independent variable gets either extremely 
large or extremely small. 


What is the advantage of knowing how to 
recognize transformations of the graph of a 
parent function algebraically? 


Algebraic 


The graph of f(x)= 3x is reflected about the 
y-axis and stretched vertically by a factor of 4. 
What is the equation of the new function, g(x)? 
State its y-intercept, domain, and range. 


g(x)=4 (3) —x; y-intercept: (0,4); Domain: 
all real numbers; Range: all real numbers 
greater than 0. 


The graph of f(x)= (12) —x is reflected 
about the y-axis and compressed vertically by a 
factor of 15. What is the equation of the new 
function, g(x)? State its y-intercept, domain, 
and range. 


The graph of f(x)= 10x is reflected about the 
x-axis and shifted upward 7 units. What is the 
equation of the new function, g(x)? State its y- 
intercept, domain, and range. 


g(x)= — 10x +7; y-intercept: (0,6 ); Domain: 
all real numbers; Range: all real numbers less 
than 7. 


The graph of f(x)= (1.68 ) x is shifted right 
3 units, stretched vertically by a factor of 2, 
reflected about the x-axis, and then shifted 
downward 3 units. What is the equation of the 
new function, g(x)? State its y-intercept (to the 
nearest thousandth), domain, and range. 


The graph of f(x)= 2 (14) x—20 is shifted 
left 2 units, stretched vertically by a factor of 
4, reflected about the x-axis, and then shifted 
downward 4 units. What is the equation of the 
new function, g(x)? State its y-intercept, 
domain, and range. 


g(x) =2(14)x; y-intercept: (0, 2 ); Domain: 
all real numbers; Range: all real numbers 
greater than 0. 

Graphical 

For the following exercises, graph the function and 


its reflection about the y-axis on the same axes, and 
give the y-intercept. 


foo=3 C12 yx 


g(x)= —-2(0.25)x 


2 


1 
“5 47-372 4 
g(—x) = —2(0.25)~* 
: 


34 5. 
g(x) = —2(0.25)* 


y-intercept: (0, — 2) 


h(x)=6 (1.75) -x 


For the following exercises, graph each set of 
functions on the same axes. 


fx)=3(14)x, g(x)=3(2)x, and h(x)=3 ( 
4)x 


f(x) = 3(4~ + 


f(x)= 14(3)x, g&)=2(3)x, and h(x)=4 
(37x 


For the following exercises, match each function 
with one of the graphs in [link]. 


SY 


f(x )=2 (0.69 ) x 


f(x )=2 (1.28 ) x 


f(x )=2 (0.81 )x 


A 


f(x )=4( 1.28) x 


f(x )=2(1.59)x 


f(x )=4 (0.69 ) x 


For the following exercises, use the graphs shown in 
[link]. All have the form f(x )=abx. 


Which graph has the largest value for b? 


Which graph has the smallest value for b? 


Which graph has the largest value for a? 


Which graph has the smallest value for a? 


For the following exercises, graph the function and 
its reflection about the x-axis on the same axes. 


f(xy= 12(4)x 


f(x) = 5 (4y 


f(x)=3(0.75)x -1 


f(x)=-4(2)x +2 


—f(x) = 4(2 - 2 


x 
123 4 5 


f(x) = —4(2)* + 2 


For the following exercises, graph the 
transformation of f(x)= 2x. Give the horizontal 


asymptote, the domain, and the range. 
f(x)= 2 -x 


h(x)=2x+3 


x 
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Horizontal asymptote: h(x) =3; Domain: all real 
numbers; Range: all real numbers strictly 
greater than 3. 


f(x)=2x-2 


For the following exercises, describe the end 
behavior of the graphs of the functions. 


f(x)=-5(4)x-l 


As xo, f(x J>-— © ; 
As x—>— ©, f(x )>-1 


f(x)=3(12)x -2 


f(x)=3(4) -x +2 


As xo, f( x)—=2 ; 
As x>— ©, f( x ) >< 


For the following exercises, start with the graph of 
f(x )= 4x. Then write a function that results from 
the given transformation. 


Shift f(x) 4 units upward 


Shift f(x) 3 units downward 


f(x)=4x-3 


Shift f(x) 2 units left 


Shift f(x) 5 units right 


f(x)= 4x-5 


Reflect f(x) about the x-axis 


Reflect f(x) about the y-axis 


f(x)= 4 -x 


For the following exercises, each graph is a 
transformation of y= 2 x. Write an equation 
describing the transformation. 


y=-2x+3 


For the following exercises, find an exponential 
equation for the graph. 


y=-2(3)x +7 


Numeric 


For the following exercises, evaluate the exponential 
functions for the indicated value of x. 


g(x)= 13(7)x-2 for g(6). 


g(6)=800+ 1 3 ~800.3333 


f(x) =4 (2) x-—1 —2 for f(5). 


he) ==:12¢12)x +6 for h(=7). 
h(—7)= —58 

Technology 

For the following exercises, use a graphing 


calculator to approximate the solutions of the 
equation. Round to the nearest thousandth. 


—50=—- (12) -x 
116= 14(18)x 
Ke = 2.953 
12=2(3)x+1 
5=3(12)x-1 —-2 
x= —0.222 


~30=-4(2)x+2 +42 


Extensions 


Explore and discuss the graphs of F(x)= (b)x 

and G(x)= (1b)x. Then make a conjecture 
about the relationship between the graphs of 
the functions bx and (1b)x for any real 
number b>0. 


The graph of G(x)= (1b )x is the refelction 
about the y-axis of the graph of F(x)= bx; For 
any real number b>0O and function f(x)= bx, 
the graph of (1b )x is the the reflection 
about the y-axis, F(—x). 


Prove the conjecture made in the previous 
exercise. 


Explore and discuss the graphs of f(x)= 4x, 
g(x)= 4x-2,and h(x)=(116)4x. Then 
make a conjecture about the relationship 
between the graphs of the functions bx and ( 
1 bn)bx for any real number n and real 
number b>0. 


The graphs of g(x) and h(x) are the same and 
are a horizontal shift to the right of the graph of 
f(x); For any real number n, real number b>0, 


and function f(x)= bx, the graph of (1 bn) 
bx is the horizontal shift f(x—n). 


Prove the conjecture made in the previous 
exercise. 


Logarithmic Functions 
In this section, you will: 


* Convert from logarithmic to exponential form. 
* Convert from exponential to logarithmic form. 
¢ Evaluate logarithms. 

* Use common logarithms. 

* Use natural logarithms. 


Devastation of March 11, 2011 earthquake in 
Honshu, Japan. (credit: Daniel Pierce) 


In 2010, a major earthquake struck Haiti, destroying 
or damaging over 285,000 homes|[footnote]. One 
year later, another, stronger earthquake devastated 
Honshu, Japan, destroying or damaging over 
332,000 buildings, [footnote] like those shown in 
[link]. Even though both caused substantial damage, 
the earthquake in 2011 was 100 times stronger than 


the earthquake in Haiti. How do we know? The 
magnitudes of earthquakes are measured on a scale 
known as the Richter Scale. The Haitian earthquake 
registered a 7.0 on the Richter Scale[footnote] 
whereas the Japanese earthquake registered a 9.0. 
[footnote] 
http://earthquake.usgs.gov/earthquakes/ 
eqinthenews/2010/us201 0rja6/#summary. 
Accessed 3/4/2013.http://earthquake. usgs.gov/ 
earthquakes/eqinthenews/2011/usc0O001xgp/ 
#summary. Accessed 3/4/2013.http:// 

earthquake. usgs.gov/earthquakes/ 
eqinthenews/2010/us2010rja6/. Accessed 
3/4/2013.http://earthquake. usgs.gov/earthquakes/ 
eqinthenews/2011/uscO001xgp/#details. Accessed 
3/4/2013. 


The Richter Scale is a base-ten logarithmic scale. In 
other words, an earthquake of magnitude 8 is not 
twice as great as an earthquake of magnitude 4. It is 
10 8—4 = 10 4 =10,000 times as great! In this 
lesson, we will investigate the nature of the Richter 
Scale and the base-ten function upon which it 
depends. 


Converting from Logarithmic to 
Exponential Form 


In order to analyze the magnitude of earthquakes or 
compare the magnitudes of two different 


earthquakes, we need to be able to convert between 
logarithmic and exponential form. For example, 
suppose the amount of energy released from one 
earthquake were 500 times greater than the amount 
of energy released from another. We want to 
calculate the difference in magnitude. The equation 
that represents this problem is 10 x =500, where 
x represents the difference in magnitudes on the 
Richter Scale. How would we solve for x? 


We have not yet learned a method for solving 
exponential equations. None of the algebraic tools 
discussed so far is sufficient to solve 10 x =500. 
We know that 102 =100 and 103 =1000, so it 
is clear that x must be some value between 2 and 3, 
since y= 10x is increasing. We can examine a 
graph, as in [link], to better estimate the solution. 


x 
05 1 15 2 25 3 


Estimating from a graph, however, is imprecise. To 
find an algebraic solution, we must introduce a new 
function. Observe that the graph in [link] passes the 
horizontal line test. The exponential function y= b 
x is one-to-one, so its inverse, x= by isalsoa 
function. As is the case with all inverse functions, 
we simply interchange x and y and solve for y to 
find the inverse function. To represent y asa 
function of x, we use a logarithmic function of the 
form y= log b( x). The base b logarithm of a 
number is the exponent by which we must raise b 
to get that number. 


We read a logarithmic expression as, “The logarithm 
with base b of x is equal to y, ” or, simplified, “log 
base b of x is y. ” We can also say, “ b raised to 
the power of y is x, ” because logs are exponents. 
For example, the base 2 logarithm of 32 is 5, 
because 5 is the exponent we must apply to 2 to get 
32. Since 25 =32, wecan write log 232=5. We 
read this as “log base 2 of 32 is 5.” 


We can express the relationship between 
logarithmic form and its corresponding exponential 
form as follows: 

log b(x)=y@ by =x, b>0,b#1 


Note that the base b is always positive. 


=~" . 
Think 
log, (x) = 
ss 4 b to the y = x 
O 


Because logarithm is a function, it is most correctly 
written as log b (x), using parentheses to denote 
function evaluation, just as we would with f(x). 
However, when the input is a single variable or 
number, it is common to see the parentheses 
dropped and the expression written without 
parentheses, as log b x. Note that many calculators 
require parentheses around the x. 


We can illustrate the notation of logarithms as 
follows: 


rN 
log, (c) = a means b?=c 


to 


Notice that, comparing the logarithm function and 

the exponential function, the input and the output 

are switched. This means y= log b( x ) and y= b 
x are inverse functions. 


Definition of the Logarithmic Function 
logarithm base b of a positive number x 
satisfies the following definition. 
For x-0.b—0;b=1, 
= log b (x ) is equivalent to b y =x 
where, 


* weread log b(x) as, “the logarithm with 
base bof x “orthe log base bof x. 

¢ the logarithm y is the exponent to which b 
must be raised to get x. 


Iso, since the logarithmic and exponential 
functions switch the x and y values, the domain 
and range of the exponential function are 
interchanged for the logarithmic function. 
Therefore, 


* the domain of the logarithm function with 
base b is (0, °¢). 


* the range of the logarithm function with base 
b is (— ©,°0). 


Can we take the logarithm of a negative 
number? 

o. Because the base of an exponential function is 
always positive, no power of that base can ever be 
negative. We can never take the logarithm of a 
negative number. Also, we cannot take the logarithm 
of zero. Calculators may output a log of a negative 
number when in complex mode, but the log of a 
negative number is not a real number. 


Given an equation in logarithmic form log b (x 
)=y, convert it to exponential form. 


1. Examine the equation y= log bx and identify 
b,y,andx. 
2. Rewrite log bx=y as by =x. 


Converting from Logarithmic Form to 
Exponential Form 


Write the following logarithmic equations in 


exponential form. 


1.log6(6)=12 
2. log 3(9)=2 


First, identify the values of b,y,and x. Then, 
write the equation in the form by =x. 


1.log6(6)=12 


Here, b=6,y= 1 2 ,and x= 6. 
Therefore, the equation log6(6)= 1 2 
is equivalent to 612=6. 

.log 3(9)=2 


Here, b=3,y=2,and x=9. Therefore, the 
equation log 3 (9 )=2 is equivalent to 
32 =9. 


Write the following logarithmic equations in 
exponential form. 


1. log 10 ( 1,000,000 )=6 
2.log 5 (25 )=2 


1. log 10 ( 1,000,000 )=6 is equivalent to 
10 6 =1,000,000 


2. log 5 (25 )=2 is equivalent to 52 =25 


Converting from Exponential to 
Logarithmic Form 


To convert from exponents to logarithms, we follow 
the same steps in reverse. We identify the base b, 
exponent x, and output y. Then we write x= log b 


Cy ). 


Converting from Exponential Form to 
Logarithmic Form 


Write the following exponential equations in 
logarithmic form. 


1.23 =8 
LSPA AS) 
3.10 —4 = 1 10,000 


First, identify the values of b,y,andx. Then, 
write the equation in the form x= log b(y ). 


1.23 =8 


Here, b=2, x=3, and y=8. Therefore, 
the equation 2 3 =8 is equivalent to 
log 2 (8)=3. 

Wo = 29 


Here, b=5, x=2, and y=25. Therefore, 
the equation 5 2 =25 is equivalent to 
log 5 (25) =2. 

. 10 —4 = 1 10,000 


Here, b=10, x= —4, and y= 1 10,000. 
Therefore, the equation 10 —4 = 1 
10,000 is equivalent to log10(1 
10,000 )= —4. 


Write the following exponential equations in 
logarithmic form. 


1.3 2 =9 is equivalent to log 3 (9)=2 
2.5 3 =125 is equivalent to log 5 
(125) =3 


Bac. le 2 is equivalent to; log i 2 
)=-1 


Evaluating Logarithms 


Knowing the squares, cubes, and roots of numbers 
allows us to evaluate many logarithms mentally. For 
example, consider log 2 8. We ask, “To what 
exponent must 2 be raised in order to get 8?” 
Because we already know 2 3 =8, it follows that 
log 2 8=3. 


Now consider solving log 7 49 and _ log 3 27 
mentally. 


* We ask, “To what exponent must 7 be raised in 
order to get 49?” We know 7 2 =49. 
Therefore, log 7 49=2 

* We ask, “To what exponent must 3 be raised in 
order to get 27?” We know 33 =27. 
Therefore, log 3 27=3 


Even some seemingly more complicated logarithms 
can be evaluated without a calculator. For example, 
let’s evaluate log 2349 mentally. 


* We ask, “To what exponent must 23 be 
raised in order to get 49? ”Weknow 22 
=4 and 32 =9,so (23)2=49. 
Therefore, log23(49)=2. 


Given a logarithm of the form y= log b (x), 
evaluate it mentally. 


1. Rewrite the argument x as a power of b: by 
=X, 

2. Use previous knowledge of powers of b 
identify y by asking, “To what exponent 
should b be raised in order to get x? ” 


Solving Logarithms Mentally 


Solve y= log 4 (64 ) without using a 
calculator. 


First we rewrite the logarithm in exponential 
form: 4 y =64. Next, we ask, “To what 
exponent must 4 be raised in order to get 64?” 


We know 
43 =64 


Therefore, 
log (64) 4 =3 


Solve y= log 121 (11 ) without using a 
calculator. 


log 121(11)=12 (recalling that 121 = 
RA a Ie ta) 


Evaluating the Logarithm of a Reciprocal 


Evaluate y= log 3 (1 27 ) without using a 
calculator. 


First we rewrite the logarithm in exponential 
form: 3 y = 1 27. Next, we ask, “To what 
exponent must 3 be raised in order to get 1 
OO a sans 


We know 33 =27, but what must we do to 


get the reciprocal, 1 27 ? Recall from 
working with exponents that b -a = 1ba. 
We use this information to write 
3-3=133 = 1 27 


Therefore, log 3 (1 27 )=—3. 


Evaluate y= log 2 (1 32) without using a 
calculator. 


log 2(1.32)—=—5 


Using Common Logarithms 


Sometimes we may see a logarithm written without 
a base. In this case, we assume that the base is 10. 
In other words, the expression log( x ) means log 
10 (x ). We call a base-10 logarithm a common 
logarithm. Common logarithms are used to 
measure the Richter Scale mentioned at the 
beginning of the section. Scales for measuring the 


brightness of stars and the pH of acids and bases 
also use common logarithms. 


Definition of the Common Logarithm 
A common logarithm is a logarithm with base 
10. We write log 10 (x) simply as log( x ). The 
common logarithm of a positive number x satisfies 
the following definition. 
For x>0, 

=log( x ) is equivalent to 10 y =x 

, ‘the logarithm with base 10 
20, 1Oe bases O1ale xe. 

The logarithm y is the exponent to which 10 must 
be raised to get x. 


Given a common logarithm of the form y= log( 
x ), evaluate it mentally. 


1. Rewrite the argument x as a power of 10: 10 
oe 

2. Use previous knowledge of powers of 10 to 
identify y by asking, “To what exponent must 
10 be raised in order to get x? ” 


Finding the Value of a Common Logarithm 
Mentally 


Evaluate y=log(1000) without using a 


calculator. 


First we rewrite the logarithm in exponential 
form: 10 y =1000. Next, we ask, “To what 
exponent must 10 be raised in order to get 
1000?” We know 

10 3 =1000 


Therefore, log( 1000 )=3. 


Evaluate y=log(1,000,000). 


log(1,000,000) =6 


Given a common logarithm with the form 
ly =log( x ), evaluate it using a calculator. 


1. Press [LOG]. 
2. Enter the value given for x, followed by [) ]. 


3. Press [ENTER]. 


Finding the Value of a Common Logarithm 
Using a Calculator 


Evaluate y=log( 321 ) to four decimal places 
using a calculator. 


¢ Press [LOG]. 
¢ Enter 321, followed by [) ]. 
¢ Press [ENTER]. 


Rounding to four decimal places, log( 321 
) = 2.5065. 


Analysis 


Note that 10 2 =100 and that 103 =1000. 
Since 321 is between 100 and 1000, we know that 
log( 321 ) must be between log( 100 ) and log( 
1000 ). This gives us the following: 

100 < 321 < 10002 < 2.5065 < 3 


Evaluate y=log( 123 ) to four decimal places 
using a calculator. 


log( 123 )~ 2.0899 


Rewriting and Solving a Real-World 
Exponential Model 


The amount of energy released from one 
earthquake was 500 times greater than the 
amount of energy released from another. The 
equation 10x =500 represents this situation, 
where x is the difference in magnitudes on the 
Richter Scale. To the nearest thousandth, what 
was the difference in magnitudes? 


We begin by rewriting the exponential 
equation in logarithmic form. 

10 x =500 log( 500 ) =x 
Use the definition of the common log. 


Next we evaluate the logarithm using a 
calculator: 


* Press [LOG]. 

¢ Enter 500, followed by [) ]. 

¢ Press [ENTER]. 

* To the nearest thousandth, log( 500 
) = 2.699. 


The difference in magnitudes was about 
2.699. 


The amount of energy released from one 
earthquake was 8,500 times greater than the 
amount of energy released from another. The 
equation 10x =8500 represents this 
situation, where x is the difference in 


magnitudes on the Richter Scale. To the 
nearest thousandth, what was the difference in 
magnitudes? 


The difference in magnitudes was about 
3.929. 


Using Natural Logarithms 


The most frequently used base for logarithms is e. 
Base e logarithms are important in calculus and 
some scientific applications; they are called natural 
logarithms. The base e logarithm, log e (x ), has 


its own notation, In(x). 


Most values of In( x ) can be found only using a 
calculator. The major exception is that, because the 
logarithm of 1 is always 0 in any base, In1 =0. For 
other natural logarithms, we can use the In key that 
can be found on most scientific calculators. We can 
also find the natural logarithm of any power of e 
using the inverse property of logarithms. 


Definition of the Natural Logarithm 
A natural logarithm is a logarithm with base e. 
We write log e ( x ) simply as In( x ). The natural 
logarithm of a positive number x satisfies the 
following definition. 
For x>0, 

=In( x ) is equivalent to ey =x 


We read In( x ) as, “the logarithm with base e of 
x ” or “the natural logarithm of x. ” 

The logarithm y is the exponent to which e must 
be raised to get x. 

Since the functions y=e x and y=In(x ) are 
inverse functions, In( e x )=x for all x and e = 
In(x) x for x>0. 


Given a natural logarithm with the form y=In( 
x ), evaluate it using a calculator. 


1. Press [LN]. 
2. Enter the value given for x, followed by [) ]. 
3. Press [ENTER]. 


Evaluating a Natural Logarithm Using a 
Calculator 


Evaluate y=In( 500 ) to four decimal places 


using a calculator. 


* Press [LN]. 
¢ Enter 500, followed by [) ]. 
¢ Press [ENTER]. 


Rounding to four decimal places, 


In(500) = 6.2146 


Evaluate In(—500). 


It is not possible to take the logarithm of a 
negative number in the set of real numbers. 


Finding the domain of a logarithmic related 
function. 


Find the domain of the function, f(x) = log 8 ( 2x 
5) he 

Solution 

Recall that we cannot take logarithm of any 
negative number or zero, hence to find the domain 
of 


f(x) = log 8 (2x—5 ), we require that 2x—5>0. 
Hence x> 5 2 and the domain in interval notation 


is 


Coe 


Find the domain of the function f(x) = log 4 (x 2 
—1). 
Solution 


Since we cannot take logarithm of any negative 
number or zero, to find the domain of f(x) = log 4 ( 
x2—-1), 


We Tequitetiak we Ie) sence x — ion x 
and the domain in interval notation is 


( See WUE Teas 


Find the domain of the function f(x) = log 3 (x+2 
x—3). 

Solution 

Since we cannot take logarithm of any negative 
number or zero, to find the domain of f(x) = log 3 ( 
x+2x—3),we 


femUihe mich xe 26% a0 0 


Hence using a sign chart as before, the domain in 
interval notation is 


( =o 2 US ,co1) 


Access this online resource for additional 
instruction and practice with logarithms. 


¢ Introduction to Logarithms 


Key Equations 


Definition of the For x>0,b>0,b=#1, 
logarithmic function y= log b( x) if and only 
hw — x, 


Definition of the common For x>0, y=log( x ) if 


logzarithm and anlr if TN x7 = 
beatl © hercules aera ULI pan ltae ii iv J 


Definition of the natural For x>0, y=In(x ) if 
logarithm and only if ey =x. 


Key Concepts 


* The inverse of an exponential function is a 
logarithmic function, and the inverse of a 
logarithmic function is an exponential function. 

* Logarithmic equations can be written in an 
equivalent exponential form, using the 
definition of a logarithm. See [link]. 

* Exponential equations can be written in their 
equivalent logarithmic form using the 
definition of a logarithm See [link]. 


Logarithmic functions with base b can be 
evaluated mentally using previous knowledge 
of powers of b. See [link] and [link]. 
Common logarithms can be evaluated mentally 
using previous knowledge of powers of 10. See 
[link]. 

When common logarithms cannot be evaluated 
mentally, a calculator can be used. See [link]. 
Real-world exponential problems with base 10 
can be rewritten as a common logarithm and 
then evaluated using a calculator. See [link]. 
Natural logarithms can be evaluated using a 
calculator [link]. 


Section Exercises 


Verbal 


What is a base b logarithm? Discuss the 
meaning by interpreting each part of the 
equivalent equations by =x and log bx=y 
for b>0,b#1. 


A logarithm is an exponent. Specifically, it is 
the exponent to which a base b is raised to 
produce a given value. In the expressions given, 


the base b has the same value. The exponent, 
y, in the expression by can also be written as 
the logarithm, log b x, and the value of x is 
the result of raising b to the power of y. 


How is the logarithmic function f(x)= log b x 
related to the exponential function g(x)= bx? 
What is the result of composing these two 
functions? 


How can the logarithmic equation log bx=y 
be solved for x using the properties of 
exponents? 


Since the equation of a logarithm is equivalent 
to an exponential equation, the logarithm can 
be converted to the exponential equation by 
=x, and then properties of exponents can be 
applied to solve for x. 


Discuss the meaning of the common logarithm. 
What is its relationship to a logarithm with base 
b, and how does the notation differ? 


Discuss the meaning of the natural logarithm. 
What is its relationship to a logarithm with base 
b, and how does the notation differ? 


The natural logarithm is a special case of the 
logarithm with base b in that the natural log 
always has base e. Rather than notating the 

natural logarithm as log e (x ), the notation 
used is In( x ). 


Algebraic 


For the following exercises, rewrite each equation in 
exponential form. 


log 4 (q)=m 
log a (b)=c 
ac =b 

log 16 (y )=x 
log x (64 )=y 
xy =64 


log y(x)=-—11 


log 15(a)=b 


Lo ba 


log y (137 )=x 


log 13 (142 )=a 


13 a =142 


log(v) =t 


In(w)=n 


en =W 


For the following exercises, rewrite each equation in 
logarithmic form. 


4x =y 


ed =k 


log c (k)=d 


log 19 y=x 


x — 1013 =y 


n4 =103 


logn (103 )=4 


(75)m=n 


y x = 39100 


log y (39 100 )=x 


10a =b 


ek =h 


In(h) =k 


For the following exercises, solve for x by 
converting the logarithmic equation to exponential 
form. 


log 3 (x) =2 


log 2 (x)= —-3 


x=2-3=18 


log 5 (x) =2 


log 3(x)=3 


x= 33 =27 


log 2 (x) =6 


log 9 (x)= 12 


x= 912=3 


log 18 (x)=2 


log6(x)=-—3 


x= 6-3 = 1216 


log(x)=3 


ln(x)=2 


Xx=e2 


For the following exercises, use the definition of 
common and natural logarithms to simplify. 


log( 100 8 ) 


10 log(32) 


32 


2log(.0001) 


e In( 1.06 ) 
1.06 
In(e —5.03 ) 


eIn( 10.125 ) +4 


14.125 


Numeric 


For the following exercises, evaluate the base b 
logarithmic expression without using a calculator. 


log 3 (1 27 ) 


log 6(6) 


12 


log 2(18)+4 


6 log 8 (4) 


For the following exercises, evaluate the common 
logarithmic expression without using a calculator. 


log(10,000) 
log(0.001) 

—3 

log(1) +7 

2log( 100 —3) 


=12 


For the following exercises, evaluate the natural 
logarithmic expression without using a calculator. 


InCe13) 


In(1) 


In(e —0.225 )-—3 


25In(e25) 


10 


Technology 


For the following exercises, evaluate each 
expression using a calculator. Round to the nearest 
thousandth. 


log(0.04) 


In(15) 


2.708 


In( 45) 


log( 2 ) 


0.151 


In( 2 ) 


Extensions 


Is x=O in the domain of the function 
f(x) = log(x)? If so, what is the value of the 
function when x=0O? Verify the result. 


No, the function has no defined value for x=0. 
To verify, suppose x=0 is in the domain of the 
function f(x)=log(x). Then there is some 
number n such that n=log(0). Rewriting as an 
exponential equation gives: 10n =O, which is 
impossible since no such real number n exists. 
Therefore, x=O is not the domain of the 
function f(x) =log(x). 


Is f(x)=0 in the range of the function 
f(x) =log(x)? If so, for what value of x? Verify 
the result. 


Is there a number x such that Inx=2? If so, 
what is that number? Verify the result. 


Yes. Suppose there exists a real number x such 
that Inx=2. Rewriting as an exponential 
equation gives x= e 2, which is a real number. 
To verify, let x= e 2. Then, by definition, In( 
x )=In(e 2 )=2. 


Is the following true: log 3 (27) log 4 (1 64) 
=—1? Verify the result. 


Is the following true: In(e 1.725 ) In( 1) 
=1.725? Verify the result. 


No; In(1)=0,so In(e1.725)In( 1) is 
undefined. 


Real-World Applications 


The exposure index EI for a 35 millimeter 
camera is a measurement of the amount of light 
that hits the film. It is determined by the 
equation EI= log 2(f2t), where f is the “f- 
stop” setting on the camera, and t is the 
exposure time in seconds. Suppose the f-stop 


setting is 8 and the desired exposure time is 2 
seconds. What will the resulting exposure index 
be? 


Refer to the previous exercise. Suppose the light 
meter on a camera indicates an EI of —2, and 
the desired exposure time is 16 seconds. What 
should the f-stop setting be? 


The intensity levels I of two earthquakes 
measured on a seismograph can be compared 
by the formula log 1112 =M1—-M2 

where M is the magnitude given by the Richter 
Scale. In August 2009, an earthquake of 
magnitude 6.1 hit Honshu, Japan. In March 
2011, that same region experienced yet 
another, more devastating earthquake, this time 
with a magnitude of 9.0.[footnote] How many 
times greater was the intensity of the 2011 
earthquake? Round to the nearest whole 
number. 
http://earthquake.usgs.gov/earthquakes/ 
world/historical.php. Accessed 3/4/2014. 


Glossary 


common logarithm 
the exponent to which 10 must be raised to 
get x; log 10 (x) is written simply as log( x 
). 


logarithm 
the exponent to which b must be raised to 
get x; written y= log b(x) 


natural logarithm 
the exponent to which the number e must be 
raised to get x; log e( x) is written as In( x 


). 


Graphs of Logarithmic Functions 
In this section, you will: 


* Identify the domain of a logarithmic function. 
¢ Graph logarithmic functions. 


In Graphs of Exponential Functions, we saw how 
creating a graphical representation of an 
exponential model gives us another layer of insight 
for predicting future events. How do logarithmic 
graphs give us insight into situations? Because every 
logarithmic function is the inverse function of an 
exponential function, we can think of every output 
on a logarithmic graph as the input for the 
corresponding inverse exponential equation. In 
other words, logarithms give the cause for an effect. 


To illustrate, suppose we invest $2500 in an 
account that offers an annual interest rate of 5%, 
compounded continuously. We already know that 
the balance in our account for any year t can be 
found with the equation A=2500 e 0.05t . 


But what if we wanted to know the year for any 
balance? We would need to create a corresponding 
new function by interchanging the input and the 
output; thus we would need to create a logarithmic 
model for this situation. By graphing the model, we 
can see the output (year) for any input (account 
balance). For instance, what if we wanted to know 
how many years it would take for our initial 


investment to double? [link] shows this point on the 
logarithmic graph. 


Logarithmic Model Showing Years as a Function of the Balance in the Account 


Years 


The balance reaches 
$5000 near year 14 


0 500 : 1000 , 1600 ~ 2000 2500 : 3000 3500 , 4000 ‘ 4500 : 5000 , 5600 / 6000 
Account Balance 
In this section we will discuss the values for which a 
logarithmic function is defined, and then turn our 


attention to graphing the family of logarithmic 
functions. 


Finding the Domain of a Logarithmic 
Function 


Before working with graphs, we will take a look at 
the domain (the set of input values) for which the 
logarithmic function is defined. 


Recall that the exponential function is defined as 
y= bx for any real number x and constant b>0, 
b+#1, where 


* The domain of y is ( —~,- ). 


* The range of y is (0, ). 


In the last section we learned that the logarithmic 
function y= log b (x ) is the inverse of the 
exponential function y= bx. So, as inverse 
functions: 


* The domain of y= log b (x ) is the range of 
y= bx: (0,- ). 

* The range of y= log b (x ) is the domain of 
y= bx: (—-~, ), 


Transformations of the parent function y= log b (x 
) behave similarly to those of other functions. Just 
as with other parent functions, we can apply the 
four types of transformations—shifts, stretches, 
compressions, and reflections—to the parent 
function without loss of shape. 


In Graphs of Exponential Functions we saw that 
certain transformations can change the range of y= 
bx. Similarly, applying transformations to the 
parent function y= log b (x ) can change the 
domain. When finding the domain of a logarithmic 
function, therefore, it is important to remember that 
the domain consists only of positive real numbers. 
That is, the argument of the logarithmic function 
must be greater than zero. 


For example, consider f(x)= log 4 (2x—3 ). This 
function is defined for any values of x such that the 
argument, in this case 2x—3, is greater than zero. 


To find the domain, we set up an inequality and 
solve for x: 

2x —3>0 Show the argument greater than zero. 
2x >3 Add 3. x >1.5 Divide by 2. 


In interval notation, the domain of f(x)= log 4 ( 2x 
—3) is (1.5, ). 


Given a logarithmic function, identify the 
domain. 


1. Set up an inequality showing the argument 
greater than zero. 

2 solve tor xX. 

3. Write the domain in interval notation. 


Identifying the Domain of a Logarithmic 
Shift 


What is the domain of f(x)= log 2 (x+3)? 


The logarithmic function is defined only when 
the input is positive, so this function is defined 
when x+3>0. Solving this inequality, 
x+3>0 The input must be positive. x 

— 3 Subtract 3. 


The domain of f(x)= log 2 (x+3) is ( —3, 
i 


What is the domain of f(x)= log 5 (k—2)+1? 


Identifying the Domain of a Logarithmic 
Shift and Reflection 


What is the domain of f(x) =log(5 — 2x)? 


The logarithmic function is defined only when 
the input is positive, so this function is defined 
when 5-2x>0. Solving this inequality, 

5 —2x>0 The input must be positive. —2x> 

— 5 Subtract 5. Ke 

Divide by — 2 and switch the inequality. 


The domain of f(x) =log(5—2x) is (-~,5 2 
Ve 


What is the domain of f(x) =log(x—5)+ 2? 


Notice that the graphs of f(x )= 2x and g( x)= 
log 2 (x ) are reflections about the line y=x. 


Graphing Logarithmic Functions 


Now that we have a feel for the set of values for 
which a logarithmic function is defined, we move on 
to graphing logarithmic functions. The family of 
logarithmic functions includes the parent function 
y= log b (x ) along with all its transformations: 
shifts, stretches, compressions, and reflections. 


We begin with the parent function y= log b( x ). 
Because every logarithmic function of this form is 
the inverse of an exponential function with the form 
y= bx, their graphs will be reflections of each 
other across the line y=x. To illustrate this, we can 
observe the relationship between the input and 
output values of y= 2x and its equivalent x= log 
2 (y) in [link]. 


x ~~ w el a 0D 4 2 3 
2x 4-12 1 2 4 8 
=y 


Using the inputs and outputs from [link], we can 
build another table to observe the relationship 
between points on the graphs of the inverse 
functions f(x)= 2x and g(x)= log 2 (x). See 
[link]. 


e(x)=(185(14,(12,(1,0)(21)(4,2)(8,3) 
log 2 —-3) -2) -1) 
(x) 


As we’d expect, the x- and y-coordinates are 
reversed for the inverse functions. [link] shows the 
graph of f and g. 


Observe the following from the graph: 


* f(x)= 2x hasay-intercept at (0,1) and 
g(x)= log 2 (x ) has an x- intercept at (1,0). 

* The domain of f(x)= 2x,(— ~~, ), is the 
same as the range of g(x)= log 2 (x). 

* The range of f(x)= 2x,( 0, ), is the same as 
the domain of g(x)= log 2 (x). 


Characteristics of the Graph of the Parent Function, 


(x) = logo(xc) 
For any real number x and constant b>0, b~1, 


we can see the following characteristics in the 
graph of f(x)= log b (x): 


* one-to-one function 

* vertical asymptote: x=0 

* domain: (0,-) 

* range: ( — ©,°° ) 

* x-intercept: (1,0) and key point (b,1) 
* y-intercept: none 

* increasing if b>1 

* decreasing if 0<b<1 


See [link]. 


f(x) F(x) 


f(x) = log, (x) 
b>1 


f(x) = log, (x) 
O<b<1 


[link] shows how changing the base b in f(x)= 
log b (x ) can affect the graphs. Observe that the 
graphs compress vertically as the value of the base 
increases. (Note: recall that the function In( x ) has 
base e=~ 2.718.) 

The graphs of three logarithmic functions with 
different bases, all greater than 1. 


logs (x) 


Given a logarithmic function with the form 
f(x) = log b (x ), graph the function. 


. Draw and label the vertical asymptote, x=0. 

. Plot the x-intercept, (1,0 ). 

. Plot the key point (b,1 ). 

. Draw a smooth curve through the points. 

. State the domain, ( 0,°° ), the range, ( 
—oo,co ), and the vertical asymptote, x=0. 


Graphing a Logarithmic Function with the 
Form f(x) = logb(x). 


Graph f(x)= log 5 (x ). State the domain, 
range, and asymptote. 


Before graphing, identify the behavior and key 
points for the graph. 


* Since b=5 is greater than one, we know 
the function is increasing. The left tail of 
the graph will approach the vertical 
asymptote x=O, and the right tail will 
increase slowly without bound. 

* The x-intercept is (1,0 ). 

* The key point (5,1 ) is on the graph. 

* We draw and label the asymptote, plot 
and label the points, and draw a smooth 
curve through the points (see [link]). 


f(x) = logs (x) 


(5, 1) 


The domain is ( 0,-° ), the range is ( — %, 00 


), and the vertical asymptote is x=0. 


Graph f(x)= log 1 5 (x). State the domain, 
range, and asymptote. 


The domain is (0,°° ), the range is ( — %,° 
), and the vertical asymptote is x=0. 


Graphing Transformations of Logarithmic 


Functions 


As we mentioned in the beginning of the section, 
transformations of logarithmic graphs behave 
similarly to those of other parent functions. We can 
shift, stretch, compress, and reflect the parent 
function y= log b (x ) without loss of shape. 


Graphing a Horizontal Shift of fx) = logb(x) 


When a constant c is added to the input of the 
parent function f(x)=lo g b (x), the result is a 
horizontal shift c units in the opposite direction of 
the sign on c. To visualize horizontal shifts, we can 
observe the general graph of the parent function 
f(x) = log b (x ) and for c>0 alongside the shift 
left, g(x) = log b (x+c ), and the shift right, h(x)= 
log b (x—c ). See [link]. 


Shift left Shift right 
G(x) = logy(x + c) h(x) = loga(x — c) 


f(x) = log, (x) 


1] h(x) = logy (x — c) 


*The asymptote changes to x = —c. «The asymptote changes to x = c. 
*The domain changes to (—c, ~). «The domain changes to (c, *). 
«The range remains (—2., *). «The range remains (~~, *). 


Horizontal Shifts of the Parent Function y = 
logo(x) 
For any constant c, the function f(x)= log b(x+c 


) 


shifts the parent function y= log b (x ) left c 


units if c>0. 

shifts the parent function y= log b (x ) right 
eunits fe 0: 

has the vertical asymptote x= —c. 

has domain ( —c,°° ). 

has range ( —-~,° ). 


Given a logarithmic function with the form 
f(x) = log b (x+c ), graph the translation. 


1. Identify the horizontal shift: 


1. If c>0, shift the graph of f(x)= log b (x 
) left c units. 

2. If c<0O, shift the graph of f(x)= log b (x 
) right c units. 


2. Draw the vertical asymptote x= —c. 

3. Identify three key points from the parent 
function. Find new coordinates for the shifted 
functions by subtracting c from the x 
coordinate. 

4. Label the three points. 


5. The Domain is ( —c,- ), the range is ( 
—oo,co ), and the vertical asymptote is x= 


al Gs 


Graphing a Horizontal Shift of the Parent 
Function y = logb(x) 


Sketch the horizontal shift f(x) = log 3 (k—2) 


alongside its parent function. Include the key 
points and asymptotes on the graph. State the 
domain, range, and asymptote. 


Since the function is f(x)= log 3 (x—2), we 
notice x+( —2 )=x-2. 


Thus c= —2, so c<O. This means we will 
shift the function f(x)= log 3 (x) right 2 units. 


The vertical asymptote is x= —(—2) or x=2. 


Consider the three key points from the parent 
function s(C 3. —1)e 0 60 )andi Gs. 15): 


The new coordinates are found by adding 2 to 
the x coordinates. 


Label theypointse(:7- 34 — 1))(3.0)),-and st oa 
): 


The domain is ( 2,°° ), the range is ( — ~,° 
), and the vertical asymptote is x=2. 


Sketch a graph of f(x)= log 3 (x+ 4) 
alongside its parent function. Include the key 
points and asymptotes on the graph. State the 
domain, range, and asymptote. 


x=-4 x=0 


f(x) = logg (x + 4) 


The domain is ( —4, ), the range ( — ~, 
), and the asymptote x =-4. 


Graphing a Vertical Shift of y = logb(x) 


When a constant d is added to the parent function 
f(x) = log b (x ), the result is a vertical shift d units 
in the direction of the sign on d. To visualize 
vertical shifts, we can observe the general graph of 
the parent function f(x)= log b (x ) alongside the 
shift up, g(x) = log b (x )+d and the shift down, 
h(x)= log b (x )—d. See [link]. 


Shift up Shift down 
(x) = log,(x) + d h(x) = log,(x) — d 


g(x) = log, (x) + d 


F(x) = logy (x) 


f(x) = log, (x) 


h(x) = logy (x) — d 


«The asymptote remains x = 0. *The asymptote remains x = 0. 
«The domain remains to (0, ~). «The domain remains to (0, ~). 
*The range remains (—, ~). *The range remains (—~, *). 


ertical Shifts of the Parent Function y = logb(x) 
For any constant d, the function f(x)= log b (x 
) Fd 


shifts the parent function y= log b( x) up d 
units if d>0. 

shifts the parent function y= log b (x ) down 
d units if d<0. 

has the vertical asymptote x=0. 

has domain (0,° ). 

has range ( — ~,° ). 


Given a logarithmic function with the form 
f(x) = log b (x )+d, graph the translation. 


1. Identify the vertical shift: 


* If d>O0, shift the graph of f(x)= log b (x 
) up d units. 

* If d<0O, shift the graph of f(x)= log b (x 
) down d units. 


. Draw the vertical asymptote x=0. 

. Identify three key points from the parent 
function. Find new coordinates for the shifted 
functions by adding d to the y coordinate. 

. Label the three points. 

. The domain is (0, ), the range is ( — ~, 
), and the vertical asymptote is x=0. 


Graphing a Vertical Shift of the Parent 
Function y = logb(x) 


Sketch a graph of f(x)= log 3 (x)-—2 
alongside its parent function. Include the key 
points and asymptote on the graph. State the 
domain, range, and asymptote. 


Since the function is f(x)= log 3 (x)—2, we 
will notice d=-2. Thus d<0O. 


This means we will shift the function f(x) = 
log 3 (x) down 2 units. 


The vertical asymptote is x=0. 


Consider the three key points from the parent 
function, (13,-—1), (1,0), and (3,1 ). 


The new coordinates are found by subtracting 
2 from the y coordinates. 


labelthe poimtss( 13. —> ), (1. —2 )) andi (3; 
—1). 


The domain is ( 0,-° ), the range is ( — %, 00 
), and the vertical asymptote is x=0. 


y = logs (x) 


The domain is (0,°° ), the range is ( — ~,° 
), and the vertical asymptote is x=0. 


Sketch a graph of f(x)= log 2 (x) +2 
alongside its parent function. Include the key 
points and asymptote on the graph. State the 
domain, range, and asymptote. 


The domain is (0,-° ), the range is ( — %, °° 
), and the vertical asymptote is x=0. 


Graphing Stretches and Compressions of y = 
logb(x) 


When the parent function f(x)= log b (x ) is 
multiplied by a constant a>0, the result is a 
vertical stretch or compression of the original graph. 
To visualize stretches and compressions, we set 

a>1 and observe the general graph of the parent 
function f(x)= log b (x ) alongside the vertical 
stretch, g(x)=a log b (x ) and the vertical 
compression, h(x)= 1 a log b (x ). See [link]. 


Vertical Stretch Vertical Compression 
g(x) = alog,(x), a> 1 h(x) = 4log,(x), a> 1 


g(x) = alogy (x) 


£(X) = logy (x) F(x) = logy (x) 


h(x) = log, (x) 


«The asymptote remains x = 0. «The asymptote remains x = 0. 
The x-intercept remains (1, 0). *The x-intercept remains (1, 0). 
*The domain remains (0, ~). *The domain remains (0, *). 
*The range remains (—:., ). *The range remains (—<, %). 


ertical Stretches and Compressions of the Parent 
Function y = logo(xc) 
For any constant a>1, the function f(x)=a log b ( 


stretches the parent function y= log b(x ) 

vertically by a factor of a if a>1. 

* compresses the parent function y= log b (x ) 
vertically by a factor of a if O<a<1. 

¢ has the vertical asymptote x=0. 

* has the x-intercept (1,0 ). 

¢ has domain (0,°¢ ). 

* has range ( — ~,° ). 


Given a logarithmic function with the form 
f(x) =a log b (x ), a>0, graph the translation. 


1. Identify the vertical stretch or compressions: 


- If ja|>1, the graph of f(x)= log b (x ) 
is stretched by a factor of a units. 

- If ja|<1, the graph of f(x)= log b( x ) 
is compressed by a factor of a units. 


. Draw the vertical asymptote x=0. 

. Identify three key points from the parent 
function. Find new coordinates for the shifted 
functions by multiplying the y coordinates by 


a. 

. Label the three points. 

. The domain is (0, ), the range is ( — ~, 
), and the vertical asymptote is x=0. 


Graphing a Stretch or Compression of the 
Parent Function y = logb(x) 


Sketch a graph of f(x) =2 log 4 (x) alongside 


its parent function. Include the key points and 
asymptote on the graph. State the domain, 
range, and asymptote. 


Since the function is f(x) =2 log 4 (x), we will 
notice a=2. 


This means we will stretch the function f(x) = 
log 4 (x) by a factor of 2. 


The vertical asymptote is x=0. 


Consider the three key points from the parent 
function, (14,-1),( 1,0), and ( 4,1 ). 


The new coordinates are found by multiplying 
the y coordinates by 2. 


Label the points (14,—2), (1,0), and (4,2 
Ve 


The domain is (0, e ), the range is ( — ~, 0 
), and the vertical asymptote is x=0. See 
[link]. 


f(x) = 2 log, (x) 


y = log, (x) 


+ 


The domain is ( 0,-° ), the range is ( — ~, °° 
), and the vertical asymptote is x=0. 


Sketch a graph of f(x)= 12 log 4 (x) 


alongside its parent function. Include the key 
points and asymptote on the graph. State the 
domain, range, and asymptote. 


x 
ll 
f=) 


y = log, (x) 
f(x) = Flog, (x) 


4 
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The domain is ( 0,-° ), the range is ( — %, 0° 
), and the vertical asymptote is x=0. 


Combining a Shift and a Stretch 


Sketch a graph of f(x) =5log(x+2). State the 
domain, range, and asymptote. 


Remember: what happens inside parentheses 
happens first. First, we move the graph left 2 
units, then stretch the function vertically by a 
factor of 5, as in [link]. The vertical asymptote 
will be shifted to x= —2. The x-intercept will 
be (—1,0). The domain will be ( —2,° ). 
Two points will help give the shape of the 
graph: (—1,0) and (8,5). We chose x=8 as 


the x-coordinate of one point to graph because 
when x=8, x+2=10, the base of the 
common logarithm. 


y = 5log(x + 2) 


—_+ 


-3 -2/"n ° 


The domain is ( —2,- ), the range is ( 
—co,co ), and the vertical asymptote is x= 
=e. 


Sketch a graph of the function f(x) =3log(x 


—2)+1. State the domain, range, and 
asymptote. 


sscaP\Pbsssassasasaseasans 


The domain is ( 2,0 ), the range is ( — %,°0 
), and the vertical asymptote is x=2. 


Graphing Reflections of f(x) = logb(x) 


When the parent function f(x)= log b (x ) is 
multiplied by —1, the result is a reflection about 
the x-axis. When the input is multiplied by —1, the 
result is a reflection about the y-axis. To visualize 
reflections, we restrict b>1, and observe the 
general graph of the parent function f(x)= log b (x 
) alongside the reflection about the x-axis, g(x) = 
—log b (x ) and the reflection about the y-axis, 
h(x)= log b ( —x). 


Reflection about the x-axis Reflection about the y-axis 
g(x)=—log, x, b>1 h(x) = log,(—x), b > 1 


h(x) = log, (—x) f(x) = logy (x) 


- xX 
«The reflected function is decreasing as x moves The reflected function is decreasing as x moves 
from zero to infinity. from negative infinity to zero. 
*The asymptote remains x = 0. *The asymptote remains x = 0. 
«The x-intercept remains (1, 0). The x-intercept changes to (—1, 0). 
*The key point changes to (b~+, 1) *The key point changes to (—b, 1) 
«The domain remains (0, ~). «The domain changes to (—*, 0). 
*The range remains (—=, %). *The range remains (—=, *). 


Reflections of the Parent Function y = logb(x) 
The function f(x)= —log b( x) 


* reflects the parent function y= log b (x ) 
about the x-axis. 

* has domain, (0, ), range, ( —~,- ), and 
vertical asymptote, x =0, which are 
unchanged from the parent function. 


The function f(x)= log b( —x) 


- reflects the parent function y= log b (x ) 
about the y-axis. 


¢ has domain ( — ~,0 ). 

* has range, ( — ~, ), and vertical asymptote, 
x= 0, which are unchanged from the parent 
function. 


Given a logarithmic function with the parent 
function f(x)= log b (x ), graph a translation. 
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1. State the domain, ( 0;=>,)) thehangegd, ( 
—oo,co ), and the vertical asymptote 
x=0. 


Graphing a Reflection of a Logarithmic 
Function 


Sketch a graph of f(x) =log(—x) alongside its 


parent function. Include the key points and 
asymptote on the graph. State the domain, 
range, and asymptote. 


Before graphing f(x) =log(—x), identify the 
behavior and key points for the graph. 


* Since b=10 is greater than one, we know 
that the parent function is increasing. 
Since the input value is multiplied by —1, 
f is a reflection of the parent graph about 
the y-axis. Thus, f(x) =log(—x) will be 
decreasing as x moves from negative 
infinity to zero, and the right tail of the 
graph will approach the vertical 
asymptote x=0. 

* The x-interceptis ( — 107). 

* We draw and label the asymptote, plot 
and label the points, and draw a smooth 
curve through the points. 


f(x) = log (—x) y = log (x) 
(—10, 0) (10, 0) 


The domain is ( — ~,0 ), the range is ( 
—oo,co ), and the vertical asymptote is x=0. 


Graph f(x) = —log(—x). State the domain, 
range, and asymptote. 


The domain is ( — ~,0 ), the range is ( 
—oo,co ), and the vertical asymptote is x=0. 


Given a logarithmic equation, use a graphing 
calculator to approximate solutions. 


if 


Press [Y=]. Enter the given logarithm 
equation or equations as Y1= and, if needed, 
Y2=. 


. Press [GRAPH] to observe the graphs of the 


curves and use [WINDOW] to find an 
appropriate view of the graphs, including their 
point(s) of intersection. 


. To find the value of x, we compute the point 


of intersection. Press [Z2ND] then [CALC]. 
Select “intersect” and press [ENTER] three 
times. The point of intersection gives the value 
of x, for the point(s) of intersection. 


Approximating the Solution of a 
Logarithmic Equation 


Solve 4In( x )+1=-—2In( x—1 ) graphically. 
Round to the nearest thousandth. 


Press [Y=] and enter 4ln( x )+1 next to 
Yi=. Then enter —2In( x—1 ) next to Y2=. 
For a window, use the values 0 to 5 for x and 
-10 to 10 for y. Press [GRAPH]. The graphs 
should intersect somewhere a little to right of 
Xx=1. 


For a better approximation, press [2ND] then 
[CALC]. Select [5: intersect] and press 
[ENTER] three times. The x-coordinate of the 
point of intersection is displayed as 
1.3385297. (Your answer may be different if 
you use a different window or use a different 
value for Guess?) So, to the nearest 
thousandth, x~ 1.339. 


Solve 5log(x+2 )=4-—log( x ) graphically. 
Round to the nearest thousandth. 


Summarizing Translations of the Logarithmic 
Function 


Now that we have worked with each type of 
translation for the logarithmic function, we can 
summarize each in [link] to arrive at the general 
equation for translating exponential functions. 


Translations of the 
Parent Function y= log 


i ey iii 
Transiation rorm 
Shift y= log b(x+c)+d 


* Horizontally c units to the left 
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Stretch and Compress y=alogb(x) 


- Stretch if | a|>1 
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General equation for all y=a log b (x+c)+d 


translations 


Translations of Logarithmic Functions 


All translations of the parent logarithmic function, 
y= log b (x ), have the form 

f(x) =a log b(x+c)+d 

where the parent function, y= log b (x ),b>1, is 


shifted vertically up d units. 

shifted horizontally to the left c units. 
stretched vertically by a factor of | a| if | a| 
> 0. 

compressed vertically by a factor of | a | if 
Oe ayes 

reflected about the x-axis when a<0O. 


For f( x )=log( —x ), the graph of the parent 
function is reflected about the y-axis. 


Finding the Vertical Asymptote of a 
Logarithm Graph 


What is the vertical asymptote of f(x) = —2 log 
BAK aoe 


The vertical asymptote is at x= — 4. 
Analysis 
The coefficient, the base, and the upward 


translation do not affect the asymptote. The shift of 
the curve 4 units to the left shifts the vertical 


What is the vertical asymptote of 
f(x) =3+I1In(x-1)? 


Finding the Equation from a Graph 


Find a possible equation for the common 
logarithmic function graphed in [link]. 


f(x) 


This graph has a vertical asymptote at x =-2 
and has been vertically reflected. We do not 
know yet the vertical shift or the vertical 
stretch. We know so far that the equation will 
have form: 

f(x) = —alog(x+2)+k 


It appears the graph passes through the points 
(-1,1 ) and (2,-1 ). Substituting (-1,1 ), 
1= —alog(—1+2)+k Substitute (— 1,1). 
1 = —alog(1)+k Arithmetic. 1 =k log(1) =0. 


Next, substituting in ( 2,-1 ), 
—1=—alog(2+2)+1 Plug in (2,-1). -—2= 
—alog(4) Arithmetic. a= 2 log(4) 

Solve for a. 


This gives us the equation f(x) =— 2 log(4) 
logGc-- 2); 1: 


nalysis 


We can verify this answer by comparing the 
function values in [link] with the points on the 
graph in [link]. 
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Give the equation of the natural logarithm 
graphed in [link]. 


f(x) = 2In(x+3)-1 


Is it possible to tell the domain and range and 
describe the end behavior of a function just by 


looking at the graph? 

Yes, if we know the function is a general logarithmic 
nction. For example, look at the graph in [link]. The 
aph approaches x= —3 (or thereabouts) more and 

more closely, so x= —3 is, or is very close to, the 

ertical asymptote. It approaches from the right, so the 
domain is all points to the right, {x|x> —3}. The 
range, as with all general logarithmic functions, is all 
real numbers. And we can see the end behavior 
because the graph goes down as it goes left and up as it 

oes right. The end behavior is that as x—>— 3 + 
fOEQ—>-- and as x>~,frX>~. 


Access these online resources for additional 
instruction and practice with graphing logarithms. 


¢ Graph an Exponential Function and 


Logarithmic Function 

¢ Match Graphs with Exponential and 
Logarithmic Functions 

¢ Find the Domain of Logarithmic Functions 


Key Equations 


General Form for the f(x)=a log b(x+c)+d 
Translation of the Parent 

Logarithmic Function 

f(x)= log b( x) 


Key Concepts 


To find the domain of a logarithmic function, 
set up an inequality showing the argument 
greater than zero, and solve for x. See [link] 
and [link] 

The graph of the parent function f(x)= log b ( 
x ) has an x-intercept at (1,0 ), domain ( 0, °° 
), range ( — ~,o° ), vertical asymptote x=0, 
and 


© if b>1, the function is increasing. 
© if 0<b<1, the function is decreasing. 


See [link]. 
The equation f(x)= log b (x+c ) shifts the 
parent function y= log b (x ) horizontally 


© left c units if c>0. 
© right c units if c<0. 


See [link]. 
The equation f(x)= log b (x )+d shifts the 
parent function y= log b (x ) vertically 


© up d units if d>0. 
© down d units if d<0. 


See [link]. 
¢ For any constant a>0, the equation f(x)=a log 
b(x) 


© stretches the parent function y= log b (x 
) vertically by a factor of a if |a|>1. 

© compresses the parent function y= log b ( 
x ) vertically by a factor of a if |a| <1. 


See [link] and [link]. 

* When the parent function y= log b( x) is 
multiplied by —1, the result is a reflection 
about the x-axis. When the input is multiplied 
by —1, the result is a reflection about the y- 
axis. 


© The equation f(x)= — log b(x) 
represents a reflection of the parent 
function about the x-axis. 

© The equation f(x)= log b( —x) 
represents a reflection of the parent 
function about the y-axis. 


See [link]. 
© A graphing calculator may be used to 


approximate solutions to some logarithmic 
equations See [link]. 


¢ All translations of the logarithmic function can 
be summarized by the general equation 
f(x) =a log b(x+c)+d. See [link]. 

* Given an equation with the general form 
f(x) =a log b (x+c )+d, we can identify the 
vertical asymptote x= —c for the 
transformation. See [link]. 

* Using the general equation f(x)=a log b(x+c 
)+d, we can write the equation of a 
logarithmic function given its graph. See [link]. 


Section Exercises 


Verbal 


The inverse of every logarithmic function is an 
exponential function and vice-versa. What does 
this tell us about the relationship between the 
coordinates of the points on the graphs of each? 


Since the functions are inverses, their graphs 
are mirror images about the line y=x. So for 
every point (a,b) on the graph of a logarithmic 
function, there is a corresponding point (b,a) 
on the graph of its inverse exponential function. 


What type(s) of translation(s), if any, affect the 
range of a logarithmic function? 


What type(s) of translation(s), if any, affect the 
domain of a logarithmic function? 


Shifting the function right or left and reflecting 
the function about the y-axis will affect its 
domain. 


Consider the general logarithmic function 
f(x) = log b (x ). Why can’t x be zero? 


Does the graph of a general logarithmic 
function have a horizontal asymptote? Explain. 


No. A horizontal asymptote would suggest a 
limit on the range, and the range of any 
logarithmic function in general form is all real 
numbers. 


Algebraic 


For the following exercises, state the domain and 
range of the function. 


f(x)= log 3 (x+4) 


h(x) =In( 12 -x) 


Domain: ( — ©, 1 2); Range: ( —~,° ) 


g(x)= log 5( 2x+9 )-2 


h(x) =In( 4x +17 )-5 


Domain: ( — 174, ); Range: ( — ©, ) 


f(x)= log 2(12-—3x)-3 


For the following exercises, state the domain and 
the vertical asymptote of the function. 


f(x) = log b (K—5) 


Domain: (5, ); Vertical asymptote: x=5 


g(x) =In(3 —x) 


f(x) =log(3x + 1) 


Domain: ( — 13, ); Vertical asymptote: x= 
—-13 


f(x) = 3log(—x)+2 


g(x) = —In(8x+9)-7 


Domain: ( —3, ); Vertical asymptote: x= —3 


For the following exercises, state the domain, 
vertical asymptote, and end behavior of the 
function. 


f(x) =In( 2--x ) 


f(x) =log( x—- 37) 


Domain: (3 7, © ); 
Vertical asymptote: x= 3 7 ; End behavior: as 
Xx>(37)+ ,f(K)~-— © and as x>~, f(x) ~ 


h(x) = —log( 3x-4)+3 


g(x) =In( 2x+6)-—5 


Domain: ( —3,° ) ; Vertical asymptote: x= —3 


End behavior: as x>— 3 + , f(x)—>— © and as 
X—>0o, f(x) 00 


f(x)= log 3 (15—5x )+6 


For the following exercises, state the domain, range, 
and x- and y-intercepts, if they exist. If they do not 
exist, write DNE. 


h(x)= log 4(x-1)+1 


Domain: (1, ); Range: ( — ©, ); Vertical 
asymptote: x=1; x-intercept: (5 4 ,0 ); y- 
intercept: DNE 


f(x) =log(5x+10)+3 
g(x) =In( -—x)-2 


Domain: ( — ~,0 ); Range: ( — ~,° ); Vertical 
asymptote: x=0; x-intercept: ( — e 2,0); y- 
intercept: DNE 


f(x)= log2(x+2)-—5 


h(x) =3ln( x )-9 


Domain: (0, ); Range: ( — ©, ); Vertical 
asymptote: x=0; x-intercept: (e 3 ,0 ); y- 
intercept: DNE 


Graphical 


For the following exercises, match each function in 
[link] with the letter corresponding to its graph. 


d(x) =log( x ) 


f(x) = In(x) 


g(x)= log 2 (x) 


h(x)= log 5( x) 


jQ)= log 25 (x) 


For the following exercises, match each function in 
[link] with the letter corresponding to its graph. 


f(x)= log 13 (x) 


g(x)= log 2 (x) 


h(x)= log 34( x) 


C 


For the following exercises, sketch the graphs of 
each pair of functions on the same axis. 


f(x) =log(x) and g(x)= 10x 


f(x) =log(x) and g(x)= log 1 2 (x) 


f(x) = log(x) 


x 
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g(x) = loga(x) 


f(x) = log 4 (x) and g(x) =In(x) 


f(x)= ex and g(x)=In(x) 


For the following exercises, match each function in 
[link] with the letter corresponding to its graph. 


f(x)= log 4( —x+2) 


g(x)= — log 4(x+2) 


h(x)= log 4(x+2) 


For the following exercises, sketch the graph of the 
indicated function. 


f(x) = log 2 (x+2) 


f(x) = 2log(x) 


f(x) =In(-— x) 


g(x) =log( 4x+16 )+4 


g(x) =log( 6—3x )+1 


h(x)=—-— 121In(x+1)-3 


For the following exercises, write a logarithmic 
equation corresponding to the graph shown. 


Use y= log 2 (x) as the parent function. 


f(x) = log 2 (—(x-1)) 


Use f(x)= log 3 (x) as the parent function. 


Use f(x)= log 4 (x) as the parent function. 


f(x) =3 log 4 (x+2) 


Use f(x)= log 5 (x) as the parent function. 


Technology 
For the following exercises, use a graphing 


calculator to find approximate solutions to each 
equation. 


log( x—-1)+2=In(x-1)+2 


* 
II 
i) 


log( 2x-—3 )+2= —log( 2x—3)+5 


In(x—2 )= —In(x+1 ) 


X= 2.303 


2In(5x+1)= 12 In( —5x)+1 


1 3 log( 1—x )=log(x+1)+13 


x= —0.472 


Extensions 


Let b be any positive real number such that 
b#1. What must log b1 be equal to? Verify 
the result. 


Explore and discuss the graphs of f(x)= log 1 2 
(x) and g(x)=— log 2(x). Makea 
conjecture based on the result. 


The graphs of f(x)= log 12(x) and g(x)=— 
log 2 (x ) appear to be the same; Conjecture: 
for any positive base b#1, logb(x)=-— log 
1b(x). 


Prove the conjecture made in the previous 
exercise. 


What is the domain of the function f(x) =In( x 
+2x-—4)? Discuss the result. 


Recall that the argument of a logarithmic 
function must be positive, so we determine 
where x+2x-—4 >0O . From the graph of the 
function f(x )= x+2 x—4, note that the 
graph lies above the x-axis on the interval ( 
—co,—2) and again to the right of the vertical 
asymptote, that is (4, ). Therefore, the 
domain is ( — %°,—2 )U( 4, ). 


Use properties of exponents to find the x- 
intercepts of the function f(x) =log( x 2 + 4x 
+4) algebraically. Show the steps for solving, 
and then verify the result by graphing the 
function. 


Logarithmic Properties 
In this section, you will: 


* Use the product rule for logarithms. 

¢ Use the quotient rule for logarithms. 

* Use the power rule for logarithms. 

* Expand logarithmic expressions. 

* Condense logarithmic expressions. 

* Use the change-of-base formula for logarithms. 


The pH of hydrochloric acid is tested with litmus 
paper. (credit: David Berardan) 


In chemistry, pH is used as a measure of the acidity 


or alkalinity of a substance. The pH scale runs from 
0 to 14. Substances with a pH less than 7 are 
considered acidic, and substances with a pH greater 
than 7 are said to be alkaline. Our bodies, for 
instance, must maintain a pH close to 7.35 in order 
for enzymes to work properly. To get a feel for what 
is acidic and what is alkaline, consider the following 
pH levels of some common substances: 


* Battery acid: 0.8 

¢ Stomach acid: 2.7 

* Orange juice: 3.3 

¢ Pure water: 7 (at 25° C) 

¢ Human blood: 7.35 

¢ Fresh coconut: 7.8 

* Sodium hydroxide (lye): 14 


To determine whether a solution is acidic or 
alkaline, we find its pH, which is a measure of the 
number of active positive hydrogen ions in the 
solution. The pH is defined by the following 
formula, where a is the concentration of hydrogen 
ion in the solution 

pH=—log(f[H+]) =log(1[H+]) 


The equivalence of —log( [H + ]) and log(1[H 


+ ] ) is one of the logarithm properties we will 
examine in this section. 


Using the Product Rule for Logarithms 


Recall that the logarithmic and exponential 
functions “undo” each other. This means that 
logarithms have similar properties to exponents. 
Some important properties of logarithms are given 
here. First, the following properties are easy to 
prove. 

log b1=0 log bb=1 


For example, log 5 1=0 since 50 =1. And log5 
5=1 since 51 =5. 


Next, we have the inverse property. 
logb(bx)=x blogbx =x,x>0 


For example, to evaluate log( 100 ), we can rewrite 
the logarithm as log 10 (10 2 ), and then apply the 
inverse property log b( bx )=x to get log 10(10 
2 )=2. 


To evaluate eln( 7 ) , we can rewrite the logarithm 
as eloge/7, and then apply the inverse property 
b log bx =x to get eloge7 =7. 


Finally, we have the one-to-one property. 
log b M= log DN if and only if M=N 


We can use the one-to-one property to solve the 
equation log 3 (3x )= log 3(2x+5 ) for x. Since 
the bases are the same, we can apply the one-to-one 
property by setting the arguments equal and solving 
for x: 

3x=2x+5 Set the arguments equal. x=5 


Subtract 2x. 


But what about the equation log 3 (3x )+ log 3 ( 

2x+5 )=2? The one-to-one property does not help 
us in this instance. Before we can solve an equation 
like this, we need a method for combining terms on 
the left side of the equation. 


Recall that we use the product rule of exponents to 
combine the product of exponents by adding: xax 
b = xa+b. We havea similar property for 
logarithms, called the product rule for logarithms, 
which says that the logarithm of a product is equal 
to a sum of logarithms. Because logs are exponents, 
and we multiply like bases, we can add the 
exponents. We will use the inverse property to 
derive the product rule below. 


Given any real number x and positive real numbers 
M,N, and b, where b#1, we will show 
log b( MN )= log b(M)+ log b(N ). 


Let m= log bM and n= log DN. In exponential 
form, these equations are bm =M and bn =N. 
It follows that 

log b( MN ) = logb(bmbn) 

Substitute for M and N. = log b(bm+n) 

Apply the product rule for exponents. =m+n 
Apply the inverse property of logs. = log b(M )+ 
log b (N ) Substitute for m and n. 


Note that repeated applications of the product rule 


for logarithms allow us to simplify the logarithm of 
the product of any number of factors. For example, 
consider log b (wxyz). Using the product rule for 
logarithms, we can rewrite this logarithm of a 
product as the sum of logarithms of its factors: 

log b (wxyz)= log bw+ log bx+ log by+ log bz 


The Product Rule for Logarithms 

The product rule for logarithms can be used to 
simplify a logarithm of a product by rewriting it as 
a sum of individual logarithms. 

log b (MN)= log b(M)+ log b(N ) for b>0 


Given the logarithm of a product, use the 
product rule of logarithms to write an 
equivalent sum of logarithms. 


1. Factor the argument completely, expressing 
each whole number factor as a product of 
primes. 

2. Write the equivalent expression by summing 
the logarithms of each factor. 


Using the Product Rule for Logarithms 


Expand log 3 ( 30x( 3x+4 ) ). 


We begin by factoring the argument 
completely, expressing 30 as a product of 
primes. 

log 3 ( 30x( 3x +4 ) )= log 3 (2:°3:5-x-( 3x +4 
)) 


Next we write the equivalent equation by 
summing the logarithms of each factor. 

log 3 (30x( 3x+ 4) )= log 3(2)+ log3(3 
)+ log 3(5)+ log 3 (x )+ log 3(3x+4) 


Expand _ log b (8k). 


log b 2+ log b 2+ log b 2+ log bk=3 log b 
2+ log bk 


Using the Quotient Rule for Logarithms 


For quotients, we have a similar rule for logarithms. 


Recall that we use the quotient rule of exponents to 
combine the quotient of exponents by subtracting: 
xaxb=xa-—b. The quotient rule for 
logarithms says that the logarithm of a quotient is 
equal to a difference of logarithms. Just as with the 
product rule, we can use the inverse property to 
derive the quotient rule. 


Given any real number x and positive real numbers 
M, N, and b, where b#1, we will show 
log b( MN )= logb(M)-— log b(N). 


Let m= log bM and n= log DN. In exponential 
form, these equations are bm =M and bn =N. 
It follows that 

log b(MN) = logb(bmbn) 

Substitute for M and N. = log b(bm-—n) 

Apply the quotient rule for exponents. =m—n 
Apply the inverse property of logs. = log b(M )— 
log b (N ) Substitute for m and n. 


For example, to expand log( 2 x 2 + 6x 3x+9), we 
must first express the quotient in lowest terms. 
Factoring and canceling we get, 
log( 2x2 +6x 3x+9 )=log( 2x(x+ 3) 3(x+3) ) 
Factor the numerator and denominator. 

=log( 2x 3 ) 
Cancel the common factors. 


Next we apply the quotient rule by subtracting the 
logarithm of the denominator from the logarithm of 


the numerator. Then we apply the product rule. 
log( 2x 3 )=log(2x) —log(3) 
=log(2) + log(x) —log(3) 


The Quotient Rule for Logarithms 

The quotient rule for logarithms can be used to 
simplify a logarithm or a quotient by rewriting it as 
the difference of individual logarithms. 
log b( MN )= log b M— log bN 


Given the logarithm of a quotient, use the 
quotient rule of logarithms to write an 
equivalent difference of logarithms. 


1. Express the argument in lowest terms by 
factoring the numerator and denominator and 
canceling common terms. 

. Write the equivalent expression by subtracting 
the logarithm of the denominator from the 
logarithm of the numerator. 

. Check to see that each term is fully expanded. 
If not, apply the product rule for logarithms to 
expand completely. 


Using the Quotient Rule for Logarithms 


Expand log 2 ( 15x(x—1) (3x+4)(2—x) ). 


First we note that the quotient is factored and 
in lowest terms, so we apply the quotient rule. 
log 2 (15x(x—1) (3x+ 4)(2—x) )= log 2 ( 
15x(x—1) )— log 2 ( (8x+4)(2—-x) ) 


Notice that the resulting terms are logarithms 
of products. To expand completely, we apply 
the product rule, noting that the prime factors 
of the factor 15 are 3 and 5. 

log 2 (15x(x—1))— log 2 ((8x+4)(2—x))=[ 
log 2 (3)+ log 2 (5)+ log 2 (x)+ log 2 (x 
—1)]—-[ log 2 (3x+ 4)+ log 2 (2—x)] 


log 2 (3)+ log 2 (5)+ log 2 (x)+ log 2 (x 
—1)— log 2 (8x+ 4) -— log 2 (2—x) 


Analysis 


There are exceptions to consider in this and later 
examples. First, because denominators must never 
be zero, this expression is not defined for x= — 43 

and x=2. Also, since the argument of a logarithm 
must be positive, we note as we observe the 
expanded logarithm, that x>0,x>1,x>- 43, 
and x<2. Combining these conditions is beyond 
the scope of this section, and we will not consider 
them here or in subsequent exercises. 
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Using the Power Rule for Logarithms 


We’ve explored the product rule and the quotient 
rule, but how can we take the logarithm of a power, 
such as x 2? One method is as follows: 
log b( x2) = log b( xx) = logbx+ logbx =2 
log bx 


Notice that we used the product rule for logarithms 
to find a solution for the example above. By doing 
so, we have derived the power rule for logarithms, 
which says that the log of a power is equal to the 
exponent times the log of the base of the 
exponential expression. Keep in mind that, although 
the input to a logarithm may not be written as a 
power, we may be able to change it to a power. For 
example, 

100=102 3=312 le=e-1 


Po 


The Power Rule for Logarithms 

The power rule for logarithms can be used to 
simplify the logarithm of a power by rewriting it as 
the product of the exponent times the logarithm of 
the base of the exponential expression. 
logb(Mn)=nlogbM 


Given the logarithm of a power, use the power 
rule of logarithms to write an equivalent 
product of a factor and a logarithm. 


1. Express the argument as a power, if needed. 
2. Write the equivalent expression by 


multiplying the exponent times the logarithm 
of the base of the exponential expression. 


Expanding a Logarithm with Powers 


Expand log2x5. 


The argument is already written as a power, so 
we identify the exponent, 5, and the base of 
the exponential expression, x, and rewrite the 
equivalent expression by multiplying the 
exponent times the logarithm of the base of 
the exponential expression. 


log 2(x5)=5 log 2x 


Expand: Inx 27 


Rewriting an Expression as a Power before 
Using the Power Rule 


Expand log 3( 25) using the power rule for 
logs. 


Expressing the argument as a power, we get 
log 3( 25 )= log 3( 52). 


Next we identify the exponent, 2, and the base, 
5, and rewrite the equivalent expression by 
multiplying the exponent times the logarithm 
of the base of the exponential expression. 

log 3(52)=2 log 3(5) 


Expand In( 1 x 2). 


Using the Power Rule in Reverse 


Rewrite 4In(x) using the power rule for logs 
to a single logarithm with a leading coefficient 
Ota: 


Because the logarithm of a power is the 
product of the exponent times the logarithm of 
the exponential base, it follows that the 
product of a number and a logarithm can be 
written as a power. For the expression 41n(x), 
we identify the factor, 4, as the exponent and 
the argument, x, as the exponential base, and 
rewrite the product as a logarithm of a power: 
Aln(x) =In( x 4 ). 


Rewrite 2 log 3 4 using the power rule for 


logs to a single logarithm with a leading 
coefficient of 1. 


Expanding Logarithmic Expressions 


Taken together, the product rule, quotient rule, and 
power rule are often called “laws of logs.” 
Sometimes we apply more than one rule in order to 
simplify an expression. For example: 

log b (6x y ) = log b (6x )— log by = log b6+ 
log bx— log by 


We can use the power rule to expand logarithmic 
expressions involving negative and fractional 
exponents. Here is an alternate proof of the quotient 
rule for logarithms using the fact that a reciprocal is 
a negative power: 

log bC AC) = log b( AC —-1) = log b(A)+ log 
b(C —-1) = logb A+(—1) log bC = log bA— 
log bC 


We can also apply the product rule to express a sum 
or difference of logarithms as the logarithm of a 


product. 


With practice, we can look at a logarithmic 
expression and expand it mentally, writing the final 
answer. Remember, however, that we can only do 
this with products, quotients, powers, and roots— 
never with addition or subtraction inside the 
argument of the logarithm. 


Expanding Logarithms Using Product, 
Quotient, and Power Rules 


Rewrite In( x 4 y 7 ) as asum or difference of 


logs. 


First, because we have a quotient of two 
expressions, we can use the quotient rule: 


In(x 4y 7 )=In(x 4y )—In(7) 


Then seeing the product in the first term, we 
use the product rule: 
In( x 4 y )—In(7) =In( x 4 )+In(y) —-1In(”) 


Finally, we use the power rule on the first 
term: 
In( x 4 )+In(y) —In(7) = 4In(x) + In(y) — In(7) 


Expand log(x2y3z4). 


2logx + 3logy — 4logz 


Using the Power Rule for Logarithms to 
Simplify the Logarithm of a Radical 
Expression 


Expand log( x ). 


log( x) =logx( 12) = 1 2 logx 


Expand In( x23). 


Properties of Exponential and Logarithmic 
Functions 
Let b, M and N be positive real numbers and m,n be 


any real numbers.If a is a positive real number, then 
the following properties of exponential and 
logarithmic functions hold. 


Properties of Properties of 


Exponential Logarithmic 
Functions Functions 
Sum Rule bm+n = bm Db log b (MN)= log 
n Rh (NAN LL law hh CNT) 
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Difference Rule bm—n = bmb logb(MN )= 
n log b (M)— log b 
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Product Rule bmn = (bm) nlogb(Mn)=n 
=(bn)m log b (M) 


Notice that for the Sum, Difference, and Product 
rules, each property involves an operation inside the 
function corresponding to an operation outside the 
function. For example b m+n = bm bn says that 
addition inside an exponential function is equivalent 
to multiplication outside the function. Whereas log 
b (MN) = log b (M)+ log b (N) says that 
multiplication inside a logarithmic function is 
equivalent to addition outside the function. Due to 
the inverse relationship between exponential and 
logarithmic functions, which operation is on the 


inside and which is on the outside FLIPS when you 
change from exponential to logarithmic or vice 
versa. 


Can we expand In( x 2 + y 2)? 
o. There is no way to expand the logarithm of a sum 
or difference inside the argument of the logarithm. 


Expanding Complex Logarithmic 
Expressions 


Expand log 6 (64x 3(4x+1)(2x-1)). 


We can expand by applying the Product and 
Quotient Rules. 

log 6 (64 x 3 (4x+1) (2x—1) ) = log 6 64+ 
log 6x3 + log 6 (4x+1)-— log 6 (2x—1) 
Apply the Quotient Rule. = log 626 + log 6 
x 3 + log 6 (4x+1)— log 6 (2x—1) 

Simplify by writing 64 as26.=6log62+3 
log 6 x+ log 6 (4x+1)-— log 6 (2x—1) 

Apply the Power Rule. 


1 2 In(x—1 )4+In( 2x+1 )—In(x+3 )—In( x 
=2y") 


Expand, In@(Ge Sys) 2 (2, 9): 


Condensing Logarithmic Expressions 


We can use the rules of logarithms we just learned 
to condense sums, differences, and products with 
the same base as a single logarithm. It is important 
to remember that the logarithms must have the 
same base to be combined. We will learn later how 
to change the base of any logarithm before 
condensing. 


Given a sum, difference, or product of 
logarithms with the same base, write an 
equivalent expression as a single logarithm. 


1. Apply the power property first. Identify terms 
that are products of factors and a logarithm, 
and rewrite each as the logarithm of a power. 

2. Next apply the product property. Rewrite 


sums of logarithms as the logarithm of a 
product. 

3. Apply the quotient property last. Rewrite 
differences of logarithms as the logarithm of a 
quotient. 


Using the Product and Quotient Rules to 
Combine Logarithms 


Write loo 3:5 )4, los 3:(8))— lee 3 (29) as 
a single logarithm. 


Using the product rule 
log 3(5)+ log 3 (8 )= log 3 (5-8 )= log 3 ( 
40 ) 


This reduces our original expression to 
log 3 (40) — log 3 (2) 


Then, using the quotient rule 
log 3 (40 )— log 3 (2 )= log 3 (40 2 )= log 
3 (20) 


Condense log3 —log4 +log5 —log6. 


log( 3:5 4-6 ); can also be written log( 5 8 ) 
by reducing the fraction to lowest terms. 


Condensing Complex Logarithmic 
Expressions 


Gondensesloe 202 co 1 2les2 (x 1) 
log 2x32) 


We apply the power rule first: 

log 2(x2)+ 12 log 2(x-—1)-3 log 2((x 
+3)2)= log2(x2)+ log 2(x—-1)- log 
2((x+3)6) 


Next we apply the product rule to the sum: 
log 2(x2)+ log 2(x—-1)- log2((x+3) 
6 )= log2(x2x-1)- log2((x+3)6) 


Finally, we apply the quotient rule to the 
difference: 

log 2(x2x-1)- log 2((x+3)6)= log 2 
x2x-—1(x+3)6 


Rewrite log( 5 )+0.5log( x )—log( 7x-1 
)+3log( x—1 ) asa single logarithm. 


log arex le) Saxe aa) 


Rewriting as a Single Logarithm 


Rewrite 2logx — 4log(x+ 5)+ 1x log( 3x+5 ) 
as a single logarithm. 


We apply the power rule first: 
log(x+5) + 1x log(3x+5) =log( x 2 )—log ( 
x+5)4 +log( (3x+5) x —-1) 


Next we rearrange and apply the product rule 
to the sum: 

log( x 2 )—log (x+5) 4 +log( (8x+5)x -1) 
= log( x 2) +log( (3x+5) x —1 )—log (x 
+5) 4 

= log(x2 (3x+ 5) x —1) —log(x+5)4 


Finally, we apply the quotient rule to the 
difference: 

= log (x2(3x+5)x-—-1)-—log(x+5) 
A — Mowe 2 come ok Gx eS ea 


Condense 4( 3log( x )+log( x+5 )—log( 2x 
sper) Je 


log x 12 (x+5)4(2x+3)4; this answer 
could also be written log (x 3(x+5)(2x+3 
))4. 


Applying of the Laws of Logs 


Recall that, in chemistry, pH= —log[ H + ]. 
If the concentration of hydrogen ions in a 
liquid is doubled, what is the effect on pH? 


Suppose C is the original concentration of 
hydrogen ions, and P is the original pH of the 
liquid. Then P=-log(C). If the concentration 
is doubled, the new concentration is 2C. Then 
the pH of the new liquid is 

pH= — log( 2C ) 


Using the product rule of logs 
pH= —log( 2C )= —( log(2) + log(C) ) = 
— log(2) —log(C) 


Since P=-log(C), the new pH is 


pH=P —log(2) =P —0.301 


When the concentration of hydrogen ions is 
doubled, the pH decreases by about 0.301. 


How does the pH change when the 
concentration of positive hydrogen ions is 
decreased by half? 


The pH increases by about 0.301. 


Using the Change-of-Base Formula for 
Logarithms 


Most calculators can evaluate only common and 
natural logs. In order to evaluate logarithms with a 
base other than 10 or e, we use the change-of-base 
formula to rewrite the logarithm as the quotient of 
logarithms of any other base; when using a 
calculator, we would change them to common or 
natural logs. 


To derive the change-of-base formula, we use the 
one-to-one property and power rule for 
logarithms. 


Given any positive real numbers M,b, and n, where 
n#1 and b#1, we show 
log bM= lognM lognb 


Let y= log b M. By taking the log base n of both 
sides of the equation, we arrive at an exponential 
form, namely by =M. It follows that 
logn(by)=lognM _ Apply the one-to- 

one property. y lognb = lognM 

Apply the power rule for logarithms. y = logn 
M lognb Isolate y. log bM = lognM lognb 
Substitute for y. 


For example, to evaluate log 5 36 using a 
calculator, we must first rewrite the expression as a 
quotient of common or natural logs. We will use the 
common log. 

log 5 36 = log( 36 ) log( 5 ) 

Apply the change of base formula using base 10. 

=~ 2.2266 

Use a calculator to evaluate to 4 decimal places. 


The Change-of-Base Formula 
The change-of-base formula can be used to 
evaluate a logarithm with any base. 


For any positive real numbers M,b, and n, where 
n=) and) bf, 

log b M= lognM lognb. 

It follows that the change-of-base formula can be 
used to rewrite a logarithm with any base as the 
quotient of common or natural logs. 

log b M= InM Inb 


log b M= logM logb 


Given a logarithm with the form log b M, use 
the change-of-base formula to rewrite it as a 
quotient of logs with any positive base n, 
where n#1. 


1. Determine the new base n, remembering that 
the common log, log( x ), has base 10, and the 
natural log, In( x ), has base e. 


2. Rewrite the log as a quotient using the 
change-of-base formula 


* The numerator of the quotient will be a 
logarithm with base n and argument M. 

* The denominator of the quotient will be a 
logarithm with base n and argument b. 


Changing Logarithmic Expressions to 
Expressions Involving Only Natural Logs 


Change log 53 toa quotient of natural 
logarithms. 


Because we will be expressing log 53 asa 
quotient of natural logarithms, the new base, 
n=e, 


We rewrite the log as a quotient using the 
change-of-base formula. The numerator of the 
quotient will be the natural log with argument 
3. The denominator of the quotient will be the 
natural log with argument 5. 

log bM = InMInb_ log 53 = In3 In5 


Change log 0.5 8 to a quotient of natural 
logarithms. 


In8 1n0.5 


Can we change common logarithms to natural 


logarithms? 
Yes. Remember that log9 means log 10 9. So, log9= 
In9 In10. 


Using the Change-of-Base Formula with a 
Calculator 


Evaluate log 2 (10) using the change-of-base 
formula with a calculator. 


According to the change-of-base formula, we 

can rewrite the log base 2 as a logarithm of 

any other base. Since our calculators can 

evaluate the natural log, we might choose to 

use the natural logarithm, which is the log 

base e. 

log 2 10= In10 In2 

Apply the change of base formula using base e. 
= 3.3219 

Use a calculator to evaluate to 4 decimal places. 


Evaluate log 5 (100) using the change-of-base 
formula. 


In100 InS = 4.6051 1.6094 =2.861 


Properties of Exponential and Logarithmic 
Functions continued 

Let a,b and M be positive real numbers. Then the 
following properties hold. 


Properties of Properties of 
Exponential Logarithmic 


Luinnartinna Tuinatinna 
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Change of Base am=blogb log b(M)= loga 
(m) (M) log a (b) 


Access these online resources for additional 
instruction and practice with laws of logarithms. 


¢ The Properties of Logarithms 
¢ Expand Logarithmic Expressions 
¢ Evaluate a Natural Logarithmic Expression 


Key Equations 


The Product Rule for 


T aaarith 


mae 
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The Quotient Rule for 


Taaarith 
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The Power Rule for 
T ancarith 


avout ms cee 
The Change-of-Base 
Formula 


Key Concepts 


log b (MN)= log b(M 
}+ log b ON} 
log b( MN )= log bM— 


lad h NI 
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log b (Mn )=nlogbM 


log b M= lognM lognb 
n>0,n~+1,b¥1 


* We can use the product rule of logarithms to 
rewrite the log of a product as a sum of 
logarithms. See [link]. 

¢ We can use the quotient rule of logarithms to 
rewrite the log of a quotient as a difference of 
logarithms. See [link]. 

* We can use the power rule for logarithms to 
rewrite the log of a power as the product of the 


exponent and the log of its base. See [link], 
[link], and [link]. 

We can use the product rule, the quotient rule, 
and the power rule together to combine or 
expand a logarithm with a complex input. See 
[link], [link], and [link]. 

The rules of logarithms can also be used to 
condense sums, differences, and products with 
the same base as a single logarithm. See [link], 
[link], [link], and [link]. 

We can convert a logarithm with any base to a 
quotient of logarithms with any other base 
using the change-of-base formula. See [link]. 
The change-of-base formula is often used to 
rewrite a logarithm with a base other than 10 
and e as the quotient of natural or common 
logs. That way a calculator can be used to 
evaluate. See [link]. 


Section Exercises 


Verbal 


How does the power rule for logarithms help 
when solving logarithms with the form log b ( 
xn)? 


Any root expression can be rewritten as an 
expression with a rational exponent so that the 
power rule can be applied, making the 
logarithm easier to calculate. Thus, log b( x1 
n)= 1 nlog b (x). 


What does the change-of-base formula do? Why 
is it useful when using a calculator? 


Algebraic 


For the following exercises, expand each logarithm 
as much as possible. Rewrite each expression as a 
sum, difference, or product of logs. 


log b ( 7x-2y ) 
In( 3ab-5c ) 
log b( 1317) 


log b (13 )-— log b(17) 


log4( xz w) 


In( 14k) 


—kIn(4) 


log 2(yx) 


For the following exercises, condense to a single 
logarithm if possible. 


In( 7 )+In( x )+In(y ) 


In( 7xy ) 


log 3 (2)+ log 3 (a)+ log 3 (11)+ log 3 (b) 


log b (28) — log b (7) 


log b (4) 


InCa )—In( d )-—In(c ) 


— log b( 17) 


log b (7 ) 


P3:InC8) 


For the following exercises, use the properties of 
logarithms to expand each logarithm as much as 
possible. Rewrite each expression as a sum, 
difference, or product of logs. 


log(x 15y13z19) 


15log(x) + 13log(y) — 19log(z) 


In(a —2b -—4c5) 


log(x 3y —4) 


3 2 log(x) — 2log(y) 


InCyy1-y) 


log(@x2y3x2y53) 


8 3 log(x)+ 143 log(y) 


For the following exercises, condense each 
expression to a single logarithm using the properties 
of logarithms. 


log( 2x 4)+log( 3x5) 


In(6 x 9 )—In(3 x2) 


In(2 x7) 


2log(x) + 3log(x +1) 


log(x) — 1 2 log(y) + 3log(z) 


log(xz3y) 


4log7(c)+ log7(a)3 + log7(b)3 


For the following exercises, rewrite each expression 
as an equivalent ratio of logs using the indicated 
base. 


log 7 (15 ) to base e 


log 7(15)= In(15)In(7) 


log 14 (55.875 ) to base 10 


For the following exercises, suppose log 5(6)=a 
and log5(11)=b. Use the change-of-base 
formula along with properties of logarithms to 
rewrite each expression in terms of a and b. Show 
the steps for solving. 


log 11(5) 


log 11(5)= log5(5)log5(11)=1b 


log 6 (55 ) 


log 11 (611) 


log 11 (611 )= log 5(611)log5( 11) = 
log 5(6)— log5(11)log5( 11) =a-—bb 
=ab-1 


Numeric 


For the following exercises, use properties of 
logarithms to evaluate without using a calculator. 


log 3(19)-3 log 3(3) 


6 log 8(2)+ log 8( 64) 3 log 8(4) 


2 log 9(3)—4log9(3)+ log 9( 1729 ) 


For the following exercises, use the change-of-base 
formula to evaluate each expression as a quotient of 
natural logs. Use a calculator to approximate each 
to five decimal places. 


log 3 (22 ) 


2.81359 


log 8 (65 ) 


log 6 (5.38 ) 


0.93913 


log 4( 152) 


log 12 (4.7 ) 


=2:23206 


Extensions 


Use the product rule for logarithms to find all x 
values such that log 12 (2x+6)+ log 12 (x 
+2 )=2. Show the steps for solving. 


Use the quotient rule for logarithms to find all 
x values such that log 6(x+2)— log6(x-3 
)=1. Show the steps for solving. 


x=4; By the quotient rule: log 6 (x+2 )— log 
6(x—3)= log6(x+2x-3)=1. 


Rewriting as an exponential equation and 
solving for x: 


61 = x+2x-3 0 = x+2x-3 -6 0 = x+2 


x—-3 — 6(x-—3)(x-3) 0 = x+2-6x+18 x 
—-30=x-4x-3 x =4 


Checking, we find that log 6 (4+2 )— log 6 ( 
4—3 )= log 6(6)- log 6(1) is defined, so 
x= 4. 


Can the power property of logarithms be 
derived from the power property of exponents 
using the equation bx =m? If not, explain 
why. If so, show the derivation. 


Prove that log b(n)= 1llogn(b) for any 
positive integers b>1 and n>1. 


Let b and n be positive integers greater than 
1. Then, by the change-of-base formula, log b 
(n)= logn(n)logn(b) =1logn(b). 


Does log 81 ( 2401 )= log 3 (7 )? Verify the 
claim algebraically. 


Glossary 
change-of-base formula 


a formula for converting a logarithm with any 
base to a quotient of logarithms with any 


other base. 


power rule for logarithms 
a rule of logarithms that states that the log of 
a power is equal to the product of the 
exponent and the log of its base 


product rule for logarithms 
a rule of logarithms that states that the log of 
a product is equal to a sum of logarithms 


quotient rule for logarithms 
a rule of logarithms that states that the log of 
a quotient is equal to a difference of 
logarithms 


Exponential and Logarithmic Equations 
In this section, you will: 


Use like bases to solve exponential equations. 

Use logarithms to solve exponential equations. 

* Use the definition of a logarithm to solve 
logarithmic equations. 

* Use the one-to-one property of logarithms to 

solve logarithmic equations. 

Solve applied problems involving exponential 

and logarithmic equations. 


Wild rabbits in Australia. The rabbit population 
grew so quickly in Australia that the event became 
known as the “rabbit plague.” (credit: Richard 
Taylor, Flickr) 


In 1859, an Australian landowner named Thomas 
Austin released 24 rabbits into the wild for hunting. 


Because Australia had few predators and ample 
food, the rabbit population exploded. In fewer than 
ten years, the rabbit population numbered in the 
millions. 


Uncontrolled population growth, as in the wild 
rabbits in Australia, can be modeled with 
exponential functions. Equations resulting from 
those exponential functions can be solved to analyze 
and make predictions about exponential growth. In 
this section, we will learn techniques for solving 
exponential functions. 


Using Like Bases to Solve Exponential 
Equations 


The first technique involves two functions with like 
bases. Recall that the one-to-one property of 
exponential functions tells us that, for any real 
numbers b, S, and T, where b>0, b#1,bS = bT 
if and only if S=T. 


In other words, when an exponential equation has 
the same base on each side, the exponents must be 
equal. This also applies when the exponents are 
algebraic expressions. Therefore, we can solve many 
exponential equations by using the rules of 
exponents to rewrite each side as a power with the 
same base. Then, we use the fact that exponential 
functions are one-to-one to set the exponents equal 


to one another, and solve for the unknown. 


For example, consider the equation 3 4x—7 = 3 2x 
3. To solve for x, we use the division property of 
exponents to rewrite the right side so that both sides 
have the common base, 3. Then we apply the one- 
to-one property of exponents by setting the 
exponents equal to one another and solving for x: 

3 4x-7 =32x3 34x-7 =32x31 
Rewrite 3as31. 34x-—7 = 3 2x-1 
Use the division property of exponents. 4x—7 =2x 
—1 Apply the one-to-one property of exponents. 
2x =6 Subtract 2x and add 7 to both sides. x =3 
Divide by 3. 


Using the One-to-One Property of Exponential 
Functions to Solve Exponential Equations 


For any algebraic expressions S and T, and any 
positive real number b#1, 
bS = bT if and only if S=T 


Given an exponential equation with the form b 
S = bT, where S and T are algebraic 
expressions with an unknown, solve for the 
unknown. 


1. Use the rules of exponents to simplify, if 


necessary, so that the resulting equation has 
the form bS =bT. 

2. Use the one-to-one property to set the 
exponents equal. 

3. Solve the resulting equation, S=T, for the 
unknown. 


Solving an Exponential Equation with a 
Common Base 


Solve 2x-1 = 2 2x-4. 


2x—1 = 2 2x—4 The common base is 2. 
x—1=2x—4 By the one-to- 
one property the exponents must be equal. 
x= 3 Solve for x. 


Solve 52x = 53x+2. 


Rewriting Equations So All Powers Have the 
Same Base 


Sometimes the common base for an exponential 
equation is not explicitly shown. In these cases, we 
simply rewrite the terms in the equation as powers 
with a common base, and solve using the one-to-one 


property. 


For example, consider the equation 256= 4x—5. 
We can rewrite both sides of this equation as a 
power of 2. Then we apply the rules of exponents, 
along with the one-to-one property, to solve for x: 
256=4x-5 28 =(22)x-5 

Rewrite each side as a power with base 2. 28 = 2 
2x —10 Use the one-to-one property of exponents. 
8=2x—10 Apply the one-to- 

one property of exponents. 18=2x 

Add 10 to both sides. x=9 Divide by 2. 


Given an exponential equation with unlike 
bases, use the one-to-one property to solve it. 


1. Rewrite each side in the equation as a power 
with a common base. 

2. Use the rules of exponents to simplify, if 
necessary, so that the resulting equation has 
the form bS =bT. 

3. Use the one-to-one property to set the 


exponents equal. 
4. Solve the resulting equation, S=T, for the 
unknown. 


Solving Equations by Rewriting Them to 
Have a Common Base 


Solve 8x+2 = 16x+1. 


8x+2 = 16x+1(23)x+2=(24)x 
+1 Write 8 and 16 as powers of 2. 2 3x 
+6 = 24x+4 
To take a power of a power, multiply exponents. 
3x +6=4x+4 Use the one-to- 
one property to set the exponents equal. 
x= 2 Solve for x. 


Solve 5 2x = 25 3x+2. 


Solving Equations by Rewriting Roots with 
Fractional Exponents to Have a Common 
Base 


Solve 25x = 2. 
279K =) 2012 
Write the square root of 2 as a power of 2. 


5x= 1 2 Use the one-to-one property. x= 1 
10 Solve for x. 


Solve 5x=5. 


Do all exponential equations have a solution? If 
mot, how can we tell if there is a solution 
during the problem-solving process? 

o. Recall that the range of an exponential function is 
always positive. While solving the equation, we may 
obtain an expression that is undefined. 


Solving an Equation with Positive and 
Negative Powers 


Solve 3x+1 =-2. 


This equation has no solution. There is no real 
value of x that will make the equation a true 
statement because any power of a positive 
number is positive. 


Analysis 


[link] shows that the two graphs do not cross so 
the left side is never equal to the right side. Thus 
the equation has no solution. 


They do not cross. 


Solve 2x =-—100. 


The equation has no solution. 


Solving Exponential Equations Using 
Logarithms 


Sometimes the terms of an exponential equation 
cannot be rewritten with a common base. In these 
cases, we solve by taking the logarithm of each side. 
Recall, since log( a )=log( b ) is equivalent to 
a=b, we may apply logarithms with the same base 
on both sides of an exponential equation. 


Given an exponential equation in which a 
common base cannot be found, solve for the 
unknown. 


1. Apply the logarithm of both sides of the 
equation. 


* If one of the terms in the equation has 


base 10, use the common logarithm. 
* If none of the terms in the equation has 
base 10, use the natural logarithm. 


4. Use the rules of logarithms to solve for the 
unknown. 


Solving an Equation Containing Powers of 
Different Bases 


Solve 5x+2 = 4x. 


59x+2=4x 
There is no easy way to get the powers to have the sam« 
In 5x+2 =I1n 4 x Take In of both sides. 
(x + 2)In5 =xIn4 Use laws of logs. 

xln5 + 21n5 = xln4 Use the distributive law. 

xln5 —xln4= — 21n5 
Get terms containing x on one side, terms withouq x on» 
x(In5 —1n4) = — 21n5 
On the left hand side, factor out an x. 
xIn( 5 4 )=In( 1 25 ) Use the laws of logs. 


x= In(1 25) In(54) 
Divide by the coefficient of x. 


Solve 2x = 3x+1. 


x= oA 3S) 
Is there any way to solve 2x = 3x? 
Yes. The solution is 0. 


Equations Containing e 


One common type of exponential equations are 
those with base e. This constant occurs again and 
again in nature, in mathematics, in science, in 
engineering, and in finance. When we have an 
equation with a base e on either side, we can use 
the natural logarithm to solve it. 


Given an equation of the form y=Ae kt, solve 
for t. 


1. Divide both sides of the equation by A. 


2. Apply the natural logarithm of both sides of 
the equation. 
3. Divide both sides of the equation by k. 


Solve algebraically the equation 7 x 2 = 51-—x 
Solution 

In€7 x29 =n sl =x x 2lnG7 J = x las) 
xo lot) Ins = xint-5.) 


Solve an Equation of the Form y = Aekt 
Solve 100=20 e 2t. 


100 =20e2t 5=e2t 

Divide by the coefficient of the power. In5 

— ar 

Take In of both sides. Use the fact that In(x) and 
e x are inverse functions. t = In5 2 

Divide by the coefficient of t. 


Analysis 


Using laws of logs, we can also write this answer in 
the form t=In 5. If we want a decimal 
approximation of the answer, we use a calculator. 


Solve 3e0.5t =11. 


teint les scorn m@dleon)e 


Does every equation of the form y=Aekt have 
a solution? 
o. There is a solution when k#0, and when y and 
A are either both O or neither O, and they have the 
ame sign. An example of an equation with this form 
that has no solution is 2=—3et. 


Solving an Equation That Can Be Simplified 
to the Form y = Aekt 


Solve 4e 2x +5=12. 


4e2x +5=12 4e2x =7 
Combine like terms. e2x = 74 
Divide by the coefficient of the power. 
2x =In( 7 4 ) Take In of both sides. 

1 2 In( 7 4 ) Solve for x. 


Solve 3+ e2t =7e2t. 


tin 12) 1 Ines) 


PT 


Extraneous Solutions 


Sometimes the methods used to solve an equation 
introduce an extraneous solution, which is a 
solution that is correct algebraically but does not 
satisfy the conditions of the original equation. One 
such situation arises in solving when the logarithm 
is taken on both sides of the equation. In such cases, 
remember that the argument of the logarithm must 
be positive. If the number we are evaluating in a 
logarithm function is negative, there is no output. 


Solving Exponential Functions in Quadratic 
Form 


Solve e 2x — ex =56. 


C 2k = 6% — 30) eC 2xXi= 0 x = 00-— 0) 
Get one side of the equation equal to zero. (e 
x +7)(ex —8) =0 
Factor by the FOIL method. BC ss I 
=O or ex —8=0 
If a product is zero, then one factor must be zero. 

ex =-—7 orex =8 

Isolate the exponentials. ex =8 
Reject the equation in which the power equals a jfegativ 


x =In8 
Solve the equation in which the power equals a ppsitive 


nalysis 


When we plan to use factoring to solve a problem, 
we always get zero on one side of the equation, 
because zero has the unique property that when a 
product is zero, one or both of the factors must be 
zero. We reject the equation ex = —7 because a 
positive number never equals a negative number. 
The solution In(—7) is not a real number, and in 
the real number system this solution is rejected as 
an extraneous solution. 


Solve e2x = ex +2. 


Does every logarithmic equation have a 
solution? 


o. Keep in mind that we can only apply the logarithm 
to a positive number. Always check for extraneous 
olutions. 


Using the Definition of a Logarithm to 
Solve Logarithmic Equations 


We have already seen that every logarithmic 
equation log b (x )=y is equivalent to the 
exponential equation by =x. We can use this fact, 
along with the rules of logarithms, to solve 
logarithmic equations where the argument is an 
algebraic expression. 


For example, consider the equation log 2(2)+ 
log 2 (3x—5 )=3. To solve this equation, we can 
use rules of logarithms to rewrite the left side in 
compact form and then apply the definition of logs 
to solve for x: 
log 2 (2)+ log 2 (8x—5)=3 log 2 (2(3x 
—5))=3 Apply the product rule of logarithms. 
log 2 (6x —10)=3 Distribute. 
23 =6x—10 
Apply the definition of a logarithm. 
8=6x—10 Calculate 23. 
18 =6x Add 10 to both sides. 
x=3 Divide by 6. 


Using the Definition of a Logarithm to Solve 
Logarithmic Equations 
For any algebraic expression S and real numbers 


b and c, where b>0, b#1, 
log b (S)=c if and only if bc =S 


Using Algebra to Solve a Logarithmic 
Equation 


Solve 2Inx+3=7. 
2Inx+3=7 2Inx = 4 Subtract 3. 


Inx = 2 Divide by 2. x=e2 
Rewrite in exponential form. 


Solve 6+1nx=10. 


x= e4 


Using Algebra Before and After Using the 
Definition of the Natural Logarithm 


Solve 2ln(6x) =7. 


2Iln(6x)=7 In(6x)= 7 2 Divide by 2. 
6x= e (7 2 ) Use the definition of In. 
x= 16e(7 2) Divide by 6. 


Solve 2In(x+1)=10. 


Using a Graph to Understand the Solution 
to a Logarithmic Equation 


Solve Inx=3. 


Inx=3 x=e3 
Use the definition of the natural logarithm. 


[link] represents the graph of the equation. On 
the graph, the x-coordinate of the point at 
which the two graphs intersect is close to 20. 
In other words e 3 ~20. A calculator gives a 
better approximation: e 3 ~ 20.0855. 

The graphs of y=Inx and y=3 cross at the 
point (e 3 ,3), which is approximately 


(20.0855; 3). 
y 
st 


(20.0855, 3) 


+ + t : ‘ + : HX 
8 10 12 14 16 18 20 22 


Use a graphing calculator to estimate the 
approximate solution to the logarithmic 
equation 2x =1000 to 2 decimal places. 


Using the One-to-One Property of 
Logarithms to Solve Logarithmic 
Equations 


As with exponential equations, we can use the one- 


to-one property to solve logarithmic equations. The 
one-to-one property of logarithmic functions tells us 
that, for any real numbers x>0, S>0, T>0 and 
any positive real number b, where b+1, 

log b S= log b T if and only if S=T. 


For example, 
If log 2 (x—1)= log 2 (8),then x—1=8. 


So, if x—1=8, then we can solve for x, and we get 
x=9. To check, we can substitute x=9 into the 
original equation: log 2( 9-1 )= log 2 (8 )=3. 
In other words, when a logarithmic equation has the 
same base on each side, the arguments must be 
equal. This also applies when the arguments are 
algebraic expressions. Therefore, when given an 
equation with logs of the same base on each side, 
we can use rules of logarithms to rewrite each side 
as a single logarithm. Then we use the fact that 
logarithmic functions are one-to-one to set the 
arguments equal to one another and solve for the 
unknown. 


For example, consider the equation log( 3x—2 
)—log( 2 )=log( x+4 ). To solve this equation, we 
can use the rules of logarithms to rewrite the left 
side as a single logarithm, and then apply the one- 
to-one property to solve for x: 

log(3x — 2) — log(2) = log(x + 4) log( 3x—2 
2 )=log(x + 4) 

Apply the quotient rule of logarithms. 


3x-22 =x+4 
Apply the one to one property of a logarithm. 
3x—-2=2x+8 
Multiply both sides of the equation by 2. 
x =10 Subtract 2x and add 2. 


To check the result, substitute x=10 into log( 3x 
—2 )-—log( 2 )=log( x+4 ). 

log(3(10) — 2) —log(2) =log((10) + 4) 

log(28) — log(2) = log(14) log( 28 2 
)=1log(14) The solution checks. 


Using the One-to-One Property of Logarithms to 
Solve Logarithmic Equations 

For any algebraic expressions S and T and any 
positive real number b, where b#1, 


log b S= log b T if and only if S=T 

Note, when solving an equation involving 
logarithms, always check to see if the answer is 
correct or if it is an extraneous solution. 


Given an equation containing logarithms, solve 
it using the one-to-one property. 


1. Use the rules of logarithms to combine like 
terms, if necessary, so that the resulting 
equation has the form log b S= log b T. 


2. Use the one-to-one property to set the 
arguments equal. 

3. Solve the resulting equation, S=T, for the 
unknown. 


Solving an Equation Using the One-to-One 
Property of Logarithms 


Solve In( x 2 )=In(2x+3). 


In( x 2 )=In(2x+3) 
2 =2x+3 Use the one-to- 
one property of the logarithm. Pe PO 
—3=0 Get zero on one side before factoring. 
(x— 3)(x+ 1)=0 Factor using FOIL. 
x—3=0o0rx+1=0 
If a product is zero, one of the factors must be zerp. 
x=3 or x= —1 Solve for x. 


Analysis 


There are two solutions: 3 or —1. The solution 


—1 is negative, but it checks when substituted into 
the original equation because the argument of the 
logarithm functions is still positive. 


Solve In( x 2 )=In1. 


Solving logarithmic equation using logarithmic 
properties 

Solve the equation log 7 (1—2x )=1— log 7 
(3—x) . [footnote] 

http://www.stitz-zeager.com/ Accessed 5/1/2018 
Solution 

log 7 ( l—2x J=1— low 7 (3x) log 7 (1 —2x)- 


log 7 (3-—x)=1 Moving the term log 7 ( 

ox to the rieht los 7((( 12x \(S—x) 

)=1 Using the product property of logarithm 

hayes 7! (( 8 (6p ae oe 

)=1 Multyplying the factors log 7 ( 2 

Ke 7 Mt 

)=1 Combining like terms and arrahging 

DN 2x 7X 

eo Using equivalence property of | 

2x 2 1X 

—4=0 Get zero on one side 
(2x+1 )(x-4 

)=0 Factoring x= — 1 2 

or x=4 Solving for x 


Now we check the answers. 


Substituting in x= — 1 2 into the original equation 


gives us 
log Cl 202) ) — los 7 (32) 
log 7(2)=1— log 7 (72 


) Doing the arithmetic log 7 ( 2 

J=1—-(Clog7(7)- log7(2) 

) Using quotient property of logarithms 

log 7(2)=1—- log 7(7)+ log7(2 

) Distributing the negative sign log 7 ( 2 

J=1-1+ log7(2) Using log 7 ( 
7 )=1 log 7 (2 )= log7(2) 

Hence x= — 1 2 is a solution. 


Substituting in x =4 into the original equation 
gives us 

log 7 (1—2(4) )=1-— log 7 (3—4) log 7 ( —7 
— 007 (1) 

Since log 7 ( —7 ) is not defined, x=4 is nota 
solution. 


Solving logarithmic equation using logarithmic 
properties 

Solve the equation 1+2 log 4(x+1)=2 log 2x. 
[footnote] 

http://www.stitz-zeager.com/ Accessed 5/1/2018 
Solution 

1+2 log 4(x+1 )=2 log 2x 


First, we will convert the expression with base 4 to 
base 2. 


2 log 4(x+1 )=2: log 2(x+1 ) log 2 4 
Using change of base formula. 
=2:log2(x+1)log222 
Writing 4 in exponential form with base 2. 
= leg Cx Ie) 2 lee 
Using the power rule for logarithms. 
= 2-log2(x+1)2log22 
Canceling the common number. 
Go (ect 
) Using the property, log of any number to its own bas 
Hence our original equation becomes 


1+ log 2(x+1 )=2 log 2(x)1=2 log2(x)- 
log 2(x+1) Gathering the logs on one side. 
Nog 2x2) los xe 

) Using the power property of logarithms. 1= 
los 2 Gx Soo 


) Using the quotient rule of logarithm 
(x2x+1 

)=2 Rewriting in exponential for 
K 2 =2x 

2 Multyping both sides by x +1. 
he Making one side zero. 


K= —( -—2)+(-2)2 -4(1)( -2)2(1) = 
VA cid Weise) eA eu ASS aa 

INow, we check our answers, first substituting in 
K=1+ 3. 


oe Ga eo ee Oe 2 elie 5 eb At 
Vide wil oye) et eA (oped OR Po mek) 


2.899968627 = 2.899968627 


Next, we check when x=1- 3. 

tt 2log 4171 3)? —Zloe2 (Cl 3) 

Since 1— 3 <0 then log 2 ()— 3s not defined 
so 1— 3 is not a solution. 


log( x )—log( 2 )=log( x+8 )—log(x+2). 
[footnote] 
http://www.stitz-zeager.com/ Accessed 


5/1/2018 


Solving Applied Problems Using 
Exponential and Logarithmic Equations 


In previous sections, we learned the properties and 
rules for both exponential and logarithmic 
functions. We have seen that any exponential 
function can be written as a logarithmic function 
and vice versa. We have used exponents to solve 


logarithmic equations and logarithms to solve 
exponential equations. We are now ready to 
combine our skills to solve equations that model 
real-world situations, whether the unknown is in an 
exponent or in the argument of a logarithm. 


One such application is in science, in calculating the 
time it takes for half of the unstable material in a 
sample of a radioactive substance to decay, called 
its half-life. [link] lists the half-life for several of the 
more common radioactive substances. 


ao..L ws. ~~ TT Tr~1L 12£Lf.~ 
VUVOLAGLILU ure BICLLL“LILT 
eallinm a7 niastelas andinisnrsn ON have 
Our us ThUCCUL PICULCHIIC UU TbOULO 
anhalt GN manisfanturina EO xrrnara 
Vyuvule vv A11ULLULULE UL 111s ve yeuny 
tanhanatium a niatnlaaw moadinainn BC haiused 
LCCImICULULEL JILL GIUCICUL PICULCEIIC U 1LOULO 
aAmoarinium OA1 aanotriantian ADD xtrnara 
ULltepicituss Sais eV lsvet ULCUYdiL tua yrury 
carbon-14 archeological 5,715 years 


dating 
Mus 


uranium-235 atomic power 703,800,000 
years 


We can see how widely the half-lives for these 
substances vary. Knowing the half-life of a substance 
allows us to calculate the amount remaining after a 
specified time. We can use the formula for 


radioactive decay: 
A(t)= AO e1n(0.5) T t A(t)= A 0 e In(0.5) t T 
A(t)= AO (Celn(0.5))tTAG)=A0(12)tT 


where 


* AO is the amount initially present 

¢ T is the half-life of the substance 

* t is the time period over which the substance is 
studied 

* y is the amount of the substance present after 
time t 


Using the Formula for Radioactive Decay to 
Find the Quantity of a Substance 


How long will it take for ten percent of a 
1000-gram sample of uranium-235 to decay? 


y = 1000e 1n(0.5) 703,800,000 t 
900 = 1000 e In(0.5) 703,800,000 t 
After 10% decays, 900 grams are left. 
0.9= e In(0.5) 703,800,000 t 
Divide by 1000. In(0.9) =In( e In(0.5) 
703,800,000 t ) Take In of both sides. 
In(0.9) = In(0.5) 703,800,000 t In( e M )=M 
t= 703,800,000 x 1In(0.9) In(0.5) years 
Solve for t. t~ 106,979,777 years 


Analysis 


Ten percent of 1000 grams is 100 grams. If 100 
grams decay, the amount of uranium-235 
remaining is 900 grams. 


How long will it take before twenty percent of 
our 1000-gram sample of uranium-235 has 
decayed? 


t= 703,800,000 x 1In(0.8) In(0.5) 
years = 226,572,993 years. 


Access these online resources for additional 
instruction and practice with exponential and 
logarithmic equations. 


¢ Solving Logarithmic Equations 
¢ Solving Exponential Equations with 
Logarithms 


Kev Fauatinane 
Kev Kanations 


One-to-one property for 
exponential functions 


Definition of a logarithm 


One-to-one property for 
logarithmic functions 


Key Concepts 


For any algebraic 
expressions S and T 
and any positive real 
number b, where 

bS = bT if and only if 


S=F, 
For any algebraic 
expression S and positive 
real numbers b and c, 
where b+1, 
log b (S)=c if and only if 

b-c-=§, 
For any algebraic 
expressions S and T and 
any positive real number 

b, where b~1, 
log b S= log bT if and 
only if S=T. 


* We can solve many exponential equations by 
using the rules of exponents to rewrite each 
side as a power with the same base. Then we 
use the fact that exponential functions are one- 
to-one to set the exponents equal to one 
another and solve for the unknown. 

* When we are given an exponential equation 
where the bases are explicitly shown as being 


equal, set the exponents equal to one another 
and solve for the unknown. See [link]. 

When we are given an exponential equation 
where the bases are not explicitly shown as 
being equal, rewrite each side of the equation 
as powers of the same base, then set the 
exponents equal to one another and solve for 
the unknown. See [link], [link], and [link]. 
When an exponential equation cannot be 
rewritten with a common base, solve by taking 
the logarithm of each side. See [link]. 

We can solve exponential equations with base 
e, by applying the natural logarithm of both 
sides because exponential and logarithmic 
functions are inverses of each other. See [link] 
and [link]. 

After solving an exponential equation, check 
each solution in the original equation to find 
and eliminate any extraneous solutions. See 
[link]. 

When given an equation of the form log b 
(S)=c, where S is an algebraic expression, we 
can use the definition of a logarithm to rewrite 
the equation as the equivalent exponential 
equation bc =S, and solve for the unknown. 
See [link] and [link]. 

We can also use graphing to solve equations 
with the form log b (S)=c. We graph both 
equations y= log b (S) and y=c on the same 
coordinate plane and identify the solution as 
the x-value of the intersecting point. See [link]. 


¢ When given an equation of the form log bS= 
log b T, where S and T are algebraic 
expressions, we can use the one-to-one 
property of logarithms to solve the equation 
S=T for the unknown. See [link]. 

* Combining the skills learned in this and 
previous sections, we can solve equations that 
model real world situations, whether the 
unknown is in an exponent or in the argument 
of a logarithm. See [link]. 


Section Exercises 


Verbal 


How can an exponential equation be solved? 


Determine first if the equation can be rewritten 
so that each side uses the same base. If so, the 
exponents can be set equal to each other. If the 
equation cannot be rewritten so that each side 
uses the same base, then apply the logarithm to 
each side and use properties of logarithms to 
solve. 


When does an extraneous solution occur? How 
can an extraneous solution be recognized? 


When can the one-to-one property of logarithms 
be used to solve an equation? When can it not 
be used? 


The one-to-one property can be used if both 
sides of the equation can be rewritten as a 
single logarithm with the same base. If so, the 
arguments can be set equal to each other, and 
the resulting equation can be solved 
algebraically. The one-to-one property cannot 
be used when each side of the equation cannot 
be rewritten as a single logarithm with the 
same base. 


Algebraic 


For the following exercises, use like bases to solve 
the exponential equation. 


4 = BV 2 SV 


64: 4 3x =16 


x=-13 


3 2x+1-°-3x =243 


2—-3n°'14=2n+2 


n=-1 


625: 5 3x+3 =125 


36 3b 36 2b = 2162—b 


b= 65 


(164) 3n -8= 26 
For the following exercises, use logarithms to solve. 


9x-10 =1 


x=10 


2e 6x =13 


er+10 —10= —-42 


No solution 


2°10 9a =29 


—8-10 p+7 -7=-24 


p=log(178)-7 


7e3n-5 +5=—-89 


e —3k +6=44 


k= — In( 38 ) 3 


=§€:9x=8 -=—8=—62 


—6e9x+8 +2=-74 


x= In(383)-—89 


2x+1=52x-1 


e 2x — ex —132=0 


x=In12 


-eSxts —5=—95 


10 e 8x+3 +2=8 


x= In(35)-38 


4e3x+3 -—7=53 


6 6/=0% 2: 4—=—90 


no solution 


3 2x+1=7x-2 


e 2x — ex —6=0 


x=In(3 ) 


3e3-3x +6=-—31 


For the following exercises, use the definition of a 
logarithm to rewrite the equation as an exponential 
equation. 


log( 1 100 )= —2 


10 —2 = 1 100 


log 324(18)=12 


For the following exercises, use the definition of a 
logarithm to solve the equation. 


5 log 7 n=10 
n=49 
—8 log 9x=16 


4+ log 2(9k)=2 


k= 1 36 


2log( 8n+4 )+6=10 


10—4In( 9— 8x )=6 


x= 9-e8 


For the following exercises, use the one-to-one 
property of logarithms to solve. 


In( 10—3x )=In( -—4x ) 


log 13 (5n—2 )= log 13 (8—5n ) 


3 
Il 
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log( x+3 )—log( x )=log( 74 ) 


In( —3x )=In( x 2 —6x ) 


No solution 


log 4(6—m )= log 43m 


In( x-—2 )—In( x )=I1n( 54 ) 


No solution 


log 9(2n2 —14n)= log 9( —454+ n2) 


In(x 2 —10 )+1n( 9 )=1n( 10 ) 


x= 103 


For the following exercises, solve each equation for 
x 


log(x + 12) =log(x) + log(12) 


In(x) + In(x — 3) =1n(7x) 


x=10 


log 2 (7x+6)=3 


In( 7 )+In( 2-4 x 2 )=1n( 14 ) 
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log 8(x+6)-— log 8( x )= log 8 (58 ) 


In( 3 )—In( 3-3x )=In( 4 ) 


x= 34 


log 3 (3x )— log 3 (6 )= log 3((77 ) 


Graphical 


For the following exercises, solve the equation for x, 
if there is a solution. Then graph both sides of the 
equation, and observe the point of intersection (if it 
exists) to verify the solution. 


log9(x)-5=-4 


mae 
II 
\O 


y 


i 
x 
123 4 5 6 7 8 9 10 11 12 


+ 


log 3(x)+3=2 


In{ 3x )=2 


x=e23 =2.5 


In(x—5)=1 


log( 4 )+log( —5x )=2 


x= =5 


—7+ log 3(4-x)=—-6 


In(4x—10)-—6=—5 


x= e+104 =3.2 


123 45 6 7 8 9 10 


log( 4—2x )=log( —4x ) 


log 11 ( -—2x2 —7x)= log 11(x-2) 


No solution 


In( 2x+ 9 )=In( —5x ) 


log 9( 3-—x )= log 9 (4x-8 ) 


x= 115 =2.2 


log( x 2 +13 )=log( 7x+3 ) 


3 log 2( 10) —log( x—9 )=log( 44 ) 


x= 10111 =9.2 


x 
2 4 6 8 10 12 14 


In( x )—In(x+3 )=I1n( 6 ) 


For the following exercises, solve for the indicated 
value, and graph the situation showing the solution 
point. 


An account with an initial deposit of $6,500 
earns 7.25% annual interest, compounded 
continuously. How much will the account be 
worth after 20 years? 


about $27,710.24 


(20, 2710.24) 


15,000 f(x) = 6500e°-9725x 


x 
2 4 6 8 10 12 14 16 18 20 22 24 


The formula for measuring sound intensity in 
decibels D is defined by the equation 
D=10log( II 0), where I is the intensity of the 
sound in watts per square meter and 10 = 10 
—12 is the lowest level of sound that the 
average person can hear. How many decibels 
are emitted from a jet plane with a sound 
intensity of 8.3-10 2 watts per square meter? 


The population of a small town is modeled by 
the equation P=1650e0.5t where t is 
measured in years. In approximately how many 
years will the town’s population reach 20,000? 


about 5 years 


) 
25,000 


20,000 
15,000 
10,000 

5,000 


(5, 20,000) 


x 
01429293456 


Technology 


For the following exercises, solve each equation by 
rewriting the exponential expression using the 
indicated logarithm. Then use a calculator to 
approximate the variable to 3 decimal places. 


1000 ( 1.03 ) t =5000 using the common log. 
e 5x =17 using the natural log 
In(17) 5 =0.567 


3 (1.04 ) 3t =8 using the common log 


3 4x—5 =38 using the common log 


x= log( 38 )+5log(3) 4log(3) ~2.078 


50 e —0.12t =10 using the natural log 


For the following exercises, use a calculator to solve 
the equation. Unless indicated otherwise, round all 
answers to the nearest ten-thousandth. 


7e3x—-5 +7.9=47 


x = 2.2401 


In( 3 )+In( 4.4x+ 6.8 )=2 


log( —0.7x—9 )=1+5log( 5 ) 


x= —44655.7143 


Atmospheric pressure P in pounds per square 
inch is represented by the formula P=14.7 e 
—0.21x , where x is the number of miles above 
sea level. To the nearest foot, how high is the 
peak of a mountain with an atmospheric 


pressure of 8.369 pounds per square inch? 
(Hint: there are 5280 feet in a mile) 


The magnitude M of an earthquake is 
represented by the equation M= 2 3 log( EEO 
) where E is the amount of energy released by 
the earthquake in joules and EO = 104.4 is 
the assigned minimal measure released by an 
earthquake. To the nearest hundredth, what 
would the magnitude be of an earthquake 
releasing 1.4-10 13 joules of energy? 


about 5.83 


Extensions 


Use the definition of a logarithm along with the 
one-to-one property of logarithms to prove that 
b log bx =x. 


Recall the formula for continually compounding 
interest, y=Aekt. Use the definition of a 
logarithm along with properties of logarithms 
to solve the formula for time t such that t is 
equal to a single logarithm. 


t=In((yA)1k) 


Recall the compound interest formula A=a ( 
1+ rk) kt. Use the definition of a logarithm 
along with properties of logarithms to solve the 
formula for time t. 


Newton’s Law of Cooling states that the 
temperature T of an object at any time t can be 
described by the equation T= Ts +( TO — Ts 
)e —kt, where Ts is the temperature of the 
surrounding environment, TO _ is the initial 
temperature of the object, and_ k is the cooling 
rate. Use the definition of a logarithm along 
with properties of logarithms to solve the 
formula for time t such that t is equal toa 
single logarithm. 


t=In((T- TsTO-—Ts)- 1k) 


Glossary 


extraneous solution 
a solution introduced while solving an 
equation that does not satisfy the conditions 
of the original equation 


Angles 
In this section, you will: 


¢ Draw angles in standard position. 

* Convert between degrees and radians. 

* Find coterminal angles. 

¢ Find the length of a circular arc. 

* Use linear and angular speed to describe 
motion on a circular path. 


A golfer swings to hit a ball over a sand trap and 
onto the green. An airline pilot maneuvers a plane 
toward a narrow runway. A dress designer creates 
the latest fashion. What do they all have in 
common? They all work with angles, and so do all 
of us at one time or another. Sometimes we need to 
measure angles exactly with instruments. Other 
times we estimate them or judge them by eye. 
Either way, the proper angle can make the 
difference between success and failure in many 
undertakings. In this section, we will examine 
properties of angles. 

Angle theta, shown as zOQuadrantal angles are 
angles in standard position whose terminal side lies 
along an axis. Examples are shown. 


Drawing Angles in Standard Position 


Properly defining an angle first requires that we 


define a ray. A ray consists of one point on a line 

and all points extending in one direction from that 

point. The first point is called the endpoint of the 

ray. We can refer to a specific ray by stating its 

endpoint and any other point on it. The ray in [link] 

can be named as ray EF, or in symbol form EF—. 
Ray EF 


Endpoint 
E 


An angle is the union of two rays having a common 
endpoint. The endpoint is called the vertex of the 
angle, and the two rays are the sides of the angle. 
The angle in [link] is formed from ED — and EF >. 
Angles can be named using a point on each ray and 
the vertex, such as angle DEF, or in symbol form 


ZDEF. 
Angle DEF 


Vertex 


Greek letters are often used as variables for the 


measure of an angle. [link] is a list of Greek letters 
commonly used to represent angles, and a sample 
angle is shown in [link]. 


a marnh m™ Q Al 

VU Y* Le Y UM v t 

theta phi alpha beta gamma 
0 


Angle creation is a dynamic process. We start with 
two rays lying on top of one another. We leave one 
fixed in place, and rotate the other. The fixed ray is 
the initial side, and the rotated ray is the terminal 
side. In order to identify the different sides, we 
indicate the rotation with a small arc and arrow 
close to the vertex as in [link]. 


Terminal side 


Vertex —— 
Initial side 


As we discussed at the beginning of the section, 
there are many applications for angles, but in order 
to use them correctly, we must be able to measure 
them. The measure of an angle is the amount of 
rotation from the initial side to the terminal side. 
Probably the most familiar unit of angle 
measurement is the degree. One degree is 1 360 of 
a circular rotation, so a complete circular rotation 
contains 360 degrees. An angle measured in degrees 
should always include the unit “degrees” after the 
number, or include the degree symbol °. For 
example, 90 degrees = 90°. 


To formalize our work, we will begin by drawing 
angles on an x-y coordinate plane. Angles can occur 
in any position on the coordinate plane, but for the 
purpose of comparison, the convention is to 
illustrate them in the same position whenever 
possible. An angle is in standard position if its 
vertex is located at the origin, and its initial side 
extends along the positive x-axis. See [link]. 


Standard Position 
y 


Terminal 
side 


Initial side 


If the angle is measured in a counterclockwise 
direction from the initial side to the terminal side, 
the angle is said to be a positive angle. If the angle 
is measured in a clockwise direction, the angle is 
said to be a negative angle. 


Drawing an angle in standard position always starts 
the same way—draw the initial side along the 
positive x-axis. To place the terminal side of the 
angle, we must calculate the fraction of a full 
rotation the angle represents. We do that by 
dividing the angle measure in degrees by 360°. For 
example, to draw a 90° angle, we calculate that 90° 
360° = 1 4. So, the terminal side will be one-fourth 
of the way around the circle, moving 


counterclockwise from the positive x-axis. To draw a 
360° angle, we calculate that 360° 360° =1. So the 
terminal side will be 1 complete rotation around the 
circle, moving counterclockwise from the positive x- 
axis. In this case, the initial side and the terminal 
side overlap. See [link]. 


Drawing a 90° angle Drawing a 360° angle 


Terminal 
side 


Initial side 


Since we define an angle in standard position by its 
initial side, we have a special type of angle whose 
terminal side lies on an axis, a quadrantal angle. 
This type of angle can have a measure of 0°, 90", 
180°, 270° or 360°. See [link]. 


I | I I I | ll | 
90° 180° 270° 
- - + 
0° 
Ml IV il IV il IV ul IV 


Quadrantal Angles 
Quadrantal angles are angels in standard position 


whose terminal side lies on an axis, including 0°, 


90 380270 O1r 300). 


Given an angle measure in degrees, draw the 
angle in standard position. 


. Express the angle measure as a fraction of 
360 

. Reduce the fraction to simplest form. 

. Draw an angle that contains that same fraction 
of the circle, beginning on the positive x-axis 
and moving counterclockwise for positive 
angles and clockwise for negative angles. 


Drawing an Angle in Standard Position 
Measured in Degrees 


1. Sketch an angle of 30° in standard 
position. 

2. Sketch an angle of — 135° in standard 
position. 


1. Divide the angle measure by 360°. 
30° 360° = 112 


To rewrite the fraction in a more familiar 
fraction, we can recognize that 


112=13(14) 


One-twelfth equals one-third of a quarter, 
so by dividing a quarter rotation into 
thirds, we can sketch a line at 30° as in 
[link]. 


ms 


. 
; 
r 
f 
: 
; 
F 
F 
ri 
f 
‘ oO 
; | 30 
F 
x 


. Divide the angle measure by 360°. 
— 135° 360° = — 38 


In this case, we can recognize that 
=38=—32(14) 


Negative three-eighths is one and one-half 
times a quarter, so we place a line by 
moving clockwise one full quarter and 
one-half of another quarter, as in [link]. 


oS 


Show an angle of 240° on a circle in standard 
position. 


The angle t sweeps out a measure of one radian. 
Note that the length of the intercepted arc is the 
same as the length of the radius of the circle. (a) In 
an angle of 1 radian, the arc length s equals the 
radius r. (b) An angle of 2 radians has an arc length 
s=2r. (c) A full revolution is 2x or about 6.28 
radians.A 45° angle contains one-eighth of the 
circumference of a circle, regardless of the radius. 
Commonly encountered angles measured in degrees 
Commonly encountered angles measured in radians 


Converting Between Degrees and Radians 


Dividing a circle into 360 parts is an arbitrary 
choice, although it creates the familiar degree 
measurement. We may choose other ways to divide 
a circle. To find another unit, think of the process of 
drawing a circle. Imagine that you stop before the 
circle is completed. The portion that you drew is 
referred to as an arc. An arc may be a portion of a 
full circle, a full circle, or more than a full circle, 
represented by more than one full rotation. The 
length of the arc around an entire circle is called the 
circumference of that circle. 


The circumference of a circle is C= 2ar. If we divide 
both sides of this equation by r, we create the ratio 
of the circumference to the radius, which is always 
2x regardless of the length of the radius. So the 
circumference of any circle is 2m =~ 6.28 times the 
length of the radius. That means that if we took a 


string as long as the radius and used it to measure 
consecutive lengths around the circumference, there 
would be room for six full string-lengths and a little 
more than a quarter of a seventh, as shown in 
[link]. 

3 


Fractional 
piece 


6 


This brings us to our new angle measure. One 
radian is the measure of a central angle of a circle 
that intercepts an arc equal in length to the radius 
of that circle. A central angle is an angle formed at 
the center of a circle by two radii. Because the total 
circumference equals 2x times the radius, a full 
circular rotation is 2 radians. So 

2x radians= 360 ° x radians= 360 ° 2 = 180° 

1 radian= 180° a = 57.3 ° 


See [link]. Note that when an angle is described 
without a specific unit, it refers to radian measure. 
For example, an angle measure of 3 indicates 3 


radians. In fact, radian measure is dimensionless, 
since it is the quotient of a length (circumference) 
divided by a length (radius) and the length units 
cancel out. 


Relating Arc Lengths to Radius 


An arc length s is the length of the curve along the 
arc. Just as the full circumference of a circle always 
has a constant ratio to the radius, the arc length 
produced by any given angle also has a constant 
relation to the radius, regardless of the length of the 
radius. 


This ratio, called the radian measure, is the same 
regardless of the radius of the circle—it depends 
only on the angle. This property allows us to define 
a measure of any angle as the ratio of the arc length 
s to the radius r. See [link]. 


s=r00= sr 


If s=r, then @= rr = 1 radian. 


2 radians—, 


1 radian 
2r 


3 radians 


1 radian 
(s=n 
3+4 

radians 


1 } 1 + radians ~~ 2 + mradians 


(a) (b) (c) 


To elaborate on this idea, consider two circles, one 
with radius 2 and the other with radius 3. Recall the 
circumference of a circle is C= 2zr, where r is the 
radius. The smaller circle then has circumference 
2(2) = 4 and the larger has circumference 

21(3) = 60. Now we draw a 45° angle on the two 
circles, as in [link]. 


45° = ra radians 


Notice what happens if we find the ratio of the arc 
length divided by the radius of the circle. 

Smaller circle: 1222 =142a Larger circle: 3 4 
w3=142 


Since both ratios are 1 4 x, the angle measures of 
both circles are the same, even though the arc 
length and radius differ. 


Radians 

One radian is the measure of the central angle of a 
circle such that the length of the arc between the 
initial side and the terminal side is equal to the 
radius of the circle. A full revolution (360°) equals 
2x radians. A half revolution (180°) is equivalent to 
ot radians. 


The radian measure of an angle is the ratio of the 
length of the arc subtended by the angle to the 
radius of the circle. In other words, if s is the 
length of an arc of a circle, and r is the radius of 
the circle, then the central angle containing that 
arc measures s r radians. In a circle of radius 1, the 
radian measure corresponds to the length of the 
arc. 


measure of 1 radian looks to be about 60°. Is 
that correct? 


Yes. It is approximately 57.3°. Because 21 radians 
equals 360°, 1 radian equals 360° 2m ~57.3°. 


Using Radians 


Because radian measure is the ratio of two lengths, 
it is a unitless measure. For example, in [link], 
suppose the radius were 2 inches and the distance 
along the arc were also 2 inches. When we calculate 
the radian measure of the angle, the “inches” cancel, 
and we have a result without units. Therefore, it is 
not necessary to write the label “radians” after a 
radian measure, and if we see an angle that is not 
labeled with “degrees” or the degree symbol, we can 
assume that it is a radian measure. 


Considering the most basic case, the unit circle (a 
circle with radius 1), we know that 1 rotation equals 
360 degrees, 360°. We can also track one rotation 
around a circle by finding the circumference, 
C=2nr, and for the unit circle C= 22. These two 
different ways to rotate around a circle give us a 
way to convert from degrees to radians. 

1 rotation = 360° =2z radians 1 2 rotation=180° 
=7 radians 1 4 rotation=90° = x 2 radians 


Identifying Special Angles Measured in Radians 


In addition to knowing the measurements in degrees 


and radians of a quarter revolution, a half 
revolution, and a full revolution, there are other 
frequently encountered angles in one revolution of a 
circle with which we should be familiar. It is 
common to encounter multiples of 30, 45, 60, and 
90 degrees. These values are shown in [link]. 
Memorizing these angles will be very useful as we 
study the properties associated with angles. 

90° 


t 


120° 60° 
135° 45° 
150° 30° 


180° «—-—_____ ye Cg ge 


210° 330° 


225° 315° 
240° 300° 


270° 


Now, we can list the corresponding radian values 
for the common measures of a circle corresponding 
to those listed in [link], which are shown in [link]. 
Be sure you can verify each of these measures. 
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Finding a Radian Measure 


Find the radian measure of one-third of a full 
rotation. 


For any circle, the arc length along such a 
rotation would be one-third of the 
circumference. We know that 

1 rotation = 2xr 


So, 
s=—) PS (20) — 2a > 


The radian measure would be the arc length 
divided by the radius. 
radian measure= 2nr 3 r = 2ur 3r = 203 


Find the radian measure of three-fourths of a 
full rotation. 


Converting between Radians and Degrees 


Because degrees and radians both measure angles, 
we need to be able to convert between them. We 
can easily do so using a proportion. 

6180 =ORax 


This proportion shows that the measure of angle 0 
in degrees divided by 180 equals the measure of 
angle 6 in radians divided by x. Or, phrased another 
way, degrees is to 180 as radians is to x. 


Degrees 180 = Radians x 


Converting between Radians and Degrees 

To convert between degrees and radians, use the 
proportion 

86180 =ORa 


Converting Radians to Degrees 


Convert each radian measure to degrees. 


Because we are given radians and we want 
degrees, we should set up a proportion and 
solve it. 


1. We use the proportion, substituting the 
given information. 
6180 =O9@Rx0180=xz6nx #£4xO= 180 
6 O6= 30° 

2. We use the proportion, substituting the 
given information. 
6180 = @R2O180 = 3x 
3(180) = O= 172° 


Convert — 3x 4 radians to degrees. 


Converting Degrees to Radians 


Convert 15 degrees to radians. 


In this example, we start with degrees and 
want radians, so we again set up a proportion 
and solve it, but we substitute the given 
information into a different part of the 
proportion. 

6180 = 9Rzw15180 = 9Rx15r7 180 = OR 
tw12=O0R 


Analysis 


Another way to think about this problem is by 
remembering that 30 ° = 16. Because 15° = 1 2 
(30°), we can find that] 2(76)isaw12. 


Convert 126° to radians. 


An angle of 140° and an angle of -220° are 
coterminal angles. 


Finding Coterminal Angles 


Converting between degrees and radians can make 
working with angles easier in some applications. For 
other applications, we may need another type of 
conversion. Negative angles and angles greater than 
a full revolution are more awkward to work with 
than those in the range of 0° to 360°, or 0 to 2x. It 
would be convenient to replace those out-of-range 
angles with a corresponding angle within the range 
of a single revolution. 


It is possible for more than one angle to have the 
same terminal side. Look at [link]. The angle of 140° 
is a positive angle, measured counterclockwise. The 
angle of —220° is a negative angle, measured 
clockwise. But both angles have the same terminal 
side. If two angles in standard position have the 
same terminal side, they are coterminal angles. 


Every angle greater than 360° or less than 0° is 
coterminal with an angle between 0° and 360°, and 
it is often more convenient to find the coterminal 
angle within the range of 0° to 360° than to work 
with an angle that is outside that range. 

y 


140° 


—2arF 


Any angle has infinitely many coterminal angles 
because each time we add 360° to that angle—or 
subtract 360° from it—the resulting value has a 
terminal side in the same location. For example, 
100° and 460° are coterminal for this reason, as is 
— 260°. Recognizing that any angle has infinitely 
many coterminal angles explains the repetitive 
shape in the graphs of trigonometric functions. 


An angle’s reference angle is the measure of the 
smallest, positive, acute angle t formed by the 


terminal side of the angle t and the horizontal axis. 
Thus positive reference angles have terminal sides 
that lie in the first quadrant and can be used as 
models for angles in other quadrants. See [link] for 
examples of reference angles for angles in different 
quadrants. 


Quadrant I Quadrant Il Quadrant Ill Quadrant IV 


Coterminal and Reference Angles 

Coterminal angles are two angles in standard 
position that have the same terminal side. 

An angle’s reference angle is the size of the 
smallest acute angle, t ’, formed by the terminal 
side of the angle t and the horizontal axis. 


Given an angle greater than 360", find a 
coterminal angle between 0° and 360°. 


1. Subtract 360° from the given angle. 

2. If the result is still greater than 360°, subtract 
360° again till the result is between 0° and 
360°. 


3. The resulting angle is coterminal with the 
original angle. 


Finding an Angle Coterminal with an Angle 
of Measure Greater Than 360° 


Find the least positive angle 6 that is 
coterminal with an angle measuring 800’, 
where 0° <8 < 360°. 


An angle with measure 800° is coterminal with 
an angle with measure 800 — 360 = 440’, but 
440° is still greater than 360°, so we subtract 
360° again to find another coterminal angle: 
440 — 360 = 80°. 


The angle 6 = 80° is coterminal with 800°. To 
put it another way, 800° equals 80° plus two 
full rotations, as shown in [link]. 


Find an angle a that is coterminal with an 
angle measuring 870°, where 0°<a< 360". 


Given an angle with measure less than 0°, find 
a coterminal angle having a measure between 
0° and 360°. 


1. Add 360° to the given angle. 
2. If the result is still less than 0°, add 360° again 
until the result is between 0° and 360°. 


3. The resulting angle is coterminal with the 
original angle. 


Finding an Angle Coterminal with an Angle 
Measuring Less Than 0° 


Show the angle with measure — 45° on a circle 
and find a positive coterminal angle a such 
that 0° < a < 360°. 


Since 45° is half of 90°, we can start at the 
positive horizontal axis and measure clockwise 
half of a 90° angle. 


Because we can find coterminal angles by 
adding or subtracting a full rotation of 360°, 
we can find a positive coterminal angle here 
by adding 360°: 

— 45° + 360° = 315° 


We can then show the angle on a circle, as in 
[link]. 


mS 


315° 


Find an angle # that is coterminal with an 
angle measuring — 300° such that 
0 =p— 360". 


Finding Coterminal Angles Measured in Radians 


We can find coterminal angles measured in radians 
in much the same way as we have found them using 
degrees. In both cases, we find coterminal angles by 
adding or subtracting one or more full rotations. 


Given an angle greater than 2n, find a 
coterminal angle between 0 and 22. 


1. Subtract 2x from the given angle. 

2. If the result is still greater than 2x, subtract 27 
again until the result is between O and 2x. 

3. The resulting angle is coterminal with the 
original angle. 


Finding Coterminal Angles Using Radians 


Find an angle £ that is coterminal with 19x 4, 
where 0<$ < 2a. 


When working in degrees, we found 
coterminal angles by adding or subtracting 
360 degrees, a full rotation. Likewise, in 
radians, we can find coterminal angles by 
adding or subtracting full rotations of 2s 
radians: 

19% 4 —2u= 197 4 — 814 = 11704 


The angle 11x 4 is coterminal, but not less 
than 2s, so we subtract another rotation: 
lin4 -20n= lin4— 8x4 — 314 


The angle 3x 4 is coterminal with 19x 4, as 
shown in [link]. 


Find an angle of measure 0 that is coterminal 
with an angle of measure — 17 6 where 
0<0<2n. 


Determining the Length of an Arc 


Recall that the radian measure 0 of an angle was 


defined as the ratio of the arc length s of a circular 
arc to the radius r of the circle, 9= sr. From this 

relationship, we can find arc length along a circle, 
given an angle. 


Arc Length on a Circle 

In a circle of radius r, the length of an arc s 
subtended by an angle with measure 0 in radians, 
shown in [link], is 

s=r0 


Given a circle of radius r, calculate the length s 
of the arc subtended by a given angle of 
measure 0. 


1. If necessary, convert 6 to radians. 
2. Multiply the radius r by the radian measure of 
0:s=r0. 


Finding the Length of an Arc 


Assume the orbit of Mercury around the sun is 
a perfect circle. Mercury is approximately 36 
million miles from the sun. 


1. In one Earth day, Mercury completes 
0.0114 of its total revolution. How many 
miles does it travel in one day? 

. Use your answer from part (a) to 
determine the radian measure for 
Mercury’s movement in one Earth day. 


1. Let’s begin by finding the circumference 
of Mercury’s orbit. 
C=2nr =22(36 million miles) 
=~ 226 million miles 


Since Mercury completes 0.0114 of its 
total revolution in one Earth day, we can 


now find the distance traveled: 

(0.0114 

)226 million miles = 2.58 million miles 
2. Now, we convert to radians: 

radian= arclength radius = 

2.58 million miles 36 million miles 

=, 07 17 


Find the arc length along a circle of radius 10 
units subtended by an angle of 215’. 


2150 18 = 372525 units 


Finding the Area of a Sector of a Circle 


In addition to arc length, we can also use angles to 
find the area of a sector of a circle. A sector is a 
region of a circle bounded by two radii and the 
intercepted arc, like a slice of pizza or pie. Recall 
that the area of a circle with radius r can be found 


using the formula A= r 2 . If the two radii form an 
angle of 8, measured in radians, then 0 2x is the 
ratio of the angle measure to the measure of a full 
rotation and is also, therefore, the ratio of the area 
of the sector to the area of the circle. Thus, the area 
of a sector is the fraction 6 2m multiplied by the 
entire area. (Always remember that this formula 
only applies if 6 is in radians.) 

Area of sector=(0 2m )nr2 = Onr22x =12060r 
2 


rea of a Sector 


The area of a sector of a circle with radius r 

subtended by an angle 0, measured in radians, is 
=126r2 

See [link]. 

The area of the sector equals half the square of the 

radius times the central angle measured in radians. 


Given a circle of radius r, find the area of a 
sector defined by a given angle 0. 


1. If necessary, convert 9 to radians. 
2. Multiply half the radian measure of 6 by the 
square of the radius r:A= 120r2. 


Finding the Area of a Sector 


An automatic lawn sprinkler sprays a distance 


of 20 feet while rotating 30 degrees, as shown 
in [link]. What is the area of the sector of 
grass the sprinkler waters? 

The sprinkler sprays 20 ft within an arc of 30°. 


First, we need to convert the angle measure 
into radians. Because 30 degrees is one of our 
special angles, we already know the equivalent 
radian measure, but we can also convert: 

30 degrees = 30: x 180 = 26 radians 


The area of the sector is then 
Area = 12(26)(20)2 = 104.72 


So the area is about 104.72 ft2. 


In central pivot irrigation, a large irrigation 
pipe on wheels rotates around a center point. 
A farmer has a central pivot system with a 
radius of 400 meters. If water restrictions only 
allow her to water 150 thousand square meters 
a day, what angle should she set the system to 


cover? Write the answer in radian measure to 
two decimal places. 


Use Linear and Angular Speed to Describe 
Motion on a Circular Path 


In addition to finding the area of a sector, we can 
use angles to describe the speed of a moving object. 
An object traveling in a circular path has two types 
of speed. Linear speed is speed along a straight 
path and can be determined by the distance it 
moves along (its displacement) in a given time 
interval. For instance, if a wheel with radius 5 
inches rotates once a second, a point on the edge of 
the wheel moves a distance equal to the 
circumference, or 10x inches, every second. So the 
linear speed of the point is 10 in./s. The equation 
for linear speed is as follows where v is linear speed, 
s is displacement, and t is time. 

v=st 


Angular speed results from circular motion and can 
be determined by the angle through which a point 


rotates in a given time interval. In other words, 
angular speed is angular rotation per unit time. So, 
for instance, if a gear makes a full rotation every 4 
seconds, we can calculate its angular speed as 

360 degrees 4 seconds = 90 degrees per second. 
Angular speed can be given in radians per second, 
rotations per minute, or degrees per hour for 
example. The equation for angular speed is as 
follows, where w (read as omega) is angular speed, 
8 is the angle traversed, and t is time. 

w= Ot 


Combining the definition of angular speed with the 
arc length equation, s=r0, we can find a 
relationship between angular and linear speeds. The 
angular speed equation can be solved for 0, giving 
8=oot. Substituting this into the arc length equation 
gives: 

s=r0 =rot 


Substituting this into the linear speed equation 
gives: 
v=st =rott =ro 


ngular and Linear Speed 

S a point moves along a circle of radius r, its 
angular speed, o, is the angular rotation 0 per 
unit time, t. 
@= Ot 


The linear speed, v, of the point can be found as 

the distance traveled, arc length s, per unit time, t. 
= st 

When the angular speed is measured in radians per 

unit time, linear speed and angular speed are 

related by the equation 


=Tro 

This equation states that the angular speed in 
radians, w, representing the amount of rotation 
occurring in a unit of time, can be multiplied by 
the radius r to calculate the total arc length 
traveled in a unit of time, which is the definition of 
linear speed. 


Given the amount of angle rotation and the 
time elapsed, calculate the angular speed. 


. If necessary, convert the angle measure to 
radians. 

. Divide the angle in radians by the number of 
time units elapsed: w= Ot. 

. The resulting speed will be in radians per time 
unit. 


Finding Angular Speed 


A water wheel, shown in [link], completes 1 
rotation every 5 seconds. Find the angular 
speed in radians per second. 


The wheel completes 1 rotation, or passes 
through an angle of 2 radians in 5 seconds, so 
the angular speed would be w= 21 5 =1.257 
radians per second. 


An old vinyl record is played on a turntable 
rotating clockwise at a rate of 45 rotations per 
minute. Find the angular speed in radians per 
second. 


— 3m 2 rad/s 


Given the radius of a circle, an angle of 
rotation, and a length of elapsed time, 
determine the linear speed. 


1. Convert the total rotation to radians if 
necessary. 

2. Divide the total rotation in radians by the 
elapsed time to find the angular speed: apply 
O= Ot. 

. Multiply the angular speed by the length of 
the radius to find the linear speed, expressed 
in terms of the length unit used for the radius 
and the time unit used for the elapsed time: 
apply v=ro. 


Finding a Linear Speed 


A bicycle has wheels 28 inches in diameter. A 

tachometer determines the wheels are rotating 
at 180 RPM (revolutions per minute). Find the 
speed the bicycle is traveling down the road. 


Here, we have an angular speed and need to 


find the corresponding linear speed, since the 
linear speed of the outside of the tires is the 
speed at which the bicycle travels down the 
road. 


We begin by converting from rotations per 
minute to radians per minute. It can be helpful 
to utilize the units to make this conversion: 
180 rotations minute - 2zradians rotation 

= 3602 radians minute 


Using the formula from above along with the 
radius of the wheels, we can find the linear 
speed: 

v=(14inches)( 360z radians minute ) = 50402 
inches minute 


Remember that radians are a unitless measure, 
so it is not necessary to include them. 


Finally, we may wish to convert this linear 
speed into a more familiar measurement, like 
miles per hour. 

5040x inches minute -1 feet 12 inches - 

1 mile 5280 feet: 60 minutes 1 hour 
=14.99miles per hour (mph) 


A satellite is rotating around Earth at 0.25 
radians per hour at an altitude of 242 km 
above Earth. If the radius of Earth is 6378 
kilometers, find the linear speed of the satellite 
in kilometers per hour. 


1655 kilometers per hour 


Access these online resources for additional 
instruction and practice with angles, arc length, 
and areas of sectors. 


Angles in Standard Position 

Angle of Rotation 

Coterminal Angles 

Determining Coterminal Angles 

Positive and Negative Coterminal Angles 
Radian Measure 

Coterminal Angles in Radians 

Arc Length and Area of a Sector 


Key Equations 
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Key Concepts 


An angle is formed from the union of two rays, 
by keeping the initial side fixed and rotating 
the terminal side. The amount of rotation 
determines the measure of the angle. 

An angle is in standard position if its vertex is 
at the origin and its initial side lies along the 
positive x-axis. A positive angle is measured 
counterclockwise from the initial side and a 
negative angle is measured clockwise. 

To draw an angle in standard position, draw 
the initial side along the positive x-axis and 
then place the terminal side according to the 
fraction of a full rotation the angle represents. 
See [link]. 

In addition to degrees, the measure of an angle 
can be described in radians. See [link]. 

To convert between degrees and radians, use 
the proportion 6 180 = 0 Ra. See [link] and 
[link]. 

Two angles that have the same terminal side 


are called coterminal angles. 

* We can find coterminal angles by adding or 
subtracting 360° or 27. See [link] and [link]. 

* Coterminal angles can be found using radians 
just as they are for degrees. See [link]. 

* The length of a circular arc is a fraction of the 
circumference of the entire circle. See [link]. 

¢ The area of sector is a fraction of the area of 
the entire circle. See [link]. 

¢ An object moving in a circular path has both 
linear and angular speed. 

* The angular speed of an object traveling in a 
circular path is the measure of the angle 
through which it turns in a unit of time. See 
[link]. 

* The linear speed of an object traveling along a 
circular path is the distance it travels in a unit 
of time. See [link]. 


Section Exercises 


Verbal 


Draw an angle in standard position. Label the 
vertex, initial side, and terminal side. 


Terminal 


Initial side 


Explain why there are an infinite number of 
angles that are coterminal to a certain angle. 


State what a positive or negative angle signifies, 
and explain how to draw each. 


Whether the angle is positive or negative 
determines the direction. A positive angle is 
drawn in the counterclockwise direction, and a 
negative angle is drawn in the clockwise 
direction. 


How does radian measure of an angle compare 
to the degree measure? Include an explanation 
of 1 radian in your paragraph. 


Explain the differences between linear speed 
and angular speed when describing motion 
along a circular path. 


Linear speed is a measurement found by 
calculating distance of an arc compared to time. 
Angular speed is a measurement found by 
calculating the angle of an arc compared to 
time. 


Graphical 


For the following exercises, draw an angle in 
standard position with the given measure. 


30° 


300° 


— 80° 


135° 


— 150° 


2m 3 


71 4 


57 6 


2 


— 710 


415° 


— 120° 


240° 


=315° 


22103 


4n 3 


—- 16 


— 473 


21 3 


For the following exercises, refer to [link]. Round to 
two decimal places. 


r=3in 


Find the arc length. 


Find the area of the sector. 


7m 2 =11.00 in2 


For the following exercises, refer to [link]. Round to 
two decimal places. 


Find the arc length. 


Find the area of the sector. 


81x 20 =12.72 cm 2 


Algebraic 


For the following exercises, convert angles in 
radians to degrees. 


300 4 radians 


gt 9 radians 


20° 


— 5 4 radians 


gt 3 radians 


60° 


— 7x 3 radians 


— 57 12 radians 


=P. 


11s 6 radians 


For the following exercises, convert angles in 
degrees to radians. 


90° 


gt 2 radians 


100° 


— 540° 


— 3 radians 


— 120° 


180° 


gt radians 


=315° 


150° 


5s 6 radians 


For the following exercises, use to given information 


to find the length of a circular arc. Round to two 
decimal places. 


Find the length of the arc of a circle of radius 
12 inches subtended by a central angle of x 4 
radians. 


Find the length of the arc of a circle of radius 
5.02 miles subtended by the central angle of a 
Bs 


5.020 3 ~5.26 miles 


Find the length of the arc of a circle of diameter 
14 meters subtended by the central angle of 52 
Gs 


Find the length of the arc of a circle of radius 
10 centimeters subtended by the central angle 
of 50°. 


251 9 ~8.73 centimeters 


Find the length of the arc of a circle of radius 5 
inches subtended by the central angle of 220°. 


Find the length of the arc of a circle of diameter 
12 meters subtended by the central angle is 63°. 


212 10 ~6.60 meters 


For the following exercises, use the given 
information to find the area of the sector. Round to 
four decimal places. 


A sector of a circle has a central angle of 45° 
and a radius 6 cm. 


A sector of a circle has a central angle of 30° 
and a radius of 20 cm. 


104.7198 cm2 


A sector of a circle with diameter 10 feet and 
an angle of x 2 radians. 


A sector of a circle with radius of 0.7 inches 
and an angle of x radians. 


0.7697 in2 


For the following exercises, find the angle between 
0° and 360° that is coterminal to the given angle. 


250° 
700° 
1400° 


320° 


For the following exercises, find the angle between 
O and 2x in radians that is coterminal to the given 


angle. 


— 19 
10x 3 


4n 3 


132 6 


441 9 


81 9 


Real-World Applications 


A truck with 32-inch diameter wheels is 
traveling at 60 mi/h. Find the angular speed of 
the wheels in rad/min. How many revolutions 
per minute do the wheels make? 


A bicycle with 24-inch diameter wheels is 
traveling at 15 mi/h. Find the angular speed of 
the wheels in rad/min. How many revolutions 
per minute do the wheels make? 


1320 rad 210.085 RPM 


A wheel of radius 8 inches is rotating 15°/s. 
What is the linear speed v, the angular speed in 
RPM, and the angular speed in rad/s? 


A wheel of radius 14 inches is rotating 0.5 rad/ 
s. What is the linear speed v, the angular speed 
in RPM, and the angular speed in deg/s? 


7 in./s, 4.77 RPM, 28.65 deg/s 


A CD has diameter of 120 millimeters. When 
playing audio, the angular speed varies to keep 
the linear speed constant where the disc is 
being read. When reading along the outer edge 
of the disc, the angular speed is about 200 RPM 
(revolutions per minute). Find the linear speed. 


When being burned in a writable CD-R drive, 
the angular speed of a CD varies to keep the 
linear speed constant where the disc is being 
written. When writing along the outer edge of 
the disc, the angular speed of one drive is about 
4,800 RPM (revolutions per minute. Find the 
linear speed if the CD has diameter of 
120millimeters. 


1,809,557.37 mm/min = 30.16 m/s 


A person is standing on the equator of Earth 
(radius 3960 miles). What are his linear and 
angular speeds? 


Find the distance along an arc on the surface of 
Earth that subtends a central angle of 5 minutes 
(1 minute= 1 60 degree ) . The radius of 
Earth is 3960 miles. 


5.76 miles 


Find the distance along an arc on the surface of 
Earth that subtends a central angle of 7 minutes 
(1 minute= 1 60 degree ). The radius of Earth 
is 3960 miles. 


Consider a clock with an hour hand and minute 
hand. What is the measure of the angle the 
minute hand traces in 20 minutes? 


120° 


Extensions 


Two cities have the same longitude. The 
latitude of city A is 9.00 degrees north and the 
latitude of city B is 30.00 degree north. Assume 
the radius of the earth is 3960 miles. Find the 
distance between the two cities. 


A city is located at 40 degrees north latitude. 
Assume the radius of the earth is 3960 miles 
and the earth rotates once every 24 hours. Find 
the linear speed of a person who resides in this 
city. 


794 miles per hour 


A city is located at 75 degrees north latitude. 
Assume the radius of the earth is 3960 miles 
and the earth rotates once every 24 hours. Find 
the linear speed of a person who resides in this 
city. 


Find the linear speed of the moon if the average 
distance between the earth and moon is 
239,000 miles, assuming the orbit of the moon 
is circular and requires about 28 days. Express 
answer in miles per hour. 


2,234 miles per hour 


A bicycle has wheels 28 inches in diameter. A 
tachometer determines that the wheels are 
rotating at 180 RPM (revolutions per minute). 
Find the speed the bicycle is travelling down 
the road. 


A car travels 3 miles. Its tires make 2640 
revolutions. What is the radius of a tire in 
inches? 


11.5 inches 


A wheel on a tractor has a 24-inch diameter. 
How many revolutions does the wheel make if 
the tractor travels 4 miles? 


Glossary 


angle 
the union of two rays having a common 
endpoint 


angular speed 
the angle through which a rotating object 
travels in a unit of time 


arc length 
the length of the curve formed by an arc 


area of a sector 
area of a portion of a circle bordered by two 
radii and the intercepted arc; the fraction 0 
2x multiplied by the area of the entire circle 


coterminal angles 


description of positive and negative angles in 
standard position sharing the same terminal 
side 


degree 
a unit of measure describing the size of an 
angle as one-360th of a full revolution of a 
circle 


initial side 
the side of an angle from which rotation 
begins 


linear speed 
the distance along a straight path a rotating 
object travels in a unit of time; determined by 
the arc length 


measure of an angle 
the amount of rotation from the initial side to 
the terminal side 


negative angle 
description of an angle measured clockwise 
from the positive x-axis 


positive angle 
description of an angle measured 
counterclockwise from the positive x-axis 


quadrantal angle 
an angle whose terminal side lies on an axis 


radian measure 
the ratio of the arc length formed by an angle 
divided by the radius of the circle 


radian 
the measure of a central angle of a circle that 
intercepts an arc equal in length to the radius 
of that circle 


ray 
one point on a line and all points extending in 
one direction from that point; one side of an 
angle 


reference angle 
the measure of the acute angle formed by the 
terminal side of the angle and the horizontal 
axis 


standard position 
the position of an angle having the vertex at 
the origin and the initial side along the 
positive x-axis 


terminal side 
the side of an angle at which rotation ends 


vertex 
the common endpoint of two rays that form 
an angle 


Solve Proportion and Similar Figure Applications 
By the end of this section, you will be able to: 


¢ Solve proportions 
* Solve similar figure applications 


Before you get started, take this readiness quiz. 
If you miss a problem, go back to the section listed 
and review the material. 


1. Solve n3 = 30. 


If you missed this problem, review [link]. 

2. The perimeter of a triangular window is 23 
feet. The lengths of two sides are ten feet and 
six feet. How long is the third side? 

If you missed this problem, review [link]. 


Solve Proportions 


When two rational expressions are equal, the 
equation relating them is called a proportion. 


Proportion 
proportion is an equation of the form ab=cd, 


where b#0,d~0. 
The proportion is read “a is to b, as c is to d.” 


The equation 12=48 is a proportion because the 
two fractions are equal. The proportion 12= 48 is 
read “1 is to 2 as 4 is to 8.” 


Proportions are used in many applications to ‘scale 
up’ quantities. We’ll start with a very simple 
example so you can see how proportions work. Even 
if you can figure out the answer to the example 
right away, make sure you also learn to solve it 
using proportions. 


Suppose a school principal wants to have 1 teacher 
for 20 students. She could use proportions to find 
the number of teachers for 60 students. We let x be 
the number of teachers for 60 students and then set 
up the proportion: 

1teacher20students = xteachers60students 


We are careful to match the units of the numerators 
and the units of the denominators—teachers in the 
numerators, students in the denominators. 


Since a proportion is an equation with rational 
expressions, we will solve proportions the same way 


we solved equations in Solve Rational Equations. 
We'll multiply both sides of the equation by the LCD 
to clear the fractions and then solve the resulting 
equation. 


So let’s finish solving the principal’s problem now. 
We will omit writing the units until the last step. 


Multiply both sides by tie 
LCD, 60. 


Simplify. 


The principal needs 3 
teachers for 60 students. 


Now we'll do a few examples of solving numerical 
proportions without any units. Then we will solve 
applications using proportions. 


PO 


Solve the proportion: x63 = 47. 


Solution 
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wl’) Wve 


Simplify. 


ae 
Divide the 
common 

(, 


Check. To 
check our 
answer, we 
substitute into 
the original 
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Simplify. 


Solve the proportion: n84=1112. 


Solve the proportion: y96 = 1312. 


When we work with proportions, we exclude values 
that would make either denominator zero, just like 
we do for all rational expressions. What value(s) 
should be excluded for the proportion in the next 
example? 


Solve the proportion: 144a= 94. 


Solution 


eS CS 
Multiply both 


sides _ the 
ae 


Divide both 


sides "e 9. 
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Show common 
factors. 


Simplify. 


Solve the proportion: 91b=75. 


Solve the proportion: 39c=138. 


Solve the proportion: nn+14=57. 


Solution 


[ny i4]/7, ~q 
Multiply both 
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Simplify. 


Solve for n. 


NLL LDL 


Show commo 
factors. 


Simplify. 


Solve the proportion: yy +55=38. 


Solve: p+ 129=p—126. 


Solution 


a a 
Multiply both 


sides Pe the 


Simplify. 


NLL LT 


Solve: v+308=v+ 6612. 


Solve: 2x + 159=7x+315. 


To solve applications with proportions, we will 
follow our usual strategy for solving applications. 
But when we set up the proportion, we must make 
sure to have the units correct—the units in the 
numerators must match and the units in the 
denominators must match. 


When pediatricians prescribe acetaminophen 
to children, they prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of the 


child’s weight. If Zoe weighs 80 pounds, how 
many milliliters of acetaminophen will her 
doctor prescribe? 


Identify what 
we are asked to 
find, and 
choose a 
variable to 
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Write a 
sentence that 
gives the 
information to 
find it. 


Translate into a 
proportion—be 
careful of the 
units. 
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about 3 times 
25, the 
medicine 
should be 
about 3 times 
5. So 16 ml 
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Write a The 

complete pediatrician 

sentence. would 
prescribe 16 ml 
of 
acetaminophen 


to Zoe. 


Pediatricians prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of a 
child’s weight. How many milliliters of 
acetaminophen will the doctor prescribe for 
Emilia, who weighs 60 pounds? 


For every 1 kilogram (kg) of a child’s weight, 
pediatricians prescribe 15 milligrams (mg) of a 
fever reducer. If Isabella weighs 12 kg, how 
many milligrams of the fever reducer will the 
pediatrician prescribe? 


A 16-ounce iced caramel macchiato has 230 


calories. How many calories are there in a 24- 


ounce iced caramel macchiato? 


Solution 


Identify what 
we are asked to 
find, and 
choose a 
variable to 


. 
ranracant it 
2Upirveiie it. 


Write a 
sentence that 
gives the 
information to 
find it. 


Translate into a 
proportion—be 
careful of the 
units. 
ca 
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Multiply both 
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How many 
calories are in 
a 24 ounce iced 
caramel 
macchiato? 


Let c=calories 
in 24-ounces: 
If there are 230 
calories in 16 
ounces, then 
how many 


calories are in 
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Simplify. 


Solve for c. 
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Is the answer 
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Yes, 345 
calories for 24 
ounces is more 
than 290 
calories for 16 
ounces, but not 
too much 
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Write a There are 345 

complete calories in a 

sentence. 24-ounce iced 
caramel 
macchiato. 


At a fast-food restaurant, a 22-ounce chocolate 
shake has 850 calories. How many calories are 
in their 12-ounce chocolate shake? Round your 
answer to nearest whole number. 


464calories 


Yaneli loves Starburst candies, but wants to 
keep her snacks to 100 calories. If the candies 
have 160 calories for 8 pieces, how many 


pieces can she have in her snack? 


Josiah went to Mexico for spring break and 
changed $325 dollars into Mexican pesos. At 
that time, the exchange rate had $1 US is 
equal to 12.54 Mexican pesos. How many 
Mexican pesos did he get for his trip? 


Solution 


What are you 
asked to find? 


Assign a 
variable. 


Write a 
sentence that 
gives the 
information to 


How many 
Mexican pesos 
did Jesiah-get? 


Let p=the 
number of 
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Mexican pesos, 
then $325 is 
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Yes, $100 
would be 1,254 
pesos. $325 is 
a little more 
than 3 times 
this amount, so 
our answer of 
4075.5 pesos 
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sentence. for his spring 
break trip. 


Yurianna is going to Europe and wants to 
change $800 dollars into Euros. At the current 
exchange rate, $1 US is equal to 0.738 Euro. 
How many Euros will she have for her trip? 


590.4Euros 


Corey and Nicole are traveling to Japan and 
need to exchange $600 into Japanese yen. If 
each dollar is 94.1 yen, how many yen will 


they get? 


56,460yen 


In the example above, we related the number of 
pesos to the number of dollars by using a 
proportion. We could say the number of pesos is 
proportional to the number of dollars. If two 
quantities are related by a proportion, we say that 
they are proportional. 


Solve Similar Figure Applications 


When you shrink or enlarge a photo on a phone or 
tablet, figure out a distance on a map, or use a 
pattern to build a bookcase or sew a dress, you are 
working with similar figures. If two figures have 
exactly the same shape, but different sizes, they are 
said to be similar. One is a scale model of the other. 
All their corresponding angles have the same 
measures and their corresponding sides are in the 
same ratio. 


Similar Figures 
Two figures are similar if the measures of their 


corresponding angles are equal and their 
corresponding sides are in the same ratio. 


For example, the two triangles in [link] are similar. 
Each side of AABC is 4 times the length of the 
corresponding side of AXYZ. 


This is summed up in the Property of Similar 
Triangles. 


Property of Similar Triangles 

If AABC is similar to AXYZ, then their 
corresponding angle measure are equal and their 
corresponding sides are in the same ratio. 


To solve applications with similar figures we will 
follow the Problem-Solving Strategy for Geometry 
Applications we used earlier. 


Solve geometry applications. 


Read the problem and make all the words and 
ideas are understood. Draw the figure and label it 
with the given information. Identify what we are 
looking for. Name what we are looking for by 


choosing a variable to represent it. Translate into 
an equation by writing the appropriate formula or 
model for the situation. Substitute in the given 
information. Solve the equation using good 
algebra techniques. Check the answer in the 
problem and make sure it makes sense. Answer the 
question with a complete sentence. 


AABC is similar to AXYZ. The lengths of two 
sides of each triangle are given. Find the 
lengths of the third sides. 


Solution 


Step 1. Read the Figure is given. 
problem. Draw the 
figure and label it with 


° . e 
tha aitran infarmatinn 
eae HAVEL 1111 LL 


Step 2. Identify what the length of the sides 


. . . . 
warn avn lanlina Far af aimilar teianalac 
VVEe ULY LUYUINILIG LULL. VE VALLI LL LULL BLU 


Step 3. Name the Let a= length of the 
variables. third side of AABC. 
y= length of the 


thied aida af AVVT 
é 1c 


Lib tu Vv wi casrxaazi 


Step 4. Translate. Since the triangles are 
similar, the 
corresponding sides are 


nrannrtinnal 
pivpviuviiui 


We need to writean ABXY=BCYZ=ACXZ. 
equation that compares 


the side we are lookin 
Ee 
Since the side AB = 1 


corresponds to the side 
XY = 3 we know 
ABXY = 43. So we write 
equations with ABXY 
to find the sides we are 
looking for. Be careful 
to match up 
corresponding sides 


earraoctl« 
Vvitrcruy. 


Substitute. 


Step 5. Solve the 
equation. 


Step 6. Check. 
43 =?64.54(4.5) =? 
6(3)18=18/43=? 
3.22.44(2.4) =? 


3:2°339.6=9.64 
Step 7. Answer the _ The third side of AABC 


question. is 6 and the third side 
of AXYZ is 2.4. 


AABC is similar to AXYZ. The lengths of two 
sides of each triangle are given in the figure. 


Find the length of side a. 


AABC is similar to AXYZ. The lengths of two 


sides of each triangle are given in the figure. 


Find the length of side y. 


The next example shows how similar triangles are 
used with maps. 


On a map, San Francisco, Las Vegas, and Los 
Angeles form a triangle whose sides are shown 
in the figure below. If the actual distance from 
Los Angeles to Las Vegas is 270 miles find the 
distance from Los Angeles to San Francisco. 


Solution 


Read the problem. 
Draw the figures and 
label with the given 


Herts . 
intarmatian 
SBLALWLLLIULLIVIile 


Identify what we are 
looking for. 


Name the variables. 


Translate into an 
equation. Since the 


corresponding sides are 
proportional. We'll 
make the numerators 
"miles" and the 


. . 
danaminatarca “Garchac 
RELLY L111LIULY LLivLiivve 


Solve the equation. 


" 


Chaoaaol, 


WALA die 


On the map, the 
distance from Los 
Angeles to 

San Francisco is more 
than the distance from 


The figures are shown 
above. 


The actual distance 
from Los Angeles to 


. 
Can Lranni crm 
WUE 2B LULL Ve 


Let x= distance from 
Los Angeles to San 


. 
Lranni crm 
2 LIALILUL LIV. 


Los Angeles to Las 
Vegas. Since 351 is 
more 

than 270 the answer 


moalaca cAnNnan 
SLLUIALYD VLLLULYe 


inch inch 
Answer the question The distance from Los 


Angeles to San 
Francisco is 351 miles. 


On the map, Seattle, Portland, and Boise form 
a triangle whose sides are shown in the figure 
below. If the actual distance from Seattle to 
Boise is 400 miles, find the distance from 
Seattle to Portland. 


150 miles 


Using the map above, find the distance from 
Portland to Boise. 


350 miles 


We can use similar figures to find heights that we 
cannot directly measure. 


PO 


Tyler is 6 feet tall. Late one afternoon, his 
shadow was 8 feet long. At the same time, the 


shadow of a tree was 24 feet long. Find the 
height of the tree. 


Solution 


Read the problem and 
draw a figure. 


a  < e 
We are looking for h, 


tha haiaht af tha tean 
ete 2101 H11l Yi Ue LLL, 


We will use similar 
triangles to write an 


. 
ananii14tinn 
VyYyuUuUueVil. 


The small triangle is 


similar to the large 
“SY 


es 
Solve the proportion. 


Tyler's height is less 
than his shadow's 
length so it makes 
sense that the tree's 
height is less than the 


lanath af ita shadow 


Sey oye Vi tty VJLIlUUUY 


A telephone pole casts a shadow that is 50 feet 
long. Nearby, an 8 foot tall traffic sign casts a 
shadow that is 10 feet long. How tall is the 
telephone pole? 


A pine tree casts a shadow of 80 feet next to a 
30-foot tall building which casts a 40 feet 


shadow. How tall is the pine tree? 


Key Concepts 
* Property of Similar Triangles 


© If AABC is similar to AXYZ, then their 
corresponding angle measures are equal 
and their corresponding sides are in the 
same ratio. 


¢ Problem Solving Strategy for Geometry 
Applications 


Read the problem and make sure all the words 
and ideas are understood. Draw the figure and 
label it with the given information. Identify 
what we are looking for. Name what we are 
looking for by choosing a variable to represent 
it. Translate into an equation by writing the 


appropriate formula or model for the situation. 
Substitute in the given information. Solve the 
equation using good algebra techniques. 
Check the answer in the problem and make 
sure it makes sense. Answer the question with 
a complete sentence. 


Practice Makes Perfect 
Solve Proportions 


In the following exercises, solve. 


x56 = 78 
49 
n91=813 
4963 =29 
7 


5672=y9 


9a= 65117 


9 
4b=64144 
98154=—7p 
= 

72156 = —6q 
a—8=—4248 
7 
b—7=—3042 
2.7) =0.90.2 


0.6 


2.8k=2.11.5 


aa+12=47 


16 


bb—16=119 


cc—104= —58 


=56 


dd—48= —133 


m+9025=m+3015 


60 


n+104=40-—n6 


2p+48=p+186 


30 


q—-22=2q-718 


Pediatricians prescribe 5 milliliters (ml) of 
acetaminophen for every 25 pounds of a child’s 
weight. How many milliliters of acetaminophen 
will the doctor prescribe for Jocelyn, who 
weighs 45 pounds? 


Oml 


Brianna, who weighs 6 kg, just received her 
shots and needs a pain killer. The pain killer is 
prescribed for children at 15 milligrams (mg) 
for every 1 kilogram (kg) of the child’s weight. 
How many milligrams will the doctor 
prescribe? 


A veterinarian prescribed Sunny, a 65 pound 
dog, an antibacterial medicine in case an 
infection emerges after her teeth were cleaned. 
If the dosage is 5 mg for every pound, how 
much medicine was Sunny given? 


325mg 


Belle, a 13 pound cat, is suffering from joint 
pain. How much medicine should the 
veterinarian prescribe if the dosage is 1.8 mg 
per pound? 


A new energy drink advertises 106 calories for 
8 ounces. How many calories are in 12 ounces 
of the drink? 


159calories 


One 12 ounce can of soda has 150 calories. If 
Josiah drinks the big 32 ounce size from the 
local mini-mart, how many calories does he 
get? 


A new 7 ounce lemon ice drink is advertised for 
having only 140 calories. How many ounces 
could Sally drink if she wanted to drink just 
100 calories? 


50z 


Reese loves to drink healthy green smoothies. A 
16 ounce serving of smoothie has 170 calories. 
Reese drinks 24 ounces of these smoothies in 


one day. How many calories of smoothie is he 
consuming in one day? 


Janice is traveling to Canada and will change 
$250 US dollars into Canadian dollars. At the 
current exchange rate, $1 US is equal to $1.01 
Canadian. How many Canadian dollars will she 
get for her trip? 


252.5Canadian dollars 


Todd is traveling to Mexico and needs to 
exchange $450 into Mexican pesos. If each 
dollar is worth 12.29 pesos, how many pesos 
will he get for his trip? 


Steve changed $600 into 480 Euros. How many 
Euros did he receive for each US dollar? 


0.80Euros 


Martha changed $350 US into 385 Australian 
dollars. How many Australian dollars did she 
receive for each US dollar? 


When traveling to Great Britain, Bethany 


exchanged her $900 into 570 British pounds. 
How many pounds did she receive for each 
American dollar? 


0.63British pounds 


A missionary commissioned to South Africa had 
to exchange his $500 for the South African 
Rand which is worth 12.63 for every dollar. 
How many Rand did he have after the 
exchange? 


Ronald needs a morning breakfast drink that 
will give him at least 390 calories. Orange juice 
has 130 calories in one cup. How many cups 
does he need to drink to reach his calorie goal? 


3cups 


Sarah drinks a 32-ounce energy drink 
containing 80 calories per 12 ounce. How many 
calories did she drink? 


Elizabeth is returning to the United States from 
Canada. She changes the remaining 300 
Canadian dollars she has to $230.05 in 


American dollars. What was $1 worth in 
Canadian dollars? 


1.30Canadian dollars 


Ben needs to convert $1000 to the Japanese 
Yen. One American dollar is worth 123.3 Yen. 
How much Yen will he have? 


A golden retriever weighing 85 pounds has 
diarrhea. His medicine is prescribed as 1 
teaspoon per 5 pounds. How much medicine 
should he be given? 


17tsp 


Five-year-old Lacy was stung by a bee. The 
dosage for the anti-itch liquid is 150 mg for her 
weight of 40 pounds. What is the dosage per 
pound? 


Karen eats 12 cup of oatmeal that counts for 2 
points on her weight loss program. Her 
husband, Joe, can have 3 points of oatmeal for 
breakfast. How much oatmeal can he have? 


34 cup 


An oatmeal cookie recipe calls for 12 cup of 
butter to make 4 dozen cookies. Hilda needs to 
make 10 dozen cookies for the bake sale. How 
many cups of butter will she need? 


Solve Similar Figure Applications 


In the following exercises, AABC is similar to AXYZ. 
Find the length of the indicated side. 


side b 


12 


side x 


In the following exercises, ADEF is similar to ANPQ. 


Find the length of side d. 


7718 


Find the length of side q. 


In the following two exercises, use the map shown. 
On the map, New York City, Chicago, and Memphis 
form a triangle whose sides are shown in the figure 
below. The actual distance from New York to 
Chicago is 800 miles. 


Find the actual distance from New York to 
Memphis. 


950 miles 


Find the actual distance from Chicago to 
Memphis. 


In the following two exercises, use the map shown. 
On the map, Atlanta, Miami, and New Orleans form 
a triangle whose sides are shown in the figure 
below. The actual distance from Atlanta to New 
Orleans is 420 miles. 


Find the actual distance from New Orleans to 
Miami. 


680 miles 


Find the actual distance from Atlanta to Miami. 


A 2 foot tall dog casts a 3 foot shadow at the 
same time a cat casts a one foot shadow. How 
tall is the cat? 


23 foot (8in) 


Larry and Tom were standing next to each other 
in the backyard when Tom challenged Larry to 
guess how tall he was. Larry knew his own 
height is 6.5 feet and when they measured their 
shadows, Larry’s shadow was 8 feet and Tom’s 
was 7.75 feet long. What is Tom’s height? 


The tower portion of a windmill is 212 feet tall. 
A six foot tall person standing next to the tower 
casts a seven foot shadow. How long is the 
windmill’s shadow? 


247 .3feet 


The height of the Statue of Liberty is 305 feet. 
Nicole, who is standing next to the statue, casts 
a 6 foot shadow and she is 5 feet tall. How long 
should the shadow of the statue be? 


Everyday Math 


Heart Rate At the gym, Carol takes her pulse 
for 10 seconds and counts 19 beats. 


@ How many beats per minute is this? 
© Has Carol met her target heart rate of 140 
beats per minute? 


114 beats per minute 
no 


Heart Rate Kevin wants to keep his heart rate 
at 160 beats per minute while training. During 
his workout he counts 27 beats in 10 seconds. 


@ How many beats per minute is this? 
© Has Kevin met his target heart rate? 


Cost of a Road Trip Jesse’s car gets 30 miles 
per gallon of gas. 


@) If Las Vegas is 285 miles away, how many 
gallons of gas are needed to get there and 
then home? 

® If gas is $3.09 per gallon, what is the total 
cost of the gas for the trip? 


19 gallons 
$58.71 


Cost of a Road Trip Danny wants to drive to 
Phoenix to see his grandfather. Phoenix is 370 
miles from Danny’s home and his car gets 18.5 
miles per gallon. 


@ How many gallons of gas will Danny need 
to get to and from Phoenix? 

® If gas is $3.19 per gallon, what is the total 
cost for the gas to drive to see his 
grandfather? 


Lawn Fertilizer Phil wants to fertilize his lawn. 
Each bag of fertilizer covers about 4,000 square 
feet of lawn. Phil’s lawn is approximately 
13,500 square feet. How many bags of fertilizer 
will he have to buy? 


4 bags 


House Paint April wants to paint the exterior 
of her house. One gallon of paint covers about 
350 square feet, and the exterior of the house 
measures approximately 2000 square feet. How 
many gallons of paint will she have to buy? 


Cooking Natalia’s pasta recipe calls for 2 
pounds of pasta for 1 quart of sauce. How many 
pounds of pasta should Natalia cook if she has 
2.5 quarts of sauce? 


Heating Oil A 275 gallon oil tank costs $400 to 
fill. How much would it cost to fill a 180 gallon 
oil tank? 


Writing Exercises 


Marisol solves the proportion 144a=94 by 
‘cross multiplying’, so her first step looks like 
4-144 =9-a. Explain how this differs from the 
method of solution shown in [link]. 


Answers will vary. 


Find a printed map and then write and solve an 
application problem similar to [link]. 


Self Check 


@ After completing the exercises, use this checklist 
to evaluate your mastery of the objectives of this 
section. 


© What does this checklist tell you about your 
mastery of this section? What steps will you take to 
improve? 


Glossary 


proportion 
A proportion is an equation of the form 
ab=cd, where b+0,d ~0. The proportion is 
read “a is to b, as c is to d.” 


similar figures 
Two figures are similar if the measures of 
their corresponding angles are equal and their 
corresponding sides are in the same ratio. 


Right Triangle Trigonometry 
In this section you will: 


* Use right triangles to evaluate trigonometric 
functions. 

¢ Find function values for 30°( 1 6 ),45°( 1 4 ), 
and 60°( 1 3 ). 

¢ Use equal cofunctions of complementary 
angles. 

* Use the definitions of trigonometric functions 
of any angle. 

* Use right-triangle trigonometry to solve applied 
problems. 


Mt. Everest, which straddles the border between 
China and Nepal, is the tallest mountain in the 
world. Measuring its height is no easy task and, in 
fact, the actual measurement has been a source of 
controversy for hundreds of years. The measurement 
process involves the use of triangles and a branch of 
mathematics known as trigonometry. In this section, 
we will define a new group of functions known as 
trigonometric functions, and find out how they can 
be used to measure heights, such as those of the 
tallest mountains. 

The sides of a right triangle in relation to angle t 
The side adjacent to one angle is opposite the other 
angle.Side lengths of special triangles 


Using Right Triangles to Evaluate 
Trigonometric Functions 


[link] shows a right triangle with a vertical side of 
length y and a horizontal side has length x. Notice 
that the triangle is inscribed in a circle of radius 1. 
Such a circle, with a center at the origin and a 
radius of 1, is known as a unit circle. 


(x, y) 


Xx 


We can define the trigonometric functions in terms 
an angle t and the lengths of the sides of the 
triangle. The adjacent side is the side closest to the 
angle, x. (Adjacent means “next to.”) The opposite 
side is the side across from the angle, y. The 
hypotenuse is the side of the triangle opposite the 
right angle, 1. These sides are labeled in [link]. 


hypotenuse 


opposite 


adjacent 


Given a right triangle with an acute angle of t, the 


first three trigonometric functions are listed. 
Sine sin t = opposite hypotenuse 

Cosine cos t = adjacent hypotenuse 
Tangent tan t = opposite adjacent 


A common mnemonic for remembering these 
relationships is SohCahToa, formed from the first 
letters of “Sine is opposite over hypotenuse, Cosine 
is adjacent over hypotenuse, Tangent is opposite 
over adjacent.” 


For the triangle shown in [link], we have the 
following. 
sint = ylcost=xltant=yx 


Given the side lengths of a right triangle and 
one of the acute angles, find the sine, cosine, 
and tangent of that angle. 


. Find the sine as the ratio of the opposite side 


to the hypotenuse. 

. Find the cosine as the ratio of the adjacent 
side to the hypotenuse. 

. Find the tangent as the ratio of the opposite 
side to the adjacent side. 


Evaluating a Trigonometric Function of a 


Right Triangle 


Given the triangle shown in [link], find the 
value of cosa. 


The side adjacent to the angle is 15, and the 
hypotenuse of the triangle is 17. 
cos(a) = adjacent hypotenuse = 15 17 


Given the triangle shown in [link], find the 
value of sint. 


Reciprocal Functions 


In addition to sine, cosine, and tangent, there are 
three more functions. These too are defined in terms 
of the sides of the triangle. 

Secant sec t = hypotenuse adjacent 

Cosecant csc t = hypotenuse opposite 

Cotangent cot t = adjacent opposite 


Take another look at these definitions. These 
functions are the reciprocals of the first three 
functions. 

sin t = 1 csctcsct = 1 sintcost = 1 sectsect = 
1 cost tant = 1 cottcott = 1 tant 


When working with right triangles, keep in mind 
that the same rules apply regardless of the 
orientation of the triangle. In fact, we can evaluate 
the six trigonometric functions of either of the two 
acute angles in the triangle in [link]. The side 
opposite one acute angle is the side adjacent to the 


other acute angle, and vice versa. 
Adjacent to B 
Opposite a 


Adjacent to a 
Opposite B 


Hypotenuse 


Many problems ask for all six trigonometric 
functions for a given angle in a triangle. A possible 


strategy to use is to find the sine, cosine, and 
tangent of the angles first. Then, find the other 
trigonometric functions easily using the reciprocals. 


Given the side lengths of a right triangle, 
evaluate the six trigonometric functions of one 
of the acute angles. 


1. If needed, draw the right triangle and label 
the angle provided. 

2. Identify the angle, the adjacent side, the side 
opposite the angle, and the hypotenuse of the 
right triangle. 

3. Find the required function: 


sine as the ratio of the opposite side to 
the hypotenuse 

cosine as the ratio of the adjacent side to 
the hypotenuse 

tangent as the ratio of the opposite side 
to the adjacent side 

secant as the ratio of the hypotenuse to 
the adjacent side 

cosecant as the ratio of the hypotenuse to 
the opposite side 

cotangent as the ratio of the adjacent side 
to the opposite side 


Evaluating Trigonometric Functions of 
Angles Not in Standard Position 


Using the triangle shown in [link], evaluate 
sina,cosa,tana,seca,csca,andcota. 


sin a = opposite a hypotenuse = 45 cosa = 
adjacent to a hypotenuse = 35 tana = 
opposite a adjacent toa = 43 seca = 
hypotenuse adjacent toa = 53 csca = 
hypotenuse opposite a = 54 cota = 
adjacent to a opposite a = 3 4 


Analysis 


Another approach would have been to find sine, 
cosine, and tangent first. Then find their 
reciprocals to determine the other functions. 
seca= lcosa=135=53 
cscca=lsina=145=54 

cota= ltana=143=34 


Using the triangle shown in [link],evaluate 
sint,cost,tant,sect,csct,andcott. 


56 


33 


= 33 65,cost = 5665, tant = 33 56, 


= 6556, csct = 6533, cott = 5633 


Finding Trigonometric Functions of Special 
Angles Using Side Lengths 


It is helpful to evaluate the trigonometric functions 
as they relate to the special angles—multiples of 
30°,60°, and 45°. Remember, however, that when 
dealing with right triangles, we are limited to angles 
between 0° and 90°. 


Suppose we have a 30°,60°,90° triangle, which can 
also be described asam 6,23, 2 triangle. The 
sides have lengths in the relation s, 3 s ,2s. The sides 
of a 45°,45°,90° triangle, which can also be 
described asam 4,724, 7 2 triangle, have lengths 
in the relation s,s, 2 s. These relations are shown in 


[link]. 


-_ —- 


We can then use the ratios of the side lengths to 
evaluate trigonometric functions of special angles. 


Given trigonometric functions of a special 
angle, evaluate using side lengths. 


1. Use the side lengths shown in [link] for the 
special angle you wish to evaluate. 

2. Use the ratio of side lengths appropriate to the 
function you wish to evaluate. 


Evaluating Trigonometric Functions of 
Special Angles Using Side Lengths 


Find the exact value of the trigonometric 
functions of m= 3 , using side lengths. 


sin( 3) = opp hyp = 3s 2s = 32cos(13 ) 


= adj hyp = s 2s = 1 2 tan( 13) = opp adj 
= 3ss = 3sec(a3) = hyp adj = 2ss =2 
csc( 1 3) = hyp opp = 283s = 23 =233 
cot(a3) = adjopp =s3s=13=33 


Find the exact value of the trigonometric 
functions of x 4 , using side lengths. 


Sif(gh4 ie — = COS ga) — tao 
J=1, sec( 1 4) = 2,csc( a 4 )= 2 ,cot( a 4 
)=1 


The sine of st 3 equals the cosine of x 6 and vice 
versa. Cofunction identity of sine and cosine of 
complementary angles 


Using Equal Cofunction of Complements 


If we look more closely at the relationship between 
the sine and cosine of the special angles, we notice a 
pattern. In a right triangle with angles of x 6 and x 
3, we see that the sine of x 3 , namely 3 2, is also 
the cosine of 1 6 , while the sine of 1 6 , namely 1 2 


, is also the cosine of 13. 
sin wt 3 =cost6 = 382s = 32sinza6 =cosz3 
=s2s=12 


See [link]. 


y 


This result should not be surprising because, as we 
see from [link], the side opposite the angle of x 3 is 
also the side adjacent to m 6 , so sin( x 3 ) and cos( 
m6 ) are exactly the same ratio of the same two 
sides, 3 s and 2s. Similarly, cos( a 3 ) and sin( x 6 ) 
are also the same ratio using the same two sides, s 
and 2s. 


The interrelationship between the sines and cosines 
of x 6 and x 3 also holds for the two acute angles in 
any right triangle, since in every case, the ratio of 

the same two sides would constitute the sine of one 


angle and the cosine of the other. Since the three 
angles of a triangle add to x, and the right angle is x 
2 , the remaining two angles must also add up to x 
2. That means that a right triangle can be formed 
with any two angles that add to m 2 —in other 
words, any two complementary angles. So we may 
state a cofunction identity: If any two angles are 
complementary, the sine of one is the cosine of the 
other, and vice versa. This identity is illustrated in 


[link]. 
‘4 


sina = cosB 
sinB = cosa 


Using this identity, we can state without calculating, 
for instance, that the sine of a 12 equals the cosine 
of 50 12 , and that the sine of 52 12 equals the 
cosine of = 12 . We can also state that if, for a given 
angle t,cost= 513, then sin(a 2 -—t)= 513 as 
well. 


Po 


Cofunction Identities 
The cofunction identities in radians are listed in 


[link]. 


[eee ey aw 9D 
RUUD oLeey vu 
9 


+t 
u 
tant —nantl ow +t 
UY vu ae u 


Given the sine and cosine of an angle, find the 


ont eoacl wD _+\ I 
VALLE CY, vu a uy | 
entt—tanl 7 9 —_+\ 

Vue usa vu a cz | 
csct=sec( m2 —t ) i 


sine or cosine of its complement. 


1. To find the sine of the complementary angle, 


find the cosine of the original angle. 


2. To find the cosine of the complementary 
angle, find the sine of the original angle. 


Using Cofunction Identities 


If sint— 5 12, find cost 1 2 —t ). 


According to the cofunction identities for sine 


and cosine, we have the following. 
sint=cos( m2 —t ) 


So 
cos(m 2 —t)=512 


If csc( 1 6 )=2, find sec( x 3 ). 


Using Trigonometric Functions 


In previous examples, we evaluated the sine and 
cosine in triangles where we knew all three sides. 
But the real power of right-triangle trigonometry 
emerges when we look at triangles in which we 
know an angle but do not know all the sides. 


Given a right triangle, the length of one side, 


and the measure of one acute angle, find the 
remaining sides. 


1. For each side, select the trigonometric 
function that has the unknown side as either 
the numerator or the denominator. The known 
side will in turn be the denominator or the 
numerator. 

. Write an equation setting the function value of 
the known angle equal to the ratio of the 
corresponding sides. 

. Using the value of the trigonometric function 
and the known side length, solve for the 
missing side length. 


Finding Missing Side Lengths Using 
Trigonometric Ratios 


Find the unknown sides of the triangle in 
[link]. 


We know the angle and the opposite side, so 
we can use the tangent to find the adjacent 
side. 

tan(30°)= 7a 


We rearrange to solve for a. 
a = 7 tan(30°) = 12.1 


We can use the sine to find the hypotenuse. 
sin(30°)= 7c 


Again, we rearrange to solve for c. 
c = 7 sin(30°) = 14 


A right triangle has one angle of 1 3 and a 
hypotenuse of 20. Find the unknown sides and 
angle of the triangle. 


adjacent = 10;opposite = 10 3 ; missing angle is 
6 


Using Right Triangle Trigonometry to 
Solve Applied Problems 


Right-triangle trigonometry has many practical 
applications. For example, the ability to compute 
the lengths of sides of a triangle makes it possible to 
find the height of a tall object without climbing to 
the top or having to extend a tape measure along its 
height. We do so by measuring a distance from the 
base of the object to a point on the ground some 
distance away, where we can look up to the top of 
the tall object at an angle. The angle of elevation 
of an object above an observer relative to the 
observer is the angle between the horizontal and the 
line from the object to the observer's eye. The right 
triangle this position creates has sides that represent 
the unknown height, the measured distance from 
the base, and the angled line of sight from the 
ground to the top of the object. Knowing the 
measured distance to the base of the object and the 
angle of the line of sight, we can use trigonometric 
functions to calculate the unknown height. 


Similarly, we can form a triangle from the top of a 
tall object by looking downward. The angle of 
depression of an object below an observer relative 
to the observer is the angle between the horizontal 
and the line from the object to the observer's eye. 
See [link]. 


~——— Angle of depression 


Angle of elevation 


Given a tall object, measure its height 
indirectly. 


1. Make a sketch of the problem situation to 
keep track of known and unknown 
information. 

. Lay out a measured distance from the base of 
the object to a point where the top of the 


object is clearly visible. 

. At the other end of the measured distance, 
look up to the top of the object. Measure the 
angle the line of sight makes with the 
horizontal. 

. Write an equation relating the unknown 
height, the measured distance, and the tangent 
of the angle of the line of sight. 

. Solve the equation for the unknown height. 


Measuring a Distance Indirectly 


To find the height of a tree, a person walks to 
a point 30 feet from the base of the tree. She 
measures an angle of 57° between a line of 
sight to the top of the tree and the ground, as 
shown in [link]. Find the height of the tree. 


We know that the angle of elevation is 57° and 
the adjacent side is 30 ft long. The opposite 
side is the unknown height. 


The trigonometric function relating the side 
opposite to an angle and the side adjacent to 
the angle is the tangent. So we will state our 
information in terms of the tangent of 57°, 
letting h be the unknown height. 

tan 8 = opposite adjacent tan( 57° ) = h 30 
Solve for h. h = 30tan( 57° ) Multiply. h = 
46.2 Use a calculator. 


The tree is approximately 46 feet tall. 


How long a ladder is needed to reach a 
windowsill 50 feet above the ground if the 
ladder rests against the building making an 
angle of 5a 12 with the ground? Round to the 
nearest foot. 


About 52 ft 


Access these online resources for additional 
instruction and practice with right triangle 
trigonometry. 


¢ Finding Trig Functions on Calculator 
Finding Trig Functions Using a Right Triangle 
Relate Trig Functions to Sides of a Right 
Triangle 
Determine Six Trig Functions from a Triangle 
Determine Length of Right Triangle Side 


Key Equations 


Trigonometric Functions 


Reciprocal Trigonometr.c 
Functions 


Cofunction Identities 


Key Concepts 


Sine sin t= opposite 
hypotenuse Cosine cos t= 
adjacent hypotenuse 
Tangent tan t= opposite 
adjacent Secant sec t= 
hypotenuse adjacent 
Cosecant csc t= 
hypotenuse opposite 
Cotangent cot t= 


adjacent 
sin t= eset ese-t=1 
sin t cos t= 1 sect sec t= 


1 cos ttant= 1 cott 


entt— 1 tant 
VUE 2 tun. 


cos t=sin( m2 —t) 
sin t=cos( m2 —t) 
tan t=cot( m2 —-t) 
cot t=tan( m2 —-t) 
sec t=csc( m2 —-t) 


annncita 
Vppysiw 


* We can define trigonometric functions as ratios 
of the side lengths of a right triangle. See 


[link]. 


* The same side lengths can be used to evaluate 
the trigonometric functions of either acute 
angle in a right triangle. See [link]. 

¢ We can evaluate the trigonometric functions of 


special angles, knowing the side lengths of the 
triangles in which they occur. See [link]. 

Any two complementary angles could be the 
two acute angles of a right triangle. 

If two angles are complementary, the 
cofunction identities state that the sine of one 
equals the cosine of the other and vice versa. 
See [link]. 

We can use trigonometric functions of an angle 
to find unknown side lengths. 

Select the trigonometric function representing 
the ratio of the unknown side to the known 
side. See [link]. 

Right-triangle trigonometry facilitates the 
measurement of inaccessible heights and 
distances. 

The unknown height or distance can be found 
by creating a right triangle in which the 
unknown height or distance is one of the sides, 
and another side and angle are known. See 
[link]. 


Section Exercises 


Verbal 


For the given right triangle, label the adjacent 


side, opposite side, and hypotenuse for the 
indicated angle. 


When a right triangle with a hypotenuse of 1 is 
placed in a circle of radius 1, which sides of the 
triangle correspond to the x- and y-coordinates? 


The tangent of an angle compares which sides 
of the right triangle? 


The tangent of an angle is the ratio of the 
opposite side to the adjacent side. 


What is the relationship between the two acute 
angles in a right triangle? 


Explain the cofunction identity. 


For example, the sine of an angle is equal to the 
cosine of its complement; the cosine of an angle 
is equal to the sine of its complement. 


Algebraic 


For the following exercises, use cofunctions of 
complementary angles. 


cos( 34° )=sin( _° ) 


cos( 1 3 )=sin( __ ) 


6 


esc( 21° )=sec(_° ) 


tan( a 4)=cot( __ ) 


qt 4 


For the following exercises, find the lengths of the 
missing sides if side a is opposite angle A, side b is 
opposite angle B, and side c is the hypotenuse. 


cosB= 45 ,a=10 


sinB= 1 2 ,a=20 


b= 2033 ,c= 4033 


tanA= 512 ,b=6 


tanA = 100,b=100 


a= 10,000,c=10,00.5 


sinB= 1 3 ,a=2 


a=5,4A=60° 


b= 533,c= 1033 


c=12,4A=45° 


Graphical 


For the following exercises, use [link] to evaluate 
each trigonometric function of angle A. 


10 


sinA 


29 29 


cosA 


tanA 


a2 


cscA 


secA 


29 2 


cotA 


For the following exercises, use [link] to evaluate 
each trigonometric function of angle A. 


10 


sinA 


5 41 41 


cosA 


tanA 


54 


cscA 


secA 


414 


cotA 


For the following exercises, solve for the unknown 
sides of the given triangle. 


c=14,b=7 3 


0 


Technology 


For the following exercises, use a calculator to find 
the length of each side to four decimal places. 


So. 


10 a 


~ 
oO 


b=9.9970,c=12.2041 


10° 


a= 2.0838,b =11.8177 


Cc 
a c B 


b=15,4B=15° 


a=55.9808,c = 57.9555 


c=200,4B=5° 


c=50,4B=21° 


a= 46.6790,b =17.9184 


a=30,4A=27° 


b=3.5,4A=78° 


a= 16.4662,c = 16.8341 


Extensions 


Find x. 


Find x. 


188.3159 


Find x. 


Find x. 


x< 
4V 


200.6737 


A radio tower is located 400 feet from a 
building. From a window in the building, a 
person determines that the angle of elevation to 
the top of the tower is 36°, and that the angle of 
depression to the bottom of the tower is 23°. 
How tall is the tower? 


A radio tower is located 325 feet from a 
building. From a window in the building, a 
person determines that the angle of elevation to 
the top of the tower is 43°, and that the angle of 
depression to the bottom of the tower is 31°. 
How tall is the tower? 


498.3471 ft 


A 200-foot tall monument is located in the 
distance. From a window in a building, a 
person determines that the angle of elevation to 
the top of the monument is 15°, and that the 
angle of depression to the bottom of the 
monument is 2°. How far is the person from the 
monument? 


A 400-foot tall monument is located in the 


distance. From a window in a building, a 
person determines that the angle of elevation to 
the top of the monument is 18°, and that the 
angle of depression to the bottom of the 
monument is 3°. How far is the person from the 
monument? 


1060.09 ft 


There is an antenna on the top of a building. 
From a location 300 feet from the base of the 
building, the angle of elevation to the top of the 
building is measured to be 40°. From the same 
location, the angle of elevation to the top of the 
antenna is measured to be 43°. Find the height 
of the antenna. 


There is lightning rod on the top of a building. 
From a location 500 feet from the base of the 
building, the angle of elevation to the top of the 
building is measured to be 36°. From the same 
location, the angle of elevation to the top of the 
lightning rod is measured to be 38°. Find the 
height of the lightning rod. 


27 372 ft 


Real-World Applications 


A 33-ft ladder leans against a building so that 
the angle between the ground and the ladder is 
80°. How high does the ladder reach up the side 
of the building? 


A 23-ft ladder leans against a building so that 
the angle between the ground and the ladder is 
80°. How high does the ladder reach up the side 
of the building? 


22.6506 ft 


The angle of elevation to the top of a building 
in New York is found to be 9 degrees from the 
ground at a distance of 1 mile from the base of 
the building. Using this information, find the 
height of the building. 


The angle of elevation to the top of a building 
in Seattle is found to be 2 degrees from the 
ground at a distance of 2 miles from the base of 
the building. Using this information, find the 
height of the building. 


368.7633 ft 


Assuming that a 370-foot tall giant redwood 
grows vertically, if I walk a certain distance 
from the tree and measure the angle of 
elevation to the top of the tree to be 60°, how 
far from the base of the tree am I? 


Glossary 


adjacent side 
in a right triangle, the side between a given 
angle and the right angle 


angle of depression 
the angle between the horizontal and the line 
from the object to the observer’s eye, 
assuming the object is positioned lower than 
the observer 


angle of elevation 
the angle between the horizontal and the line 
from the object to the observer’s eye, 
assuming the object is positioned higher than 
the observer 


opposite side 
in a right triangle, the side most distant from 
a given angle 


hypotenuse 
the side of a right triangle opposite the right 
angle 


unit circle 
a circle with a center at (0,0) and radius 1 


Unit Circle 


In this section you will: 


Find function values for the sine and cosine of 
30° or (2 6 ),45° or (2 4), and 60° or(73). 
Identify the domain and range of sine and 
cosine functions. 

Find reference angles. 

Use reference angles to evaluate trigonometric 
functions. 


The Singapore Flyer is the world’s tallest Ferris 
wheel. (credit: "Vibin JK"/Flickr) 


Looking for a thrill? Then consider a ride on the 
Singapore Flyer, the world’s tallest Ferris wheel. 
Located in Singapore, the Ferris wheel soars to a 
height of 541 feet—a little more than a tenth of a 


mile! Described as an observation wheel, riders 
enjoy spectacular views as they travel from the 
ground to the peak and down again in a repeating 
pattern. In this section, we will examine this type of 
revolving motion around a circle. To do so, we need 
to define the type of circle first, and then place that 
circle on a coordinate system. Then we can discuss 
circular motion in terms of the coordinate pairs. 
Unit circle where the central angle is t radians 


Finding Trigonometric Functions Using 
the Unit Circle 


We have already defined the trigonometric functions 
in terms of right triangles. In this section, we will 
redefine them in terms of the unit circle. Recall that 
a unit circle is a circle centered at the origin with 
radius 1, as shown in [link]. The angle (in radians) 
that t intercepts forms an arc of length s. Using the 
formula s=rt, and knowing that r=1, we see that 
for a unit circle, s=t. 


The x- and y-axes divide the coordinate plane into 
four quarters called quadrants. We label these 
quadrants to mimic the direction a positive angle 
would sweep. The four quadrants are labeled I, II, 
III, and IV. 


For any angle t, we can label the intersection of the 
terminal side and the unit circle as by its 
coordinates, ( x,y ). The coordinates x and y will be 


the outputs of the trigonometric functions f(t) = cost 
and f(t) =sint, respectively. This means x=cos t and 
y=sin t. 


Unit Circle 

A unit circle has a center at (0,0) and radius 1. In 
a unit circle, the length of the intercepted arc is 
equal to the radian measure of the central angle t. 
Let (x,y ) be the endpoint on the unit circle of an 
arc of arc length s. The ( x,y ) coordinates of this 
point can be described as functions of the angle. 


Defining Sine and Cosine Functions from the 


Unit Circle 


The sine function relates a real number t to the y- 
coordinate of the point where the corresponding 
angle intercepts the unit circle. More precisely, the 
sine of an angle t equals the y-value of the endpoint 
on the unit circle of an arc of length t. In [link], the 
sine is equal to y. Like all functions, the sine 
function has an input and an output. Its input is the 
measure of the angle; its output is the y-coordinate 
of the corresponding point on the unit circle. 


The cosine function of an angle t equals the x- 
value of the endpoint on the unit circle of an arc of 
length t. In [link], the cosine is equal to x. 

y 


(x, Y) = (cos f¢, sin t) 


cos t 


Because it is understood that sine and cosine are 
functions, we do not always need to write them with 
parentheses: sint is the same as sin(t) and cost is the 
same as cos(t). Likewise, cos 2 t is a commonly used 
shorthand notation for (cos(t)) 2 . Be aware that 
many calculators and computers do not recognize 
the shorthand notation. When in doubt, use the 


extra parentheses when entering calculations into a 
calculator or computer. 


Sine and Cosine Functions 
If t is areal number and a point ( x,y ) on the unit 
circle corresponds to a central angle t, then 


sint=y 


Given a point P (x,y) on the unit circle 
corresponding to an angle of t, find the sine 
and cosine. 


1. The sine of t is equal to the y-coordinate of 
point P:sin t = y. 

2. The cosine of t is equal to the x-coordinate of 
point P:cost=x. 


Finding Function Values for Sine and 
Cosine 


Point P is a point on the unit circle 
corresponding to an angle of t, as shown in 
[link]. Find cos(t) and sin(t). 


(3 


= (cost, sint) 


We know that cost is the x-coordinate of the 
corresponding point on the unit circle and sint 
is the y-coordinate of the corresponding point 
on the unit circle. So: 

x =cost = 12y =sint = 32 


A certain angle t corresponds to a point on the 
unit circle at ( — 22, 2 2 ) as shown in [link]. 
Find cost and sint. 


cos(t)= — 2 2 ,sin(t)= 2 2 


Finding Sines and Cosines of Angles on an Axis 


For quadrantral angles, the corresponding point on 
the unit circle falls on the x- or y-axis. In that case, 
we can easily calculate cosine and sine from the 
values of x and y. 


Calculating Sines and Cosines along an Axis 


Find cos(90°) and sin(90°). 


Moving 90° counterclockwise around the unit 
circle from the positive x-axis brings us to the 
top of the circle, where the (x,y) coordinates 
are (0,1), as shown in [link]. 


X (0, 1) 


We can then use our definitions of cosine and 
sine. 

x =cos t =cos(90°) =O y =sin t =sin(90°) 
=] 


The cosine of 90° is 0; the sine of 90° is 1. 


Find cosine and sine of the angle x. 


cos(st) = — 1,sin(st) =0 


Po 


The Pythagorean Identity 


Now that we can define sine and cosine, we will 
learn how they relate to each other and the unit 
circle. Recall that the equation for the unit circle is 
x 2 + y 2 =1. Because x=cost and y=sint, we can 
substitute for x and y to get cos 2t+ sin2t=1. 
This equation, cos 2 t+ sin 2 t=1, is known as the 
Pythagorean Identity. See [link]. 


1=x*+y¥ 
= cos*t + sin?t 


We can use the Pythagorean Identity to find the 
cosine of an angle if we know the sine, or vice versa. 
However, because the equation yields two solutions, 
we need additional knowledge of the angle to 
choose the solution with the correct sign. If we 
know the quadrant where the angle is, we can easily 
choose the correct solution. 


Pythagorean Identity 


The Pythagorean Identity states that, for any real 
number t, 
cos 2t+ sin2t=1 


Given the sine of some angle t and its quadrant 
location, find the cosine of t. 


1. Substitute the known value of sint into the 
Pythagorean Identity. 

2. Solve for cost. 

3. Choose the solution with the appropriate sign 
for the x-values in the quadrant where t is 
located. 


Finding a Cosine from a Sine or a Sine from 
a Cosine 


If sin(t)= 3 7 and t is in the second quadrant, 
find cos(t). 


If we drop a vertical line from the point on the 
unit circle corresponding to t, we create a right 
triangle, from which we can see that the 
Pythagorean Identity is simply one case of the 
Pythagorean Theorem. See [link]. 


os 


slo 
+ 
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Substituting the known value for sine into the 
Pythagorean Identity, 

cos 2 (t)+ sin 2 (t) = 1 cos2 (t)+ 949 = 1 
cos 2 (t) = 40 49 cos(t) = + 4049 =+ 407 
= 2 10/7 


Because the angle is in the second quadrant, 
we know the x-value is a negative real 
number, so the cosine is also negative. 
cos(t)= — 2107 


If cos(t)= 24 25 and t is in the fourth 
quadrant, find sin(t). 


sin(t)= — 7 25 


Po 


Finding Sines and Cosines of Special 
Angles 


We have already learned some properties of the 
special angles, such as the conversion from radians 
to degrees, and we found their sines and cosines 
using right triangles. We can also calculate sines and 
cosines of the special angles using the Pythagorean 
Identity. 


Finding Sines and Cosines of 45° Angles 


First, we will look at angles of 45° or a 4, as shown 
in [link]. A 45°-45°-90° triangle is an isosceles 
triangle, so the x- and y-coordinates of the 
corresponding point on the circle are the same. 
Because the x- and y-values are the same, the sine 
and cosine values will also be equal. 


At t= 24, which is 45 degrees, the radius of the 
unit circle bisects the first quadrantal angle. This 
means the radius lies along the line y=x. A unit 
circle has a radius equal to 1 so the right triangle 
formed below the line y=x has sides x and y (y=x), 
and radius = 1. See [link]. 


From the Pythagorean Theorem we get 
K2y 21 


We can then substitute y =x. 
K24+x2 =] 


Next we combine like terms. 
2x2=1] 


And solving for x, we get 
R212 a 12 


In quadrant I,x= 12. 


At t= x 4 or 45 degrees, 
(xy) = (x,x)=(12,12)x=12,y=12cost 
= 12,sint=12 


If we then rationalize the denominators, we get 
cost =1222=22sint=1222=22 


Therefore, the (x,y) coordinates of a point on a 
circle of radius 1 at an angle of 45° are( 22,22). 


Finding Sines and Cosines of 30° and 60° Angles 


Next, we will find the cosine and sine at an angle of 
30°, or 1 6. First, we will draw a triangle inside a 
circle with one side at an angle of 30°, and another 
at an angle of — 30°, as shown in [link]. If the 
resulting two right triangles are combined into one 
large triangle, notice that all three angles of this 
larger triangle will be 60°, as shown in [link]. 


Because all the angles are equal, the sides are also 
equal. The vertical line has length 2y, and since the 
sides are all equal, we can also conclude that r= 2y 
or y= 1 2r. Since sint=y, 

sin(@m6)=12r 


And since r=1 in our unit circle, 
sin(w76)=12(1)=12 


Using the Pythagorean Identity, we can find the 


cosine value. 

cos2(1%6)+ sin2(m76) =1cos2(m6)+ (12 
)2=1l1cos2(n76)=34 

Use the square root property. cos()m76) = +3 + 4 
= 3 2 Since y is positive, choose the positive root. 


The (x,y) coordinates for the point on a circle of 
radius 1 at an angle of 30° are(32,12).Att= x 
3 (60°), the radius of the unit circle, 1, serves as the 
hypotenuse of a 30-60-90 degree right triangle, 
BAD, as shown in [link]. Angle A has measure 60°. 
At point B, we draw an angle ABC with measure of 
60°. We know the angles in a triangle sum to 180’, 
so the measure of angle C is also 60°. Now we have 
an equilateral triangle. Because each side of the 
equilateral triangle ABC is the same length, and we 
know one side is the radius of the unit circle, all 
sides must be of length 1. 


The measure of angle ABD is 30°. Angle ABC is 
double angle ABD, so its measure is 60°. BD is the 
perpendicular bisector of AC, so it cuts AC in half. 
This means that AD is 1 2 the radius, or 1 2. Notice 
that AD is the x-coordinate of point B, which is at 
the intersection of the 60° angle and the unit circle. 
This gives us a triangle BAD with hypotenuse of 1 
and side x of length 1 2. 


From the Pythagorean Theorem, we get 
x2+y2=1 


Substituting x= 1 2 , we get 
(12)2+y2=1 


Solving for y, we get 
14+ y2=1y2=1-14y2=34y=+32 


Since t= st 3 has the terminal side in quadrant I 
where the y-coordinate is positive, we choose y= 3 
2 , the positive value. 


At t= 2 3 (60°), the (x,y) coordinates for the point 
on a circle of radius 1 at an angle of 60° are( 12,3 
2 ), so we can find the sine and cosine. 

(yy) =(12,32)x=12,y=32cost=12 
sint= 32 


We have now found the cosine and sine values for 
all of the most commonly encountered angles in the 
first quadrant of the unit circle. [link] summarizes 


these values, 


Angle 0 w6,or t4,or ~3,0r m12,0r 
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[link] shows the common angles in the first 


quadrant of the unit circle. 
(0, 1) 
90° 
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Using a Calculator to Find Sine and Cosine 


To find the cosine and sine of angles other than the 
special angles, we turn to a computer or calculator. 
Be aware: Most calculators can be set into “degree” 
or “radian” mode, which tells the calculator the 

units for the input value. When we evaluate cos(30) 


on our calculator, it will evaluate it as the cosine of 
30 degrees if the calculator is in degree mode, or the 
cosine of 30 radians if the calculator is in radian 
mode. 


Given an angle in radians, use a graphing 
calculator to find the cosine. 


. If the calculator has degree mode and radian 
mode, set it to radian mode. 

. Press the COS key. 

. Enter the radian value of the angle and press 
the close-parentheses key ")". 

. Press ENTER. 


Using a Graphing Calculator to Find Sine 
and Cosine 


Evaluate cos( 5st 3 ) using a graphing 
calculator or computer. 


Enter the following keystrokes: 


COS(5 x a + 3) ENTER 
cos( 521 3 )=0.5 


nalysis 


We can find the cosine or sine of an angle in 
degrees directly on a calculator with degree mode. 
For calculators or software that use only radian 
mode, we can find the sine of 20°, for example, by 
including the conversion factor to radians as part 
of the input: 

SIN( 20 x a + 180 ) ENTER 


Evaluate sin( zt 3 ). 


approximately 0.866025403 


Identifying the Domain and Range of Sine 
and Cosine Functions 


Now that we can find the sine and cosine of an 
angle, we need to discuss their domains and ranges. 
What are the domains of the sine and cosine 
functions? That is, what are the smallest and largest 
numbers that can be inputs of the functions? 


Because angles smaller than O and angles larger 
than 2x can still be graphed on the unit circle and 
have real values of x,y, and r, there is no lower or 
upper limit to the angles that can be inputs to the 
sine and cosine functions. The input to the sine and 
cosine functions is the rotation from the positive x- 
axis, and that may be any real number. 


What are the ranges of the sine and cosine 
functions? What are the least and greatest possible 
values for their output? We can see the answers by 
examining the unit circle, as shown in [link]. The 
bounds of the x-coordinate are [—1,1]. The bounds 
of the y-coordinate are also [— 1,1]. Therefore, the 
range of both the sine and cosine functions is 
[=1,1]. 


A 
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Finding Reference Angles 


We have discussed finding the sine and cosine for 
angles in the first quadrant, but what if our angle is 
in another quadrant? For any given angle in the first 
quadrant, there is an angle in the second quadrant 
with the same sine value. Because the sine value is 
the y-coordinate on the unit circle, the other angle 
with the same sine will share the same y-value, but 
have the opposite x-value. Therefore, its cosine 
value will be the opposite of the first angle’s cosine 
value. 


Likewise, there will be an angle in the fourth 
quadrant with the same cosine as the original angle. 
The angle with the same cosine will share the same 
x-value but will have the opposite y-value. 
Therefore, its sine value will be the opposite of the 
original angle’s sine value. 


As shown in [link], angle a has the same sine value 
as angle t; the cosine values are opposites. Angle 8 
has the same cosine value as angle t; the sine values 
are opposites. 

sin(t) = sin(a) and cos(t) = —cos(a) sin(t) = — sin(B) 
and cos(t) =cos(B) 


Ml ’ IV Ml y IV 


Recall that an angle’s reference angle is the acute 
angle, t, formed by the terminal side of the angle t 
and the horizontal axis. A reference angle is always 
an angle between 0 and 90”, or 0 and x 2 radians. 
As we can see from [link], for any angle in 
quadrants II, III, or IV, there is a reference angle in 
quadrant I. 


Quadrant I Quadrant Il Quadrant III Quadrant IV 


Given an angle between 0 and 2z, find its 
reference angle. 


1. An angle in the first quadrant is its own 
reference angle. 

2. For an angle in the second or third quadrant, 
the reference angle is | s—t | or | 180°—t |. 

3. For an angle in the fourth quadrant, the 


reference angle is 21 —t or 360° —t. 

4. If an angle is less than 0 or greater than 21, 
add or subtract 271 as many times as needed to 
find an equivalent angle between 0 and 21. 


Finding a Reference Angle 


Find the reference angle of 225° as shown in 
link]. 


Because 225° is in the third quadrant, the 
reference angle is 
| (180°— 225°) |=| —45° |=45° 


Find the reference angle of 52 3. 


Special angles and coordinates of corresponding 
points on the unit circle 


Using Reference Angles 


Now let’s take a moment to reconsider the Ferris 
wheel introduced at the beginning of this section. 
Suppose a rider snaps a photograph while stopped 
twenty feet above ground level. The rider then 
rotates three-quarters of the way around the circle. 
What is the rider’s new elevation? To answer 
questions such as this one, we need to evaluate the 
sine or cosine functions at angles that are greater 
than 90 degrees or at a negative angle. Reference 
angles make it possible to evaluate trigonometric 
functions for angles outside the first quadrant. They 
can also be used to find ( x,y ) coordinates for those 
angles. We will use the reference angle of the angle 
of rotation combined with the quadrant in which 
the terminal side of the angle lies. 


Using Reference Angles to Evaluate 


Trigonometric Functions 


We can find the cosine and sine of any angle in any 
quadrant if we know the cosine or sine of its 
reference angle. The absolute values of the cosine 
and sine of an angle are the same as those of the 
reference angle. The sign depends on the quadrant 
of the original angle. The cosine will be positive or 
negative depending on the sign of the x-values in 
that quadrant. The sine will be positive or negative 
depending on the sign of the y-values in that 
quadrant. 


Using Reference Angles to Find Cosine and Sine 
Angles have cosines and sines with the same 


absolute value as their reference angles. The sign 
(positive or negative) can be determined from the 
quadrant of the angle. 


Given an angle in standard position, find the 
reference angle, and the cosine and sine of the 
original angle. 


1. Measure the angle between the terminal side 
of the given angle and the horizontal axis. 
That is the reference angle. 

2. Determine the values of the cosine and sine of 


the reference angle. 

3. Give the cosine the same sign as the x-values 
in the quadrant of the original angle. 

4. Give the sine the same sign as the y-values in 
the quadrant of the original angle. 


Using Reference Angles to Find Sine and 
Cosine 


1. Using a reference angle, find the exact 


value of cos(150°) and sin(150°). 
2. Using the reference angle, find cos 5 4 
and sin 51 4. 


1. 150° is located in the second quadrant. 
The angle it makes with the x-axis is 180 
— 150°= 30", so the reference angle is 30°. 


° 


This tells us that 150° has the same sine 
and cosine values as 30°, except for the 
sign. 

cos(30 \=93 2 and sin(30>)—-f 2 


Since 150° is in the second quadrant, the 
x-coordinate of the point on the circle is 
negative, so the cosine value is negative. 
The y-coordinate is positive, so the sine 
value is positive. 


cos(150°) = — 3 2 and sin(150°)= 1 2 

2. 5% 4 is in the third quadrant. Its reference 
angle is 5 4 —m= 14. The cosine and 
sine of a 4 are both 2 2. In the third 
quadrant, both x and y are negative, so: 
cos 5% 4 = — 22andsin5m 4 =—- 22 


. Use the reference angle of 315° to find 
cos(315°) and sin(315°). 

. Use the reference angle of — x 6 to find 
cos(-— -cOs}and sin(— sto") 


WEOS(o1 >) —-2 2 sin ols) — ae 
.cos( — 76 )= 32,sin(i -m6)=—12 


Using Reference Angles to Find Coordinates 


Now that we have learned how to find the cosine 
and sine values for special angles in the first 
quadrant, we can use symmetry and reference 
angles to fill in cosine and sine values for the rest of 
the special angles on the unit circle. They are shown 


in [link]. Take time to learn the (x,y) coordinates of 
all of the major angles in the first quadrant. 


om 
90°, F, (0, 1) 


180°, 7, (-1, 0) v 


y 
270°, 3, (0, —1) 


In addition to learning the values for special angles, 
we can use reference angles to find ( x,y ) 
coordinates of any point on the unit circle, using 
what we know of reference angles along with the 
identities 

x=cos ty=sint 


First we find the reference angle corresponding to 
the given angle. Then we take the sine and cosine 
values of the reference angle, and give them the 
signs corresponding to the y- and x-values of the 
quadrant. 


Given the angle of a point on a circle and the 
radius of the circle, find the ( x,y ) coordinates 


of the point. 


1. Find the reference angle by measuring the 
smallest angle to the x-axis. 

2. Find the cosine and sine of the reference 
angle. 

3. Determine the appropriate signs for x and y in 
the given quadrant. 


Using the Unit Circle to Find Coordinates 


Find the coordinates of the point on the unit 
circle at an angle of 776. 


We know that the angle 7x 6 is in the third 
quadrant. 


First, let’s find the reference angle by 
measuring the angle to the x-axis. To find the 
reference angle of an angle whose terminal 
side is in quadrant III, we find the difference of 
the angle and x. 

7% 6 —t= 6 


Next, we will find the cosine and sine of the 
reference angle. 
cos(m6)= 32sin(76)=12 


We must determine the appropriate signs for x 
and y in the given quadrant. Because our 
original angle is in the third quadrant, where 
both x and y are negative, both cosine and sine 
are negative. 

cos( 7% 6) = — 32sin( 776) = —12 


Now we can calculate the ( x,y ) coordinates 
using the identities x =cos@ and y=sin0. 


The coordinates of the point are ( — 32,-1 
2 ) on the unit circle. 


Find the coordinates of the point on the unit 
circle at an angle of 513. 


ccess these online resources for additional 
instruction and practice with sine and cosine 
functions. 


¢ Trigonometric Functions Using the Unit Circle 
* Sine and Cosine from the Unit 


¢ Sine and Cosine from the Unit Circle and 
Multiples of Pi Divided by Six 

¢ Sine and Cosine from the Unit Circle and 
Multiples of Pi Divided by Four 

¢ Trigonometric Functions Using Reference 
Angles 


Key Equations 


° 
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Pythagorean Identity cos 2t+ sin2t=1 


Key Concepts 


¢ Finding the function values for the sine and 
cosine begins with drawing a unit circle, which 
is centered at the origin and has a radius of 1 
unit. 


Using the unit circle, the sine of an angle t 
equals the y-value of the endpoint on the unit 
circle of an arc of length t whereas the cosine 
of an angle t equals the x-value of the endpoint. 
See [link]. 

The sine and cosine values are most directly 
determined when the corresponding point on 
the unit circle falls on an axis. See [link]. 
When the sine or cosine is known, we can use 
the Pythagorean Identity to find the other. The 
Pythagorean Identity is also useful for 
determining the sines and cosines of special 
angles. See [link]. 

Calculators and graphing software are helpful 
for finding sines and cosines if the proper 
procedure for entering information is known. 
See [link]. 

The domain of the sine and cosine functions is 
all real numbers. 

The range of both the sine and cosine functions 
is [—1,1]. 

The sine and cosine of an angle have the same 
absolute value as the sine and cosine of its 
reference angle. 

The signs of the sine and cosine are determined 
from the x- and y-values in the quadrant of the 
original angle. 

An angle’s reference angle is the size angle, t, 
formed by the terminal side of the angle t and 
the horizontal axis. See [link]. 

Reference angles can be used to find the sine 


and cosine of the original angle. See [link]. 
* Reference angles can also be used to find the 
coordinates of a point on a circle. See [link]. 


Section Exercises 


Verbal 


Describe the unit circle. 


The unit circle is a circle of radius 1 centered at 
the origin. 


What do the x- and y-coordinates of the points 
on the unit circle represent? 


Discuss the difference between a coterminal 
angle and a reference angle. 


Coterminal angles are angles that share the 
same terminal side. A reference angle is the size 
of the smallest acute angle, t, formed by the 
terminal side of the angle t and the horizontal 
axis. 


Explain how the cosine of an angle in the 
second quadrant differs from the cosine of its 
reference angle in the unit circle. 


Explain how the sine of an angle in the second 
quadrant differs from the sine of its reference 
angle in the unit circle. 


The sine values are equal. 


Algebraic 


For the following exercises, use the given sign of the 
sine and cosine functions to find the quadrant in 
which the terminal point determined by t lies. 


sin(t) <0 and cos(t) <0 


sin(t) > 0 and cos(t) >0 


sin(t) > 0 and cos(t) <0 


sin(t) > 0 and cos(t) >0 


IV 


For the following exercises, find the exact value of 
each trigonometric function. 


sin 1m 2 


sin 1 3 


32 


cos 1 2 


cos 1 3 


12 


sin mt 4 


cos 1 4 


sin 32 2 


COSI 


= 


sin0O 


Numeric 


For the following exercises, state the reference angle 
for the given angle. 


240° 


60° 


70: 


57 4 


21 3 


To 
ort 6 
=i 
to 
—7x 4 
ITO 


8 


For the following exercises, find the reference angle, 
the quadrant of the terminal side, and the sine and 
cosine of each angle. If the angle is not one of the 
angles on the unit circle, use a calculator and round 
to three decimal places. 


225: 


300° 


60°, Quadrant IV, sin(300°) = — 3 2 
,cos(300°)= 1 2 


320° 


133° 


45°, Quadrant II, sin( 135° )= 2 2 ,cos(135°) = 
—-22 


210° 


120° 


60°, Quadrant II, sin( 120° )= 3 2 ,cos(120°) = 
-—-12 


290° 


150° 


30°, Quadrant II, sin( 150° )= 1 2 ,cos(150°) = 
— 32 


57 4 


71 6 


x6, Quadrant III, sin( 7x 6 )= — 1 2 ,cos( 7x 6 
J=- 32 


Sit. 3 


37 4 


m4, Quadrant II, sin( 3a 4 )= 2 2 ,cos( 4x 3 
j=- 22 


4n 3 


250.3 


x 3, Quadrant II, sin( 21 3 )= 3 2 ,cos( 2x 3 
J=-12 


570 6 


71 4 


m4, Quadrant IV, sin( 71 4 )= — 2 2 ,cos( 7x 4 
JS 2:2 


For the following exercises, find the requested 
value. 


If cos( t )= 1 7 and t is in the fourth quadrant, 
find sin(t). 


If cos( t )= 2 9 and t is in the first quadrant, 
find sin(t). 


7E2 


If sin( t )= 3 8 and t is in the second quadrant, 
find cos(t). 


If sin( t )= — 1 4 and t is in the third quadrant, 
find cos(t). 


— 154 


Find the coordinates of the point on a circle 


with radius 15 corresponding to an angle of 
220°. 


Find the coordinates of the point on a circle 
with radius 20 corresponding to an angle of 
120°. 


( —10,10 3 ) 


Find the coordinates of the point on a circle 
with radius 8 corresponding to an angle of 7x 4 


Find the coordinates of the point on a circle 
with radius 16 corresponding to an angle of 52 
Os, 


( -2.778, 15.757 ) 


State the domain of the sine and cosine 
functions. 


State the range of the sine and cosine functions. 


i) pe | 


Graphical 


For the following exercises, use the given point on 
the unit circle to find the value of the sine and 
cosine of t. 


sint= 1 2 ,cost= — 32 


sint= — 2 2 ,cost= — 22 


sint= 3 2 ,cost= — 12 


sint= — 22 ,cost= 22 


(1, 0) 


sint=0,cost= —1 


(0.111, 0.994) 


(0.803, —0.596) 


sint= — 0.596,cost = 0.803 


sint= 1 2 ,cost= 32 


sint= — 1 2 ,cost= 3 2 


(0, —1) 


(—0.649, 0.761) 


sint = 0.761,cost = — 0.649 


—0.948 


—0.317 
(—0.948, —0.317) 


(0, 1) 


sint= 1,cost =0 


Technology 


For the following exercises, use a graphing 
calculator to evaluate. 


sin 52 9 


cos 51 9 


=0.1736 


sin 21 10 


cos a 10 


0.9511 


sin 3 4 


cos 3 4 


=; 7 071 


sin98° 


cos98° 


=(0.1392 


cos310° 


sin310° 


— 0.7660 


Extensions 


For the following exercises, evaluate. 


sin( 11 3 )cos( —5z 6 ) 


sin( 3a 4 )cos( 5 3 ) 


24 


sin( — 47 3 )cos( a 2 ) 


sin( — 9st 4 )cos( —1 6 ) 


—64 


sin( 6 )cos( —1 3 ) 


sin( 7 4 )cos( — 27 3 ) 


24 


cos( 52t 6 )cos( 27 3 ) 


cos( —2 3 )cos( 1 4 ) 


24 


sin( —5za 4 )sin( 117 6 ) 


sin( zt )sin( mt 6 ) 


Real-World Applications 


For the following exercises, use this scenario: A 
child enters a carousel that takes one minute to 
revolve once around. The child enters at the point 
(0,1), that is, on the due north position. Assume the 
carousel revolves counter clockwise. 


What are the coordinates of the child after 45 
seconds? 


What are the coordinates of the child after 90 
seconds? 


( 0,-1 ) 


What are the coordinates of the child after 125 
seconds? 


When will the child have coordinates (0.707,- 
0.707) if the ride lasts 6 minutes? (There are 
multiple answers.) 


37.5 seconds, 97.5 seconds, 157.5 seconds, 
217.5 seconds, 277.5 seconds, 337.5 seconds 


When will the child have coordinates ( —0.866,— 
0.5 ) if the ride lasts 6 minutes? 


Glossary 


cosine function 
the x-value of the point on a unit circle 
corresponding to a given angle 


Pythagorean Identity 
a corollary of the Pythagorean Theorem 


stating that the square of the cosine of a given 
angle plus the square of the sine of that angle 
equals 1 


sine function 
the y-value of the point on a unit circle 
corresponding to a given angle 


The Other Trigonometric Functions 
In this section you will: 


¢ Find exact values of the trigonometric functions 
secant, cosecant, tangent, and cotangent of x 3 
,u4,andr6. 

* Use reference angles to evaluate the 
trigonometric functions secant, tangent, and 
cotangent. 

* Use properties of even and odd trigonometric 
functions. 

* Recognize and use fundamental identities. 

Evaluate trigonometric functions with a 

calculator. 


A wheelchair ramp that meets the standards of the 
Americans with Disabilities Act must make an angle 
with the ground whose tangent is 1 12 or less, 
regardless of its length. A tangent represents a ratio, 
so this means that for every 1 inch of rise, the ramp 
must have 12 inches of run. Trigonometric functions 
allow us to specify the shapes and proportions of 
objects independent of exact dimensions. We have 
already defined the sine and cosine functions of an 
angle. Though sine and cosine are the trigonometric 
functions most often used, there are four others. 
Together they make up the set of six trigonometric 
functions. In this section, we will investigate the 
remaining functions. 


Finding Exact Values of the 
Trigonometric Functions Secant, 
Cosecant, Tangent, and Cotangent 


We can also define the remaining functions in terms 
of the unit circle with a point ( x,y ) corresponding 

to an angle of t, as shown in [link]. As with the sine 
and cosine, we can use the ( x,y ) coordinates to find 


the other functions. 
y 


tf @y 


x 


The first function we will define is the tangent. The 
tangent of an angle is the ratio of the y-value to the 
x-value of the corresponding point on the unit 
circle. In [link], the tangent of angle t is equal to y x 
,x 0. Because the y-value is equal to the sine of t, 
and the x-value is equal to the cosine of t, the 
tangent of angle t can also be defined as sint cost 
,cost +0. The tangent function is abbreviated as tan. 
The remaining three functions can all be expressed 
as reciprocals of functions we have already defined. 


* The secant function is the reciprocal of the 
cosine function. In [link], the secant of angle t 
is equal to 1 cost = 1 x ,x #0. The secant 


function is abbreviated as sec. 

* The cotangent function is the reciprocal of the 
tangent function. In [link], the cotangent of 
angle t is equal to cost sint = x y ,y #0. The 
cotangent function is abbreviated as cot. 

* The cosecant function is the reciprocal of the 
sine function. In [link], the cosecant of angle t 
is equal to 1 sint = 1 y ,y #0. The cosecant 
function is abbreviated as csc. 


Tangent, Secant, Cosecant, and Cotangent 
Functions 
If t is a real number and (x,y) is a point where the 


terminal side of an angle of t radians intercepts the 
unit circle, then 

tant = yx,x~Osect = 1x,x¥0Ocsct=1ly 
yyz=Ocott =xy,y=0 


Finding Trigonometric Functions from a 
Point on the Unit Circle 


The point ( — 32,12) is on the unit circle, 
as shown in [link]. Find sint,cost,tant,sect,csct, 
and cott. 


Because we know the (x,y) coordinates of the 


point on the unit circle indicated by angle t, 

we can use those coordinates to find the six 

functions: 

sint =y = 12cost =x =— 32tant=yx 
=12-32=12(-23)=-13=-3 
3sect=1x=1-32=-23=- 233 
esct= ly =112=2cott=xy=-32 
2 3 2) — 8 


The point ( 2 2 ,— 2 2 ) is on the unit circle, as 
shown in [link]. Find sint,cost,tant,sect,csct, 
and cott. 


sint= — 2 2 ,cost= 2 2 ,tant= —1,sect= 2 
,csct= — 2 ,cott= —1 


Finding the Trigonometric Functions of an 
Angle 


Find sint,cost,tant,sect,csct, and cott. when t= 
SE Oye 


We have previously used the properties of 
equilateral triangles to demonstrate that sin x 
6 = 12andcosz6 = 32. Wecan use these 
values and the definitions of tangent, secant, 
cosecant, and cotangent as functions of sine 
and cosine to find the remaining function 
values. 


tan 6 — sin 6 cosa 6 — 1232 — 13 — 
33secu6 = lcosv6=-132=23=23 
3cscu6 = 1sinxn6 = 112 =2cotr6 = 
cost6sint6 =3212=3 


Find sint,cost,tant,sect,csct, and cott. when t= 
it 33 


Slijje o =o 2 cos to — | 2tan wo — o seen 
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Because we know the sine and cosine values for the 
common first-quadrant angles, we can find the other 
function values for those angles as well by setting x 
equal to the cosine and y equal to the sine and then 
using the definitions of tangent, secant, cosecant, 
and cotangent. The results are shown in [link]. 
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The trigonometric functions are each listed in the 
quadrants in which they are positive. 


Using Reference Angles to Evaluate 
Tangent, Secant, Cosecant, and Cotangent 


We can evaluate trigonometric functions of angles 
outside the first quadrant using reference angles as 
we have already done with the sine and cosine 
functions. The procedure is the same: Find the 
reference angle formed by the terminal side of the 
given angle with the horizontal axis. The 
trigonometric function values for the original angle 
will be the same as those for the reference angle, 
except for the positive or negative sign, which is 
determined by x- and y-values in the original 
quadrant. [link] shows which functions are positive 
in which quadrant. 


To help remember which of the six trigonometric 
functions are positive in each quadrant, we can use 
the mnemonic phrase “A Smart Trig Class.” Each of 


finnA 
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the four words in the phrase corresponds to one of 
the four quadrants, starting with quadrant I and 
rotating counterclockwise. In quadrant I, which is 
“A,” all of the six trigonometric functions are 
positive. In quadrant II, “Smart,” only sine and its 
reciprocal function, cosecant, are positive. In 
quadrant III, “Trig,” only tangent and its reciprocal 
function, cotangent, are positive. Finally, in 
quadrant IV, “Class,” only cosine and its reciprocal 
function, secant, are positive. 
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Given an angle not in the first quadrant, use 
reference angles to find all six trigonometric 
functions. 


1. Measure the angle formed by the terminal side 


of the given angle and the horizontal axis. 
This is the reference angle. 

2. Evaluate the function at the reference angle. 
3. Observe the quadrant where the terminal side 
of the original angle is located. Based on the 
quadrant, determine whether the output is 

positive or negative. 


Using Reference Angles to Find 
Trigonometric Functions 


Use reference angles to find all six 
trigonometric functions of — 516. 


The angle between this angle’s terminal side 
and the x-axis is 1 6 , so that is the reference 
angle. Since — 5x 6 is in the third quadrant, 
where both x and y are negative, cosine, sine, 


secant, and cosecant will be negative, while 
tangent and cotangent will be positive. 


cos( — 516) =— 32,sin( — 576) =-—12 
,tan( — 576) = 33, sec( — 576) =- 23 
3 ,csc( — 506) = —2,cot( — 516) = 3 


Use reference angles to find all six 
trigonometric functions of — 714. 


sin( —7x 4 )= 2 2 ,cos( —7x 4 )= 2 2 ,tan( 
—7x 4 )=1, sec( —7x 4 )= 2 ,csc( —70 4 )= 
2 ,cot( —77 4)=1 


The function f(x) = x 2 is an even function. The 
function f(x)= x 3 is an odd function. 


Using Even and Odd Trigonometric 
Functions 


To be able to use our six trigonometric functions 
freely with both positive and negative angle inputs, 
we should examine how each function treats a 
negative input. As it turns out, there is an important 
difference among the functions in this regard. 


Consider the function f(x) = x 2 , shown in [link]. 
The graph of the function is symmetrical about the 
y-axis. All along the curve, any two points with 
opposite x-values have the same function value. This 
matches the result of calculation: (4) 2 = (-—4) 2, 
(—5) 2 = (5) 2, and so on. So f(x)= x 2 is an even 
function, a function such that two inputs that are 
opposites have the same output. That means f( —x 


J=1( x). 


x 
7 6 -5 -4 -3 -2 -1 :O 142 345 6 7 
“4 


Now consider the function f(x) = x 3 , shown in 
[link]. The graph is not symmetrical about the y- 
axis. All along the graph, any two points with 
opposite x-values also have opposite y-values. So 
f(x) = x 3 is an odd function, one such that two 
inputs that are opposites have outputs that are also 
opposites. That means f( —x )= —f( x ). 


We can test whether a trigonometric function is 
even or odd by drawing a unit circle with a positive 
and a negative angle, as in [link]. The sine of the 


positive angle is y. The sine of the negative angle is 
—y. The sine function, then, is an odd function. We 
can test each of the six trigonometric functions in 
this fashion. The results are shown in [link]. 


sin t = ysin(—t)cost = x tan(t) = yx 

= -ysint = cos(—t)=x tan(—t) = -— yx 
cinlf _ +) ena +t — ancl _t)\ tan + ~ tanf__+)\ 
vty u VyuDe 7 eYVL uy Uh GF Rhy uy 
sect = 1x esc t = ly cott = xy 


sec(—t) = 1x _ csc(—t) = 1 —y cot(-t) = x -y 
sec t = sec(—t) csct # csc(—t) cott = cot(—t) 


Even and Odd Trigonometric Functions 

An even function is one in which f(—x) =f(x). 
An odd function is one in which f(— x) = — f(x). 
Cosine and secant are even: 

cos(—t) = cos t sec(—t) = sect 

Sine, tangent, cosecant, and cotangent are odd: 
sin(—t) = —sin t tan(—t) = —tantcsc(—t) = 
—csc t cot(—t) = —cott 


Using Even and Odd Properties of 
Trigonometric Functions 


If the secant of angle t is 2, what is the secant 
Ofte 


Secant is an even function. The secant of an 
angle is the same as the secant of its opposite. 
So if the secant of angle t is 2, the secant of —t 
is also 2. 


If the cotangent of angle t is 3 , what is the 
cotangent of —t? 


Recognizing and Using Fundamental 
Identities 


We have explored a number of properties of 
trigonometric functions. Now, we can take the 
relationships a step further, and derive some 
fundamental identities. Identities are statements 
that are true for all values of the input on which 
they are defined. Usually, identities can be derived 
from definitions and relationships we already know. 
For example, the Pythagorean Identity we learned 
earlier was derived from the Pythagorean Theorem 
and the definitions of sine and cosine. 


Fundamental Identities 

We can derive some useful identities from the six 
trigonometric functions. The other four 
trigonometric functions can be related back to the 
sine and cosine functions using these basic 
relationships: 

tant = sint cost 


Sect= 1 cost 


csct= 1 sint 
cott= 1 tant = cost sint 


Using Identities to Evaluate Trigonometric 
Functions 


1. Given sin(45°)= 2 2 ,cos(45°) = 22, 
evaluate tan(45°). 

2. Given sin( 51 6 )= 1 2 ,cos( 52 6 )= — 3 
2 , evaluate sec( 5m 6 ). 


Because we know the sine and cosine values 
for these angles, we can use identities to 
evaluate the other functions. 


ie 


tan(45°) = sin(45°) cos(45°) = 2222 = 
1 


Z 


sec( 53'6 ) = 1 cos( 506) — 1 — 32 = 
=2°3 1 =] =23. = =233 


Evaluate csc( 7x 6 ). 


Using Identities to Simplify Trigonometric 
Expressions 


Simplify sect tant . 


We can simplify this by rewriting both 
functions in terms of sine and cosine. 
sec t tant = 1 cost sint cost = 1 cost-:cost 
sin t Multiply by the reciprocal. = 1 sin t 
=csc t Simplify and use the identity. 


By showing that sect tant can be simplified to 
csct, we have, in fact, established a new 
identity. 

sect tant =csct 


Simplify (tant)(cost). 


Alternate Forms of the Pythagorean Identity 


We can use these fundamental identities to derive 
alternate forms of the Pythagorean Identity, cos 2 t 
+ sin 2 t=1. One form is obtained by dividing both 
sides by cos 2 t. 

cos 2tcos2t + sin2tcos2t = 1cos2t1+ tan2 
t = sec 2t 


The other form is obtained by dividing both sides by 
sin 2 t. 

cos2tsin2t + sin2tsin2t = 1sin2tcot2t+1 
= csc 2t 


Alternate Forms of the Pythagorean Identity 
1+ tan2t= sec2t 


cot2t+1l= csc 2t 


Using Identities to Relate Trigonometric 
Functions 


If cos(t)= 12 13 and t is in quadrant IV, as 
shown in [link], find the values of the other 
five trigonometric functions. 


a 


We can find the sine using the Pythagorean 
Identity, cos 2 t+ sin 2 t=1, and the 
remaining functions by relating them to sine 
and cosine. 

(1213)2+sin2t=1sin2t =1—- (1213 
)2sin2t = 1— 144169 sin 2t = 25 169 
sint = + 25169sint = + 25169sint = + 


513 


The sign of the sine depends on the y-values in 
the quadrant where the angle is located. Since 
the angle is in quadrant IV, where the y-values 
are negative, its sine is negative, —- 513. 


The remaining functions can be calculated 
using identities relating them to sine and 
cosine. 

tant = sintcost = —5131213 =— 512 
sect = lcost = 11213 = 1312csct=1 


Slihte— 1 — Sols — 135 5 cont — ltante— 1 
= 24> = 125 


If sec(t)= — 17 8 and 0<t<n, find the values 
of the other five functions. 


cost=— 817 ,sint= 1517 ,tant=— 158 
csct= 17 15 ,cott= — 815 


As we discussed at the beginning of the chapter, a 
function that repeats its values in regular intervals is 
known as a periodic function. The trigonometric 
functions are periodic. For the four trigonometric 
functions, sine, cosine, cosecant and secant, a 
revolution of one circle, or 2x, will result in the 
same outputs for these functions. And for tangent 
and cotangent, only a half a revolution will result in 
the same outputs. 


Other functions can also be periodic. For example, 
the lengths of months repeat every four years. If x 
represents the length time, measured in years, and 
f(x) represents the number of days in February, then 
f(x + 4) = f(x). This pattern repeats over and over 


through time. In other words, every four years, 
February is guaranteed to have the same number of 
days as it did 4 years earlier. The positive number 4 
is the smallest positive number that satisfies this 
condition and is called the period. A period is the 
shortest interval over which a function completes 
one full cycle—in this example, the period is 4 and 
represents the time it takes for us to be certain 
February has the same number of days. 


Period of a Function 

The period P of a repeating function f is the 
number representing the interval such that f(x 
+P) = f(x) for any value of x. 


The period of the cosine, sine, secant, and cosecant 
functions is 2st. 

The period of the tangent and cotangent functions 
iS JU. 


Finding the Values of Trigonometric 
Functions 


Find the values of the six trigonometric 
functions of angle t based on [link]. 


He ee 


sint =y =— 32cost =x =— 12tant = 
sin tcost = —32 —12= 3sect = 1 cost 
= 1— 12 ——2csct — lsint— 1 — 32 — 
—-233cott=ltant=13=33 


Find the values of the six trigonometric 
functions of angle t based on [link]. 


(0, -1) 


sint = — 1,cost = 0,tant = Undefined 
sect = Undefined,csct = — 1,cott=0 


Finding the Value of Trigonometric 
Functions 


If sin(t)= — 3 2 andcos(t)= 1 2 
,findsec(t),csc(t),tan(t),cot(t). 


sect = I cost = 1 12 =2escet = lsint— 1 
— 32 -—233tant = sintcost = —3212 
=— 3cott = ltant=1-—3=-33 


Si) = 92 Na COS (is 
,findsec(t),csc(t),tan(t),andcot(t) 


sect= 2 ,csct= 2 ,tant=1,cott=1 


Evaluating Trigonometric Functions with 
a Calculator 


We have learned how to evaluate the six 
trigonometric functions for the common first- 
quadrant angles and to use them as reference angles 
for angles in other quadrants. To evaluate 
trigonometric functions of other angles, we use a 
scientific or graphing calculator or computer 
software. If the calculator has a degree mode and a 
radian mode, confirm the correct mode is chosen 
before making a calculation. 


Evaluating a tangent function with a scientific 
calculator as opposed to a graphing calculator or 
computer algebra system is like evaluating a sine or 
cosine: Enter the value and press the TAN key. For 
the reciprocal functions, there may not be any 
dedicated keys that say CSC, SEC, or COT. In that 


case, the function must be evaluated as the 
reciprocal of a sine, cosine, or tangent. 


If we need to work with degrees and our calculator 
or software does not have a degree mode, we can 
enter the degrees multiplied by the conversion 
factor z= 180 to convert the degrees to radians. To 
find the secant of 30°, we could press 

(for a scientific calculator): 1 30 x a 180 COS or 
(for a graphing calculator): 1 cos( 30x 180 ) 


Given an angle measure in radians, use a 
scientific calculator to find the cosecant. 


. If the calculator has degree mode and radian 
mode, set it to radian mode. 


-Enter. 07 

. Enter the value of the angle inside 
parentheses. 

. Press the SIN key. 

. Press the = key. 


Given an angle measure in radians, use a 
graphing utility/calculator to find the cosecant. 


¢ If the graphing utility has degree mode and 
radian mode, set it to radian mode. 


* Enter: 17 

* Press the SIN key. 

¢ Enter the value of the angle inside 
parentheses. 

¢ Press the ENTER key. 


Evaluating the Cosecant Using Technology 


Evaluate the cosecant of 5s 7 . 


For a scientific calculator, enter information as 
follows: 
1/(5 X 0/7) SIN = esc( 52 7 ) = 1.279 


Evaluate the cotangent of — 78. 


ccess these online resources for additional 
instruction and practice with other trigonometric 


functions. 


* Determing Trig Function Values 

* More Examples of Determining Trig Functions 
¢ Pythagorean Identities 

* Trig Functions on a Calculator 


Key Equations 


. . 
Tanaant franntian tant — aint anct 
ee Owns LBULIVLIVIL JL VALLl VYVIE 


. 
Canant frnntian ceanrt — 1 aenct 
WeCULLeE LULILeLULYdL vee £2 VYUveEe 


£, . . 
Crcorant fiunetian rant — 1 aint 
WYUVECULLE LULLeELLUd uve aa 


Cotangent function cott= 1 tant = cost sint 


Key Concepts 


* The tangent of an angle is the ratio of the y- 
value to the x-value of the corresponding point 
on the unit circle. 

* The secant, cotangent, and cosecant are all 
reciprocals of other functions. The secant is the 
reciprocal of the cosine function, the cotangent 


is the reciprocal of the tangent function, and 
the cosecant is the reciprocal of the sine 
function. 

The six trigonometric functions can be found 
from a point on the unit circle. See [link]. 
Trigonometric functions can also be found from 
an angle. See [link]. 

Trigonometric functions of angles outside the 
first quadrant can be determined using 
reference angles. See [link]. 

A function is said to be even if f(—x)=f(x) and 
odd if f( —x )= —f( x ) for all x in the domain 
of f. 

Cosine and secant are even; sine, tangent, 
cosecant, and cotangent are odd. 

Even and odd properties can be used to 
evaluate trigonometric functions. See [link]. 
The Pythagorean Identity makes it possible to 
find a cosine from a sine or a sine from a 
cosine. 

Identities can be used to evaluate trigonometric 
functions. See [link] and [link]. 

Fundamental identities such as the Pythagorean 
Identity can be manipulated algebraically to 
produce new identities. See [link]. 

The trigonometric functions repeat at regular 
intervals. 

The period P of a repeating function f is the 
smallest interval such that f(x +P) =f(x) for any 
value of x. 

The values of trigonometric functions can be 


found by mathematical analysis. See [link] and 
[link]. 

* To evaluate trigonometric functions of other 
angles, we can use a calculator or computer 
software. See [link]. 


Section Exercises 


Verbal 


On an interval of [ 0,27 ), can the sine and 
cosine values of a radian measure ever be 
equal? If so, where? 


Yes, when the reference angle is a 4 and the 
terminal side of the angle is in quadrants I and 
III. Thus, ax= 14, 5a 4, the sine and cosine 
values are equal. 


What would you estimate the cosine of x 
degrees to be? Explain your reasoning. 


For any angle in quadrant II, if you knew the 
sine of the angle, how could you determine the 
cosine of the angle? 


Substitute the sine of the angle in for y in the 
Pythagorean Theorem x 2 + y 2 =1. Solve for 
x and take the negative solution. 


Describe the secant function. 


Tangent and cotangent have a period of x. 
What does this tell us about the output of these 
functions? 


The outputs of tangent and cotangent will 
repeat every st units. 


Algebraic 


For the following exercises, find the exact value of 
each expression. 


tan 1 6 


sec 1 6 


23:3 


csc 11 6 


cot 16 


csc 1 3 


cot m3 


3-3 


For the following exercises, use reference angles to 
evaluate the expression. 


tan 57 6 


sec 71 6 


= i 


csc lla 6 


cot 137 6 


tan 77 4 


sec 32 4 


aa 


csc 5a 4 


cot liz 4 


—1 


tan 8 3 


sec 410 3 


-2 


csc 20 3 


cot 510 3 


= 0 


tan225° 


sec300° 


csc150° 


cot240° 


3-3 


tan330° 


sec120° 


—2 


csc210° 


cot315° 


—1 


If sint= 3 4, and t is in quadrant II, find 
cost,sect,csct,tant, and cott. 


If cost= — 13, and t is in quadrant III, find 
sint,sect,csct,tant, and cott. 


sint= — 22 3 ,sect= —3,csct= — 3 2 4 ,tant=2 
2 ,cott= 24 


If tant= 125, andO<t< a2 2, find 
sint,cost,sect,csct,andcott. 


If sint= 3 2 and cost= 1 2, find sect,csct,tant, 
and cott. 


sect= 2, csct= 233, tant= 3, cott= 33 


If sin40° ~ 0.643 and cos40° ~ 0.766, find 
sec40°,csc40°,tan40°, and cot40°. 


If sint= 2 2 , what is the sin(—t)? 


= 22 


If cost= 1 2 , what is the cos(—t)? 


If sect = 3.1, what is the sec( —t)? 


31 


If csct= 0.34, what is the csc(— t)? 


If tant= — 1.4, what is the tan(—t)? 


1.4 


If cott = 9.23, what is the cot(—t)? 


Graphical 


For the following exercises, use the angle in the unit 
circle to find the value of the each of the six 
trigonometric functions. 


sint= 2 2 ,cost= 2 2 ,tant=1,cott=1,sect= 2 
scsct= 2 


sint= — 3 2 ,cost= — 1 2 ,tant= 3 ,cott= 33 
ssect= —2,csct= — 233 


Technology 


For the following exercises, use a graphing 
calculator to evaluate to three decimal places. 


csc 53 9 


cot 4st 7 


—0.228 


sec 11 10 


tan 52 8 


—2.414 


sec 37 4 


csc 1t 4 


1.414 


tan98° 


cot33° 


1.540 


cot140° 


sec310° 


1.556 


Extensions 


For the following exercises, use identities to 
evaluate the expression. 


If tan( t )~2.7, and sin( t )~0.94, find cos( t ). 


If tan( t )=1.3, and cos( t )~0.61, find sin( t ). 


sin( t )=0.79 


If csc( t )=3.2, and cos( t )~0.95, find tan(t ). 


If cot( t )=~0.58, and cos( t )~0.5, find csc( t ). 


csct = 1.16 


Determine whether the function f(x) = 2sinxcosx 
is even, odd, or neither. 


Determine whether the function f(x) =3 sin 2 
xcosx + secx is even, odd, or neither. 


even 


Determine whether the function f(x) = sinx — 2 
cos 2 x is even, odd, or neither. 


Determine whether the function f(x)= csc 2 x 
+secx is even, odd, or neither. 


even 


For the following exercises, use identities to simplify 
the expression. 


cscttant 


sect csct 


sint cost = tant 


Real-World Applications 


The amount of sunlight in a certain city can be 
modeled by the function h= 15cos( 1 600 d ), 
where h represents the hours of sunlight, and d 
is the day of the year. Use the equation to find 
how many hours of sunlight there are on 
February 10, the 42nd day of the year. State the 


period of the function. 


The amount of sunlight in a certain city can be 
modeled by the function h= 16cos( 1 500 d ), 
where h represents the hours of sunlight, and d 
is the day of the year. Use the equation to find 
how many hours of sunlight there are on 
September 24, the 267th day of the year. State 
the period of the function. 


13.77 hours, period: 1000zst 


The equation P= 20sin( 2xt )+100 models the 
blood pressure, P, where t represents time in 
seconds. (a) Find the blood pressure after 15 
seconds. (b) What are the maximum and 
minimum blood pressures? 


The height of a piston, h, in inches, can be 
modeled by the equation y = 3sinx+ 1, where x 
represents the crank angle. Find the height of 
the piston when the crank angle is 55°. 


3.46 inches 


The height of a piston, h, in inches, can be 


modeled by the equation y = 2cosx + 5, where x 
represents the crank angle. Find the height of 
the piston when the crank angle is 55°. 


Chapter Review Exercises 


Angles 


For the following exercises, convert the angle 
measures to degrees. 


qt 4 
45° 


— 573 


For the following exercises, convert the angle 
measures to radians. 


—210° 


— 71 6 


180° 


Find the length of an arc in a circle of radius 7 
meters subtended by the central angle of 85”. 


10.385 meters 


Find the area of the sector of a circle with 
diameter 32 feet and an angle of 3 5 radians. 


For the following exercises, find the angle between 
0° and 360° that is coterminal with the given angle. 


420° 


60° 


— 80° 


For the following exercises, find the angle between 
0 and 2x in radians that is coterminal with the 
given angle. 


— 20x 11 


2m 11 


147 5 


For the following exercises, draw the angle provided 
in standard position on the Cartesian plane. 


=2Z 10° 


7a 


570 4 


—- 73 


Find the linear speed of a point on the equator 
of the earth if the earth has a radius of 3,960 
miles and the earth rotates on its axis every 24 


hours. Express answer in miles per hour. Round 
to the nearest hundredth. 


1036.73 miles per hour 


A car wheel with a diameter of 18 inches spins 
at the rate of 10 revolutions per second. What is 
the car's speed in miles per hour? Round to the 
nearest hundredth. 


Right Triangle Trigonometry 


For the following exercises, use side lengths to 
evaluate. 


cos 1 4 


22 


cot m3 


tan 1 6 


33 


cos( m2 )=sin( _* ) 


csc( 18° )=sec( _° ) 


ex 


For the following exercises, use the given 
information to find the lengths of the other two 
sides of the right triangle. 


cosB= 35 ,a=6 


tanA= 59 ,b=6 


a= 103 ,c= 21063 


For the following exercises, use [link] to evaluate 
each trigonometric function. 
A 


11 


sinA 


tanB 


611 


For the following exercises, solve for the unknown 
sides of the given triangle. 


a= 532 ,)— 52 


A 15-ft ladder leans against a building so that 
the angle between the ground and the ladder is 
70°. How high does the ladder reach up the side 
of the building? Find the answer to four 
decimal places. 


The angle of elevation to the top of a building 
in Baltimore is found to be 4 degrees from the 
ground at a distance of 1 mile from the base of 
the building. Using this information, find the 
height of the building. Find the answer to four 
decimal places. 


369.2136 ft 


Unit Circle 


Find the exact value of sin 3. 


Find the exact value of cos m4. 


22 


Find the exact value of cosz. 


State the reference angle for 300°. 


60° 


State the reference angle for 31 4. 


Compute cosine of 330°. 


3:2 


Compute sine of 57 4. 


State the domain of the sine and cosine 
functions. 


all real numbers 


State the range of the sine and cosine functions. 


The Other Trigonometric Functions 


For the following exercises, find the exact value of 
the given expression. 


cos 11 6 


32 


tan 1 4 


csc a3 


203 


sec 1 4 


For the following exercises, use reference angles to 
evaluate the given expression. 


sec llz 3 


sec315° 


If sec( t )= — 2.5, what is the sec(—t)? 


—2.5 


If tan(t) = — 0.6, what is the tan(—t)? 


If tan(t)= 1 3, find tan(t—z). 


Lid 


If cos(t)= 2 2, find sin(t+ 27). There are two 
possible solutions. 


Which trigonometric functions are even? 


cosine, secant 


Which trigonometric functions are odd? 


Chapter Practice Test 


Convert 5m 6 radians to degrees. 
150° 
Convert — 620° to radians. 


Find the length of a circular arc with a radius 
12 centimeters subtended by the central angle 
of 30°. 


6.283 centimeters 


Find the area of the sector with radius of 8 feet 
and an angle of 5x 4 radians. 


Find the angle between 0° and 360° that is 
coterminal with 375°. 


i 


Find the angle between 0 and 2z in radians that 
is coterminal with — 417. 


Draw the angle 315° in standard position on the 
Cartesian plane. 


Draw the angle — x 6 in standard position on 


the Cartesian plane. 


A carnival has a Ferris wheel with a diameter of 
80 feet. The time for the Ferris wheel to make 
one revolution is 75 seconds. What is the linear 
speed in feet per second of a point on the Ferris 
wheel? What is the angular speed in radians per 
second? 


3.351 feet per second, 2% 75 radians per second 


Find the missing sides of the triangle 
ABC:sinB= 3 4 ,c=12. 


Find the missing sides of the triangle. 


a= 92,b=932 


The angle of elevation to the top of a building 
in Chicago is found to be 9 degrees from the 
ground at a distance of 2000 feet from the base 
of the building. Using this information, find the 
height of the building. 


Find the exact value of sin 76. 


12 


Compute sine of 240°. 


State the domain of the sine and cosine 
functions. 


real numbers 


State the range of the sine and cosine functions. 


Find the exact value of cot 14. 


Find the exact value of tan 3. 

Use reference angles to evaluate csc 71 4. 
—2 

Use reference angles to evaluate tan210°. 

If csct = 0.68, what is the csc(— t)? 

—0.68 

If cost= 3 2, find cos(t— 271). 

Find the missing angle: cos( 1 6 )=sin( __ ) 
Wo 


Glossary 


cosecant 


the reciprocal of the sine function: on the unit 
circle, csct= ly ,y+0 


cotangent 
the reciprocal of the tangent function: on the 
unit circle, cott= x y ,y~0 


identities 
statements that are true for all values of the 
input on which they are defined 


period 
the smallest interval P of a repeating function 
f such that f(x + P) = f(x) 


secant 
the reciprocal of the cosine function: on the 
unit circle, sect= 1 x ,x~0 


tangent 
the quotient of the sine and cosine: on the 
unit circle, tant= y x ,x~0 


Graphs of the Sine and Cosine Functions 
In this section, you will: 


* Graph variations of y=sin(x) and y=cos(x) . 
* Use phase shifts of sine and cosine curves. 


Light can be separated into colors because of its 
wavelike properties. (credit: "wonderferret"/ Flickr) 


White light, such as the light from the sun, is not 
actually white at all. Instead, it is a composition of 
all the colors of the rainbow in the form of waves. 
The individual colors can be seen only when white 
light passes through an optical prism that separates 
the waves according to their wavelengths to form a 


rainbow. 


Light waves can be represented graphically by the 
sine function. In the chapter on Trigonometric 
Functions, we examined trigonometric functions 
such as the sine function. In this section, we will 
interpret and create graphs of sine and cosine 
functions. 

The sine function Plotting values of the sine 
function The cosine functionOdd symmetry of the 
sine function Even symmetry of the cosine function 


Graphing Sine and Cosine Functions 


Recall that the sine and cosine functions relate real 
number values to the x- and y-coordinates of a point 
on the unit circle. So what do they look like on a 
graph on a coordinate plane? Let’s start with the 
sine function. We can create a table of values and 
use them to sketch a graph. [link] lists some of the 
values for the sine function on a unit circle. 


Plotting the points from the table and continuing 
along the x-axis gives the shape of the sine function. 
See [link]. 


Notice how the sine values are positive between 0 
and x, which correspond to the values of the sine 
function in quadrants I and II on the unit circle, and 
the sine values are negative between x and 21, 
which correspond to the values of the sine function 
in quadrants III and IV on the unit circle. See [link]. 


y = sin(x) 


Now let’s take a similar look at the cosine function. 
Again, we can create a table of values and use them 
to sketch a graph. [link] lists some of the values for 
the cosine function on a unit circle. 


35 D Fe re a ee a4 Sa 6 
cos( 1 32 22 12 0 —1-2-3-1 
x) 2 2 2 


As with the sine function, we can plots points to 
create a graph of the cosine function as in [link]. 
¥ 


Because we can evaluate the sine and cosine of any 
real number, both of these functions are defined for 
all real numbers. By thinking of the sine and cosine 
values as coordinates of points on a unit circle, it 
becomes clear that the range of both functions must 
be the interval [ —1,1 ]. 


In both graphs, the shape of the graph repeats after 
2x, which means the functions are periodic with a 
period of 2x. A periodic function is a function for 
which a specific horizontal shift, P, results in a 
function equal to the original function: f( x+P )=f( 
x ) for all values of x in the domain of f. When this 
occurs, we call the smallest such horizontal shift 
with P>0 the period of the function. [link] shows 
several periods of the sine and cosine functions. 


1 period 


y = sin(x) 


1 period 


y = cos(x) 


Looking again at the sine and cosine functions on a 
domain centered at the y-axis helps reveal 
symmetries. As we can see in [link], the sine 
function is symmetric about the origin. Recall from 
The Other Trigonometric Functions that we 
determined from the unit circle that the sine 
function is an odd function because sin(—x) = 
—sinx. Now we can clearly see this property from 
the graph. 


[link] shows that the cosine function is symmetric 
about the y-axis. Again, we determined that the 
cosine function is an even function. Now we can see 
from the graph that cos(— x) =cosx. 


Characteristics of Sine and Cosine Functions 
The sine and cosine functions have several distinct 
characteristics: 


¢ They are periodic functions with a period of 


2 
¢ The domain of each function is ( — ~,°° ) and 


the range 1s | Ii): 


The graph of y=sinx is symmetric about the 
origin, because it is an odd function. 

The graph of y=cosx is symmetric about the y 
-axis, because it is an even function. 


Investigating Sinusoidal Functions 


As we can see, sine and cosine functions have a 
regular period and range. If we watch ocean waves 
or ripples on a pond, we will see that they resemble 
the sine or cosine functions. However, they are not 
necessarily identical. Some are taller or longer than 
others. A function that has the same general shape 
as a sine or cosine function is known as a 
sinusoidal function. The general forms of 
sinusoidal functions are 

y = Asin( Bx —C )+D and y=Acos( Bx—C )+D 


Determining the Period of Sinusoidal Functions 


Looking at the forms of sinusoidal functions, we can 
see that they are transformations of the sine and 
cosine functions. We can use what we know about 
transformations to determine the period. 


In the general formula, B is related to the period by 


P= 2x |B{|.If| B|>1, then the period is less than 
2x and the function undergoes a horizontal 
compression, whereas if | B | <1, then the period is 
greater than 2x and the function undergoes a 
horizontal stretch. For example, f(x) =sin( x ), B=1, 
so the period is 21, which we knew. If f(x) = sin( 2x 
), then B= 2, so the period is x and the graph is 
compressed. If f(x) =sin( x 2 ), then B= 1 2, so the 
period is 4 and the graph is stretched. Notice in 
[link] how the period is indirectly related to | B |. 


y  #&) = sin(2x) f(x) = sin(3) 
1 
6) x 
2 
-1 
f(x) = sin (x) 


Period of Sinusoidal Functions 
If we let C=0 and D=0 in the general form 
equations of the sine and cosine functions, we 


obtain the forms 
= Asin( Bx ) 
= Acos( Bx ) 
The period is 2x | B | . 


Identifying the Period of a Sine or Cosine 
Function 


Determine the period of the function f( x 
J =Sin( 36 x): 
Let’s begin by comparing the equation to the 


general form y = Asin(Bx). 


In the given equation, B= x 6, so the period 
will be 


P= 2x |B] = 2n 16 =2n-6 0 =12 


Determine the period of the function 
g(x)=cos( x 3 ). 


Determining Amplitude 


Returning to the general formula for a sinusoidal 
function, we have analyzed how the variable B 
relates to the period. Now let’s turn to the variable 


A so we can analyze how it is related to the 
amplitude, or greatest distance from rest. A 
represents the vertical stretch factor, and its 
absolute value | A | is the amplitude. The local 
maxima will be a distance | A | above the horizontal 
midline of the graph, which is the line y =D; 
because D=0 in this case, the midline is the x-axis. 
The local minima will be the same distance below 
the midline. If | A |>1, the function is stretched. 
For example, the amplitude of f(x) =4sinx is twice 
the amplitude of f(x) = 2sinx. If | A | <1, the 
function is compressed. [link] compares several sine 
functions with different amplitudes. 


f(x) = 4sin(x) 
at f(x) = 3sin(x) 
f(x) = 2sin(x) 
f(x) = 1sin(x) 


Amplitude of Sinusoidal Functions 
If we let C=0 and D=0 in the general form 
equations of the sine and cosine functions, we 
obtain the forms 

= Asin( Bx ) and y= Acos( Bx ) 


The amplitude is |A|, which is the vertical height 
from the midline . In addition, notice in the 
example that 

| A| = amplitude = 1 2 | maximum — minimum 


Identifying the Amplitude of a Sine or 
Cosine Function 


What is the amplitude of the sinusoidal 
function f(x) = — 4sin(x)? Is the function 
stretched or compressed vertically? 


Let’s begin by comparing the function to the 
simplified form y = Asin(Bx). 


In the given function, A= — 4, so the 
amplitude is | A |=| —4 |=4. The function is 
stretched. 


Analysis 
The negative value of A results in a reflection 


across the x-axis of the sine function, as shown in 
[link]. 


What is the amplitude of the sinusoidal 
function f(x)= 1 2 sin(x)? Is the function 
stretched or compressed vertically? 


1 2 compressed 


Analyzing Graphs of Variations of y = sin 
x and y = cosx 


Now that we understand how A and B relate to the 
general form equation for the sine and cosine 
functions, we will explore the variables C and D. 
Recall the general form: 

y = Asin( Bx —C )+D and y=Acos( Bx—C )+D or 
y=Asin( B(x— CB) )+D and y=Acos( BC x— CB 
))+D 


The value C B for a sinusoidal function is called the 
phase shift, or the horizontal displacement of the 
basic sine or cosine function. If C>0, the graph 
shifts to the right. If C<0, the graph shifts to the 
left. The greater the value of | C |, the more the 
graph is shifted. [link] shows that the graph of 
f(x) =sin( x—z ) shifts to the right by x units, which 
is more than we see in the graph of f(x) =sin(x— x 
4), which shifts to the right by x 4 units. 

y f(x) = sinx 


2 f(x) = sin(x - 4 


-2 f(x) = sin(x — 7) 


While C relates to the horizontal shift, D indicates 
the vertical shift from the midline in the general 
formula for a sinusoidal function. See [link]. The 
function y=cos( x )+D has its midline at y=D. 


Midline 


y = Asin(x) + D 


Any value of D other than zero shifts the graph up 
or down. [link] compares f(x) =sin(x) with 

f(x) =sin(x) + 2, which is shifted 2 units up on a 
graph. 


x y = sin(x) + 2 


ariations of Sine and Cosine Functions 
Given an equation in the form f( x )=Asin( Bx —C 
)+D or f(x )=Acos( Bx—C )+D, CB is the phase 
shift and D is the vertical shift. 


Identifying the Phase Shift of a Function 


Determine the direction and magnitude of the 
phase shift for f(x) =sin(x+ m6 )-—2. 


Let’s begin by comparing the equation to the 
general form y = Asin(Bx —C) + D. 


In the given equation, notice that B=1 and 
C=-— 16. So the phase shift is 

GBe=— 7 61.=— 316 

or x 6 units to the left. 


Analysis 


We must pay attention to the sign in the equation 
for the general form of a sinusoidal function. The 
equation shows a minus sign before C. Therefore 
f(x) =sin(x+ 2 6 )—2 can be rewritten as 

f(x) =sin(x—( — 16) )-—2. If the value of C is 
negative, the shift is to the left. 


Determine the direction and magnitude of the 
phase shift for f(x) =3cos( x— 1 2 ). 


Identifying the Vertical Shift of a Function 


Determine the direction and magnitude of the 
vertical shift for f(x) =cos( x )—3. 


Let’s begin by comparing the equation to the 
general form y = Acos(Bx — C) + D. 


In the given equation, D= —3 so the shift is 3 
units downward. 


Determine the direction and magnitude of the 
vertical shift for f(x) = 3sin( x )+2. 


Given a sinusoidal function in the form f( x 
) =Asin( Bx —C )+D, identify the midline, 


amplitude, period, and phase shift. 


1. Determine the amplitude as | A |. 

2. Determine the period as P= 2 |B]. 
3. Determine the phase shift as CB. 

4. Determine the midline as y=D. 


Identifying the Variations of a Sinusoidal 
Function from an Equation 


Determine the midline, amplitude, period, and 
phase shift of the function y = 3sin(2x) +1. 


Let’s begin by comparing the equation to the 
general form y = Asin(Bx —C)+ D. 


A=3, so the amplitude is | A | =3. 


Next, B=2, so the period is P= 2x |B | = 2x 
2 =. 


There is no added constant inside the 
parentheses, so C=O and the phase shift is C B 
(2 

Finally, D=1, so the midline is y=1. 


Analysis 


Inspecting the graph, we can determine that the 
period is 1, the midline is y=1, and the amplitude 
is 3. See [link]. 


Amplitude: |A] = 3 


Midline: y = 1 
»X 


’ 


> Period = 7 


Determine the midline, amplitude, period, and 
phase shift of the function y= 1 2 cos(x 3 — 
nee.) 


midline: y=0; amplitude: | A |= 1 2; period: 
P= 2x | B | =6z; phase shift: CB =x 


Identifying the Equation for a Sinusoidal 
Function from a Graph 


Determine the formula for the cosine function 
in [link]. 


To determine the equation, we need to identify 
each value in the general form of a sinusoidal 
function. 

y =Asin(Bx — C) + D y=Acos(Bx — C) + D 


The graph could represent either a sine or a 
cosine function that is shifted and/or reflected. 
When x=0, the graph has an extreme point, ( 
0,0 ). Since the cosine function has an extreme 
point for x=0, let us write our equation in 
terms of a cosine function. 


Let’s start with the midline. We can see that 
the graph rises and falls an equal distance 
above and below y=0.5. This value, which is 
the midline, is D in the equation, so D=0.5. 


The greatest distance above and below the 
midline is the amplitude. The maxima are 0.5 
units above the midline and the minima are 
0.5 units below the midline. So | A | =0.5. 
Another way we could have determined the 


amplitude is by recognizing that the difference 
between the height of local maxima and 
minima is 1, so | A |= 1 2 =0.5. Also, the 
graph is reflected about the x-axis so that A= 
=()8. 


The graph is not horizontally stretched or 
compressed, so B=1; and the graph is not 
shifted horizontally, so C=0. 


Putting this all together, 
g( x )= —0.5cos( x )+0.5 


Determine the formula for the sine function in 
[link]. 


f(x )=sin(x)+2 


Identifying the Equation for a Sinusoidal 
Function from a Graph 


Determine the equation for the sinusoidal 
function in [link]. 
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With the highest value at 1 and the lowest 
value at —5, the midline will be halfway 
between at — 2. So D= —2. 


The distance from the midline to the highest or 
lowest value gives an amplitude of | A | =3. 


The period of the graph is 6, which can be 
measured from the peak at x=1 to the next 
peak at x=7, or from the distance between the 
lowest points. Therefore, P= 21 | B| =6. 
Using the positive value for B, we find that 

B= 20 P = 22n6=23 


So far, our equation is either y=3sin( a 3 x—C 
JZ 0ry—scos( m5 x— G )— 2) For the shape 
and shift, we have more than one option. We 
could write this as any one of the following: 


* acosine shifted to the right 

* a negative cosine shifted to the left 
* a sine shifted to the left 

* a negative sine shifted to the right 


While any of these would be correct, the 
cosine shifts are easier to work with than the 
sine shifts in this case because they involve 
integer values. So our function becomes 
y=3cos( 1 3 x—- 13 )—-2 or y= —3cos( 13x 
I 2s = 


Again, these functions are equivalent, so both 
yield the same graph. 


Write a formula for the function graphed in 
[link]. 
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two possibilities: y=4sin(a 5 x—- ~75)+4or 


y= —4sin(m75x+ 4175 )+4 


Graphing Variations of y = sin x and y = 
cos x 


Throughout this section, we have learned about 
types of variations of sine and cosine functions and 
used that information to write equations from 
graphs. Now we can use the same information to 
create graphs from equations. 


Instead of focusing on the general form equations 
y = Asin( Bx —C )+ D and y=Acos( Bx—C )+D, 


we will let C=0 and D=0O and work with a 


simplified form of the equations in the following 
examples. 


Given the function y = Asin( Bx ), sketch its 
graph. 


1. Identify the amplitude, | A |. 

2. Identify the period, P= 2 |B |. 

3. Start at the origin, with the function 
increasing to the right if A is positive or 
decreasing if A is negative. 

. At x= 1 2| B | there is a local maximum for 
A>0 or a minimum for A<0, with y=A. 

. The curve returns to the x-axis atx= 1|B|. 

. There is a local minimum for A>0O (maximum 


for A<O ) at x= 3m 2| B | with y=-A. 
. The curve returns again to the x-axis at x= 2m 
| Bl. 


Graphing a Function and Identifying the 
Amplitude and Period 


Sketch a graph of f( x )= — 2sin( sx 2 ). 


Let’s begin by comparing the equation to the 
form y = Asin(Bx). 


* Step 1. We can see from the equation that 
A= —2, so the amplitude is 2. 
| A|=2 

* Step 2. The equation shows that B= x 2, 
so the period is 
P= 2nu02 =20' 20 =4 

* Step 3. Because A is negative, the graph 
descends as we move to the right of the 
origin. 

* Step 4-7. The x-intercepts are at the 
beginning of one period, x=0, the 
horizontal midpoints are at x= 2 and at 
the end of one period at x=4. 


The quarter points include the minimum at 
x=1 and the maximum at x=3. A local 
minimum will occur 2 units below the midline, 
at x=1, and a local maximum will occur at 2 
units above the midline, at x=3. [link] shows 
the graph of the function. 


y 


aT y=f(x)= -2sin( =) 


Sketch a graph of g( x )= —0.8cos( 2x ). 
Determine the midline, amplitude, period, and 
phase shift. 


midline: y=0; amplitude: | A | =0.8; period: 
P= 2x | B | =a; phase shift: CB =0 or none 


Given a sinusoidal function with a phase shift 
and a vertical shift, sketch its graph. 


1. Express the function in the general form 
y = Asin(Bx — C) + D or y=Acos(Bx — C) + D. 
. Identify the amplitude, | A |. 
. Identify the period, P= 2m |B |. 
. Identify the phase shift, CB. 
. Draw the graph of f( x )=Asin( Bx ) shifted to 
the right or left by C B and up or down by D. 


Graphing a Transformed Sinusoid 


Sketch a graph of f(x )=3sin(m4x—- 14). 


Step 1. The function is already written in 
general form: f(x) =3sin( 1 4x—- 14). 
This graph will have the shape of a sine 
function, starting at the midline and 
increasing to the right. 

Step 2. | A |=| 3 | =3. The amplitude is 3. 
Step 3. Since |B |=|14|= 14, we 
determine the period as follows. 

P= 2n|B| = 2004 =20- 4 =8 


The period is 8. 
Step 4. Since C= x 4, the phase shift is 
CB=7474 =1. 


The phase shift is 1 unit. 

Step 5. [link] shows the graph of the 
function. A horizontally compressed, 
vertically stretched, and horizontally 


shifted sinusoid 
f(x) 


Draw a graph of g(x) = —2cos(m73x+ 16). 
Determine the midline, amplitude, period, and 
phase shift. 
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midline: y=0; amplitude: | A |=2; period: P= 
2x | B | =6; phase shift: CB = — 12 


Identifying the Properties of a Sinusoidal 
Function 


Given y= — 2cos( x 2x+z )+3, determine the 
amplitude, period, phase shift, and horizontal 
shift. Then graph the function. 


Begin by comparing the equation to the 
general form and use the steps outlined in 
[link]. 


y =Acos( Bx—C )+D 


Step 1. The function is already written in 

general form. 

Step 2. Since A= — 2, the amplitude is | A 

| =2. 

Step 3. | B |= 12, so the period is P= 2x 

|B| = 2022 =2n- 2 0 =4. The period 

is 4. 

* Step 4. C= —1, so we calculate the phase 
shiftasC B = -—1,m72 =-1'2n =—-2. 
The phase shift is —2. 

* Step 5. D=3, so the midline is y=3, and 

the vertical shift is up 3. 


Since A is negative, the graph of the cosine 
function has been reflected about the x-axis. 


[link] shows one cycle of the graph of the 
function. 


6+ Amplitude = 2 
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Using Transformations of Sine and Cosine 
Functions 


We can use the transformations of sine and cosine 
functions in numerous applications. As mentioned at 
the beginning of the chapter, circular motion can be 
modeled using either the sine or cosine function. 


Finding the Vertical Component of Circular 
Motion 


A point rotates around a circle of radius 3 


centered at the origin. Sketch a graph of the y- 
coordinate of the point as a function of the 
angle of rotation. 


Recall that, for a point on a circle of radius r, 
the y-coordinate of the point is y=rsin(x), so 
in this case, we get the equation y(x) = 3sin(x). 
The constant 3 causes a vertical stretch of the 
y-values of the function by a factor of 3, which 
we can see in the graph in [link]. 


nalysis 


Notice that the period of the function is still 2s; as 
we travel around the circle, we return to the point 
( 3,0 ) for x= 22,40, 671,... Because the outputs of 
the graph will now oscillate between —3 and 3, the 
amplitude of the sine wave is 3. 


What is the amplitude of the function 


f(x) =7cos(x)? Sketch a graph of this function. 


Finding the Vertical Component of Circular 
Motion 


A circle with radius 3 ft is mounted with its 
center 4 ft off the ground. The point closest to 
the ground is labeled P, as shown in [link]. 
Sketch a graph of the height above the ground 
of the point P as the circle is rotated; then find 
a function that gives the height in terms of the 
angle of rotation. 


Sketching the height, we note that it will start 
1 ft above the ground, then increase up to 7 ft 
above the ground, and continue to oscillate 3 

ft above and below the center value of 4 ft, as 


shown in [link]. 
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Although we could use a transformation of 
either the sine or cosine function, we start by 
looking for characteristics that would make 
one function easier to use than the other. Let’s 
use a cosine function because it starts at the 
highest or lowest value, while a sine function 
starts at the middle value. A standard cosine 
starts at the highest value, and this graph 
starts at the lowest value, so we need to 
incorporate a vertical reflection. 


Second, we see that the graph oscillates 3 
above and below the center, while a basic 
cosine has an amplitude of 1, so this graph has 
been vertically stretched by 3, as in the last 
example. 


Finally, to move the center of the circle up to a 
height of 4, the graph has been vertically 
shifted up by 4. Putting these transformations 
together, we find that 

y= — 3cos( x )+ 4 


A weight is attached to a spring that is then 
hung from a board, as shown in [link]. As the 
spring oscillates up and down, the position y 
of the weight relative to the board ranges from 


—1 in. (at time x=0) to -7 in. (at time x=1) 
below the board. Assume the position of y is 
given as a sinusoidal function of x. Sketch a 
graph of the function, and then find a cosine 
function that gives the position y in terms of x. 


y =3cos( x )—4 
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Determining a Rider’s Height on a Ferris 
Wheel 


The London Eye is a huge Ferris wheel with a 
diameter of 135 meters (443 feet). It 
completes one rotation every 30 minutes. 
Riders board from a platform 2 meters above 
the ground. Express a rider’s height above 
ground as a function of time in minutes. 


With a diameter of 135 m, the wheel has a 
radius of 67.5 m. The height will oscillate with 
amplitude 67.5 m above and below the center. 


Passengers board 2 m above ground level, so 
the center of the wheel must be located 
67.5+2=69.5 m above ground level. The 
midline of the oscillation will be at 69.5 m. 


The wheel takes 30 minutes to complete 1 
revolution, so the height will oscillate with a 
period of 30 minutes. 


Lastly, because the rider boards at the lowest 
point, the height will start at the smallest 
value and increase, following the shape of a 
vertically reflected cosine curve. 


* Amplitude: 67.5, so A=67.5 
Midline: 69.5, so D=69.5 
Period: 30, so B= 27 30 = 115 
Shape: —cos(t ) 


An equation for the rider’s height would be 
y= —67.5cos( tm 15 t )+69.5 


where t is in minutes and y is measured in 
meters. 


Access these online resources for additional 
instruction and practice with graphs of sine and 
cosine functions. 


Amplitude and Period of Sine and Cosine 
Translations of Sine and Cosine 

Graphing Sine and Cosine Transformations 
Graphing the Sine Function 


Key Equations 


Sinusoidal functions f( x )=Asin( Bx-—C )+D 
f(x )=Acos( Bx—C )+D 


Key Concepts 


* Periodic functions repeat after a given value. 
The smallest such value is the period. The basic 
sine and cosine functions have a period of 2x. 


The function sinx is odd, so its graph is 
symmetric about the origin. The function cosx 
is even, so its graph is symmetric about the y- 
axis. 

The graph of a sinusoidal function has the same 
general shape as a sine or cosine function. 

In the general formula for a sinusoidal 
function, the period is P= 2x | B | . See [link]. 
In the general formula for a sinusoidal 
function, | A | represents amplitude. If | A |>1, 
the function is stretched, whereas if | A | <1, 
the function is compressed. See [link]. 

The value C B in the general formula for a 
sinusoidal function indicates the phase shift. 
See [link]. 

The value D in the general formula for a 
sinusoidal function indicates the vertical shift 
from the midline. See [link]. 

Combinations of variations of sinusoidal 
functions can be detected from an equation. 
See [link]. 

The equation for a sinusoidal function can be 
determined from a graph. See [link] and [link]. 
A function can be graphed by identifying its 
amplitude and period. See [link] and [link]. 

A function can also be graphed by identifying 
its amplitude, period, phase shift, and 
horizontal shift. See [link]. 

Sinusoidal functions can be used to solve real- 
world problems. See [link], [link], and [link]. 


Section Exercises 


Verbal 


Why are the sine and cosine functions called 
periodic functions? 


The sine and cosine functions have the property 
that f(x+P )=f( x ) for a certain P. This means 
that the function values repeat for every P units 
on the x-axis. 


How does the graph of y=sinx compare with 
the graph of y=cosx? Explain how you could 
horizontally translate the graph of y =sinx to 
obtain y = cosx. 


For the equation Acos(Bx + C) +D, what 
constants affect the range of the function and 
how do they affect the range? 


The absolute value of the constant A 
(amplitude) increases the total range and the 
constant D (vertical shift) shifts the graph 


vertically. 


How does the range of a translated sine 
function relate to the equation y = Asin(Bx 
+C)+D? 


How can the unit circle be used to construct the 
graph of f(t) =sint? 


At the point where the terminal side of t 
intersects the unit circle, you can determine 
that the sint equals the y-coordinate of the 
point. 


Graphical 


For the following exercises, graph two full periods 
of each function and state the amplitude, period, 
and midline. State the maximum and minimum y- 
values and their corresponding x-values on one 
period for x>0. Round answers to two decimal 
places if necessary. 


f(x) = 2sinx 


f(x) = 2 3 cosx 


amplitude: 2 3 ; period: 21; midline: y = 0; 
maximum: y= 2 3 occurs at x=0; minimum: 
y= -— 23 occurs at x=; for one period, the 
graph starts at O and ends at 2s 


f(x) = —3sin x 


f(x) = 4sinx 


amplitude: 4; period: 2; midline: y = 0; 
maximum y=4 occurs at x= xm 2; minimum: 
y= —4 occurs at x= 3m 2; one full period 
occurs from x=0 to x= 27 


f(x) = 2cosx 


f( x )=cos( 2x ) 


amplitude: 1; period: 1; midline: y =0; 
maximum: y=1 occurs at x=; minimum: y= 
—1 occurs at x= x 2; one full period is 
graphed from x=0 to x= 


f(x) =2sin( 1 2 x ) 


f(x) = 4cos(sx) 


amplitude: 4; period: 2; midline: y =0; 
maximum: y= 4 occurs at x=0; minimum: y= 
— 4 occurs at x=1 


f(x) =3cos( 65x) 


y = 3sin(8(x+ 4))+5 
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amplitude: 3; period: x 4 ; midline: y=5; 
maximum: y=8 occurs at x=0.12; minimum: 
y =2 occurs at x=0.516; horizontal shift: — 4; 
vertical translation 5; one period occurs from 
x=Otox= 14 


y = 2sin(3x— 21)+4 


y =osin(5x + 20) —2 


amplitude: 5; period: 2 5 ; midline: y= — 2; 
maximum: y=3 occurs at x=0.08; minimum: 
y = —7 occurs at x=0.71; phase shift: — 4; 
vertical translation: — 2; one full period can be 
graphed on x=0 tox= 275 


For the following exercises, graph one full period of 
each function, starting at x=0. For each function, 
state the amplitude, period, and midline. State the 
maximum and minimum y-values and their 
corresponding x-values on one period for x>0. State 
the phase shift and vertical translation, if applicable. 
Round answers to two decimal places if necessary. 


f(t )=2sin( t— 52 6 ) 


f(t)= —cos( t+ 73)+1 


amplitude: 1 ; period: 21; midline: y= 1; 
maximum: y= 2 occurs at x= 2.09; maximum: 
y =2 occurs at t=2.09; minimum: y =0 occurs 
at t=5.24; phase shift: — 1 3; vertical 
translation: 1; one full period is from t=0 to 
t= 20 


f(t )=4cos( 2( t+ 74))-3 


f(t)=-—sin(12t+ 573) 


amplitude: 1; period: 4; midline: y = 0; 
maximum: y=1 occurs at t=11.52; minimum: 
y= —1 occurs at t=5.24; phase shift: — 107 3 ; 
vertical shift: 0 


f(x )=4sin( wm 2(x-3))+7 


Determine the amplitude, midline, period, and 
an equation involving the sine function for the 
graph shown in [link]. 


amplitude: 2; midline: y= — 3; period: 4; 
equation: f(x) =2sin(m 2x)-3 


Determine the amplitude, period, midline, and 
an equation involving cosine for the graph 


shown in [link]. 


f(x) 


Determine the amplitude, period, midline, and 
an equation involving cosine for the graph 
shown in [link]. 


F(x) 


amplitude: 2; period: 5; midline: y =3; 
equation: f(x) = — 2cos( 215 x)+3 


Determine the amplitude, period, midline, and 
an equation involving sine for the graph shown 
in [link]. 


Determine the amplitude, period, midline, and 
an equation involving cosine for the graph 
shown in [link]. 


F(x) 


amplitude: 4; period: 2; midline: y =0; 
equation: f(x) = —4cos( m( x—- m2) ) 


Determine the amplitude, period, midline, and 
an equation involving sine for the graph shown 
in [link]. 


f(x) 
2 


Determine the amplitude, period, midline, and 
an equation involving cosine for the graph 
shown in [link]. 


F(x) 
3 


amplitude: 2; period: 2; midline y=1; equation: 
f( x )=2cos( mx )+1 


Determine the amplitude, period, midline, and 
an equation involving sine for the graph shown 
in [link]. 


f(x) 


Algebraic 


For the following exercises, let f(x) =sinx. 


On [ 0,2 ), solve f( x )=0. 


0,3 


On [ 0,22 ), solve f(x )= 12. 


Evaluate f( 1 2 ). 


sin(t2)=1 


On [0,2s),f(x) = 2 2. Find all values of x. 


On [ 0,2 ), the maximum value(s) of the 
function occur(s) at what x-value(s)? 


2 


On [ 0,2 ), the minimum value(s) of the 
function occur(s) at what x-value(s)? 


Show that f(— x) = — f(x). This means that 
f(x) =sinx is an odd function and possesses 
symmetry with respect to 


f(x) =sinx is symmetric 
For the following exercises, let f(x) =cosx. 


On [ 0,2z ), solve the equation f(x) = cosx = 0. 


On [ 0,22 ), solve f(x)= 12. 


13,5703 


On [ 0,2x ), find the x-intercepts of f(x) =cosx. 


On [ 0,2: ), find the x-values at which the 
function has a maximum or minimum value. 


Maximum: 1 at x= 0; minimum: -1 at x= a 


On [ 0,2z ), solve the equation f(x)= 32. 


Technology 


Graph h(x) =x+sinx on [ 0,2 ]. Explain why 
the graph appears as it does. 


A linear function is added to a periodic sine 
function. The graph does not have an amplitude 
because as the linear function increases without 
bound the combined function h(x) =x+sinx 
will increase without bound as well. The graph 
is bounded between the graphs of y=x+1 and 


y =x-1 because sine oscillates between — 1 and 
1. 
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Graph h(x) =x+sinx on [ — 100,100 ]. Did the 
graph appear as predicted in the previous 
exercise? 


Graph f(x) = xsinx on [ 0,27 ] and verbalize 
how the graph varies from the graph of 
f(x) = sinx. 


There is no amplitude because the function is 
not bounded. 
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Graph f(x) = xsinx on the window [ —10,10 ] 
and explain what the graph shows. 


Graph f(x) = sinx x on the window [ —5z,5a ] 
and explain what the graph shows. 


The graph is symmetric with respect to the y- 
axis and there is no amplitude because the 
function’s bounds decrease as |x| grows. There 
appears to be a horizontal asymptote at y=0. 
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=4 


=z 


Real-World Applications 


A Ferris wheel is 25 meters in diameter and 
boarded from a platform that is 1 meter above 
the ground. The six o’clock position on the 
Ferris wheel is level with the loading platform. 
The wheel completes 1 full revolution in 10 
minutes. The function h(t ) gives a person’s 
height in meters above the ground t minutes 
after the wheel begins to turn. 


1. Find the amplitude, midline, and period of 
het), 

2. Find a formula for the height function h(t 
i) 

3. How high off the ground is a person after 5 
minutes? 


Glossary 


amplitude 
the vertical height of a function; the constant 
A appearing in the definition of a sinusoidal 
function 


midline 
the horizontal line y= D, where D appears in 
the general form of a sinusoidal function 


periodic function 
a function f(x ) that satisfies f(x+P )=f( x ) 
for a specific constant P and any value of x 


phase shift 
the horizontal displacement of the basic sine 
or cosine function; the constant C B 


sinusoidal function 
any function that can be expressed in the 
form f( x )=Asin( Bx—C )+D or f( x )=Acos( 
Bx—C )+D 


Graphs of the Other Trigonometric Functions 
In this section, you will: 


¢ Analyze the graph of y=tanx. 

¢ Graph variations of y=tanx. 

¢ Analyze the graphs of y=secx and y=cscx. 
* Graph variations of y=secx and y=cscx. 

* Analyze the graph of y=cotx. 

* Graph variations of y=cotx. 


We know the tangent function can be used to find 
distances, such as the height of a building, 
mountain, or flagpole. But what if we want to 
measure repeated occurrences of distance? Imagine, 
for example, a police car parked next to a 
warehouse. The rotating light from the police car 
would travel across the wall of the warehouse in 
regular intervals. If the input is time, the output 
would be the distance the beam of light travels. The 
beam of light would repeat the distance at regular 
intervals. The tangent function can be used to 
approximate this distance. Asymptotes would be 
needed to illustrate the repeated cycles when the 
beam runs parallel to the wall because, seemingly, 
the beam of light could appear to extend forever. 
The graph of the tangent function would clearly 
illustrate the repeated intervals. In this section, we 
will explore the graphs of the tangent and other 
trigonometric functions. 

Graph of the tangent function 


Analyzing the Graph of y = tan x 


We will begin with the graph of the tangent 
function, plotting points as we did for the sine and 
cosine functions. Recall that 

tanx= sinx cosx 


The period of the tangent function is m because the 
graph repeats itself on intervals of km where k is a 
constant. If we graph the tangent function on — x 2 
to a 2 , we can see the behavior of the graph on one 
complete cycle. If we look at any larger interval, we 
will see that the characteristics of the graph repeat. 


We can determine whether tangent is an odd or 
even function by using the definition of tangent. 
tan(—x)= sin(—x) cos(—x) Definition of tangent. 
= —sin x cosx 
Sine is an odd function, cosine is even. =— 
sinx COSX 
The quotient of an odd and an even function is odd. 
= — tanx Definition of tangent. 


Therefore, tangent is an odd function. We can 
further analyze the graphical behavior of the 
tangent function by looking at values for some of 
the special angles, as listed in [link]. 


x —-—t-nr—-xnx —-z2zO wh we WS W2 
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tan( undefine?l-1 -— 3 0 38 1 3 undefined 
x ) 3 


These points will help us draw our graph, but we 
need to determine how the graph behaves where it 
is undefined. If we look more closely at values when 
uw 3 <x< m2, wecan use a table to look fora 
trend. Because 1 3 ~1.05 and xm 2 ~1.57, we will 
evaluate x at radian measures 1.05<x<1.57 as 
shown in [link]. 


w 192 1 
a i 


tanx 3.6 141 48.1 92.6 


As x approaches x 2 , the outputs of the function get 
larger and larger. Because y = tanx is an odd 
function, we see the corresponding table of negative 
values in [link]. 


w —12 —T16 —1 E66 —1 E64 
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tanx —3.6 —141 — 48.1 —92.6 


We can see that, as x approaches — x 2, the 
outputs get smaller and smaller. Remember that 
there are some values of x for which cosx=0. For 
example, cos( 1 2 )=0 and cos( 3m 2 )=0. At these 
values, the tangent function is undefined, so the 
graph of y=tanx has discontinuities at x= m2 and 
3 2. At these values, the graph of the tangent has 
vertical asymptotes. [link] represents the graph of 
y =tanx. The tangent is positive from 0 to x 2 and 
from x to 3m 2 , corresponding to quadrants I and III 
of the unit circle. 
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Graphing Variations of y = tan x 


As with the sine and cosine functions, the tangent 


function can be described by a general equation. 
y = Atan(Bx) 


We can identify horizontal and vertical stretches 
and compressions using values of A and B. The 
horizontal stretch can typically be determined from 
the period of the graph. With tangent graphs, it is 
often necessary to determine a vertical stretch using 
a point on the graph. 


Because there are no maximum or minimum values 
of a tangent function, the term amplitude cannot be 
interpreted as it is for the sine and cosine functions. 
Instead, we will use the phrase stretching/ 

compressing factor when referring to the constant A. 


Features of the Graph of y = Atan(Bx) 


The stretching factor is | A |. 
The period is P= 1 |B]. 
The domain is all real numbers x, where x 


2| B| + «|B | k such that k is an integer. 
The range is (— ~»,°). 

The asymptotes occur at x= 1 2|B|+ |B 
k, where k is an integer. 

y = Atan( Bx ) is an odd function. 


Graphing One Period of a Stretched or 
Compressed Tangent Function 


We can use what we know about the properties of 
the tangent function to quickly sketch a graph of 
any stretched and/or compressed tangent function 
of the form f(x) = Atan(Bx). We focus on a single 
period of the function including the origin, because 
the periodic property enables us to extend the graph 
to the rest of the function’s domain if we wish. Our 
limited domain is then the interval ( — P2,P2) 
and the graph has vertical asymptotes at + P 2 
where P= 1B. On( — 12,22), the graph will 
come up from the left asymptote at x= — m 2, cross 
through the origin, and continue to increase as it 
approaches the right asymptote at x= m2. To make 
the function approach the asymptotes at the correct 
rate, we also need to set the vertical scale by 
actually evaluating the function for at least one 
point that the graph will pass through. For example, 
we can use 

f( P 4 )=Atan( B P 4 )=Atan( Ba 4B )=A 


because tan( 1 4 )=1. 


Given the function f(x) = Atan(Bx), graph one 
period. 


1. Identify the stretching factor, | A |. 


2. Identify B and determine the period, P= | B 
|e 

3. Draw vertical asymptotes at x= — P 2 and x= 
P2: 

4. For A>0, the graph approaches the left 
asymptote at negative output values and the 
right asymptote at positive output values 
(reverse for A<O ). 

5. Plot reference points at ( P 4 ,A ), (0,0 ), and ( 
— P4,-—A), and draw the graph through 
these points. 


Sketching a Compressed Tangent 


Sketch a graph of one period of the function 
y=0.5tan( 1 2 x ). 


First, we identify A and B. 


y=0.5 tan(2x) 
y =A tan(Bx) 


Because A=0.5 and B= x 2, we can find the 
stretching/compressing factor and period. The 
period is mm 2 =2, so the asymptotes are at 
x= +1. At a quarter period from the origin, 


we have 
f(0.5) =0.5tan( 0.5 2 ) =0.5tan( a 4) =0.5 


This means the curve must pass through the 
poimts (0:5,0:5 )- (050) and ( —0:5,— 0:5) ): 
The only inflection point is at the origin. [link] 
shows the graph of one period of the function. 
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Graphing One Period of a Shifted Tangent 
Function 


Now that we can graph a tangent function that is 
stretched or compressed, we will add a vertical and/ 
or horizontal (or phase) shift. In this case, we add C 
and D to the general form of the tangent function. 
f(x) = Atan(Bx —C)+D 


The graph of a transformed tangent function is 


different from the basic tangent function tanx in 
several ways: 


Features of the Graph of y = Atan(Bx—C)+D 


The stretching factor is | A |. 

The period is 1 | B | . 

The domain is x CB + a | B|k, where k is 
an integer. 

The range is (— »,°). 

The vertical asymptotes occur atx= CB +2 
2| B | k, where k is an odd integer. 


There is no amplitude. 

y = Atan(Bx-C) + D is an odd function because 
it is the quotient of odd and even functions 
(sine and cosine respectively). 


Given the function y = Atan(Bx — C)+D, sketch 
the graph of one period. 


. Express the function given in the form 
y =Atan( Bkx—C )+D. 
. Identify the stretching/compressing factor, | A 


. Identify B and determine the period, P= x | B 


. Identify C and determine the phase shift, CB . 

. Draw the graph of y=Atan(Bx) shifted to the 
right by C B and up by D. 

. Sketch the vertical asymptotes, which occur at 
x= CB + 2 2|B|k, where k is an odd 
integer. 

. Plot any three reference points and draw the 
graph through these points. 


Graphing One Period of a Shifted Tangent 
Function 


Graph one period of the function y = — 2tan(s1x 
+)—1. 


¢ Step 1. The function is already written in 
the form y=Atan( Bx—C )+D. 

* Step 2. A= —2, so the stretching factor is | 
i (=e. 


* Step 3. B=n, so the period is P= x | B | 
=r0 =1. 

* Step 4. C= —1, so the phase shift is C B = 
=n —— 1. 

* Step 5-7. The asymptotes are at x= — 3 2 
and x= — 1 2 and the three 
recommended reference points are ( 
—1.25,1 ), ( —1,—1 ), and ( —0.75, —3 ). 
The graph is shown in [link]. 


f(x) 


nalysis 


Note that this is a decreasing function because 
<0. 


How would the graph in [link] look different if 
we made A= 2 instead of —2? 


It would be reflected across the line y= —1, 
becoming an increasing function. 


Given the graph of a tangent function, identify 
horizontal and vertical stretches. 


1. Find the period P from the spacing between 
successive vertical asymptotes or x-intercepts. 

2. Write f(x) = Atan( a P x ). 

3. Determine a convenient point (x,f(x)) on the 
given graph and use it to determine A. 


Identifying the Graph of a Stretched 


Tangent 


Find a formula for the function graphed in 
[link]. 


A stretched tangent function 
f(x) 


i 
=-----5—4--------- 


er 


The graph has the shape of a tangent function. 


* Step 1. One cycle extends from —4 to 4, so 
the period is P=8. Since P= 1 | B|, we 


have B= aP=28. 

* Step 2. The equation must have the form 
f(x) =Atan( a 8 x ). 

¢ Step 3. To find the vertical stretch A, we 
can use the point ( 2,2 ). 
2=Atan( 1 8-2 )=Atan( x 4 ) 


Because tan( 1 4 )=1, A=2. 


This function would have a formula 
f(x) = 2tan( 18x). 


Find a formula for the function in [link]. 
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g(x) = 4tan(2x) 


Graph of the secant function, f(x) =secx= 1 
cosxThe graph of the cosecant function, f(x) = cscx = 
1 sinx 


Analyzing the Graphs of y = sec x and y 
= cscx 


The secant was defined by the reciprocal identity 
secx= 1 cosx . Notice that the function is undefined 
when the cosine is 0, leading to vertical asymptotes 
at 1 2, 30 2, etc. Because the cosine is never more 
than 1 in absolute value, the secant, being the 
reciprocal, will never be less than 1 in absolute 
value. 


We can graph y =secx by observing the graph of the 
cosine function because these two functions are 
reciprocals of one another. See [link]. The graph of 
the cosine is shown as a dashed orange wave so we 
can see the relationship. Where the graph of the 
cosine function decreases, the graph of the secant 
function increases. Where the graph of the cosine 
function increases, the graph of the secant function 
decreases. When the cosine function is zero, the 
secant is undefined. 


The secant graph has vertical asymptotes at each 
value of x where the cosine graph crosses the x-axis; 
we show these in the graph below with dashed 
vertical lines, but will not show all the asymptotes 
explicitly on all later graphs involving the secant 


and cosecant. 


Note that, because cosine is an even function, secant 
is also an even function. That is, sec( — x )=secx. 
y=cos(x) Y¥ 


y = sec(x) 


As we did for the tangent function, we will again 
refer to the constant | A | as the stretching factor, 
not the amplitude. 


Features of the Graph of y = Asec(Bx) 


- The stretching factor is | A |. 

* The period is 21 |B | . 

* The domain is x¥ x 2| B | k, where k is an 
odd integer. 


¢ The range is (— -,—| A |]U[| A |, <2). 

* The vertical asymptotes occur at x= x 2| B | 
k, where k is an odd integer. 

* There is no amplitude. 

* y=Asec( Bx ) is an even function because 
cosine is an even function. 


Similar to the secant, the cosecant is defined by the 
reciprocal identity cscx= 1 sinx . Notice that the 
function is undefined when the sine is 0, leading to 
a vertical asymptote in the graph at 0, x, etc. Since 
the sine is never more than 1 in absolute value, the 
cosecant, being the reciprocal, will never be less 
than 1 in absolute value. 


We can graph y =cscx by observing the graph of the 
sine function because these two functions are 
reciprocals of one another. See [link]. The graph of 
sine is shown as a dashed orange wave so we can 
see the relationship. Where the graph of the sine 
function decreases, the graph of the cosecant 
function increases. Where the graph of the sine 
function increases, the graph of the cosecant 
function decreases. 


The cosecant graph has vertical asymptotes at each 
value of x where the sine graph crosses the x-axis; 
we show these in the graph below with dashed 
vertical lines. 


Note that, since sine is an odd function, the cosecant 
function is also an odd function. That is, csc( —x )= 
— cSCXx. 


The graph of cosecant, which is shown in [link], is 
similar to the graph of secant. 
¥ 


y = csc(x) y = sin(x) 
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Features of the Graph of y = Acsc(Bx) 


- The stretching factor is | A |. 

* The period is 21 |B | . 

* The domain is x# a | B|k, where k is an 
integer. 

¢ The range is ( — ,—|A|J]U[|A |, ). 

* The asymptotes occur at x= 2 | B | k, where k 
is an integer. 


* y=Acsc( Bx ) is an odd function because sine 
is an odd function. 


Graphing Variations of y = sec x and y= 
csc x 


For shifted, compressed, and/or stretched versions 
of the secant and cosecant functions, we can follow 
similar methods to those we used for tangent and 
cotangent. That is, we locate the vertical asymptotes 
and also evaluate the functions for a few points 
(specifically the local extrema). If we want to graph 
only a single period, we can choose the interval for 
the period in more than one way. The procedure for 
secant is very similar, because the cofunction 
identity means that the secant graph is the same as 
the cosecant graph shifted half a period to the left. 
Vertical and phase shifts may be applied to the 
cosecant function in the same way as for the secant 
and other functions.The equations become the 
following. 

y =Asec( Bx—C )+D 

y=Acsc( Bx—C )+D 


Features of the Graph of y = Asec(Bx—C)+D 


The stretching factor is | A |. 

The period is 2x | B|. 

The domain is x CB + x 2| B|k, where k is 
an odd integer. 

The range is (— -,—| A |+D]U[] A |+D,e-). 
The vertical asymptotes occur atx= CB +2 
2| B | k, where k is an odd integer. 

There is no amplitude. 

y = Asec( Bx-C )+D is an even function 
because cosine is an even function. 


Features of the Graph of y = Acsc(Bx—C)+D 


The stretching factor is | A |. 

The period is 2x | B | . 

The domain is x CB + a | B|k, where k is 
an integer. 

The range is (— »,—| A|+D]U[| A |+D,e-). 
The vertical asymptotes occur atx= CB +2 
|B| k, where k is an integer. 

There is no amplitude. 

y = Acsc( Bx-C )+D is an odd function because 
sine is an odd function. 


Given a function of the form y = Asec( Bx ), 


graph one period. 


. Express the function given in the form 
y =Asec( Bx ). 
. Identify the stretching/compressing factor, | A 


. Identify B and determine the period, P= 2z | 
Bale 

. Sketch the graph of y = Acos( Bx ). 

. Use the reciprocal relationship between 
y =cosx and y=secx to draw the graph of 
y =Asec( Bx ). 

. Sketch the asymptotes. 

. Plot any two reference points and draw the 
graph through these points. 


Graphing a Variation of the Secant 
Function 


Graph one period of f(x) =2.5sec(0.4x). 


* Step 1. The given function is already 
written in the general form, y = Asec( Bx 
). 

* Step 2. A=2.5 so the stretching factor is 
PRS 

¢ Step 3. B=0.4 so P= 2x 0.4 =5a. The 
period is 5zt units. 


¢ Step 4. Sketch the graph of the function 
g(x) = 2.5cos(0.4x). 

¢ Step 5. Use the reciprocal relationship of 
the cosine and secant functions to draw 
the cosecant function. 

* Steps 6-7. Sketch two asymptotes at 
x= 1.250 and x=3.75a. We can use two 
reference points, the local minimum at ( 
0,2.5 ) and the local maximum at ( 2.521, 
— 2.5 ). [link] shows the graph. 
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Graph one period of f(x) = — 2.5sec(0.4x). 


This is a vertical reflection of the preceding 


Asec( Bx—C )+D is ( — =, 
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Do the vertical shift and stretch/compression 


affect the secant’s range? 


Yes. The range of f( x ) 
—|A|+D]U[ | A|+D,< ). 


Given a function of the form f( x ) = Asec( Bx — C 
)+D, graph one period. 


. Express the function given in the form 
y = Asec(Bx — C) + D. 

. Identify the stretching/compressing factor, | A 
|. 

. Identify B and determine the period, 2 | B | . 

. Identify C and determine the phase shift, CB . 

. Draw the graph of y =Asec(Bx) , but shift it to 
the right by C B and up by D. 

. Sketch the vertical asymptotes, which occur at 
x= CB + 2 2| B|k, where k is an odd 
integer. 


Graphing a Variation of the Secant 
Function 


Graph one period of y=4sec( 1 3 x—- 12)+1. 


¢ Step 1. Express the function given in the 
form y=4sec( a1 3x-— 12)+1. 
* Step 2. The stretching/compressing factor 


is | A |=4. 
* Step 3. The period is 
2x |B] = 2x1 3 = 2m 1-31 =6 


* Step 4. The phase shift is 
CB=n72073 =H2°3N =1.5 


¢ Step 5. Draw the graph of y= Asec(Bx), 
but shift it to the right by C B =1.5 and 
up by D=6. 

* Step 6. Sketch the vertical asymptotes, 
which occur at x—O0.x —3. andix—6. 
There is a local minimum at ( 1.5,5 ) and 
a local maximum at ( 4.5,—3 ). [link] 
shows the graph. 
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Graph one period of f( x )= — 6sec(4x+ 2) —8. 
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The domain of cscx was given to be all x such 
that x kx for any integer k. Would the domain 
of y=Acsc(Bx — C) + Dbex C+kz B? 


Yes. The excluded points of the domain follow the 
ertical asymptotes. Their locations show the 

horizontal shift and compression or expansion implied 

by the transformation to the original function’s input. 


Given a function of the form y= Acsc( Bx ), 
graph one period. 


. Express the function given in the form 
y =Acsc( Bx ). 

au al 

. Identify B and determine the period, P= 2z | 
Bale 

. Draw the graph of y=Asin( Bx ). 

. Use the reciprocal relationship between 
y =sinx and y =cscx to draw the graph of 
y =Acsc( Bx ). 

. Sketch the asymptotes. 

. Plot any two reference points and draw the 
graph through these points. 


Graphing a Variation of the Cosecant 
Function 


Graph one period of f(x) = — 3csc(4x). 


* Step 1. The given function is already 
written in the general form, y = Acsc( Bx 


} 

* Step 2. | A|=| —3 |=3, so the stretching 
factor is 3. 

* Step 3. B=4, so P= 2% 4 = 12. The 
period is x 2 units. 


¢ Step 4. Sketch the graph of the function 
g(x) = — 3sin(4x). 

¢ Step 5. Use the reciprocal relationship of 
the sine and cosecant functions to draw 
the cosecant function. 

* Steps 6-7. Sketch three asymptotes at 
x=0,x= 14, and x= m2. Wecan use 
two reference points, the local maximum 
at (2 8 ,—3 ) and the local minimum at ( 
32 8 ,3 ). [link] shows the graph. 
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Graph one period of f(x) =0.5csc(2x). 


Given a function of the form f( x )=Acsc( Bx —C 
)+D, graph one period. 


1. Express the function given in the form 
y = Acsc(Bx — C) + D. 
2. Identify the stretching/compressing factor, | A 


3. Identify B and determine the period, 2x | B | . 
4. Identify C and determine the phase shift, CB . 


5. Draw the graph of y= Acsc(Bx) but shift it to 
the right by C B and up by D. 

6. Sketch the vertical asymptotes, which occur at 
x= CB + 2|B|k, where k is an integer. 


Graphing a Vertically Stretched, 
Horizontally Compressed, and Vertically 
Shifted Cosecant 


Sketch a graph of y=2csc( a 2 x ) +1. What 
are the domain and range of this function? 


Step 1. Express the function given in the 

form y=2csc( am 2x )+1. 

Step 2. Identify the stretching/ 

compressing factor, | A | =2. 

* Step 3. The period is 2x |B | = 2x22 = 
2n1:20 =4. 

* Step 4. The phase shift is 0 m 2 =O. 

* Step 5. Draw the graph of y=Acsc(Bx) but 
shift it up D=1. 

* Step 6. Sketch the vertical asymptotes, 

Which Occli aux—0.<—2.%—4. 


The graph for this function is shown in [link]. 
A transformed cosecant function 
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The vertical asymptotes shown on the graph mark 
off one period of the function, and the local 

extrema in this interval are shown by dots. Notice 
how the graph of the transformed cosecant relates 


to the graph of f(x) = 2sin( 1 2 x )+1, shown as the 
orange dashed wave. 


Given the graph of f(x) =2cos( a 2x )+1 
shown in [link], sketch the graph of 
g(x) = 2sec( 1 2 x )+1 on the same axes. 
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The cotangent function 


Analyzing the Graph of y = cot x 


The last trigonometric function we need to explore 
is cotangent. The cotangent is defined by the 
reciprocal identity cotx= 1 tanx . Notice that the 
function is undefined when the tangent function is 
0, leading to a vertical asymptote in the graph at 
0,2, etc. Since the output of the tangent function is 
all real numbers, the output of the cotangent 
function is also all real numbers. 


We can graph y =cotx by observing the graph of the 
tangent function because these two functions are 
reciprocals of one another. See [link]. Where the 
graph of the tangent function decreases, the graph 
of the cotangent function increases. Where the 
graph of the tangent function increases, the graph of 
the cotangent function decreases. 


The cotangent graph has vertical asymptotes at each 
value of x where tanx = 0; we show these in the 
graph below with dashed lines. Since the cotangent 
is the reciprocal of the tangent, cotx has vertical 
asymptotes at all values of x where tanx=0, and 
cotx = 0 at all values of x where tanx has its vertical 
asymptotes. 


Features of the Graph of y = Acot(Bx) 


The stretching factor is | A |. 

The period is P= 1 |B]. 

The domain is x# x | B | k, where k is an 
integer. 

The range is (— »,). 

The asymptotes occur at x= x | B | k, where k 
is an integer. 

y = Acot( Bx ) is an odd function. 


Graphing Variations of y = cot x 


We can transform the graph of the cotangent in 
much the same way as we did for the tangent. The 
equation becomes the following. 

y=Acot( Bx—C )+D 


Features of the Graph of y = Acot(Bx—C)+D 


The stretching factor is | A |. 

The period is 1 |B | . 

The domain is x CB + | B|k, where k is 
an integer. 

The range is (— ~,). 

The vertical asymptotes occur atx= CB +2 
| B | k, where k is an integer. 

There is no amplitude. 

y = Acot(Bx) is an odd function because it is 
the quotient of even and odd functions (cosine 
and sine, respectively) 


Given a modified cotangent function of the 
form f( x )=Acot( Bx ), graph one period. 


1. Express the function in the form f( x )= Acot( 


Bx ). 

. Identify the stretching factor, | A |. 

. Identify the period, P= 1 |B]. 

. Draw the graph of y = Atan(Bx). 

. Plot any two reference points. 

. Use the reciprocal relationship between 
tangent and cotangent to draw the graph of 
y =Acot( Bx ). 

7. Sketch the asymptotes. 


Ovo BW ND 


Graphing Variations of the Cotangent 
Function 


Determine the stretching factor, period, and 
phase shift of y= 3cot(4x), and then sketch a 
graph. 


* Step 1. Expressing the function in the 
form f( x )=Acot( Bx ) gives f(x ) = 3cot( 
4x ). 

* Step 2. The stretching factor is | A | =3. 

* Step 3. The period is P= 14. 

* Step 4. Sketch the graph of y = 3tan(4x). 

¢ Step 5. Plot two reference points. Two 
such points are (1 16,3) and (37 16, 
= 

* Step 6. Use the reciprocal relationship to 
draw y = 3cot(4x). 


* Step 7. Sketch the asymptotes, x=0,x= 1 
4. 


The orange graph in [link] shows y= 3tan( 4x 
) and the blue graph shows y = 3cot( 4x ). 
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Given a modified cotangent function of the 
form f( x )=Acot( Bx—C )+D, graph one 


1. Express the function in the form f( x )= Acot( 


Bx—C )+D. 

2. Identify the stretching factor, | A |. 

3. Identify the period, P= 1|B|. 

4. Identify the phase shift, CB. 

5. Draw the graph of y= Atan(Bx) shifted to the 
right by C B and up by D. 

6. Sketch the asymptotes x= CB + | Bk, 
where k is an integer. 

7. Plot any three reference points and draw the 
graph through these points. 


Graphing a Modified Cotangent 


Sketch a graph of one period of the function f( 
x )=4cot(m 8x—- 12 )-2. 


¢ Step 1. The function is already written in 
the general form f( x )= Acot( Bx—C 
)+D, 

* Step 2. A=4, so the stretching factor is 4. 

* Step 3. B= 18, so the period is P= x | B 


| =a28 =8. 

¢ Step 4. C= m 2, so the phase shift is C B 
=n208 =4. 

* Step 5. We draw f( x )=4tan( a 8x—- m2 
)-2. 


* Step 6-7. Three points we can use to guide 
the graph are (6,2),(8, — 2), and (10, — 6). 


We use the reciprocal relationship of 
tangent and cotangent to draw f( x 
)=4cot( m8 x- 12)-2. 

* Step 8. The vertical asymptotes are x= 4 
and x=12. 


The graph is shown in [link]. 
One period of a modified cotangent function 


y 
aot f) = Acot(=x -2)-2 
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Using the Graphs of Trigonometric 
Functions to Solve Real-World Problems 


Many real-world scenarios represent periodic 
functions and may be modeled by trigonometric 
functions. As an example, let’s return to the scenario 
from the section opener. Have you ever observed 
the beam formed by the rotating light on a police 


car and wondered about the movement of the light 
beam itself across the wall? The periodic behavior 
of the distance the light shines as a function of time 
is obvious, but how do we determine the distance? 
We can use the tangent function. 


Using Trigonometric Functions to Solve 
Real-World Scenarios 


Suppose the function y = 5tan( x 4 t ) marks 
the distance in the movement of a light beam 
from the top of a police car across a wall 
where t is the time in seconds and y is the 
distance in feet from a point on the wall 


directly across from the police car. 


. Find and interpret the stretching factor 
and period. 

. Graph on the interval [ 0,5 ]. 

. Evaluate f( 1 ) and discuss the function’s 
value at that input. 


1. We know from the general form of 
y =Atan( Bt ) that | A | is the stretching 
factor and x B is the period. 


y =5tan(;¢) 


A B 


We see that the stretching factor is 5. This 
means that the beam of light will have 
moved 5 ft after half the period. 


The period ism 4 = 211-42 =4. This 
means that every 4 seconds, the beam of 
light sweeps the wall. The distance from 
the spot across from the police car grows 
larger as the police car approaches. 

2. To graph the function, we draw an 
asymptote at t=2 and use the stretching 
factor and period. See [link] 


~20 


3. period: f(1) = 5tan( 


(= b(t): 
after 1 second, the beam of has moved 5 
ft from the spot across from the police 
car. 


ccess these online resources for additional 
instruction and practice with graphs of other 
trigonometric functions. 


¢ Graphing the Tangent 
* Graphing Cosecant and Secant 
* Graphing the Cotangent 


Key Equations 


Shifted, compressed, and/ y = Atan( Bk -—C )+D 
or stretched tangent 


. 
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Shifted, compressed, and/ y= Asec( Bx -C )+D 
or stretched secant 


franntian 
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Shifted, compressed, and/ y= Acsc( Bk —C )+D 
or stretched cosecant 


faanantian 
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Shifted, compressed, and/ y= Acot( Bx -—C )+D 
or stretched cotangent 
function 


Key Concepts 


¢ The tangent function has period x. 

* f(x )=Atan( Bx—C )+D is a tangent with 
vertical and/or horizontal stretch/compression 
and shift. See [link], [link], and [link]. 

* The secant and cosecant are both periodic 
functions with a period of 2st. f( x )=Asec( Bx 
—C)+D gives a shifted, compressed, and/or 
stretched secant function graph. See [link] and 
[link]. 

* f(x )=Acsc( Bx—C )+D gives a shifted, 
compressed, and/or stretched cosecant function 
graph. See [link] and [link]. 

* The cotangent function has period = and 
vertical asymptotes at 0, +7, + 2m... 

* The range of cotangent is ( — ~,° ), and the 
function is decreasing at each point in its 
range. 

* The cotangent is zero at + 72,+ 3m 2,... 

* f(x )=Acot( Bx—C )+D is a cotangent with 
vertical and/or horizontal stretch/compression 
and shift. See [link] and [link]. 

* Real-world scenarios can be solved using 
graphs of trigonometric functions. See [link]. 


Section Exercises 


Verbal 


Explain how the graph of the sine function can 
be used to graph y =cscx. 


Since y=cscx is the reciprocal function of 

y =sinx, you can plot the reciprocal of the 
coordinates on the graph of y=sinx to obtain 
the y-coordinates of y=cscx. The x-intercepts of 
the graph y =sinx are the vertical asymptotes 
for the graph of y=cscx. 


How can the graph of y=cosx be used to 
construct the graph of y =secx? 


Explain why the period of tanx is equal to x. 


Answers will vary. Using the unit circle, one 
can show that tan( x+a )=tanx. 


Why are there no intercepts on the graph of 
y =CScx? 


How does the period of y=cscx compare with 
the period of y =sinx? 


The period is the same: 27. 


Algebraic 


For the following exercises, match each 
trigonometric function with one of the following 


graphs. | 
f( x )=tanx 

f( x )=secx 

IV 

f( x )=csex 

f( x )=cotx 
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For the following exercises, find the period and 
horizontal shift of each of the functions. 


f(x )=2tan( 4x-— 32 ) 


h( x )=2sec( 1 4(x+1)) 


period: 8; horizontal shift: 1 unit to left 


m( x )=6csc( 73 x+7z ) 


If tanx= —1.5, find tan( —x ). 


Leo 


If secx = 2, find sec( —x ). 


If cscx= —5, find csce( —x ). 


If xsinx = 2, find ( —x )sin( —x ). 


For the following exercises, rewrite each expression 
such that the argument x is positive. 


cot( —x )cos( —x )+sin( —x ) 


— cotxcosx — sinx 


cos( —x )+tan( —x )sin( —x ) 


Graphical 


For the following exercises, sketch two periods of 
the graph for each of the following functions. 
Identify the stretching factor, period, and 
asymptotes. 


f( x )=2tan( 4x— 32 ) 


f(x) 


oo} 
BIS 
3 


ahaa lene tami — 


stretching factor: 2; period: x 4 ; asymptotes: 
x= 14( 02 +2k )+8, where k is an integer 


h( x )=2sec( 1 4(x+1)) 


m( x )=6csc( 73 x+7z ) 


m(x) 


ee See 
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stretching factor: 6; period: 6; asymptotes: 
x= 3k, where k is an integer 


jC x )=tan(m 2x) 


p(x) =tan(x— 12) 


P(x) 


tee oe see eee eee 


: 


stretching factor: 1; period: 1; asymptotes: 
x=atk, where k is an integer 


f(x) = 4tan(x) 


f(x)=tan(x+ 14) 


man=-a}¥t------------ 
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Stretching factor: 1; period: 1; asymptotes: x= 
mz 4 +3tk, where k is an integer 


f(x) =atan( mx-1 )-— 


f( x )=2csc( x ) 


f(x) 


gocent}pecee see 


stretching factor: 2; period: 2st; asymptotes: 
x =k, where k is an integer 


f(x)=- 14 csc(x) 


f(x) = 4sec( 3x ) 


diiKnanensen 
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stretching factor: 4; period: 2 3 ; asymptotes: 
x= 2 6k, where k is an odd integer 


f(x) = — 3cot( 2x ) 


f(x) =7sec( 5x ) 


stretching factor: 7; period: 2 5 ; asymptotes: 
mz 10k, where k is an odd integer 


f(x)= 9 10 csc( xx ) 


».4 


2csc(x+ 14)-1 


f(x) 


f(x) 


stretching factor: 2; period: 21; asymptotes: x= 
— 14 +atk, where k is an integer 


f(x) = —sec(x-— 13 )-2 


f(x)= 75 csc(x— 14) 
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stretching factor: 7 5 ; period: 21; asymptotes: 
x= 24 +2k, where k is an integer 


f(x) =5( cot(x+ 72)-3) 


For the following exercises, find and graph two 
periods of the periodic function with the given 
stretching factor, | A |, period, and phase shift. 


A tangent curve, A=1, period of m 3; and 
phase shift (h,k )=( 2 4,2 ) 


y=tan( 3(x- 74))+2 


' 
' 
' 
' 
' 
' 
' 
' 
' 
' 
' 
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A tangent curve, A= — 2, period of 1 4, and 
phase shift (h,k )=( — 74,-2) 


For the following exercises, find an equation for the 
graph of each function. 


=csc( 2x ) 


f(x ) 


f(x) 


or on tO N 


csc( 4x ) 


f(x ) 


= 2cscx 


f(x ) 


f(x) = 1 2 tan(100sx) 


Technology 


For the following exercises, use a graphing 
calculator to graph two periods of the given 
function. Note: most graphing calculators do not 
have a cosecant button; therefore, you will need to 
input cscx as 1 sinx . 


f(x) =| csc( x ) | 


f(x) =| cot( x ) | 


f(x) 


ee 
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f(x)= 2 csc( x ) 


f(x) = csc( x ) sec( x ) 


Graph f(x)=1+ sec 2 (x )— tan 2 (x ). What 
is the function shown in the graph? 


f(x) =sec( 0.001x ) 


cot( 100stx ) 


f(x) 


f(x)= sin 2x+ cos2x 


Real-World Applications 


The function f( x )=20tan( «a 10 x ) marks the 
distance in the movement of a light beam from 
a police car across a wall for time x, in seconds, 
and distance f( x ), in feet. 


1. Graph on the interval [ 0,5 ]. 

2. Find and interpret the stretching factor, 
period, and asymptote. 

3. Evaluate f( 1) and f( 2.5 ) and discuss the 
function’s values at those inputs. 


Standing on the shore of a lake, a fisherman 
sights a boat far in the distance to his left. Let x, 
measured in radians, be the angle formed by 
the line of sight to the ship and a line due north 
from his position. Assume due north is 0 and x 
is measured negative to the left and positive to 
the right. (See [link].) The boat travels from 
due west to due east and, ignoring the 
curvature of the Earth, the distance d(x ), in 
kilometers, from the fisherman to the boat is 
given by the function d( x )=1.5sec( x ). 


1. What is a reasonable domain for d( x )? 
2. Graph d( x ) on this domain. 
3. Find and discuss the meaning of any 


vertical asymptotes on the graph of d(x ). 


4. Calculate and interpret d( — x 3 ). Round 


to the second decimal place. 


5. Calculate and interpret d( x 6 ). Round to 


the second decimal place. 


6. What is the minimum distance between the 


1, 
Zi 


fisherman and the boat? When does this 
occur? 


(=2 2,72 ); 


f(x) 
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3.xX=— m2 and x= 7 2; the distance grows 
without bound as | x | approaches x 2 — 
i.e., at right angles to the line representing 
due north, the boat would be so far away, 
the fisherman could not see it; 


4. 3; when x= — 23, the boat is 3 km away; 
5. 1.73; when x= 2 6, the boat is about 1.73 
km away; 


6. 1.5 km; when x=0 


A laser rangefinder is locked on a comet 
approaching Earth. The distance g(x ), in 
kilometers, of the comet after x days, for x in 


the interval 0 to 30 days, is given by g( x 
)=250,000csc( x 30 x ). 


1. Graph g( x ) on the interval [ 0,30 ]. 

2. Evaluate g( 5 ) and interpret the 
information. 

3. What is the minimum distance between the 
comet and Earth? When does this occur? 
To which constant in the equation does 
this correspond? 

4. Find and discuss the meaning of any 
vertical asymptotes. 


A video camera is focused on a rocket on a 
launching pad 2 miles from the camera. The 
angle of elevation from the ground to the rocket 
after x seconds is m 120 x. 


1. Write a function expressing the altitude h( 
x ), in miles, of the rocket above the 
ground after x seconds. Ignore the 
curvature of the Earth. 

2. Graph h( x ) on the interval ( 0,60 ). 

3. Evaluate and interpret the values h( 0 ) 
and h( 30 ). 

4. What happens to the values of h( x ) as x 
approaches 60 seconds? Interpret the 
meaning of this in terms of the problem. 


1. hC x )=2tan( 2.120 x ): 


' 
x 
0 5 10 15 20 25 30 35 40 45 50 55 60 


3. h( 0 )=0: after 0 seconds, the rocket is 0 
mi above the ground; h( 30 )=2: after 30 
seconds, the rockets is 2 mi high; 

4. As x approaches 60 seconds, the values of 
h( x ) grow increasingly large. The distance 
to the rocket is growing so large that the 
camera can no longer track it. 


Inverse Trigonometric Functions 
In this section, you will: 


¢ Understand and use the inverse sine, cosine, 
and tangent functions. 

* Find the exact value of expressions involving 
the inverse sine, cosine, and tangent functions. 

* Use a calculator to evaluate inverse 
trigonometric functions. 

¢ Find exact values of composite functions with 
inverse trigonometric functions. 


For any right triangle, given one other angle and the 
length of one side, we can figure out what the other 
angles and sides are. But what if we are given only 
two sides of a right triangle? We need a procedure 
that leads us from a ratio of sides to an angle. This 
is where the notion of an inverse to a trigonometric 
function comes into play. In this section, we will 
explore the inverse trigonometric functions. 

(a) Sine function on a restricted domain of [ — x 2 
, 1 2 ]; (b) Cosine function on a restricted domain of 
[ 0,2« ] Tangent function on a restricted domain of ( 
— 7 2,2) The sine function and inverse sine (or 
arcsine) function The cosine function and inverse 
cosine (or arccosine) function The tangent function 
and inverse tangent (or arctangent) function 


Understanding and Using the Inverse 


Sine, Cosine, and Tangent Functions 


In order to use inverse trigonometric functions, we 
need to understand that an inverse trigonometric 
function “undoes” what the original trigonometric 
function “does,” as is the case with any other 
function and its inverse. In other words, the domain 
of the inverse function is the range of the original 
function, and vice versa, as summarized in [link]. 


Trig Functions Inverse Trig Functions 
Domain: Measure of an angle Domain: Ratio 
Range: Ratio Range: Measure of an angle 


For example, if f(x) =sinx, then we would write f 
—1 (x)= sin —1 x. Be aware that sin — 1 x does not 
mean 1 sinx . The following examples illustrate the 
inverse trigonometric functions: 


¢ Since sin( 1 6 )= 12, thenz6 = sin -—1(12 
). 

¢ Since cos( «= )= —1, then m= cos —1( —-1). 

¢ Since tan( x 4 )=1, then a 4 = tan —1(1). 


In previous sections, we evaluated the trigonometric 
functions at various angles, but at times we need to 
know what angle would yield a specific sine, cosine, 
or tangent value. For this, we need inverse 
functions. Recall that, for a one-to-one function, if 
f(a) =b, then an inverse function would satisfy f —1 
(b) =a. 


Bear in mind that the sine, cosine, and tangent 


functions are not one-to-one functions. The graph of 
each function would fail the horizontal line test. In 
fact, no periodic function can be one-to-one because 
each output in its range corresponds to at least one 
input in every period, and there are an infinite 
number of periods. As with other functions that are 
not one-to-one, we will need to restrict the domain 
of each function to yield a new function that is one- 
to-one. We choose a domain for each function that 
includes the number 0. [link] shows the graph of 
the sine function limited to [ — m2, 2 ] and the 
graph of the cosine function limited to [ 0,z ]. 


(a) (b) 


[link] shows the graph of the tangent function 
limited to( —- 72,72). 


These conventional choices for the restricted 
domain are somewhat arbitrary, but they have 
important, helpful characteristics. Each domain 
includes the origin and some positive values, and 
most importantly, each results in a one-to-one 
function that is invertible. The conventional choice 
for the restricted domain of the tangent function 
also has the useful property that it extends from one 
vertical asymptote to the next instead of being 
divided into two parts by an asymptote. 


On these restricted domains, we can define the 
inverse trigonometric functions. 


* The inverse sine function y= sin —1 x means 
x=siny. The inverse sine function is sometimes 
called the arcsine function, and notated 


arcsinx. 
y= sin —1 xhas domain[ —1,1]and range[ — x 
2 2 | 
The inverse cosine function y= cos —1 x 
means x=cosy. The inverse cosine function is 
sometimes called the arccosine function, and 
notated arccosx. 
y= cos —1 xhas domain[—1,1]and range[0,z] 
* The inverse tangent function y= tan —1 x 
means x= tany. The inverse tangent function is 
sometimes called the arctangent function, and 
notated arctanx. 
y= tan —1 xhas domain(— ~, ~ )and range( — 
T2529 


The graphs of the inverse functions are shown in 
link], [link], and [link]. Notice that the output of 
each of these inverse functions is a number, an angle 
in radian measure. We see that sin —1 x has domain 
[ —1,1 ] and range [ — 72,22], cos —1 x has 
domain [ —1,1 ] and range [0,7], and tan —1 x has 
domain of all real numbers and range (—- 12,22 
). To find the domain and range of inverse 
trigonometric functions, switch the domain and 
range of the original functions. Each graph of the 
inverse trigonometric function is a reflection of the 
graph of the original function about the line y =x. 


Relations for Inverse Sine, Cosine, and Tangent 
Functions 

For angles in the interval [ — 172,27 2 ], if 

siny =x, then sin —1 x=y. 

For angles in the interval [ 0,7 ], if cosy =x, then 
cos —1x=y. 

For angles in the interval ( — 12,2 2), if 

tany =x, then tan —1 x=y. 


Writing a Relation for an Inverse Function 


Given sin( 5 12 )~ 0.96593, write a relation 
involving the inverse sine. 


Use the relation for the inverse sine. If siny =x, 
then sin —1 x=y. 


In this problem, x= 0.96593, and y= 5212. 
sin —1 (0.96593) = 5 12 


Given cos(0.5) ~ 0.8776, write a relation 
involving the inverse cosine. 


arccos(0.8776) =0.5 


Finding the Exact Value of Expressions 
Involving the Inverse Sine, Cosine, and 
Tangent Functions 


Now that we can identify inverse functions, we will 
learn to evaluate them. For most values in their 


domains, we must evaluate the inverse 
trigonometric functions by using a calculator, 
interpolating from a table, or using some other 
numerical technique. Just as we did with the 
original trigonometric functions, we can give exact 
values for the inverse functions when we are using 
the special angles, specifically m 6 (30°), 1 4 (45°), 
and x 3 (60°), and their reflections into other 
quadrants. 


Given a “special” input value, evaluate an 
inverse trigonometric function. 


1. Find angle x for which the original 
trigonometric function has an output equal to 
the given input for the inverse trigonometric 
function. 

. If x is not in the defined range of the inverse, 
find another angle y that is in the defined 
range and has the same sine, cosine, or 
tangent as x, depending on which corresponds 
to the given inverse function. 


Evaluating Inverse Trigonometric Functions 
for Special Input Values 


Evaluate each of the following. 
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.sin —1(12) 
.sin -—1( — 22) 
.cos —1( -—- 32) 
.tan —1(1) 


. Evaluating sin —1 (1 2 ) is the same as 


determining the angle that would have a 
sine value of 1 2. In other words, what 
angle x would satisfy sin(x)= 1 2 ? There 
are multiple values that would satisfy this 
relationship, such as x 6 and 5z 6, but 
we know we need the angle in the 
interval [ — 12,2 2 ], so the answer will 
be sin —1 (1 2)= 216. Remember that 
the inverse is a function, so for each 
input, we will get exactly one output. 


. To evaluate sin —1( — 22), we know 


that 57 4 and 7x 4 both have a sine value 
of — 2 2, but neither is in the interval [ 
— 72,2 2 ]. For that, we need the 
negative angle coterminal with 7x 4 : sin 
—-1(- 22)=-—- 14. 


. To evaluate cos —1( — 32), we are 


looking for an angle in the interval [ 0,z ] 
with a cosine value of — 3 2. The angle 
that satisfies this is cos -1( — 32)= 5x 
6. 


. Evaluating tan —1 (1 ), we are looking 


for an angle in the interval (—- 12,72) 
with a tangent value of 1. The correct 


angle istan -1(1)=74. 


Evaluate each of the following. 


1. sin —1 (-1) 

2.tan —1(-1) 
3.cos —1( -1) 
4.cos —1( 12) 


a= 2 De = 94 be. deat 3 


Using a Calculator to Evaluate Inverse 
Trigonometric Functions 


To evaluate inverse trigonometric functions that do 
not involve the special angles discussed previously, 
we will need to use a calculator or other type of 
technology. Most scientific calculators and 
calculator-emulating applications have specific keys 
or buttons for the inverse sine, cosine, and tangent 


functions. These may be labeled, for example, SIN 
—1,ARCSIN, or ASIN. 


In the previous chapter, we worked with 
trigonometry on a right triangle to solve for the 
sides of a triangle given one side and an additional 
angle. Using the inverse trigonometric functions, we 
can solve for the angles of a right triangle given two 
sides, and we can use a calculator to find the values 
to several decimal places. 


In these examples and exercises, the answers will be 
interpreted as angles and we will use 0 as the 
independent variable. The value displayed on the 
calculator may be in degrees or radians, so be sure 
to set the mode appropriate to the application. 


Evaluating the Inverse Sine on a Calculator 


Evaluate sin —1 (0.97) using a calculator. 


Because the output of the inverse function is 
an angle, the calculator will give us a degree 
value if in degree mode and a radian value if 
in radian mode. Calculators also use the same 
domain restrictions on the angles as we are 
using. 


In radian mode, sin —1 (0.97) = 1.3252. In 
degree mode, sin —1 (0.97) =75.93°. Note 
that in calculus and beyond we will use 
radians in almost all cases. 


Evaluate cos —1 ( —0.4 ) using a calculator. 


1.9823 of 113.578" 


Given two sides of a right triangle like the one 
shown in [link], find an angle. 


1. If one given side is the hypotenuse of length h 
and the side of length a adjacent to the 


desired angle is given, use the equation 0= 
COs) Cael): 

2. If one given side is the hypotenuse of length h 
and the side of length p opposite to the 
desired angle is given, use the equation 0 = 
sinh — 1 p hy): 

3. If the two legs (the sides adjacent to the right 
angle) are given, then use the equation 0= 
fel — i Decl). 


Applying the Inverse Cosine to a Right 
Triangle 


Solve the triangle in [link] for the angle 0. 


Because we know the hypotenuse and the side 
adjacent to the angle, it makes sense for us to 
use the cosine function. 

cos8= 912 0= cos -—1( 912) 

Apply definition of the inverse. 

8 = 0.7227 or about 41.4096° Evaluate. 


Solve the triangle in [link] for the angle 0. 


sin —1 (0.6) =36.87° =0.6435 radians 


Right triangle illustrating the cofunction 
relationships 


Finding Exact Values of Composite 
Functions with Inverse Trigonometric 
Functions 


There are times when we need to compose a 
trigonometric function with an inverse 
trigonometric function. In these cases, we can 
usually find exact values for the resulting 
expressions without resorting to a calculator. Even 
when the input to the composite function is a 
variable or an expression, we can often find an 
expression for the output. To help sort out different 
cases, let f(x) and g(x) be two different 
trigonometric functions belonging to the set { 


sin(x),cos(x),tan(x) } and let f —1 (y) and g —1 (y) 
be their inverses. 


Evaluating Compositions of the Form f(f-1(y)) 
and f—-1(f(x)) 


For any trigonometric function, f(f —1 (y ) )=y for 
all y in the proper domain for the given function. 
This follows from the definition of the inverse and 
from the fact that the range of f was defined to be 
identical to the domain of f —1 . However, we have 
to be a little more careful with expressions of the 
form f —1 (f(x) ). 


Compositions of a trigonometric function and its 

inverse 

sin( sin —1 x)=xfor—1<x<1 cos( cos —1 
)=xfor-—1<x<1 tan( tan —1 x)=xfor 

— 00 <X< 00 


sin —1 (sinx)=xonly for — 72 <x< m2cos —-1 
(cosx) = xonly for O<x<a tan —1 
(tanx) =xonly for —- 72 <x< m2 


Is it correct that sin —1 (sinx) =x? 
o. This equation is correct if x belongs to the 
restricted domain [ — x2, x 2 ], but sine is defined 


or all real input values, and for x outside the 
restricted interval, the equation is not correct because 
its inverse always returns a valuein[ — m2, 2]. 
The situation is similar for cosine and tangent and 
their inverses. For example, sin —1 ( sin( 3n 4) )= 1 
4 


Given an expression of the form f-—1(f(0)) where 
f(6) = sin®,cos0, or tanO, evaluate. 


1. If 8 is in the restricted domain of f, then f —1 
(f(0)) =9. 

2. If not, then find an angle © within the 
restricted domain of f such that f() = f(6). 
Then f —1(f(0))=9. 


Using Inverse Trigonometric Functions 


Evaluate the following: 


1. sin —1 (sin( a3) ) 
2. sin —1 (sin( 27 3 ) ) 
3. cos —1 (cos( 27 3 ) ) 
4. cos —1 ( cos( — 13 )) 


1.243 isin[ —722,27 2], sosin —1 ( sin( 


t3))j=n3. 

2.27 3 1s notin, — 2 te |, butesin( 27 
3 )=sin( 23), so sin —1 (sin( 273) )= 
TU 

3. 2% 3 isin [ 0,0 ], so cos —1 ( cos( 27 3 ) 
= Paes 

4. — m3 is notin [ 0,7 ], but cos( — 13 
)=cos( 1 3 ) because cosine is an even 
function. 

5.13 isin [ 0,0 ], socos —1(cos( — 13) 
Ja m3. 


Evaluate tan —1 ( tan( a 8 ) )and tan —1 ( 
tan( 1179) ). 


Evaluating Compositions of the Form f-—1(g(x)) 


Now that we can compose a trigonometric function 
with its inverse, we can explore how to evaluate a 
composition of a trigonometric function and the 
inverse of another trigonometric function. We will 


begin with compositions of the form f —1 ( g(x) ). 
For special values of x, we can exactly evaluate the 
inner function and then the outer, inverse function. 
However, we can find a more general approach by 
considering the relation between the two acute 
angles of a right triangle where one is 0, making the 
other a 2 — 9. Consider the sine and cosine of each 
angle of the right triangle in [link]. 


Because cos0@= bc =sin( 2 2 —8@), we have sin —1 
(cos6 )= 12 —O0 if O<0<n. If 0 is not in this 
domain, then we need to find another angle that has 
the same cosine as 9 and does belong to the 
restricted domain; we then subtract this angle from 
mw 2. Similarly, sinO= ac =cos( 1 2 —8@), so cos 
—1 (sind )= 12 —O0if — 72 <O0< m2. These are 
just the function-cofunction relationships presented 
in another way. 


Given functions of the form sin —1 ( cosx ) and 
cos —1 (sinx ), evaluate them. 


1. If x is in [ 0,0 ], then sin —1 ( cosx )= 12 
—X. 

2. If x is not in [ 0,7 ], then find another angle 
y in [ 0,0 ] such that cosy =cosx. 
sin —1 (cosx )= 12 —y 

3. Ifxisin[ — 12,22 ], then cos —1 (sinx 
=a 

4. If x is not in[ — 12,2 2 ], then find another 
angle yin [ — 72,2 2] such that siny =sinx. 
cos —1(sinx )= 172 —-y 


Evaluating the Composition of an Inverse 
Sine with a Cosine 


Evaluate sin —1 ( cos( 13 6 ) ) 


. by direct evaluation. 
. by the method described previously. 


1. Here, we can directly evaluate the inside 
of the composition. 
cos( 132 6 )=cos( 1 6 +27) 
=cos( zt 6 ) = 32 


Now, we can evaluate the inverse 
function as we did earlier. 
sit — 32 a5 

2. We have x= 137 6 ,y= 1 6, and 


sin —1(cos(13%76))=ma2-—-n6=U2 
3 


Evaluate cos —1 (sin( — 1174) ). 


Evaluating Compositions of the Form f(g-1(x)) 


To evaluate compositions of the form f(g —1( x) ), 
where f and g are any two of the functions sine, 
cosine, or tangent and x is any input in the domain 
of g —1, we have exact formulas, such as sin( cos 
—1x)= 1-— x2. When we need to use them, we 
can derive these formulas by using the 
trigonometric relations between the angles and sides 
of a right triangle, together with the use of 
Pythagoras’s relation between the lengths of the 
sides. We can use the Pythagorean identity, sin 2 x 
+ cos 2 x=1, to solve for one when given the other. 
We can also use the inverse trigonometric functions 
to find compositions involving algebraic 
expressions. 


Evaluating the Composition of a Sine with 
an Inverse Cosine 


Find an exact value for sin( cos —1(45)). 


Beginning with the inside, we can say there is 
some angle such that 8= cos —1(45), 
which means cos0= 45, and we are looking 
for sin6. We can use the Pythagorean identity 
to do this. 

sin 20+ cos20=1 

Use our known value for cosine. sin 20+ (45 
) 2 =1 Solve for sine. sin 20=1-— 1625 
sind=+925 =+35 


Since 8= cos —1 (45) is in quadrant I, sin® 
must be positive, so the solution is 35 . See 
[link]. 

Right triangle illustrating that if cos8= 45, 
then sind= 35 


T | 
4 


We know that the inverse cosine always gives 
an angle on the interval [ 0,1 ], so we know 
that the sine of that angle must be positive; 


therefore sin( cos —1(45))=sinO= 35. 


Evaluate cos( tan —1(512)). 


Evaluating the Composition of a Sine with 
an Inverse Tangent 


Find an exact value for sin( tan —1(7 4) ). 


While we could use a similar technique as in 
[link], we will demonstrate a different 
technique here. From the inside, we know 
there is an angle such that tanO= 7 4. We can 
envision this as the opposite and adjacent sides 
on a right triangle, as shown in [link]. 

A right triangle with two sides known 


7 


Using the Pythagorean Theorem, we can find 
the hypotenuse of this triangle. 

42 + 72 = hypotenuse 2 hypotenuse = 
65 


Now, we can evaluate the sine of the angle as 
the opposite side divided by the hypotenuse. 
sin6= 7 65 


This gives us our desired composition. 
sin( tan —1(7 4) )=sin0 — 
65 = 76565 


Evaluate cos( sin —1(79) ). 


Finding the Cosine of the Inverse Sine of an 
Algebraic Expression 


Find a simplified expression for cos( sin —1 (x 
3)) for —3<xs3. 


We know there is an angle 9 such that sinO= x 
3° 

sin 20+ cos20=1 

Use the Pythagorean Theorem. ( x 3 ) 2 + cos 
2 80=1 Solve for cosine. cos 20=1— x29 
COSO ReaD =x ee 


Because we know that the inverse sine must 
give an angle on the interval [- 12,22], 
we can deduce that the cosine of that angle 
must be positive. 

cos( sin -1(x3))=9- x23 


Find a simplified expression for sin( tan —1 ( 
4x))for -—-14<x=< 14. 


4x 116x241 


Access this online resource for additional 
instruction and practice with inverse trigonometric 
functions. 


¢ Evaluate Expressions Involving Inverse 
Trigonometric Functions 


Visit this website for additional practice questions 
from Learningpod. 


Key Concepts 


¢ An inverse function is one that “undoes” 


another function. The domain of an inverse 
function is the range of the original function 
and the range of an inverse function is the 
domain of the original function. 

Because the trigonometric functions are not 
one-to-one on their natural domains, inverse 
trigonometric functions are defined for 
restricted domains. 

For any trigonometric function f(x), ifx= f —1 
(y), then f(x) =y. However, f(x) =y only implies 
x= f —1 (y) if x is in the restricted domain of 
f. See [link]. 

Special angles are the outputs of inverse 
trigonometric functions for special input 
values; for example, 1 4 = tan —1 (1)and 1 6 


= sin —1 (1 2 ). See [link]. 
¢ A calculator will return an angle within the 
restricted domain of the original trigonometric 
function. See [link]. 
Inverse functions allow us to find an angle 
when given two sides of a right triangle. See 
[link]. 
In function composition, if the inside function 
is an inverse trigonometric function, then there 
are exact expressions; for example, sin( cos — 1 
(x))= 1- x2. See [link]. 
If the inside function is a trigonometric 
function, then the only possible combinations 
are sin —1 (cosx )= 12 —xifO<x<m and 
cos —1 (sinx )= 12 -xif -—-m2 <x< 72. 
See [link] and [link]. 
When evaluating the composition of a 
trigonometric function with an inverse 
trigonometric function, draw a reference 
triangle to assist in determining the ratio of 
sides that represents the output of the 
trigonometric function. See [link]. 
When evaluating the composition of a 
trigonometric function with an inverse 
trigonometric function, you may use trig 
identities to assist in determining the ratio of 
sides. See [link]. 


Section Exercises 


Verbal 


Why do the functions f(x)= sin —1 x and 
g(x)= cos —1 x have different ranges? 


The function y =sinx is one-to-one on [ — 12, 
mz 2 ]; thus, this interval is the range of the 
inverse function of y=sinx, f(x)= sin —1 x. 
The function y = cosx is one-to-one on [ 0, ]; 
thus, this interval is the range of the inverse 
function of y=cosx,f(x)= cos —1 x. 


Since the functions y=cosx and y= cos —1 x 
are inverse functions, why is cos —1 (cos( — x 
6) ) not equal to — 76? 


Explain the meaning of 1 6 =arcsin( 0.5 ). 


m6 is the radian measure of an angle between 
— m2 and x 2 whose sine is 0.5. 


Most calculators do not have a key to evaluate 
sec —1 (2 ). Explain how this can be done 
using the cosine function or the inverse cosine 
function. 


Why must the domain of the sine function, sinx, 
be restricted to [ — m2, 1 2 | for the inverse 
sine function to exist? 


In order for any function to have an inverse, the 
function must be one-to-one and must pass the 
horizontal line test. The regular sine function is 
not one-to-one unless its domain is restricted in 
some way. Mathematicians have agreed to 
restrict the sine function to the interval [ — x 2 
, 1 2 ] so that it is one-to-one and possesses an 
inverse. 


Discuss why this statement is incorrect: arccos( 
cosx )=x for all x. 


Determine whether the following statement is 
true or false and explain your answer: arccos( 
—x )=m—arccosx. 


True . The angle, 6 1 that equals arccos(—x) , 
x>0, will be a second quadrant angle with 
reference angle, 6 2 , where 0 2 equals arccosx , 
x>0O. Since 0 2 is the reference angle for 61 , 0 
2 =m— 01 and arccos(—x) = m—arccosx - 


Algebraic 


For the following exercises, evaluate the 
expressions. 


sin —1(22) 


sin —1( —12) 


— 126 


cos —1(12) 


cos -1(-—- 22) 


37 4 


tan -—1(1) 


tan -—1(- 3) 


—- 713 


tan —1(-1) 


tan -—1(3) 


w3 


tan -—1(-13) 


For the following exercises, use a calculator to 
evaluate each expression. Express answers to the 
nearest hundredth. 


cos —1( —0.4 ) 


1.98 


arcsin( 0.23 ) 


arccos( 3 5 ) 


0.93 


cos —1(0.8 ) 


tan —1(6) 


1.41 


For the following exercises, find the angle 0 in the 
given right triangle. Round answers to the nearest 
hundredth. 


12 


19 


0.56 radians 


For the following exercises, find the exact value, if 


possible, without a calculator. If it is not possible, 
explain why. 


sin —1 ( cos(z ) ) 


tan —1(sin(z) ) 


cos —1(sin(z3) ) 


tan —1(sin( 73) ) 


0.71 


sin —1(cos( -—m2)) 


tan —1(sin( 473) ) 


-0.71 


sin —1 (sin( 57 6 ) ) 


tan —1(sin( —5a2)) 


— 14 


cos( sin -—1(45)) 


sin(cos —-1(35)) 


0.8 


sin( tan —1(43)) 


cos( tan —1(125)) 


o 13 


cos( sin —1(12)) 


For the following exercises, find the exact value of 
the expression in terms of x with the help of a 
reference triangle. 


tan( sin —1(x-1)) 


x-l —x2 +2x 


sin( cos —1(1-x)) 


cos( sin —1(1x)) 


x2-1x 


cos( tan —1( 3x-1)) 


tan(sin -—1(x+12)) 


x+0.5 —x2 -x+ 34 


Extensions 


For the following exercises, evaluate the expression 
without using a calculator. Give the exact value. 


sin —1(12)-— cos —1(22)+ sin —1(32 
y-— cos —1(1)cos —1(32)- sin —1(22 
)+ cos —1(12)- sin —1(0) 


For the following exercises, find the function if 
sint= xx+1. 


cost 


2x+1x+1 


sect 


cott 


2x+1x 


cos( sin —1(xx+1)) 


tan —1(x 2x+1) 


Graphical 


Graph y= sin —1 x and state the domain and 
range of the function. 


Graph y= arccosx and state the domain and 
range of the function. 


domain [ —1,1 ]; range [ 0,7 ] 


Graph one cycle of y= tan —1 x and state the 
domain and range of the function. 


For what value of x does sinx= sin —1 x? Usea 
graphing calculator to approximate the answer. 


approximately x =0.00 


For what value of x does cosx= cos —1 x? Use 
a graphing calculator to approximate the 
answer. 


Real-World Applications 


Suppose a 13-foot ladder is leaning against a 
building, reaching to the bottom of a second- 
floor window 12 feet above the ground. What 
angle, in radians, does the ladder make with the 
building? 


0.395 radians 


Suppose you drive 0.6 miles on a road so that 
the vertical distance changes from 0 to 150 feet. 
What is the angle of elevation of the road? 


An isosceles triangle has two congruent sides of 
length 9 inches. The remaining side has a 
length of 8 inches. Find the angle that a side of 
9 inches makes with the 8-inch side. 


1.11 radians 


Without using a calculator, approximate the 
value of arctan( 10,000 ). Explain why your 
answer is reasonable. 


A truss for the roof of a house is constructed 
from two identical right triangles. Each has a 


base of 12 feet and height of 4 feet. Find the 
measure of the acute angle adjacent to the 4- 
foot side. 


1.25 radians 


The line y= 3 5 x passes through the origin in 
the x,y-plane. What is the measure of the angle 
that the line makes with the positive x-axis? 


The line y= —3 7 x passes through the origin 
in the x,y-plane. What is the measure of the 
angle that the line makes with the negative x- 
axis? 


0.405 radians 


What percentage grade should a road have if 
the angle of elevation of the road is 4 degrees? 
(The percentage grade is defined as the change 
in the altitude of the road over a 100-foot 
horizontal distance. For example a 5% grade 
means that the road rises 5 feet for every 100 
feet of horizontal distance.) 


A 20-foot ladder leans up against the side of a 


building so that the foot of the ladder is 10 feet 
from the base of the building. If specifications 
call for the ladder's angle of elevation to be 
between 35 and 45 degrees, does the placement 
of this ladder satisfy safety specifications? 


No. The angle the ladder makes with the 
horizontal is 60 degrees. 


Suppose a 15-foot ladder leans against the side 
of a house so that the angle of elevation of the 
ladder is 42 degrees. How far is the foot of the 
ladder from the side of the house? 


Chapter Review Exercises 


Graphs of the Sine and Cosine Functions 
For the following exercises, graph the functions for 
two periods and determine the amplitude or 


stretching factor, period, midline equation, and 
asymptotes. 


f( x )= —3cosx+3 


amplitude: 3; period: 2; midline: y= 3; no 


asymptotes 


F(x) 


f(x )= 1 4 sinx 


f(x )=3cos(x+ m6) 


amplitude: 3; period: 2x; midline: y=0; no 
asymptotes 


f(x )= —2sin(x— 273) 


f(x )=3sin(x— 14 )-4 


amplitude: 3; period: 2x; midline: y= — 4; no 
asymptotes 


f(x )=2( cos( x— 473 )+4+1 ) 


f(x )=6sin( 3x-— 26)-1 


amplitude: 6; period: 2x 3 ; midline: y= —1; no 
asymptotes 


f( x )= —100sin( 50x — 20 ) 


Graphs of the Other Trigonometric Functions 


For the following exercises, graph the functions for 
two periods and determine the amplitude or 
stretching factor, period, midline equation, and 
asymptotes. 


f(x )=tanx—4 


stretching factor: none; period: 1; midline: y= 
— 4; asymptotes: x= m 2 +atk, where k is an 
integer 


ee ee ly he assesses = = = 
fe eo. ss 


f(x )=2tan(x-— 176) 


f(x )= —3tan( 4x )-2 


stretching factor: 3; period: x 4 ; midline: y= 
— 2; asymptotes: x= m8 + 14k, where k is an 
integer 


0.2cos( 0.1x )+0.3 


f(x ) 


For the following exercises, graph two full periods. 
Identify the period, the phase shift, the amplitude, 
and asymptotes. 


f(x )= 1 3 secx 


amplitude: none; period: 2s; no phase shift; 
asymptotes: x= a 2k, where k is an odd 
integer 


f(x) 


f( x )=3cotx 


f( x )=4ecsc( 5x ) 


amplitude: none; period: 2s 5 ; no phase shift; 
asymptotes: x= 25k, where k is an integer 


+ 
; 


f(x )=8sec( 14x) 


f(x)= 23csc( 12x) 


amplitude: none; period: 42; no phase shift; 
asymptotes: x = 2k, where k is an integer 


f(x) 


f( x )= —csc( 2x+z1 ) 


For the following exercises, use this scenario: The 
population of a city has risen and fallen over a 20- 
year interval. Its population may be modeled by the 
following function: y= 12,000 + 8,000sin( 0.628x ), 
where the domain is the years since 1980 and the 
range is the population of the city. 


What is the largest and smallest population the 
city may have? 


largest: 20,000; smallest: 4,000 


Graph the function on the domain of [ 0,40]. 


What are the amplitude, period, and phase shift 
for the function? 


amplitude: 8,000; period: 10; phase shift: 0 


Over this domain, when does the population 
reach 18,000? 13,000? 


What is the predicted population in 2007? 
2010? 


In 2007, the predicted population is 4,413. In 
2010, the population will be 11,924. 


For the following exercises, suppose a weight is 
attached to a spring and bobs up and down, 
exhibiting symmetry. 


Suppose the graph of the displacement function 
is shown in [link], where the values on the x- 
axis represent the time in seconds and the y- 
axis represents the displacement in inches. Give 
the equation that models the vertical 
displacement of the weight on the spring. 


x 
A. 72 8 9 10 


At time = 0, what is the displacement of the 
weight? 


5 in. 


At what time does the displacement from the 
equilibrium point equal zero? 


What is the time required for the weight to 
return to its initial height of 5 inches? In other 
words, what is the period for the displacement 
function? 


10 seconds 


Inverse Trigonometric Functions 


For the following exercises, find the exact value 
without the aid of a calculator. 


sin —1(1) 
cos —1(3 2) 
6 

tan —1( =1) 


cos —1(12) 


mt 4 


sin —1( — 32) 


sin —1 (cos( 76) ) 


w3 


cos —1 ( tan( 30 4) ) 


sin( sec —1(35)) 


No solution 


cot(sin —1(35)) 


tan(cos —1(513)) 


125 


sin( cos —1(xx+1)) 


Graph f( x )=cosx and f( x )=secx on the 
interval [ 0,2s ) and explain any observations. 


The graphs are not symmetrical with respect to 
the line y=x. They are symmetrical with 
respect to the y -axis. 


eR tien >) 2 
= =e eee eee 
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Graph f(x) =sinx and f( x )=cscx and explain 
any observations. 


Graph the function f(x )= x1 — x33!4+x5 
5! — x 7 7! on the interval [ —1,1 ] and 
compare the graph to the graph of f( x ) =sinx 
on the same interval. Describe any 
observations. 


The graphs appear to be identical. 


Chapter Practice Test 
For the following exercises, sketch the graph of each 
function for two full periods. Determine the 


amplitude, the period, and the equation for the 
midline. 


f( x )=0.5sinx 


amplitude: 0.5; period: 21; midline y=0 


f( x )=5cosx 


f( x )=5sinx 


amplitude: 5; period: 2x; midline: y=0 


f( x )=sin( 3x ) 


f(x )=—-—cos(x+ 73)+1 


amplitude: 1; period: 2x; midline: y=1 


f(x) 
2 
1.5 
1 
0.5 
x 
_1t-9, 50 4a - 27 mt GQ a 20 gq Am Sa 
3 3. #3 3. 3 3 3 3 3 


f(x )=5sin( 3(x— 76) )+4 


f(x )=3cos(13x- 576) 


amplitude: 3; period: 6; midline: y=0 


f( x )=tan( 4x ) 


f(x )= —2tan(x-— 776)+2 


amplitude: none; period: 1; midline: y =0, 
asymptotes: x= 22 3 +ak, where k is an 
integer 


f( x )=acos( 3x +71 ) 


f( x )=5cesc( 3x ) 


amplitude: none; period: 2x 3 ; midline: y=0, 
asymptotes: x= 2 3k, where k is an integer 


f(x) 


gtsec( uw 2 x ) 


f(x) 


=o 


2csc(x+ 14) 


f(x ) 


=3 


amplitude: none; period: 2st; midline: y 


f(x) 


For the following exercises, determine the 
amplitude, period, and midline of the graph, and 
then find a formula for the function. 


Give in terms of a sine function. 


Give in terms of a sine function. 


amplitude: 2; period: 2; midline: y =0; f( x 
)=2sin( m( x—-1 ) ) 


Give in terms of a tangent function. 


For the following exercises, find the amplitude, 


period, phase shift, and midline. 


y=sin(m6x+n)-3 


amplitude: 1; period: 12; phase shift: — 6; 
midline y= —3 


y=8sin( 77 6x+ 717 2)+6 


The outside temperature over the course of a 
day can be modeled as a sinusoidal function. 
Suppose you know the temperature is 68°F at 
midnight and the high and low temperatures 
during the day are 80°F and 56°F, respectively. 
Assuming t is the number of hours since 
midnight, find a function for the temperature, 
D, in terms of t. 


D( t )=68—12sin( a 12 x ) 


Water is pumped into a storage bin and empties 
according to a periodic rate. The depth of the 
water is 3 feet at its lowest at 2:00 a.m. and 71 
feet at its highest, which occurs every 5 hours. 
Write a cosine function that models the depth 
of the water as a function of time, and then 
graph the function for one period. 


For the following exercises, find the period and 


horizontal shift of each function. 


g( x )=3tan( 6x+ 42 ) 


period: x 6 ; horizontal shift: — 7 


n( x )=4csc( 5a 3 x— 2073 ) 


Write the equation for the graph in [link] in 
terms of the secant function and give the period 
and phase shift. 


x 
2 19 Oo 1 15 2 


-1 -0'5 0 
11 


wo nN 


i 


f( x )=sec( stx ); period: 2; phase shift: 0 


If tanx=3, find tan( —x ). 


If secx = 4, find sec( —x ). 


For the following exercises, graph the functions on 
the specified window and answer the questions. 


Graph m( x )=sin( 2x )+cos( 3x ) on the 
viewing window [ —10,10 ] by [ —3,3 ]. 
Approximate the graph’s period. 


Graph n( x )=0.02sin( 50xx ) on the following 
domains in x: [ 0,1 ] and [ 0,3 ]. Suppose this 
function models sound waves. Why would these 
views look so different? 


The views are different because the period of 
the wave is 1 25 . Over a bigger domain, there 
will be more cycles of the graph. 


n(x) 
0.02 
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Graph f( x )= sinx x on [ —0.5,0.5 ] and 
explain any observations. 


For the following exercises, let f(x )= 3 5 cos( 6x ). 


What is the largest possible value for f( x )? 


35 


What is the smallest possible value for f( x )? 


Where is the function increasing on the interval 
[ 0,20 ]? 


On the approximate intervals ( 0.5,1 ),( 1.6,2.1 
),( 2.6,3.1 ),( 3.7,4.2 ),( 4.7,5.2 ),(5.6,6.28) 


For the following exercises, find and graph one 
period of the periodic function with the given 
amplitude, period, and phase shift. 


Sine curve with amplitude 3, period x 3 , and 
phase shift (h,k )=( 2 4,2 ) 


Cosine curve with amplitude 2, period x 6 , and 
phase shift (h,k )=( — 14,3) 


f(x )=2cos( 12(x+ 14))+3 
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For the following exercises, graph the function. 
Describe the graph and, wherever applicable, any 
periodic behavior, amplitude, asymptotes, or 
undefined points. 


f( x )=5cos( 3x )+ 4sin( 2x ) 


f(x )= e sint 


This graph is periodic with a period of 2x. 


For the following exercises, find the exact value. 


sin —1(32) 
tan -—1(3) 
73 


cos -1(- 32) 


cos —1 (sin(z ) ) 


Te 


cos —1 ( tan( 7m 4 ) ) 


cos( sin —1 (1-2x)) 


l= CilH-2x92 


cos —1( —0.4 ) 


cos( tan —1(x2)) 


11+ x4 


For the following exercises, suppose sint= x x+1. 
Evaluate the following expressions. 


tant 


csct 


x+1x 


Given [link], find the measure of angle 0 to 
three decimal places. Answer in radians. 


A Be 
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For the following exercises, determine whether the 
equation is true or false. 


arcsin( sin( 53 6 ) )= 52 6 


False 


arccos( cos( 521 6 ) )= 52 6 


The grade of a road is 7%. This means that for 
every horizontal distance of 100 feet on the 
road, the vertical rise is 7 feet. Find the angle 
the road makes with the horizontal in radians. 


approximately 0.07 radians 


Glossary 


arccosine 
another name for the inverse cosine; 
arccosx= cos —1x 


arcsine 
another name for the inverse sine; arcsinx = 
sin —1x 


arctangent 
another name for the inverse tangent; 
arctanx= tan —1x 


inverse cosine function 
the function cos —1 x, which is the inverse of 
the cosine function and the angle that has a 
cosine equal to a given number 


inverse sine function 
the function sin — 1 x, which is the inverse of 
the sine function and the angle that has a sine 
equal to a given number 


inverse tangent function 
the function tan —1 x, which is the inverse of 
the tangent function and the angle that has a 
tangent equal to a given number 


Solving Trigonometric Equations with Identities 
In this section, you will: 


* Verify the fundamental trigonometric 
identities. 

¢ Simplify trigonometric expressions using 
algebra and the identities. 


International passports and travel documents 
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In espionage movies, we see international spies with 
multiple passports, each claiming a different 
identity. However, we know that each of those 
passports represents the same person. The 
trigonometric identities act in a similar manner to 
multiple passports—there are many ways to 


represent the same trigonometric expression. Just as 
a spy will choose an Italian passport when traveling 
to Italy, we choose the identity that applies to the 
given scenario when solving a trigonometric 
equation. 


In this section, we will begin an examination of the 
fundamental trigonometric identities, including how 
we can verify them and how we can use them to 
simplify trigonometric expressions. 

Graph of y=sin0 Graph of y=cos@ 


Verifying the Fundamental Trigonometric 
Identities 


Identities enable us to simplify complicated 
expressions. They are the basic tools of trigonometry 
used in solving trigonometric equations, just as 
factoring, finding common denominators, and using 
special formulas are the basic tools of solving 
algebraic equations. In fact, we use algebraic 
techniques constantly to simplify trigonometric 
expressions. Basic properties and formulas of 
algebra, such as the difference of squares formula 
and the perfect squares formula, will simplify the 
work involved with trigonometric expressions and 
equations. We already know that all of the 
trigonometric functions are related because they all 
are defined in terms of the unit circle. Consequently, 
any trigonometric identity can be written in many 
ways. 


To verify the trigonometric identities, we usually 
start with the more complicated side of the equation 
and essentially rewrite the expression until it has 
been transformed into the same expression as the 
other side of the equation. Sometimes we have to 
factor expressions, expand expressions, find 
common denominators, or use other algebraic 
strategies to obtain the desired result. In this first 
section, we will work with the fundamental 
identities: the Pythagorean Identities, the even-odd 
identities, the reciprocal identities, and the quotient 
identities. 


We will begin with the Pythagorean Identities (see 
[link]), which are equations involving trigonometric 
functions based on the properties of a right triangle. 
We have already seen and used the first of these 
identifies, but now we will also use additional 
identities. 


Pythagorean 
sin 20+ cos2 1+ cot 20= cic 1+ tan 2 0= sec 
6=1 20 20 


The second and third identities can be obtained by 
manipulating the first. The identity 1+ cot 2 8= csc 
2 8 is found by rewriting the left side of the 
equation in terms of sine and cosine. 


Prove: 1+ cot 2 80= csc 20 

1+ cot20=(1+ cos26sin26) 

Rewrite the left side. =( sin 2 0 sin 2 0)+(cos290 
sin 2 6 ) 

Write both terms with the common denominator. = 
sin 20+ cos20sin20 = 1sin20 = csc20 


Similarly, 1+ tan 2 8@= sec 2 6 can be obtained by 
rewriting the left side of this identity in terms of 
sine and cosine. This gives 

1+ tan 20=1+ (sin® cos6 ) 2 Rewrite left side. 
( cos8 cos@ ) 2 + ( sin® cos@ ) 2 

Write both terms with the common denominator. 
cos 26+ sin 20cos20 = 1 cos20 = sec20 


The next set of fundamental identities is the set of 
even-odd identities. The even-odd identities relate 
the value of a trigonometric function at a given 
angle to the value of the function at the opposite 
angle and determine whether the identity is odd or 
even. (See [link]). 


Even-Odd 
laentities 
tan(—9)= —tan0sin(—6)= —sin® cos(—6)=cos0 
cot(— 8) = —co<0 csc( — 8) = —cscO sec( — 8) =secO 


Recall that an odd function is one in which f(— x 
y= -—f( x ) for all x in the domain of f. The sine 
function is an odd function because sin( —@ )= 
—sin0. The graph of an odd function is symmetric 
about the origin. For example, consider 
corresponding inputs of m 2 and — m2. The output 
of sin( 1 2 ) is opposite the output of sin( — x 2). 
Thus, 

sin( a 2 )=1 and sin( — 72 )=-—sin( a2) =-1 


This is shown in [link]. 


Recall that an even function is one in which 
f( —x )=f( x ) for all x in the domain of f 


The graph of an even function is symmetric about 
the y-axis. The cosine function is an even function 


because cos(— 9) =cos@. For example, consider 
corresponding inputs 1 4 and — 14. The output of 
cos( x 4 ) is the same as the output of cos( — 1 4). 
Thus, 

cos( — 1 4 )=cos( 1 4 ) = 0.707 


See [link]. 


For all 6 in the domain of the sine and cosine 
functions, respectively, we can state the following: 


¢ Since sin(—6® )= —sin®, sine is an odd function. 
« Since, cos(— 0 )=cos8, cosine is an even 
function. 


The other even-odd identities follow from the even 
and odd nature of the sine and cosine functions. For 
example, consider the tangent identity, tan(— 0 )= 
—tan@. We can interpret the tangent of a negative 
angle as tan(— 0 )= sin( —@) cos(— 6) = —sin®@ 
cos8 = —tan@. Tangent is therefore an odd function, 
which means that tan( —@ )= —tan( 0 ) for all 6 in 
the domain of the tangent function. 


The cotangent identity, cot( —9 )= —cot0, also 
follows from the sine and cosine identities. We can 
interpret the cotangent of a negative angle as cot( 
—@)= cos( —8) sin( —98 ) = cos@ —sinO = —cotd. 
Cotangent is therefore an odd function, which 
means that cot( —@ )= —cot( @ ) for all 6 in the 
domain of the cotangent function. 


The cosecant function is the reciprocal of the sine 
function, which means that the cosecant of a 
negative angle will be interpreted as csc( —@)= 1 
sin( —@) = 1 —sin® = —cscO. The cosecant 
function is therefore odd. 


Finally, the secant function is the reciprocal of the 
cosine function, and the secant of a negative angle is 
interpreted as sec( —@ )= 1 cos( —@) = 1 cosO 
=sec0. The secant function is therefore even. 


To sum up, only two of the trigonometric functions, 
cosine and secant, are even. The other four 
functions are odd, verifying the even-odd identities. 


The next set of fundamental identities is the set of 
reciprocal identities, which, as their name implies, 
relate trigonometric functions that are reciprocals of 
each other. See [link]. 


ViLiVv ~~ Lt QVVILYV QevVvI-U Lt JLILYV 
x VvUuV” tL JULY VUIVLU iL YeVIY 
tan6= 1 coté cot0= 1 tanO 


The final set of identities is the set of quotient 
identities, which define relationships among certain 
trigonometric functions and can be very helpful in 
verifying other identities. See [link]. 
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tan8= sin®O cos0 cot8 = cos sin®O 


The reciprocal and quotient identities are derived 
from the definitions of the basic trigonometric 
functions. 


Summarizing Trigonometric Identities 

The Pythagorean Identities are based on the 
properties of a right triangle. 

cos 20+ sin20=1 

1+ cot 26= csc 20 

1+ tan 2 0= sec20 


The even-odd identities relate the value of a 
trigonometric function at a given angle to the value 
of the function at the opposite angle. 

tan( —@ )= —tand 

cot( —8 )= —coté 

sin( —@ )= —sin@ 

csc( —8 )= —cscO 

cos( —98 )=cos0 

sec( —8 )=secO 

The reciprocal identities define reciprocals of the 
trigonometric functions. 

sin@= 1 cscO 

cos8= 1 secO 

tan6= 1 cotd 

csc8= 1 sind 

secO= 1 cos0 

cot0= 1 tand 

The quotient identities define the relationship 
among the trigonometric functions. 

tan@ = sin® cosO 


cot8 = cos sin®O 


Graphing the Equations of an Identity 


Graph both sides of the identity cot0= 1 tanO. 


In other words, on the graphing calculator, 
graph y=cot@ and y= 1 tané. 


See [link]. 


Analysis 


We see only one graph because both expressions 
generate the same image. One is on top of the 
other. This is a good way to confirm an identity 
verified with analytical means. If both expressions 
give the same graph, then they are most likely 


identities. 


Given a trigonometric identity, verify that it is 
true. 


1. Work on one side of the equation. It is usually 
better to start with the more complex side, as 
it is easier to simplify than to build. 

2. Look for opportunities to factor expressions, 


square a binomial, or add fractions. 

3. Noting which functions are in the final 
expression, look for opportunities to use the 
identities and make the proper substitutions. 

4. If these steps do not yield the desired result, 
try converting all terms to sines and cosines. 


Verifying a Trigonometric Identity 


Verify tanOcos0 = sind. 


We will start on the left side, as it is the more 
complicated side: 

tan8cos0 =( sin® cos )cos8 =( sin cosé ) 
cos8 =sin0O 


Analysis 


This identity was fairly simple to verify, as it only 
required writing tan@ in terms of sin® and cos60. 


Verify the identity cscOcosOtanO = 1. 


cscOcosOtan8 = ( 1 sin® )cos@( sin8 cosé ) 
= cosO sinO ( sin cosé@ ) 


sin8cos@0 sin8cosO 
1 


Verifying the Equivalency Using the Even- 
Odd Identities 


Verify the following equivalency using the 
even-odd identities: 
(1+sinx )[ 1+sin( —x ) ]= cos2x 


Working on the left side of the equation, we 
have 
(1 +sinx)[1 + sin(—x)] =(1 +sinx)(1 — sinx) 
Since sin(—x) = —sinx 

=1-— sin 2x 
Difference of squares 

= cos 2 x cos 2 
x=1— sin 2x 


Verifying a Trigonometric Identity 
Involving sec20 


Verify the identity sec 2 0—1 sec 206 = sin20 


As the left side is more complicated, let’s begin 
there. 
sec 2 0—1 sec 20 = (tan20+1)—1sec20 
sec 2 0= tan20+1 = tan 2 0 sec 2 
e) = tan 2 0( 1 sec2 0) 

= tan 2 0( cos 2 8) cos 2 8= 1 sec 2 
6 =(sin 2 6 cos 2 8 )( cos 2 8) tan 2 
8= sin 2 0cos 20 =(sin 2 6 cos 2 
8 )( cos 2 6 ) = sin 20 


There is more than one way to verify an 
identity. Here is another possibility. Again, we 
can start with the left side. 

sec 2 0—1 sec 20 = sec 20sec 26 — 1 sec 2 
S) =1- cos20 = sin 2 
) 


Analysis 


In the first method, we used the identity sec 2 0= 
tan 2 6+ 1 and continued to simplify. In the second 
method, we split the fraction, putting both terms in 
the numerator over the common denominator. This 
problem illustrates that there are multiple ways we 
can verify an identity. Employing some creativity 
can sometimes simplify a procedure. As long as the 
substitutions are correct, the answer will be the 
same. 


Show that cot0 csc8 =cos0. 


cot8 cscO = cosO@ sin® 1 sin8 = cos siné - 
sin 1 =cos0 


Creating and Verifying an Identity 


Create an identity for the expression 2tan@secO 
by rewriting strictly in terms of sine. 


There are a number of ways to begin, but here 
we will use the quotient and reciprocal 
identities to rewrite the expression: 
2tanOsecO = 2( sin@ cos@ )( 1 cos®8 ) = 2sinO 
cos 2 8 = 2sin0 1— sin 2 6 Substitute 1— sin 
20 for cos 20 


Thus, 
2tanOsecO= 2sin8 1— sin 2 0 


Verifying an Identity Using Algebra and 
Even/Odd Identities 


Verify the identity: 


sin 2 ( —0 )— cos 2( —®@) sin( —® )—cos( 
—6@) =cos0 —sin@ 


Let’s start with the left side and simplify: 
sin 2 ( —8 )— cos 2( —®) sin( —® )—cos( 
—6) = [sin( —@) ] 2 — [ cos( —89 ) ] 2 sin( 
—6 )-—cos( -—9@) = 
(— sin@ ) 2 — (cos ) 2 —sin@O—cosd 
sin( — x) = — sinxandcos( — x) = cosx 

= (sin@ ) 2 — (cos0 
) 2 —sin@ —cos@ Difference of squares 

= ( sin6—cos@ )( sind 
+cos@ ) —( sin6+cosé@ ) 

= ( sin@—cos@ )( sind 
+cos@ ) —( sin6+cosé@ ) 

= cos — sin8 


Verify the identity sin 2 8—1 tan@sinO — tanO 
= sinO+1 tané. 


sin 2 0—1 tanOsin6d —tanO = (sinO+1 )( sind 
—1)tan@( sind—1 ) = sin6+1 tanéd 


Verifying an Identity Involving Cosines and 
Cotangents 


Verity the identiiy2( l— cos 2x )( 1 cot 2x 
= 


We will work on the left side of the equation. 
(1 -— cos 2 x)(1+ cot 2 x)=(1-— cos2x)(1+ 
cos 2x sin 2x ) 

=(1- cos 2 x)( sin 2 
x sin 2x + cos2xsin2x) 
Find the common denominator. 

=(1- cos 2 x)( sin 2 
x+ cos2xsin2x ) 

=(sin 2 x)(1 sin 2x) 

=I 


Using Algebra to Simplify Trigonometric 
Expressions 


We have seen that algebra is very important in 
verifying trigonometric identities, but it is just as 
critical in simplifying trigonometric expressions 
before solving. Being familiar with the basic 
properties and formulas of algebra, such as the 


difference of squares formula, the perfect square 
formula, or substitution, will simplify the work 
involved with trigonometric expressions and 
equations. 


For example, the equation ( sinx+1 )( sinx—1 )=0 
resembles the equation (x+1 )( x—1 )=0, which 
uses the factored form of the difference of squares. 
Using algebra makes finding a solution 
straightforward and familiar. We can set each factor 
equal to zero and solve. This is one example of 
recognizing algebraic patterns in trigonometric 
expressions or equations. 


Another example is the difference of squares 
formula, a2 — b 2 =(a—b )(a+tb ), which is 
widely used in many areas other than mathematics, 
such as engineering, architecture, and physics. We 
can also create our own identities by continually 
expanding an expression and making the 
appropriate substitutions. Using algebraic properties 
and formulas makes many trigonometric equations 
easier to understand and solve. 


Writing the Trigonometric Expression as an 
Algebraic Expression 


Write the following trigonometric expression 
as an algebraic expression: 2 cos 2 8+cos0—1. 


Notice that the pattern displayed has the same 
form as a standard quadratic expression, a x 2 
+bx+c. Letting cos6 =x, we can rewrite the 
expression as follows: 
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This expression can be factored as ( 2x—1 )( x 
+1 ). If it were set equal to zero and we 
wanted to solve the equation, we would use 
the zero factor property and solve each factor 
for x. At this point, we would replace x with 
cos0 and solve for 0. 


Rewriting a Trigonometric Expression 
Using the Difference of Squares 


Rewrite the trigonometric expression: 4 cos 2 8 
ale 


Notice that both the coefficient and the 
trigonometric expression in the first term are 
squared, and the square of the number 1 is 1. 
This is the difference of squares. Thus, 
4 cos 280—1= (2cos0) 2 —1 

= (2cos0— 1)(2cos0 + 1) 


Analysis 


If this expression were written in the form of an 
equation set equal to zero, we could solve each 
factor using the zero factor property. We could also 
use substitution like we did in the previous 
problem and let cos6 =x, rewrite the expression as 
4x 2 —1, and factor ( 2x—1 )( 2x+1 ). Then 
replace x with cos@ and solve for the angle. 


Rewrite the trigonometric expression: 25 — 9 
sin 2 0. 


This is a difference of squares formula: 25 —9 


sin 2 0=(5-— 3sin0)(5+ 3sin6). 


Simplify by Rewriting and Using 
Substitution 


Simplify the expression by rewriting and using 
identities: 
csc 20— cot20 


We can start with the Pythagorean identity. 
1+ cot 26= csc 20 


Now we can simplify by substituting 1+ cot 2 
6 for csc 2 8. We have 
csc 20-— cot20=1+ cot26—-— cot290 


=1 


Use algebraic techniques to verify the identity: 
cos8 1+sin6 = 1—sin®@ cosé . 


(Hint: Multiply the numerator and 
denominator on the left side by 1 —sin@.) 


cos8 1+sin0 ( 1—sinO 1—sin®é )= 

cos@(1 —sin®@) 1— sin 2 6 
= cos0(1 —sin®@) cos 2 6 
= 1-—sin®@ cosO 


Access these online resources for additional 
instruction and practice with the fundamental 
trigonometric identities. 


* Fundamental Trigonometric Identities 
* Verifying Trigonometric Identities 


Key Equations 


Pythagorean Identities 


Even-odd identities 


Reciprocal identities 


Quotient identities 


Key Concepts 


sin 20+ cos20=11+ 
cot 20= csc 201+ tan 
2-9-=—see2-9 

tan( —@)=—tan®@ cot( 
—6 )= —cot@ sin( —0 )= 
—sin® csc( —8 )= —cscO 
cos( —8 )=cos@ sec( —9 
V\— card 
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sin6= 1 csc8 cos0= 1 
secO8 tanO= 1 cot0 cscO= 
1 sin®8 sec6= 1 cosO 


eantQ— 1 tandN 
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tan8 = sin®O cos cot0= 
cos8 sin8 


* There are multiple ways to represent a 
trigonometric expression. Verifying the 


identities illustrates how expressions can be 
rewritten to simplify a problem. 

* Graphing both sides of an identity will verify it. 
See [link]. 

¢ Simplifying one side of the equation to equal 
the other side is another method for verifying 
an identity. See [link] and [link]. 

* The approach to verifying an identity depends 
on the nature of the identity. It is often useful 
to begin on the more complex side of the 
equation. See [link]. 

¢ We can create an identity by simplifying an 
expression and then verifying it. See [link]. 

* Verifying an identity may involve algebra with 
the fundamental identities. See [link] and 
[link]. 

¢ Algebraic techniques can be used to simplify 
trigonometric expressions. We use algebraic 
techniques throughout this text, as they consist 
of the fundamental rules of mathematics. See 
[link], [link], and [link]. 


Section Exercises 


Verbal 


We know g(x) =cosx is an even function, and 


f(x) =sinx and h(x) =tanx are odd functions. 
What about G(x)= cos 2 x,F(x)= sin 2 x, and 
H(x)= tan 2 x? Are they even, odd, or neither? 
Why? 


All three functions, F,G, and H, are even. 


This is because F( —x )=sin( —x )sin( —x )=( 
—sinx )( —sinx )= sin 2 x=F( x ),G( —x 
)=cos( —x )cos( —x )=cosxcosx= cos 2 x=G( 
x ) and H( —x )=tan( —x )tan( —x )=( —tanx 
)( —tanx )= tan 2 x=H(x ). 


Examine the graph of f(x) =secx on the interval 
[ —st,t]. How can we tell whether the function 
is even or odd by only observing the graph of 
f(x) = secx? 


After examining the reciprocal identity for sect, 
explain why the function is undefined at certain 
points. 


When cost =0, then sect= 1 0 , which is 
undefined. 


All of the Pythagorean Identities are related. 
Describe how to manipulate the equations to 


get from sin 2 t+ cos 2 t=1 to the other forms. 


Algebraic 


For the following exercises, use the fundamental 
identities to fully simplify the expression. 


sinxcosxsecx 


sinx 


sin( — x)cos( — x)csc(— x) 


tanxsinx + secx cos 2 x 


Secx 


cscx + cosxcot( — x) 


cott + tant sec(—t) 


csct 


3 sin 3 tesct+ cos 2 t+ 2cos(—t)cost 


— tan( — x)cot(—x) 
—] 
— sin( — x)cosxsecxcscxtanx cotx 


1+ tan20csc20 + sin20+ 1sec20 


sec 2 x 


( tanx csc 2 x + tanx sec 2 x )( 1+ tanx 1 +cotx 
)- lcos2x 


1-— cos2xtan2x +2sin2x 


sin 2x+1 


For the following exercises, simplify the first 
trigonometric expression by writing the simplified 
form in terms of the second expression. 


tanx + cotx cscx ;cosx 


secx + cscx 1 + tanx ;sinx 


1 sinx 


cosx 1+sinx + tanx;cosx 


1 sinxcosx — cotx;cotx 


1 cotx 


1 1—cosx — cosx 1+ cosx ;cscx 


( secx + cscx )( sinx + cosx ) — 2 —cotx;tanx 


tanx 


1 csex — sinx ;secx and tanx 


1 —sinx 1+sinx — 1+sinx 1 —sinx 
;secx and tanx 


— 4secxtanx 


tanx;secx 


secx;cotx 


+ 1 cot2x +1 


secx;sinx 


cotx;sinx 


+ 1— sin 2 x sinx 


cotx;cscx 


For the following exercises, verify the identity. 


cosx— cos 3 x=cosx sin 2 x 


Answers will vary. Sample proof: 


cosx— cos 3 x=cosx( 1— cos 2x ) 
= cosx sin 2 x 


cosx( tanx —sec( —x ) )=sinx—1 


1+ sin 2xcos2x = 1cos2x + sin2 xcos2 
x =1+2 tan2x 


Answers will vary. Sample proof: 

1+ sin 2xcos2x = 1cos2x + sin2 xcos 2 
xX = sec2x+ tan 2 x= tan2x+1+ tan 2 
x=1+2tan2x 


( sinx + cosx ) 2 =1+2sinxcosx 


cos 2 x— tan 2 x=2- sin 2 x— sec2x 


Answers will vary. Sample proof: 

cos 2 x— tan 2 x=1- sin2 x—(sec2 x-1 
y=1—- sin 2 x— sec2x+1=2- sin 2 x— sec 2 
x 


Extensions 


For the following exercises, prove or disprove the 
identity. 


1 1+cosx — 1 1—cos(—x) = — 2cotxcscx 


csc 2 x( 1+ sin 2 x)= cot2x 


False 


( sec 2 (—x)-— tan 2 x tanx )( 2+ 2tanx 
2+ 2cotx )—2 sin 2 x=cos2x 


tanx secx sin( —x )= cos 2x 


False 


sec( —x ) tanx+cotx = —sin( —x ) 


1+sinx cosx = cosx 1+sin( —x ) 


Proved with negative and Pythagorean 
Identities 


For the following exercises, determine whether the 
identity is true or false. If false, find an appropriate 
equivalent expression. 


cos 20-— sin201—-— tan20 = sin20 


3 sin 20+4 cos 20=3+ cos2 60 


True 3 sin 20+4 cos 2 0=3 sin 20+3 cos 2 0 
+ cos 20=3( sin 20+ cos20)+ cos2 
6=3+ cos26 


sec0+ tan8 cot@+cos8 = sec 2 0 


Glossary 


even-odd identities 
set of equations involving trigonometric 
functions such that if f( —x )= —f( x ), the 
identity is odd, and if f( —x )=f( x ), the 
identity is even 


Pythagorean identities 
set of equations involving trigonometric 
functions based on the right triangle 
properties 


quotient identities 
pair of identities based on the fact that 
tangent is the ratio of sine and cosine, and 
cotangent is the ratio of cosine and sine 


reciprocal identities 
set of equations involving the reciprocals of 
basic trigonometric definitions 


Sum and Difference Identities 


In this section, you will: 


Use sum and difference formulas for cosine. 
Use sum and difference formulas for sine. 
Use sum and difference formulas for tangent. 
Use sum and difference formulas for 
cofunctions. 

Use sum and difference formulas to verify 
identities. 


Mount McKinley, in Denali National Park, Alaska, 
rises 20,237 feet (6,168 m) above sea level. It is the 
highest peak in North America. (credit: Daniel A. 
Leifheit, Flickr) 
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How can the height of a mountain be measured? 
What about the distance from Earth to the sun? Like 


many seemingly impossible problems, we rely on 
mathematical formulas to find the answers. The 
trigonometric identities, commonly used in 
mathematical proofs, have had real-world 
applications for centuries, including their use in 
calculating long distances. 


The trigonometric identities we will examine in this 
section can be traced to a Persian astronomer who 
lived around 950 AD, but the ancient Greeks 
discovered these same formulas much earlier and 
stated them in terms of chords. These are special 
equations or postulates, true for all values input to 
the equations, and with innumerable applications. 


In this section, we will learn techniques that will 
enable us to solve problems such as the ones 
presented above. The formulas that follow will 
simplify many trigonometric expressions and 
equations. Keep in mind that, throughout this 
section, the term formula is used synonymously with 
the word identity. 

The Unit Circle 


Using the Sum and Difference Formulas 
for Cosine 


Finding the exact value of the sine, cosine, or 
tangent of an angle is often easier if we can rewrite 
the given angle in terms of two angles that have 
known trigonometric values. We can use the special 


angles, which we can review in the unit circle 


shown in [link]. 
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We will begin with the sum and difference formulas 
for cosine, so that we can find the cosine of a given 
angle if we can break it up into the sum or 
difference of two of the special angles. See [link]. 


Sum formula for cosine cos( a+ )=cosacosB 


Difference formula for 
cosine 
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cos a— 8 )=cosacosp 
+ sinasinB 


First, we will prove the difference formula for 
cosines. Let’s consider two points on the unit circle. 


See [link]. Point P is at an angle a from the positive 
x-axis with coordinates ( cosa,sina ) and point Q is 
at an angle of § from the positive x-axis with 
coordinates ( cosB,sinB ). Note the measure of angle 
POQ is a—B. 


Label two more points: A at an angle of (a—f ) 
from the positive x-axis with coordinates ( cos( a—f 
),sin( a—B ) ); and point B with coordinates (1,0 ). 
Triangle POQ is a rotation of triangle AOB and thus 
the distance from P to Q is the same as the distance 
from A to B. 


We can find the distance from P to Q using the 
distance formula. 

d PQ = (cosa—cosf) 2 + (sina—sinf) 2 = cos 
2 a—2cosacosB+ cos 2 B+ sin 2 a—2sinasinB + 
sin 2 8 


Then we apply the Pythagorean Identity and 
simplify. 

= (cos2a+ sin2a)+(cos 2 B+ sin 2 

B) — 2cosacosB — 2sinasinB = 1+1-—2cosacosfh 
—2sinasinf = 2—2cosacosB — 2sinasinB 


Similarly, using the distance formula we can find 
the distance from A to B. 

d AB = (cos(a—$)—1) 2 + (sin(a—B)—0) 2 = 
cos 2 (a—f)—2cos(a—f)+1+ sin 2 (a—f£) 


Applying the Pythagorean Identity and simplifying 
we get: 

= (cos 2 (a—B)+ sin 2 (a—B))—2cos(a—B)+1 = 
1—2cos(a—B)+1 = 2—2cos(a-— fh) 


Because the two distances are the same, we set them 
equal to each other and simplify. 
2 — 2cosacosf — 2sinasingB = 2—2cos(a-—fB) 

2 — 2cosacosf — 2sinasinf = 2 — 2cos(a — f) 


Finally we subtract 2 from both sides and divide 
both sides by —2. 
cosacosB + sinasinf = cos( a— fp ) 


Thus, we have the difference formula for cosine. We 
can use similar methods to derive the cosine of the 
sum of two angles. 


Sum and Difference Formulas for Cosine 

These formulas can be used to calculate the cosine 
of sums and differences of angles. 

cos( a+ B )=cosacosf — sinasinB 

cos( a— 8 )=cosacosf + sinasinB 


Given two angles, find the cosine of the 
difference between the angles. 


1. Write the difference formula for cosine. 

2. Substitute the values of the given angles into 
the formula. 

3. Simplify. 


Finding the Exact Value Using the Formula 
for the Cosine of the Difference of Two 
Angles 


Using the formula for the cosine of the 
difference of two angles, find the exact value 
of cos( 50 4 — m6). 


Use the formula for the cosine of the difference 
of two angles. We have 

cos(a — B) =cosacosfh + sinasinf cos( 5% 4 — 
mz 6 )=cos( 5x 4 )cos( x 6 )+sin( 52 4 )sin( 1 


6) =(- 22(32)-(22)(12 
) =-—~64-24 = 


Find the exact value of cos( a3 — 174). 


Finding the Exact Value Using the Formula 
for the Sum of Two Angles for Cosine 


Find the exact value of cos( 75 ° ). 


As 75° = 45° + 30°, we can evaluate cos( 

75°) as cos( 45° + 30 ° ). Thus, 

cos( 45 ° + 30° )=cos( 45 ° )cos( 30 ° )—sin( 

45 ° )sin( 30 o ) =22 (632 )— 

Daal) =64-24 
=6-24 


Find the exact value of cos( 105 ° ). 


2-64 


Using the Sum and Difference Formulas 
for Sine 


The sum and difference formulas for sine can be 
derived in the same manner as those for cosine, and 
they resemble the cosine formulas. 


Sum and Difference Formulas for Sine 
These formulas can be used to calculate the sines o 


sums and differences of angles. 
sin( a+ )=sinacosf + cosasinB 
sin( a— 6 )=sinacosf — cosasinB 


Given two angles, find the sine of the difference 
between the angles. 


1. Write the difference formula for sine. 


2. Substitute the given angles into the formula. 
3. Simplify. 


Using Sum and Difference Identities to 
Evaluate the Difference of Angles 


Use the sum and difference identities to 
evaluate the difference of the angles and show 


that part a equals part b. 


isin 45.2 - 30.5) } 
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1. Let’s begin by writing the formula and 
substitute the given angles. 
sin(a — 8) =sinacosB — cosasinB sin( 
45 ° — 30° )=sin( 45 @ )cos( 30 ° )—cos( 
45 ° )sin( 30 @ ) 


Next, we need to find the values of the 
trigonometric expressions. 

sin( 45 ° )= 2 2 ,cos( 30 ° )= 3 2 ,cos( 45 
°)= 22,sin(30°)= 12 


Now we can substitute these values into 
the equation and simplify. 

sint 45° — 30° j= 22 (32)] 22012 
) =6-24 


2. Again, we write the formula and 
substitute the given angles. 
sin(a — 8) = sinacosf — cosasinB 
sin( 135 ° — 120 ° )=sin( 135 ° )cos( 120 
° )—cos( 135 ° )sin( 120 ° ) 


Next, we find the values of the 
trigonometric expressions. 

sini 135°) — 2 2cosU 1205) =—— 12 
,cos( 135 ° )= — 22, sin( 120 °)= 32 


Now we can substitute these values into 
the equation and simplify. 
sin( 135° — 120°)=22(-—12)-(- 


Da eos) =-—-2+6 
4 = 6 — 24sin( 135° 
— 120°)=22(-12)-(-—22)(32 
) =-—-2+64 

=6- 24 


Finding the Exact Value of an Expression 
Involving an Inverse Trigonometric 
Function 


Find the exact value of sin( cos —1 12 + sin 
—-135). 


The pattern displayed in this problem is sin( a 
+8). Leta= cos -112andB= sin -135. 
Then we can write 

cosa= 12,0<a<asinB= 35,-nm2 <Bp< 
Tw 2 


We will use the Pythagorean Identities to find 
sina and cos. 


sina= 1-— cos2a =1-14 = 34 
= 32cosB= 1- sin2 6 = 1-925 
= 1625 = 45 


Using the sum formula for sine, 

sin(cos —112 + sin -135)=sin(a+f) 
=sinacosB+cosasinB = 32°454+12-35 
= 43+310 


Using the Sum and Difference Formulas 
for Tangent 


Finding exact values for the tangent of the sum or 
difference of two angles is a little more complicated, 
but again, it is a matter of recognizing the pattern. 


Finding the sum of two angles formula for tangent 
involves taking quotient of the sum formulas for 


sine and cosine and simplifying. Recall, tanx= sinx 
cosx ,cosx ~ 0. 


Let’s derive the sum formula for tangent. 
tan(a+f8)= sin(a+fB ) cos(at+f) = 
sinacosB + cosasinfs cosacosB — sinasinB 

= sinacosB + cosasinB cosacosB 
cosacosB — sinasinf cosacosp 
Divide the numerator and denominator by cosacosf 

= sina cos cosa cosB + cosa sinB cosa 
cos cosa cos cosa cosB — sinasinf cosacosp 

= sina cosa + sinB cosp 1— sinasinf 
cosacosB = tana+tanf 1 —tanatanp 


We can derive the difference formula for tangent in 
a similar way. 


Sum and Difference Formulas for Tangent 

The sum and difference formulas for tangent are: 
tan(a+f )= tana+tanB 1 —tanatanp 

tan( a—f )= tana—tanB 1+ tanatanp 


Given two angles, find the tangent of the sum 
of the angles. 


1. Write the sum formula for tangent. 
2. Substitute the given angles into the formula. 


3. Simplify. 


Finding the Exact Value of an Expression 
Involving Tangent 


Find the exact value of tan( 16 + 14). 


Let’s first write the sum formula for tangent 
and substitute the given angles into the 
formula. 

tan(a+f )= tana+tanB 1—tanatanf tan( 1 
6+24)= tan( a6 )+tan(x 4) 1—(tan( x 
6 ) )( tan( a 4 ) ) 


Next, we determine the individual tangents 
within the formula: 
tan( 276 )= 13 ,tan(14)=1 


So we have 

tan(m6 +74)=13+4+11-(13)() 
=1+333-13 = 

1+33(33-1) = 3413-1 


Find the exact value of tan( 273 + 14). 
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Finding Multiple Sums and Differences of 
Angles 


Given sina= 35 ,0<a< m2 ,cosB=— 513 
r= 3 2 , find 


iesinCa-: p} 
2, cos’ a+ p } 
2, tanCa-+ p ) 
4. tan(a—B) 


We can use the sum and difference formulas to 
identify the sum or difference of angles when 
the ratio of sine, cosine, or tangent is provided 
for each of the individual angles. To do so, we 
construct what is called a reference triangle to 
help find each component of the sum and 
difference formulas. 


1. To find sin(a+f ), we begin with sina= 
35 and 0<a< m2. The side opposite a 
has length 3, the hypotenuse has length 5, 
and a is in the first quadrant. See [link]. 
Using the Pythagorean Theorem, we can 
find the length of side a: 


a2 ba oe a2 =16 
a=4 


J 


(4, 3) 


x 
(4, 0) 


Since cos8= — 513 anda<B< 3n2, 
the side adjacent to B is —5, the 
hypotenuse is 13, and 8 is in the third 
quadrant. See [link]. Again, using the 
Pythagorean Theorem, we have 

(=o 2 a2 —13225- 22 —169 a 
2=144a=2+12 


Since B is in the third quadrant, a=-12. 


oS 


(—5, 0) 


(—5, -12) 


The next step is finding the cosine of a 
and the sine of 8. The cosine of a is the 
adjacent side over the hypotenuse. We 
can find it from the triangle in [link]: 
cosa= 45. Wecan also find the sine of B 
from the triangle in [link], as opposite 
side over the hypotenuse: sinf = — 12 13 
. Now we are ready to evaluate sin(a+f 
): 
sin(a + 8) =sinacosf + cosasinB 
=(35)(— 513)4045)(— 
23) =— 1565 — 48 65 
=— 6365 
. We can find cos( a+ ) in a similar 
manner. We substitute the values 
according to the formula. 
cos(a + B) = cosacosf — sinasinf 
=(4 SC S18 Ce sl 
12 13 ) =— 20 65 4, 36 65 
= 1665 
. For tan(a+f ), if sina= 35 and cosa= 
45, then 
tana= 3545 = 34 


If sinf = — 12 13 and cospB=— 513, 
then 
re) ed lee ol sl 


Then, 
tan(a+B)= tana+tanf 1 —tanatang 
=34+1251-34(125) 


= 6320 — 1620 
=— 6316 
4. To find tan( a— fs ), we have the values 
we need. We can substitute them in and 
evaluate. 
tan(a—f )= tana—tanB 1+tanatanp 
=34-1251+ 3), 
— 33 20 56 20 = 


common mistake when addressing problems such 
as this one is that we may be tempted to think that 
a and B are angles in the same triangle, which of 
course, they are not. Also note that 
tanCat+f )= sin(’at+f ) cos(a+PB ) 


Using Sum and Difference Formulas for 
Cofunctions 


Now that we can find the sine, cosine, and tangent 
functions for the sums and differences of angles, we 
can use them to do the same for their cofunctions. 
You may recall from Right Triangle Trigonometry 
that, if the sum of two positive angles is 2 , those 


two angles are complements, and the sum of the two 
acute angles in a right triangle is m 2 , so they are 
also complements. In [link], notice that if one of the 
acute angles is labeled as 0, then the other acute 
angle must be labeled (a1 2 —6 ). 


Notice also that sind =cos( 1 2 —8 ): opposite over 
hypotenuse. Thus, when two angles are 
complementary, we can say that the sine of 8 equals 
the cofunction of the complement of 8. Similarly, 
tangent and cotangent are cofunctions, and secant 
and cosecant are cofunctions. 
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From these relationships, the cofunction identities 
are formed. 


Cofunction Identities 
The cofunction identities are summarized in [link]. 
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psec? =csc( 1 csc =sec( 1 \ 


Notice that the formulas in the table may also 
justified algebraically using the sum and difference 
formulas. For example, using 

cos( a— 8 )=cosacosf + sinasin§, 


we can write 


cos( 1 2 —8 )=cos m 2 cos8+sin mt 2 sind 
= (0)cos8 + (1)sinO = sin0 


Finding a Cofunction with the Same Value 
as the Given Expression 


Write tan sz 9 in terms of its cofunction. 


The cofunction of tan6=cot( a 2 —6@ ). Thus, 
tan( a 9 )=cot( m2 — 19) = cot( 97 
18 — 27 18) =cot( 71 18 ) 


Write sin x 7 in terms of its cofunction. 


cos( 52 14 ) 


Using the Sum and Difference Formulas 
to Verify Identities 


Verifying an identity means demonstrating that the 
equation holds for all values of the variable. It helps 
to be very familiar with the identities or to have a 
list of them accessible while working the problems. 
Reviewing the general rules from Solving 
Trigonometric Equations with Identities may help 
simplify the process of verifying an identity. 


Given an identity, verify using sum and 
difference formulas. 


1. Begin with the expression on the side of the 
equal sign that appears most complex. Rewrite 
that expression until it matches the other side 
of the equal sign. Occasionally, we might have 
to alter both sides, but working on only one 


side is the most efficient. 

2. Look for opportunities to use the sum and 
difference formulas. 

3. Rewrite sums or differences of quotients as 
single quotients. 

4. If the process becomes cumbersome, rewrite 
the expression in terms of sines and cosines. 


Verifying an Identity Involving Sine 


Verify the identity sin(a+)+sin(a 
— B) = 2sinacosf. 


We see that the left side of the equation 
includes the sines of the sum and the 
difference of angles. 

sin(a + 8) =sinacosB + cosasinB sin(a 

— §) =sinacosB — cosasinB 


We can rewrite each using the sum and 
difference formulas. 

sin(a+ 8) +sin(a — B) =sinacosB + cosasin 
+ sinacosB —cosasinf = 2sinacosfh 


We see that the identity is verified. 


Verifying an Identity Involving Tangent 


Verify the following identity. 
sin(a —) cosacosB =tana — tan 


We can begin by rewriting the numerator on 
the left side of the equation. 

sin( a— ) cosacosf = sinacosf — cosasinB 
cosacosfi = sina cos cosa cosB — cosa sing 
cosa cosh 

Rewrite using a common denominator. = sina 
cosa — sinB cosB Cancel. =tana—tanB 
Rewrite in terms of tangent. 


We see that the identity is verified. In many 
cases, verifying tangent identities can 
successfully be accomplished by writing the 
tangent in terms of sine and cosine. 


Verify the identity: tan( 7— 6 ) = —tan6é. 


tan(a —9)= tan(st) —tanO 1 + tan(st)tan8 
= 0-—tan6 1+0-tandé 
—tan6 


Using Sum and Difference Formulas to 
Solve an Application Problem 


Let L 1 and L 2 denote two non-vertical 
intersecting lines, and let 8 denote the acute 
angle between L 1 and L 2. See [link]. Show 
that 

tand=m2—-—-mll+milim2 


where m 1 and m 2 are the slopes of L 1 and L 
2 respectively. (Hint: Use the fact that tan 6 1 
=mlandtanOd2 =m2.) 


y 
4 L, 


Using the difference formula for tangent, this 
problem does not seem as daunting as it 
might. 

tanO6=tan(@2 — 61) = tan @ 2 —tan 60 
11+tan@1 tan@2 =m2—-ml11l+m 
1lm2 


Investigating a Guy-wire Problem 


For a climbing wall, a guy-wire R is attached 
47 feet high on a vertical pole. Added support 
is provided by another guy-wire S attached 40 
feet above ground on the same pole. If the 
wires are attached to the ground 50 feet from 
the pole, find the angle a between the wires. 
See [link]. 


Let’s first summarize the information we can 
gather from the diagram. As only the sides 
adjacent to the right angle are known, we can 
use the tangent function. Notice that tang = 47 
50 , and tan( B—a )= 40 50 = 45. Wecan 
then use difference formula for tangent. 

tan( B—a )= tanfp—tana 1+tanBtana 


Now, substituting the values we know into the 
formula, we have 
45 = 4750 —tana 1+ 47 50 


tana 4( 1+ 47 50 tana )=5( 47 50 —tana ) 


Use the distributive property, and then 
simplify the functions. 

4(1)+ 4( 47 50 )tana=5( 47 50 )—5tana 
4+ 3.76tana = 4.7 — 5tana 5tana 

+ 3.76tana=0.7 8.76tana = 0.7 

tana ~ 0.07991 tan —1 (0.07991) = .079741 


Now we can calculate the angle in degrees. 
a =~ 0.079741( 180 1 )= 4.57 


nalysis 


Occasionally, when an application appears that 
includes a right triangle, we may think that solving 
is a matter of applying the Pythagorean Theorem. 
That may be partially true, but it depends on what 
the problem is asking and what information is 
given. 


Access these online resources for additional 
instruction and practice with sum and difference 
identities. 


¢ Sum and Difference Identities for Cosine 
¢ Sum and Difference Identities for Sine 
¢ Sum and Difference Identities for Tangent 


Key Equations 


Sum Formula for Cosine cos( a+ )=cosacosp 
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Difference Formula for — cos’ a—f )=cosacosf 
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Sum Formula for Sine sin( a+ )=sinacosp 
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Difference Formula for — sin a— 8 )=sinacosfB 
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Sum Formula for Tangent tanCa+ $s )= tana+tanf 


1 _tanntanR 
a tulwmecusiyp 


Difference Formula for tanCa—f )= tana—tanB 


Tanaant 1 tLtanntanR 
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Cofunction identities sind =cos( 1 2 —@) 
cos0=sin( 1 2 —6 ) 
tan6 =cot( m2 —8@) 
cot6=tan( 12 —6@) 
secO0=csc( 1 2 —@) 
csc8 =sec( 1 2 —€0) 


Key Concepts 


The sum formula for cosines states that the 
cosine of the sum of two angles equals the 
product of the cosines of the angles minus the 
product of the sines of the angles. The 
difference formula for cosines states that the 
cosine of the difference of two angles equals 
the product of the cosines of the angles plus the 
product of the sines of the angles. 

The sum and difference formulas can be used to 
find the exact values of the sine, cosine, or 
tangent of an angle. See [link] and [link]. 

The sum formula for sines states that the sine 
of the sum of two angles equals the product of 
the sine of the first angle and cosine of the 
second angle plus the product of the cosine of 
the first angle and the sine of the second angle. 
The difference formula for sines states that the 
sine of the difference of two angles equals the 
product of the sine of the first angle and cosine 
of the second angle minus the product of the 
cosine of the first angle and the sine of the 
second angle. See [link]. 

The sum and difference formulas for sine and 
cosine can also be used for inverse 
trigonometric functions. See [link]. 

The sum formula for tangent states that the 
tangent of the sum of two angles equals the 
sum of the tangents of the angles divided by 1 
minus the product of the tangents of the angles. 


The difference formula for tangent states that 
the tangent of the difference of two angles 
equals the difference of the tangents of the 
angles divided by 1 plus the product of the 
tangents of the angles. See [link]. 

* The Pythagorean Theorem along with the sum 
and difference formulas can be used to find 
multiple sums and differences of angles. See 
[link]. 

* The cofunction identities apply to 
complementary angles and pairs of reciprocal 
functions. See [link]. 

¢ Sum and difference formulas are useful in 
verifying identities. See [link] and [link]. 

* Application problems are often easier to solve 
by using sum and difference formulas. See 
[link] and [link]. 


Section Exercises 


Verbal 


Explain the basis for the cofunction identities 
and when they apply. 


The cofunction identities apply to 


complementary angles. Viewing the two acute 
angles of a right triangle, if one of those angles 
measures x, the second angle measures 1 2 —x. 
Then sinx=cos( 1 2 —x ). The same holds for 
the other cofunction identities. The key is that 
the angles are complementary. 


Is there only one way to evaluate cos( 52 4 )? 
Explain how to set up the solution in two 
different ways, and then compute to make sure 
they give the same answer. 


Explain to someone who has forgotten the even- 
odd properties of sinusoidal functions how the 
addition and subtraction formulas can 
determine this characteristic for f(x) = sin(x) 
and g(x) =cos(x). (Hint: 0—x= —x ) 


sin( —x )= —sinx, so sinx is odd. cos( —x 
)=cos( 0 —x )=cosx, so cosx is even. 


Algebraic 


For the following exercises, find the exact value. 


cos( 7 12 ) 


cos( a 12 ) 


2+64 


sin( 570 12 ) 


sin( 11m 12 ) 


6-24 


tan( — 2712) 


tan( 197 12 ) 


a2 so 


For the following exercises, rewrite in terms of sinx 
and cosx. 


sin(x+ 1176) 


sin(x— 374) 


— 22 sinx— 2 2 cosx 


cos( x— 576 ) 


cos( x+ 273 ) 


— 12 cosx— 3 2 sinx 


For the following exercises, simplify the given 
expression. 


escl a2: =) 
sec( m2 —0) 
cscO 

cot( m2 —x) 


tan( m2 —x) 


cotx 


sin( 2x )cos( 5x )—sin( 5x )cos( 2x ) 


tan( 3 2 x )—tan(75x)1+tan( 3 2.x )tan(75 
a) 


tan( x 10 ) 


For the following exercises, find the requested 
information. 


Given that sina= 2 3 and cosb= — 14, witha 
and b both in the interval [ 1 2 ,z ), find sin(a 
+b) and cos(a—b). 


Given that sina= 45, andcosb= 13, witha 
and b both in the interval [ 0, a 2 ), find sin(a 
—b) and cos(a+b). 


sin(a—b)=(45)(13)-(35)(223)= 4-6 
215 
cos(a+b)=(35)(13)-(45)(223)= 
3-8215 


For the following exercises, find the exact value of 
each expression. 


sin( cos —1 (0)— cos -1(12)) 
cos( cos —1(22)+ sin -—1(32)) 
2-64 
tan(sin —1(12)-— cos -1(12)) 
Graphical 
For the following exercises, simplify the expression, 


and then graph both expressions as functions to 
verify the graphs are identical. 


cos( m2 —x ) 


sinx 


sin(st— x) 


tan( a3 +x) 


cot( m6 —x) 


sin( 13 +x) 


tan( a4 —-x) 


cot( m4 +x) 


cos( 7716 +x ) 


sin( 14 +x) 


sinx 2 + cosx 2 


cos( 53 4 +x ) 


For the following exercises, use a graph to 
determine whether the functions are the same or 
different. If they are the same, show why. If they are 
different, replace the second function with one that 
is identical to the first. (Hint: think 2x =x+x. ) 


f( x )=sin( 4x ) —sin( 3x )cosx,g( x ) = sinxcos( 
3x ) 


They are the same. 


f( x )=cos( 4x )+sinxsin( 3x ),g( x )= 
— cosxcos( 3x ) 


f( x )=sin( 3x )cos( 6x ),g( x )= —sin( 3x )cos( 
6x ) 


They are the different, try g( x )=sin( 9x 
)—cos( 3x )sin( 6x ). 


f(x) = sin(4x),g(x) = sin(5x)cosx — cos(5x)sinx 


f(x) = sin(2x),g(x) = 2sinxcosx 


They are the same. 


f( 8 )=cos( 20 ),g( 8 )= cos 2 8— sin 2 0 


f(8) = tan(26),g(6) = tan6 1+ tan 20 


They are the different, try g( 8 )= 2tan@ 1 — 
tan20. 


f(x) = sin(3x)sinx,g(x) = sin 2 (2x) cos 2 x— cos 
2 (2x) sin 2 x 


f(x) = tan(—x),g(x) = tanx — tan(2x) 
1 —tanxtan(2x) 


They are different, try g( x )= tanx—tan( 2x ) 
1+tanxtan( 2x ). 


Technology 
For the following exercises, find the exact value 


algebraically, and then confirm the answer with a 
calculator to the fourth decimal point. 


sin( 75° ) 


sin( 195° ) 


— 3 -122,or —0.2588 


cos( 165 ° ) 


cos( 345 o ) 


1+ 322, or 0.9659 


tan( — 15°) 


Extensions 


For the following exercises, prove the identities 
provided. 


tan(x+ a 4)= tanx+1 1—-—tanx 


tan( x+ 24 )= tanx+tan( a 4 ) 1 —tanxtan( 1 
4) = tanx+1 1-—tanx(1) = tanx+1 1-—tanx 


tan(a+b) tan(a—b) = sinacosa+ sinbcosb 
sinacosa — sinbcosb 


cos(a+b) cosacosb = 1 —tanatanb 


cos( a+b ) cosacosb = cosacosb cosacosb — 
sinasinb cosacosb = 1 —tanatanb 


cos( x+y )cos(x—y )= cos2x— sin2y 


cos(x +h) —cosx h =cosx cosh—1 h —sinx sinh 
h 


cos( x +h )—cosx h = cosxcosh — sinxsinh 
—cosx h = cosx(cosh —1)—sinxsinh h =cosx 
cosh— 1h —sinx sinh h 


For the following exercises, prove or disprove the 
statements. 


tan(u+v)= tanu+tanv 1 —tanutanv 


tan(u—v)= tanu—tanv 1+tanutanv 


True 


tan(x+y ) 1+tanxtanx = tanx+tany 1— tan 2 
x tan2y 


If a, B, and y are angles in the same triangle, 
then prove or disprove sin( a+ )=siny. 


True. Note that sin( a+ )=sin( «—y ) and 
expand the right hand side. 


If a,f®, and y are angles in the same triangle, 
then prove or disprove tana + tanB 
+ tany = tanatanBtany 


Double-Angle, Half-Angle, and Reduction Formulas 
In this section, you will: 


* Use double-angle formulas to find exact values. 

* Use double-angle formulas to verify identities. 

* Use reduction formulas to simplify an 
expression. 

* Use half-angle formulas to find exact values. 


Bicycle ramps for advanced riders have a steeper 
incline than those designed for novices. 


Bicycle ramps made for competition (see [link]) 
must vary in height depending on the skill level of 
the competitors. For advanced competitors, the 
angle formed by the ramp and the ground should be 
8 such that tanO= 5 3. The angle is divided in half 
for novices. What is the steepness of the ramp for 
novices? In this section, we will investigate three 
additional categories of identities that we can use to 
answer questions such as this one. 


Using Double-Angle Formulas to Find 


Exact Values 


In the previous section, we used addition and 
subtraction formulas for trigonometric functions. 
Now, we take another look at those same formulas. 
The double-angle formulas are a special case of the 
sum formulas, where a=. Deriving the double- 
angle formula for sine begins with the sum formula, 
sin( a+ )=sinacosf + cosasinB 


If we let a=f=69, then we have 
sin( 0+0 )=sinOcos8+cosOsinO — sin( 20 
) = 2sinOcosO 


Deriving the double-angle for cosine gives us three 
options. First, starting from the sum formula, cos( a 
+ )=cosacosB — sinasinB, and letting a=B=80, we 
have 

cos(6 + 8) =cos@cos8—sinOsin6 cos(20)= cos 20 
— sin20 


Using the Pythagorean properties, we can expand 
this double-angle formula for cosine and get two 
more interpretations. The first one is: 

cos(20)= cos 2 8— sin 20 =(1-— sin 2 0)— 
sin 2 0 =1-2sin20 


The second interpretation is: 
cos(20) = cos 2 8— sin 2 0 = cos 20—-(1- 
cos 2 8) =2cos2 0-1 


Similarly, to derive the double-angle formula for 
tangent, replacing a= f=6 in the sum formula gives 
tan(a+f)= tana+tanB 1—tanatanf tan(6+60 )= 
tan6+ tan@ 1 —tan@tan® tan( 20 )= 2tanO 1— tan 2 
) 


Double-Angle Formulas 

The double-angle formulas are summarized as 

follows: 

sin( 20 ) =2sin@cos0 

cos(20)= cos 2 @— sin 2 0 =1-2sin20 
=2cos20—-1 

tan( 26 )= 2tanO 1— tan 20 


Given the tangent of an angle and the quadrant 
in which it is located, use the double-angle 


formulas to find the exact value. 


. Draw a triangle to reflect the given 
information. 

. Determine the correct double-angle formula. 

. Substitute values into the formula based on 
the triangle. 

. Simplify. 


Using a Double-Angle Formula to Find the 
Exact Value Involving Tangent 


Given that tan6= — 3 4 and 6 is in quadrant 
II, find the following: 


esin(@ 26 ) 
2. cos( 20 ) 
3. tan( 20 ) 


If we draw a triangle to reflect the information 
given, we can find the values needed to solve 
the problems on the image. We are given 
tan0 = — 3 4, such that 0 is in quadrant II. 
The tangent of an angle is equal to the 
opposite side over the adjacent side, and 
because 6 is in the second quadrant, the 
adjacent side is on the x-axis and is negative. 
Use the Pythagorean Theorem to find the 
length of the hypotenuse: 

(-4 2+ (3)2 =c2164+9=c225=c2 
c=5 


Now we can draw a triangle similar to the one 
shown in [link]. 


eS 


(—4, 3) 


(—4, 0) 
’ 


1. Let’s begin by writing the double-angle 
formula for sine. 
sin(28) = 2sinOcosO 


We see that we to need to find sin@ and 
cos@. Based on [link], we see that the 
hypotenuse equals 5, so sind= 35, and 
cos0 = — 45. Substitute these values into 
the equation, and simplify. 


Thus, 
sin(26)=2(35)( — 45) =— 24 
25 

2. Write the double-angle formula for 
cosine. 
cos( 28 )= cos 2 0— sin 2 0 


Again, substitute the values of the sine 
and cosine into the equation, and 
simplify. 
cos(26) = (C4) 2 (5) 2 
—I625.— 925 = 725 
3. Write the double-angle formula for 


tangent. 
tan(20)= 2tanO 1— tan 20 


In this formula, we need the tangent, 

which we were given as tanO= — 34. 

Substitute this value into the equation, 

and simplify. 

tan(20)= 2 - 34) 1-—(-34)2 
So =-— 32 

(16:7 ) =— 247 


Given sina= 5 8, with 6 in quadrant I, find 
cos( 2a ). 


COs 20 = 7 2 


Using the Double-Angle Formula for Cosine 
without Exact Values 


Use the double-angle formula for cosine to 
write cos( 6x ) in terms of cos( 3x ). 


cos(6x) = cos(2(3x + 3x)) 


= cos2(3x) — sin2(3x) = 2 COS 2 


This example illustrates that we can use the 
double-angle formula without having exact values. 
It emphasizes that the pattern is what we need to 
remember and that identities are true for all values 
in the domain of the trigonometric function. 


Using Double-Angle Formulas to Verify 
Identities 


Establishing identities using the double-angle 
formulas is performed using the same steps we used 
to derive the sum and difference formulas. Choose 
the more complicated side of the equation and 
rewrite it until it matches the other side. 


Using the Double-Angle Formulas to 
Establish an Identity 


Establish the following identity using double- 
angle formulas: 


1+sin( 20 )= ( sin6+cos6 ) 2 


We will work on the right side of the equal 

sign and rewrite the expression until it 

matches the left side. 

(sin6 + cos0) 2 = sin 2 8+ 2sinOcos6+ cos 2 6 
=(sin 26+ cos 2 

8) + 2sin6cosO = 1+ 2sinO0cos0 
=1+sin(26) 


Analysis 

This process is not complicated, as long as we 
recall the perfect square formula from algebra: 
(a+b)2 =a2 +2ab+ b2 


where a=sin@ and b=cos@. Part of being 


successful in mathematics is the ability to 
recognize patterns. While the terms or symbols 
may change, the algebra remains consistent. 


Establish the identity: cos 4 8— sin 4 8=cos( 
Zee 


cos 4 8— sin 40=(cos 2 6+ sin 2 8 )( cos 2 0 
— sin 2 8 )=cos( 20 ) 


Verifying a Double-Angle Identity for 
Tangent 


Verify the identity: 
tan( 20 )= 2 cot0—tan0 


In this case, we will work with the left side of 

the equation and simplify or rewrite until it 

equals the right side of the equation. 

tan( 20 )= 2tan@ 1 — tan 2 6 Double- 

angle formula = 2tan0( 1 tan@ )(1- 

tan 2 6 )( 1 tané ) 

Multiply by a term that results in desired numera 
= 21 tanO — tan 2 06 tand = 2 

cot@—tanO Use reciprocal identity for 1 tané. 


Analysis 


Here is a case where the more complicated side of 
the initial equation appeared on the right, but we 
chose to work the left side. However, if we had 
chosen the left side to rewrite, we would have been 
working backwards to arrive at the equivalency. 
For example, suppose that we wanted to show 
2tanO 1— tan 20 = 2 cot@—tanéd 


Let’s work on the right side. 

2 cot6—tan6 = 2 1 tanO —tané ( tanO tan ) 
= 2tanO 1 tanO ( tan@ ) — tan@(tané@) 
= 2tan6 1— tan20 


When using the identities to simplify a 
trigonometric expression or solve a trigonometric 
equation, there are usually several paths to a 
desired result. There is no set rule as to what side 
should be manipulated. However, we should begin 
with the guidelines set forth earlier. 


Verify the identity: cos(20)cos6 = cos 3 8 
—cos6@ sin 2 0. 


cos( 28 )cos8 =( cos 2 8— sin 2 8 )cos8= cos 3 
6@—cos@ sin 2 8 


Use Reduction Formulas to Simplify an 
Expression 


The double-angle formulas can be used to derive the 
reduction formulas, which are formulas we can use 
to reduce the power of a given expression involving 
even powers of sine or cosine. They allow us to 
rewrite the even powers of sine or cosine in terms of 
the first power of cosine. These formulas are 


especially important in higher-level math courses, 
calculus in particular. Also called the power- 
reducing formulas, three identities are included and 
are easily derived from the double-angle formulas. 


We can use two of the three double-angle formulas 
for cosine to derive the reduction formulas for sine 
and cosine. Let’s begin with cos( 20 )=1—-—2 sin 2 0. 
Solve for sin 2 0: 

cos(20) =1—2 sin 2 6 2 sin 2 80=1-—cos(280) sin 2 
8= 1-—cos(28) 2 


Next, we use the formula cos( 20 )=2 cos 2 6-1. 
Solve for cos 2 8: 

cos(20) =2 cos 2 8— 1 1+ cos(28)= 2 cos 2 0 
1+cos(20) 2 = cos 20 


The last reduction formula is derived by writing 

tangent in terms of sine and cosine: 

tan 2 0= sin 20cos20 = 1-—cos(28) 2 

1+cos(26) 2 Substitute the reduction formulas. 
=( 1—cos(20) 2 )( 2 1+ cos(28) ) = 

1—cos(20) 1+ cos(26) 


Reduction Formulas 
The reduction formulas are summarized as 
follows: 


sin 2 0= 1-—cos( 20 ) 2 
cos 2 80= 1+cos( 20 ) 2 


tan 2 0= 1-—cos( 20 ) 1+ cos( 20 ) 


Writing an Equivalent Expression Not 
Containing Powers Greater Than 1 


Write an equivalent expression for cos 4 x that 
does not involve any powers of sine or cosine 
greater than 1. 


We will apply the reduction formula for cosine 
twice. 
cos 4 x= (cos 2 x) 2 = (1+cos(2x) 2 ) 
2 Substitute reduction formula for cos 2 x. 

= 1 4(1+2cos(2x)+ cos 2 (2x) ) 

= 14+ 12 cos(2x)+ 14( 
1+cos2(2x) 2 ) 
Substitute reduction formula for cos 2 x. 

= 14+ 12cos(2x)+ 18+18 
cos(4x) = 38 + 12 cos(2x)+ 18 
cos(4x) 


Analysis 


The solution is found by using the reduction 
formula twice, as noted, and the perfect square 
formula from algebra. 


Using the Power-Reducing Formulas to 
Prove an Identity 


Use the power-reducing formulas to prove 
sin 3 ( 2x )=[ 1 2 sin( 2x ) ][ 1 —cos( 4x ) ] 


We will work on simplifying the left side of the 
equation: 
sin 3 (2x) = [sin(2x)][ sin 2 (2x)] 
= sin(2x)[ 1 —cos(4x) 2 ] 
Substitute the power-reduction formula. 
= sin(2x)( 1 2 )[ 1—cos(4x) ] 
= 1 2 [sin(2x)][1 —cos(4x)] 


Analysis 


Note that in this example, we substituted 
1—cos( 4x ) 2 


for sin 2 ( 2x ). The formula states 
sin 2 0= 1-—cos( 20 ) 2 


We let 80 = 2x, so 20= 4x. 


Use the power-reducing formulas to prove that 
10 cos 4x= 15 4 +5cos( 2x )+ 5 4 cos( 4x ). 


10 cos 4 x=10 cos 4 x=10 ( cos 2 x) 2 
=10 [ 1+cos(2x) 2] 2 

Substitute reduction formula for cos 2 x. 
= 10 4 [1+ 2cos(2x)+ cos 2 (2x)] 
= 104 + 10 2 cos(2x)+ 104 ( 

1 +cos2(2x) 2 ) 


Substitute reduction formula for cos 2 x. 

= 104 + 10 2 cos(2x)+ 108 + 108 
cos(4x) = 30 8 +5cos(2x)+ 108 
cos(4x) = 154 +5cos(2x)+ 54 
cos(4x) 


Using Half-Angle Formulas to Find Exact 
Values 


The next set of identities is the set of half-angle 
formulas, which can be derived from the reduction 
formulas and we can use when we have an angle 
that is half the size of a special angle. If we replace 
8 with a 2, the half-angle formula for sine is found 
by simplifying the equation and solving for sin( a 2 
). Note that the half-angle formulas are preceded by 
a + sign. This does not mean that both the positive 
and negative expressions are valid. Rather, it 
depends on the quadrant in which a 2 terminates. 


The half-angle formula for sine is derived as follows: 
sin 2 0= 1—cos(20) 2 sin2(a2)= 1- cos(2:a 
2)2 = 1-cosa 2 sin(a 2 )= + 1—cosa 2 


To derive the half-angle formula for cosine, we have 

cos 28= 1+cos(20) 2 cos 2 (a2 )= 1+cos( 2: 
a2)2 = 1+cosa2 cos(a2)=+ 
1+cosa 2 


For the tangent identity, we have 

tan 2 8@= 1-—cos(28) 1+cos(20) tan 2(a2)= 
1—cos( 2;a2 )1+cos( 2:a 2) = 1-cosa 
1+cosa tan(a2)=+ 1—cosa1+cosa 


Half-Angle Formulas 

The half-angle formulas are as follows: 

sina 2)=+ 1-—cosa 2 

cos(a 2)==+ 1+ cosa 2 

tania 2)=+ 1—cosa 1+cosa = sina 1+cosa = 
1—cosa sina 


Using a Half-Angle Formula to Find the 
Exact Value of a Sine Function 


Find sin( 15 ° ) using a half-angle formula. 


Since 15 ° = 30° 2, we use the half-angle 
formula for sine: 
sin 30° 2 = 1—cos 30° 2 
= Aamo SRP 
Diet e A 


Analysis 


Notice that we used only the positive root because 
sin( 15 o ) is positive. 


Given the tangent of an angle and the quadrant 
in which the angle lies, find the exact values of 
trigonometric functions of half of the angle. 


. Draw a triangle to represent the given 
information. 

. Determine the correct half-angle formula. 

. Substitute values into the formula based on 
the triangle. 

. Simplify. 


Finding Exact Values Using Half-Angle 
Identities 


Given that tana= 8 15 and a lies in quadrant 
III, find the exact value of the following: 


1. sin(a 2 ) 
2 COs @ 2) 
3. tan( a 2 ) 


Using the given information, we can draw the 
triangle shown in [link]. Using the 
Pythagorean Theorem, we find the hypotenuse 
to be 17. Therefore, we can calculate sina = — 
8 17 and cosa=— 1517. 


(—15, 0) 


(-15, -8) 
y 


1. Before we start, we must remember that, 
if a is in quadrant III, then 
180 =@=270 *so 180 2 o2 = 270 
2 . This means that the terminal side of a 
2 is in quadrant II, since 90°< a 2 
= 135°. 


To find sin a 2 , we begin by writing the 
half-angle formula for sine. Then we 
substitute the value of the cosine we 
found from the triangle in [link] and 


simplify. 


sina 2 = + 1—cosa 2 =+1-(- 

(Wei ay San By 2 Sar Sy 

elu tan! Jee 17/ stn 
ete ale 


We choose the positive value of sin a 2 
because the angle terminates in quadrant 
II and sine is positive in quadrant II. 

. To find cos a 2 , we will write the half- 
angle formula for cosine, substitute the 
value of the cosine we found from the 
triangle in [link], and simplify. 


cosa 2 — = I cosa 2 =a 
1S 17 2 Sab 2» Sab 
oie =+117 == 7 7 


We choose the negative value of cos a 2 
because the angle is in quadrant II 
because cosine is negative in quadrant II. 
. To find tan a 2 , we write the half-angle 
formula for tangent. Again, we substitute 
the value of the cosine we found from the 
triangle in [link] and simplify. 


tana 2 ==+ 1-—cosa 1+cosa =o 

1-—(- 1517)1+(- 1517) =e 

32 72 7 te =— 16 
=—4 


We choose the negative value of tan a 2 
because a 2 lies in quadrant II, and 


tangent is negative in quadrant II. 


Given that sina= — 45 and a lies in quadrant 
IV, find the exact value of cos( a 2 ). 


Finding the Measurement of a Half Angle 


Now, we will return to the problem posed at 
the beginning of the section. A bicycle ramp is 
constructed for high-level competition with an 
angle of 6 formed by the ramp and the ground. 
Another ramp is to be constructed half as steep 
for novice competition. If tan6= 5 3 for 
higher-level competition, what is the 
measurement of the angle for novice 
competition? 


Since the angle for novice competition 
measures half the steepness of the angle for 
the high-level competition, and tanO= 5 3 for 


high-competition, we can find cos6 from the 
right triangle and the Pythagorean theorem so 
that we can use the half-angle identities. See 
[link]. 

32+52 =34 c= 34 


¥34 5 


We see that cosO= 3 34 = 3 34 34. Wecan 
use the half-angle formula for tangent: tan 0 2 
= 1-—cos0 1+cos@ . Since tané is in the first 
quadrant, so is tan 8 2 . Thus, 

tan@2 = 1-— 334341+ 3 34 34 - 
34-3 34 34 3443 34 34 = 34-3 34 
34+3 34 =0.57 


We can take the inverse tangent to find the 
angle: tan —1 (0.57 )= 29.7 ¢ . So the angle 
of the ramp for novice competition is ~ 29.7 ° 


ccess these online resources for additional 
instruction and practice with double-angle, half- 
angle, and reduction formulas. 


* Double-Angle Identities 
¢ Half-Angle Identities 


Key Equations 


Double-angle formulas sin(20) = 2sin6cos0 
cos(20) = cos 2 8— sin 2 
) =1-2sin20 
=2cos20-1 
tan(20)= 2tan@ 1— tan 2 


a 


Reduction formulas sin 2 0= 1-—cos( 20 ) 2 
cos 2 80= 1+cos( 20 ) 2 
tan 2 80= 1-cos( 20 ) 


1 tana 90 \ 
+ VuvY av yy 


Half-angle formulas sina 2 =+ 1—cosa 2 
cosa 2 =+ 1+ cosa 2 
tana 2 =+ 1-cosa 
1+cosa = sina 
1+cosa = 1-—cosa 
sina 


Key Concepts 


* Double-angle identities are derived from the 
sum formulas of the fundamental trigonometric 
functions: sine, cosine, and tangent. See [link], 
[link], [link], and [link]. 

* Reduction formulas are especially useful in 
calculus, as they allow us to reduce the power 
of the trigonometric term. See [link] and [link]. 

* Half-angle formulas allow us to find the value 
of trigonometric functions involving half- 
angles, whether the original angle is known or 
not. See [link], [link], and [link]. 


Section Exercises 


Verbal 


Explain how to determine the reduction 
identities from the double-angle identity cos( 2x 
)= cos 2x-— sin 2 x. 


Use the Pythagorean identities and isolate the 
squared term. 


Explain how to determine the double-angle 
formula for tan(2x) using the double-angle 
formulas for cos(2x) and sin(2x). 


We can determine the half-angle formula for 
tan( x 2 )= 1—cosx 1+cosx by dividing the 
formula for sin( x 2 ) by cos( x 2 ). Explain how 
to determine two formulas for tan( x 2 ) that do 
not involve any square roots. 


1 —cosx sinx , sinx 1+cosx , multiplying the top 
and bottom by 1—cosx and 1 +cosx , 
respectively. 


For the half-angle formula given in the previous 
exercise for tan( x 2 ), explain why dividing by 
0 is not a concern. (Hint: examine the values of 
cosx necessary for the denominator to be 0.) 


Algebraic 


For the following exercises, find the exact values of 
a) sin( 2x ), b) cos( 2x ), and c) tan( 2x ) without 


solving for x. 


If sinx= 1 8 , and x is in quadrant I. 


ao 7 32D) 31/32'¢) 3:7 31 


If cosx= 2 3, and x is in quadrant I. 


If cosx= — 1 2, and x is in quadrant III. 


aVo2 by =] 120). = 3 


If tanx = — 8, and x is in quadrant IV. 


For the following exercises, find the values of the six 
trigonometric functions if the conditions provided 
hold. 


cos(20)= 35 and 90° <@< 180° 


cos8=— 255,sin6= 55 ,tand= — 1 2 ,cscO= 
5 ,secO= — 5 2 ,cotO= —2 


cos(20)= 1 2 and 180° <9< 270° 


For the following exercises, simplify to one 
trigonometric expression. 


2sin( 1 4 )2cos( a 4 ) 


2sin( a 2 ) 


Asin( 1 8 )cos( x 8 ) 


For the following exercises, find the exact value 
using half-angle formulas. 


sin( zt 8 ) 


2 


cos( — 11712 ) 


sin( lla 12 ) 


ata 


cos( 71 8 ) 


tan( 5a 12 ) 


Zoo 


tan( — 3712) 
tan( — 378 ) 
—1-2 


For the following exercises, find the exact values of 
a) sin( x 2 ), b) cos( x 2 ), and c) tan( x 2 ) without 
solving for x, when 0 ° <x< 360° 


If tanx= — 43, and x is in quadrant IV. 


If sinx = — 12 13, and x is in quadrant III. 


ayo 13. 13:b) = 2.13 13 '¢) —3-2 


If cscx=7, and x is in quadrant II. 


If secx = — 4, and x is in quadrant II. 


a)104b)64c) 153 


For the following exercises, use [link] to find the 
requested half and double angles. 


ie. 


a — 
12 


Find sin( 20 ),cos(28), and tan(260). 


Find sin(2a),cos(2a), and tan(2a). 


120 169 ,- 119 169 ,- 120 119 


Find sin( 0 2 ),cos( 8 2 ), and tan( 6 2 ). 


Find sin( a 2 ),cos( a 2 ), and tan( a 2 ). 


21313 5313-13523 


For the following exercises, simplify each 
expression. Do not evaluate. 


cos 2( 28° )— sin2 (28° ) 


2 cos 2(37°)-1 


cos( 74 ° ) 


1-—2sin2(17°) 


cos 2 (9x)— sin 2 (9x) 


cos(18x) 


4sin(8x)cos(8x) 


6sin(5x)cos(5x) 


3sin(1 Ox) 
For the following exercises, prove the identity given. 


( sint— cost ) 2 =1-—sin( 2t ) 


sin( 2x )= — 2sin( —x )cos( —x ) 


— 2sin( —x )cos( —x )= —2(—sin( x )cos( x 


)) =sin( 2x ) 


cotx — tanx = 2cot( 2x ) 


1+cos( 20 ) sin( 20 ) tan 2 8=tand 


sin( 26 ) 1+cos( 20 ) tan 2 8= 2sin( 6 )cos( 8 ) 
1+ cos 2 6— sin 2 6 tan 2 8= 2sin( 0 )cos( 6 ) 
2 cos 2 6 tan 2 8= sin( 6 ) cosO tan 2 6= tan 0 
tan 2 8@=tan30 


For the following exercises, rewrite the expression 
with an exponent no higher than 1. 


cos 2 (5x) 


cos 2 (6x) 


1+cos(12x) 2 


sin 4 (8x) 


sin 4 (3x) 


3 +cos(12x) — 4cos(6x) 8 


cos 2x sin 4x 


cos 4 x sin 2 x 


2 + cos(2x) — 2cos(4x) — cos(6x) 32 


tan 2 x sin2 x 


Technology 


For the following exercises, reduce the equations to 
powers of one, and then check the answer 
graphically. 


tan 4 x 


3 +cos(4x) — 4cos(2x) 3 + cos(4x) + 4cos(2x) 


sin 2 (2x) 


sin 2 x cos 2 x 


1 —cos(4x) 8 


tan 2 xsinx 


tan 4 x cos 2x 


3 +cos(4x) — 4cos(2x) 4(cos(2x) + 1) 


cos 2 xsin( 2x ) 


cos 2 ( 2x )sinx 


(1+ cos( 4x ) )sinx 2 


tan 2 ( x 2 )sinx 


For the following exercises, algebraically find an 
equivalent function, only in terms of sinx and/or 
cosx, and then check the answer by graphing both 
equations. 


sin(4x) 


A4sinxcosx( cos 2 x— sin 2 x ) 


cos(4x) 


Extensions 


For the following exercises, prove the identities. 


sin( 2x )= 2tanx 1+ tan 2 x 


2tanx 1+ tan 2 x = 2sinx cosx 1+ sin 2 x cos 
2 x = 2sinx cosx cos 2 x+ sin 2x cos 2x = 
2sinx cosx . cos 2 x 1 = 2sinxcosx = sin(2x) 


cos(2a)= 1-— tan2al1+ tan2a 


tan(2x)= 2sinxcosx 2 cos 2 x—1 


2sinxcosx 2 cos 2 x—1 = sin(2x) cos(2x) 
= tan(2x) 


(sin 2x—1 ) 2 =cos( 2x )+ sin 4x 


sin( 3x )=3sinx cos 2 x— sin 3 x 


sin(x + 2x) = sinxcos(2x) + sin(2x)cosx =sinx( 


cos 2 x— sin 2 x)+2sinxcosxcosx =sinx cos 2 x 
— sin 3 x+2sinx cos 2 x =3sinx cos 2 x— sin 3 
x 


cos( 3x )= cos 3 x—3 sin 2 xcosx 


1+cos( 2t ) sin( 2t )—cost = 2cost 2sint —1 


1+cos(2t) sin(2t)— cost = 1+2cos2t-—1 
2sintcost —cost = 2 cos 2 t cost(2sint—1) = 
2cost 2sint — 1 


sin( 16x ) = 16sinxcosxcos( 2x )cos( 4x )cos( 8x 


) 


cos( 16x )=( cos 2 ( 4x )— sin 2 ( 4x )—sin( 8x 
) )( cos 2 ( 4x )— sin 2 ( 4x )+sin( 8x ) ) 


(cos 2 (4x) — sin 2 (4x) —sin(8x))( cos 2 (4x) — 
sin 2 (4x) + sin(8x) )= 
cos(8x) — sin(8x))(cos(8x) + sin(8x) ) 


cos 2 (8x) — sin 2 (8x) 


Glossary 


double-angle formulas 
identities derived from the sum formulas for 
sine, cosine, and tangent in which the angles 
are equal 


half-angle formulas 
identities derived from the reduction formulas 
and used to determine half-angle values of 
trigonometric functions 


reduction formulas 
identities derived from the double-angle 
formulas and used to reduce the power of a 
trigonometric function 


Sum-to-Product and Product-to-Sum Formulas 
In this section, you will: 


- Express products as sums. 
- Express sums as products. 


The UCLA marching band (credit: Eric Chan, Flickr). 
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A band marches down the field creating an amazing 
sound that bolsters the crowd. That sound travels as 
a wave that can be interpreted using trigonometric 
functions. For example, [link] represents a sound 
wave for the musical note A. In this section, we will 
investigate trigonometric identities that are the 
foundation of everyday phenomena such as sound 
waves. 
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Expressing Products as Sums 


We have already learned a number of formulas 
useful for expanding or simplifying trigonometric 
expressions, but sometimes we may need to express 
the product of cosine and sine as a sum. We can use 
the product-to-sum formulas, which express 
products of trigonometric functions as sums. Let’s 
investigate the cosine identity first and then the sine 
identity. 


Expressing Products as Sums for Cosine 


We can derive the product-to-sum formula from the 
sum and difference identities for cosine. If we add 
the two equations, we get: 

cosacosf + sinasinf =cos( a—f ) + cosacosB 
—sinasinB = cos( a+ B ) 

2cosacosB =cos( a—B )+cos(atB ) 


Then, we divide by 2 to isolate the product of 
cosines: 
cosacosB= 1 2 [cos(a— f)+cos(a+ f)] 


po 


Given a product of cosines, express as a sum. 


1. Write the formula for the product of cosines. 
2. Substitute the given angles into the formula. 
3. Simplify. 


Writing the Product as a Sum Using the 
Product-to-Sum Formula for Cosine 


Write the following product of cosines as a 
sum: 2cos( 7x 2 )cos 3x 2. 


We begin by writing the formula for the 
product of cosines: 
cosacosfh= 1 2 [ cos) a—B )+cos(atf ) ] 


We can then substitute the given angles into 
the formula and simplify. 
2cos( 7x 2 )cos( 3x 2 )=(2)( 1 2 )[ cos( 7x 2 
— 3x 2 )+cos( 7x 2 + 3x2) ] 

=[ cos( 4x 2 )+ cos( 10x 2 ) 
] = coS2x + COS5x 


Use the product-to-sum formula to write the 


product as a sum or difference: cos( 20 )cos( 
40 ). 


1 2 ( cos68 + c0s28 ) 


Expressing the Product of Sine and Cosine as a 
Sum 


Next, we will derive the product-to-sum formula for 
sine and cosine from the sum and difference 
formulas for sine. If we add the sum and difference 
identities, we get: 
sin(a + §) =sinacosB+cosasinfB + sin(a 
— B) =sinacosB — cosasinB 

sin(a+B)+sin(a 
— §) =2sinacosfh 


Then, we divide by 2 to isolate the product of cosine 
and sine: 
sinacosB= 1 2 [ sin(a+B )+sinCa—f) ] 


Writing the Product as a Sum Containing 
only Sine or Cosine 


Express the following product as a sum 
containing only sine or cosine and no 


products: sin( 40 )cos( 26 ). 


Write the formula for the product of sine and 
cosine. Then substitute the given values into 
the formula and simplify. 

sinacosB= 1 2 [sin(’a+B )+sin(a—f ) J sin( 
48 )cos( 20 )= 1 2 [ sin( 486+ 20 )+sin( 40 
—20)] = 12[sin( 60 )+sin( 20 ) ] 


Use the product-to-sum formula to write the 
product as a sum: sin( x+y )cos( x—y ). 


2 Csin2 xe sin2ye) 


Expressing Products of Sines in Terms of Cosine 


Expressing the product of sines in terms of cosine is 
also derived from the sum and difference identities 
for cosine. In this case, we will first subtract the two 
cosine formulas: 
cos( a— 8 )=cosacosf + sinasinB 
— cos( a+ B )= —( cosacosB — sinasinB ) 
cos(a—B 


)-—cos(. a+ B )=2sinasinB 


Then, we divide by 2 to isolate the product of sines: 
sinasinB= 1 2 [ cos(.a—B )—cos( at) | 


Similarly we could express the product of cosines in 
terms of sine or derive other product-to-sum 
formulas. 


The Product-to-Sum Formulas 

The product-to-sum formulas are as follows: 
cosacosB= 1 2 [ cos(a—B )+cos(atfB ) | 
sinacosB= 1 2[sin(a+B)+sin(Ca—-f) ] 
sinasinB= 1 2 [ cos()a—B )—cos(at+f ) | 
cosasinB = 1 2[sin(a+B)—sin(a—-f) ] 


Express the Product as a Sum or Difference 


Write cos(38)cos(58) as a sum or difference. 


We have the product of cosines, so we begin 

by writing the related formula. Then we 

substitute the given angles and simplify. 
cosacosh= 1 2 [cos(a—)+cos(a+f)] 

cos(38)cos(58) = 1 2 [cos(30 — 58) + cos(30 

+ 56)] =12 


[cos(20) + cos(88)] Use even-odd identity. 


Use the product-to-sum formula to evaluate 
cos Lin 12 cos: 1.12% 


Expressing Sums as Products 


Some problems require the reverse of the process we 
just used. The sum-to-product formulas allow us to 
express sums of sine or cosine as products. These 
formulas can be derived from the product-to-sum 
identities. For example, with a few substitutions, we 
can derive the sum-to-product identity for sine. Let 
ut+v 2 =aandu-v2 =8. 


Then, 
at+B=utv2+u-v2 = 2u2 =ua 
—B=utv2—u-v2 = 2v2 =V 


Thus, replacing a and £ in the product-to-sum 
formula with the substitute expressions, we have 
sinacosB= 1 2 [sin(a+)+sin(a—B)] 
sin( u+v 2 )cos( u-—v 2 )= 1 2 [sinu+sinv] 
Substitute for(a+B) and (a—f) 2sin( u+v 2 )cos( u 
—v 2 )=sinu+sinv 


The other sum-to-product identities are derived 
similarly. 


Sum-to-Product Formulas 

The sum-to-product formulas are as follows: 
sina + sinB = 2sin(a+B 2 )cos(a—f 2 ) 
sina — sinB = 2sin( a— B 2 )cos(at+f 2 ) 

cosa —cosB= — 2sin(a+f 2 )sinCa—B 2 ) 
cosa + cosB = 2cos( a+ B 2 )cos( a— B 2 ) 


Writing the Difference of Sines as a Product 


Write the following difference of sines 
expression as a product: sin( 40 )—sin( 26 ). 


We begin by writing the formula for the 
difference of sines. 
sina —sinf = 2sin( a—B 2 )cos(a+fB 2 ) 


Substitute the values into the formula, and 


simplify. 
sin(48) — sin(26) = 2sin( 46 — 20 2 )cos( 46 + 20 
2) = 2sin( 20 2 )cos( 60 2 ) 


= 2sin0cos(30) 


Use the sum-to-product formula to write the 
sum as a product: sin( 30 )+sin( 6 ). 


2sin( 20 )cos( @ ) 


Evaluating Using the Sum-to-Product 
Formula 


Evaluate cos( 15 ° )—cos( 75° ). 


We begin by writing the formula for the 
difference of cosines. 
cosa — cosh = — 2sin(a+fB 2 )sinCa—B 2 ) 


Then we substitute the given angles and 
simplify. 
cos( 15 ° )—cos(75 ° )= —2sin( 15° + 75°2 


ysin( 15° — 75°2) = 

— 2sin( 45 ° )sin(— 30° ) 
=-—2(22)(-—12) 
=? 


Proving an Identity 


Prove the identity: 
cos( 4t )—cos( 2t ) sin( 4t )+sin( 2t ) = — tant 


We will start with the left side, the more 
complicated side of the equation, and rewrite 
the expression until it matches the right side. 
cos(4t) — cos(2t) sin(4t) + sin(2t) = —2sin( 4t 
+ 2t 2 )sin( 4t—2t 2 ) 2sin( 4t+ 2t 2 )cos( 4t 
—2t 2) = —2sin(3t)sint 
2sin(3t)cost = — 2sin(3t) 
sint 2 sin(3t) cost = — sint 
cost = —tant 


Analysis 


Recall that verifying trigonometric identities has its 
own set of rules. The procedures for solving an 
equation are not the same as the procedures for 
verifying an identity. When we prove an identity, 
we pick one side to work on and make 
substitutions until that side is transformed into the 


other side. 


Verifying the Identity Using Double-Angle 
Formulas and Reciprocal Identities 


Verify the identity csc 2 80—2= cos(28) sin 2 8 


For verifying this equation, we are bringing 
together several of the identities. We will use 
the double-angle formula and the reciprocal 
identities. We will work with the right side of 
the equation and rewrite it until it matches the 
left side. 
cos(29) sin 20 = 1—2sin26sin 20 

= 1sin20 — 2sin2 @sin2 0 

= csc 20-2 


Verify the identity tanOcot@— cos 2 8= sin 2 
G 


tanOcot8— cos 2 8=(sin® cos8 )( cosO sin® ) — 
cos 28 =1—- cos280 = sin20 


Access these online resources for additional 
instruction and practice with the product-to-sum 
and sum-to-product identities. 


¢ Sum to Product Identities 
¢ Sum to Product and Product to Sum Identities 


Key Equations 


Product-to-sum 
Formulas 


Sum-to-product 
Formulas 


cosacosfh= 1 2 [cos(a 
—f)+cos(a+t f)] 
sinacosB= 1 2 [sin(a 
+8) +sin(a—B)] 
sinasinB= 1 2 [cos(a 
— B)—cos(a+ B)] 
cosasinB= 1 2 [sin(a 
+23—sinfa—9 71 
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sina+sinf =2sinCa+ Bp 2 
)cos( a—fB 2) sina 


—sinB = 2sin( a—f 2 
)cos( a+ B 2 ) cosa 
—cosh= — 2sinCa+p 2 
)sin( a—B 2) cosa 

+ cosB = 2cos( a+ 2 
)cos(a—f 2) 


Key Concepts 


From the sum and difference identities, we can 
derive the product-to-sum formulas and the 
sum-to-product formulas for sine and cosine. 
We can use the product-to-sum formulas to 
rewrite products of sines, products of cosines, 
and products of sine and cosine as sums or 
differences of sines and cosines. See [link], 
[link], and [link]. 

We can also derive the sum-to-product 
identities from the product-to-sum identities 
using substitution. 

We can use the sum-to-product formulas to 
rewrite sum or difference of sines, cosines, or 
products sine and cosine as products of sines 
and cosines. See [link]. 

Trigonometric expressions are often simpler to 
evaluate using the formulas. See [link]. 

The identities can be verified using other 
formulas or by converting the expressions to 
sines and cosines. To verify an identity, we 


choose the more complicated side of the equals 
sign and rewrite it until it is transformed into 
the other side. See [link] and [link]. 


Section Exercises 


Verbal 


Starting with the product to sum formula 
sinacosB= 1 2 [sin(a+f)+sin(a—B)], explain 
how to determine the formula for cosasinf. 


Substitute a into cosine and B into sine and 
evaluate. 


Explain two different methods of calculating 
cos( 195° )cos( 105° ), one of which uses the 
product to sum. Which method is easier? 


Explain a situation where we would convert an 
equation from a sum to a product and give an 
example. 


Answers will vary. There are some equations 


that involve a sum of two trig expressions 
where when converted to a product are easier 
to solve. For example: sin(3x) +sinx cosx =1. 
When converting the numerator to a product 
the equation becomes: 2sin(2x)cosx cosx =1 


Explain a situation where we would convert an 
equation from a product to a sum, and give an 
example. 


Algebraic 


For the following exercises, rewrite the product as a 
sum or difference. 


16sin(16x)sin(11x) 


8( cos( 5x )—cos( 27x ) ) 


20cos( 36t )cos( 6t ) 


2sin( 5x )cos( 3x ) 


sin( 2x )+sin( 8x ) 


10cos( 5x )sin( 10x ) 


sin( —x )sin( 5x ) 


1 2 ( cos( 6x )—cos( 4x ) ) 


sin( 3x )cos( 5x ) 


For the following exercises, rewrite the sum or 
difference as a product. 


cos( 6t )+cos( 4t ) 


2cos( 5t )cost 


sin( 3x )+sin( 7x ) 


cos( 7x )+cos( — 7x ) 


2cos( 7x ) 


sin( 3x )—sin( — 3x ) 


cos( 3x )+cos( 9x ) 


2cos( 6x )cos( 3x ) 


sinh — sin( 3h ) 


For the following exercises, evaluate the product for 
the following using a sum or difference of two 
functions. 


cos( 45° )cos( 15° ) 


14(1+ 3) 


cos( 45° )sin( 15° ) 


sin( — 345° )sin( —15° ) 


L4aC3 =2) 


sin( 195° )cos( 15° ) 


sin( —45° )sin( —15° ) 


14(3-1) 


For the following exercises, evaluate the product 
using a sum or difference of two functions. Leave in 
terms of sine and cosine. 


cos( 23° )sin( 17° ) 


2sin( 100° )sin( 20° ) 


cos( 80° )—cos( 120° ) 


2sin( — 100°)sin( — 20°) 


sin( 213° )cos( 8° ) 


1 2 (sin(221°) + sin(205°)) 


2cos(56°)cos(47°) 


For the following exercises, rewrite the sum as a 
product of two functions. Leave in terms of sine and 
cosine. 


sin(76°) + sin(14°) 


2 cos( 31° ) 


cos( 58° )—cos( 12° ) 


sin(101°) — sin(32°) 


2cos(66.5°)sin(34.5°) 


cos( 100° )+cos( 200° ) 


sin(—1°)+sin(— 2°) 


2sin( —1.5° )cos( 0.5° ) 


For the following exercises, prove the identity. 


cos(a+ b) cos(a—b) = 1—tanatanb 
1 +tanatanb 


Asin( 3x )cos( 4x ) = 2sin( 7x ) — 2sinx 


2sin(7x) — 2sinx = 2sin(4x + 3x) — 2sin(4x 
— 3x) = 


2(sin(4x)cos(3x) + sin(3x)cos(4x)) — 2(sin(4x)cos(3x) — si: 
2sin(4x)cos(3x) + 2sin(3x)cos(4x)) — 2sin(4x)cos(3x) + 2s 
4sin(3x)cos(4x) 


6cos( 8x )sin( 2x ) sin( —6x ) = — 3sin( 10x 
yesc( 6x )+3 


sinx + sin( 3x )=4sinx cos 2 x 


sinx + sin( 3x ) = 2sin( 4x 2 )cos( —2x 2 )= 
2sin(2x)cosx = 2(2sinxcosx)cosx = 
Asinx cos 2 x 


2( cos 3 x —cosx sin 2 x )=cos( 3x )+cosx 


2tanxcos( 3x )=secx( sin( 4x )—sin( 2x ) ) 


2tanxcos( 3x )= 2sinxcos(3x) cosx = 
2(.5(sin(4x) — sin(2x))) cosx 

= 1 cosx ( sin(4x) —sin(2x) ) =secx( sin( 4x 
)—sin( 2x ) ) 


cos( a+b )+cos( a—b )= 2cosacosb 


Numeric 


For the following exercises, rewrite the sum as a 
product of two functions or the product as a sum of 
two functions. Give your answer in terms of sines 
and cosines. Then evaluate the final answer 
numerically, rounded to four decimal places. 


cos( 58 ° )+cos( 12 ° ) 


2cos( 35 ° )cos( 23 ° ), 1.5081 


sin( 2° )—sin(3° ) 


cos( 44 ° )—cos( 22 ° ) 


— 2sin( 33 ° )sin( 11 ° ), — 0.2078 


cos( 176 ° )sin( 9 ° ) 


sin(— 14 ° )sin( 85 ° ) 


1 2 ( cos( 99 ° )—cos( 71 ° ) ), —0.2410 


Technology 


For the following exercises, algebraically determine 
whether each of the given expressions is a true 
identity. If it is not an identity, replace the right- 
hand side with an expression equivalent to the left 
side. Verify the results by graphing both expressions 
on a calculator. 


2sin(2x)sin(3x) = cosx — cos(5x) 


cos( 108 )+cos( 60 ) cos( 66 )—cos( 108 ) 
=cot( 20 )cot( 80 ) 


It is and identity. 


sin( 3x )—sin( 5x ) cos( 3x )+cos( 5x ) = tanx 


2cos(2x)cosx + sin(2x)sinx = 2sinx 


It is not an identity, but 2 cos 3 x is. 


sin( 2x )+sin( 4x ) sin( 2x )—sin( 4x ) = —tan( 
3x )cotx 


For the following exercises, simplify the expression 
to one term, then graph the original function and 
your simplified version to verify they are identical. 


sin( 9t )—sin( 3t ) cos( 9t )+cos( 3t ) 


tan( 3t ) 


2sin( 8x )cos( 6x )—sin( 2x ) 


sin( 3x ) —sinx sinx 


2cos( 2x ) 


cos( 5x )+cos( 3x ) sin( 5x )+sin( 3x ) 


sinxcos( 15x )—cosxsin( 15x ) 


—sin(14x) 


Extensions 


For the following exercises, prove the following 
sum-to-product formulas. 


sinx — siny = 2sin( x—y 2 )cos( x+y 2 ) 


cosx + cosy = 2cos( x+y 2 )cos( x—y 2 ) 


Start with cosx+ cosy. Make a substitution and 
let x=a+f and let y=a—f, so cosx + cosy 
becomes 

cos(a+ B) + cos(a — B) = cosacosf — sinasing 

+ cosacosf + sinasinf = 2cosacosp 


Since x=a+f and y=a-— 8, we can solve for a 
and ( in terms of x and y and substitute in for 
2cosacosB and get 2cos( x+y 2 )cos(x—y 2 ). 


For the following exercises, prove the identity. 


sin(6x) + sin(4x) sin(6x) — sin(4x) =tan(5x)cotx 


cos(3x) + cosx cos(3x) — cosx = — cot(2x)cotx 


cos( 3x )+cosx cos( 3x )—cosx = 2cos( 2x 
)ycosx — 2sin( 2x )sinx = —cot( 2x )cotx 


cos(6y) + cos(8y) sin(6y) — sin(4y) 
= cotycos(7y)sec(5y) 


cos( 2y )—cos( 4y ) sin( 2y )+sin( 4y ) =tany 


cos( 2y )—cos( 4y ) sin( 2y )+sin( 4y ) = 
— 2sin( 3y )sin( —y ) 2sin( 3y )cosy = 2sin( 3y 


)sin( y ) 2sin( 3y )cosy =tany 


sin( 10x )—sin( 2x ) cos( 10x )+cos( 2x ) 
= tan( 4x ) 


cosx — cos(3x) =4 sin 2 xcosx 


cosx — cos( 3x )= — 2sin(2x)sin(— x) = 
2(2sinxcosx)sinx = 4 sin 2 xcosx 


(cos(2x) — cos(4x)) 2 + (sin(4x)+sin(2x)) 2 =4 
sin 2 (3x) 


tan( a 4 —t )= 1-—tant 1+tant 


tan( az 4 —t )= tan( a4 )—tant 1+tan( 14 
)tan(t) = 1—tant 1+tant 


Glossary 


product-to-sum formula 
a trigonometric identity that allows the 
writing of a product of trigonometric 
functions as a sum or difference of 
trigonometric functions 


sum-to-product formula 
a trigonometric identity that allows, by using 
substitution, the writing of a sum of 
trigonometric functions as a product of 
trigonometric functions 


Solving Trigonometric Equations 
In this section, you will: 


Solve linear trigonometric equations in sine 
and cosine. 

Solve equations involving a single 
trigonometric function. 

Solve trigonometric equations using a 
calculator. 

Solve trigonometric equations that are 
quadratic in form. 

Solve trigonometric equations using 
fundamental identities. 

Solve trigonometric equations with multiple 
angles. 

Solve right triangle problems. 


Egyptian pyramids standing near a modern city. 
(credit: Oisin Mulvihill) 


Thales of Miletus (circa 625-547 BC) is known as 
the founder of geometry. The legend is that he 
calculated the height of the Great Pyramid of Giza 
in Egypt using the theory of similar triangles, which 
he developed by measuring the shadow of his staff. 


Based on proportions, this theory has applications in 
a number of areas, including fractal geometry, 
engineering, and architecture. Often, the angle of 
elevation and the angle of depression are found 
using similar triangles. 


In earlier sections of this chapter, we looked at 
trigonometric identities. Identities are true for all 
values in the domain of the variable. In this section, 
we begin our study of trigonometric equations to 
study real-world scenarios such as the finding the 
dimensions of the pyramids. 


Solving Linear Trigonometric Equations 
in Sine and Cosine 


Trigonometric equations are, as the name implies, 
equations that involve trigonometric functions. 
Similar in many ways to solving polynomial 
equations or rational equations, only specific values 
of the variable will be solutions, if there are 
solutions at all. Often we will solve a trigonometric 
equation over a specified interval. However, just as 
often, we will be asked to find all possible solutions, 
and as trigonometric functions are periodic, 
solutions are repeated within each period. In other 
words, trigonometric equations may have an infinite 
number of solutions. Additionally, like rational 
equations, the domain of the function must be 
considered before we assume that any solution is 


valid. The period of both the sine function and the 
cosine function is 2s. In other words, every 2st 
units, the y-values repeat. If we need to find all 
possible solutions, then we must add 2k, where k 
is an integer, to the initial solution. Recall the rule 
that gives the format for stating all possible 
solutions for a function where the period is 2m: 
sin = sin(0 + 2kz) 


There are similar rules for indicating all possible 
solutions for the other trigonometric functions. 
Solving trigonometric equations requires the same 
techniques as solving algebraic equations. We read 
the equation from left to right, horizontally, like a 
sentence. We look for known patterns, factor, find 
common denominators, and substitute certain 
expressions with a variable to make solving a more 
straightforward process. However, with 
trigonometric equations, we also have the 
advantage of using the identities we developed in 
the previous sections. 


Solving a Linear Trigonometric Equation 
Involving the Cosine Function 


Find all possible exact solutions for the 
equation cos8= 12. 


From the unit circle, we know that 
cos8 = 120=23,573 


These are the solutions in the interval [ 0,2z ]. 
All possible solutions are given by 
6= 213 +2kn and 0= 5203 +2kn 


where k is an integer. 


Solving a Linear Equation Involving the 
Sine Function 


Find all possible exact solutions for the 
equation sint= 12. 


Solving for all possible values of t means that 
solutions include angles beyond the period of 
2x. From [link], we can see that the solutions 
are t= m6 and t= 5 6. But the problem is 
asking for all possible values that solve the 
equation. Therefore, the answer is 

t= m6 +2nk and t= 506 +27k 


where k is an integer. 


Given a trigonometric equation, solve using 
algebra. 


1. Look for a pattern that suggests an algebraic 
property, such as the difference of squares or a 
factoring opportunity. 

. Substitute the trigonometric expression with a 
single variable, such as x or u. 

. Solve the equation the same way an algebraic 
equation would be solved. 

. Substitute the trigonometric expression back 
in for the variable in the resulting expressions. 

. Solve for the angle. 


Solve the Linear Trigonometric Equation 


Solve the equation exactly: 2cos8 —3= 
= 5, 0=0— 257. 


Use algebraic techniques to solve the equation. 
2cos8—3 = —5 2cos8 = —2cos8 = -—10= 
I 


Solve exactly the following linear equation on 


the interval [0,2st):2sinx + 1=0. 


x= 7% 6,110 6 


Solving Equations Involving a Single 
Trigonometric Function 


When we are given equations that involve only one 
of the six trigonometric functions, their solutions 
involve using algebraic techniques and the unit 
circle (see [link]). We need to make several 
considerations when the equation involves 
trigonometric functions other than sine and cosine. 
Problems involving the reciprocals of the primary 
trigonometric functions need to be viewed from an 
algebraic perspective. In other words, we will write 
the reciprocal function, and solve for the angles 
using the function. Also, an equation involving the 
tangent function is slightly different from one 
containing a sine or cosine function. First, as we 
know, the period of tangent is «a, not 2. Further, 
the domain of tangent is all real numbers with the 
exception of odd integer multiples of x 2 , unless, of 
course, a problem places its own restrictions on the 
domain. 


Solving a Problem Involving a Single 
Trigonometric Function 


Solve the problem exactly: 2 sin 2 6 
~1=0,0<0<2n. 


As this problem is not easily factored, we will 
solve using the square root property. First, we 
use algebra to isolate sin6. Then we will find 
the angles. 

2sin20—-1=0 2sin20=1sin20=12 
Sine? Q =" 2 sinG =] <2 2 Gs at 
4,374,570 4,714 


Solving a Trigonometric Equation Involving 
Cosecant 


Solve the following equation exactly: csc0 = 
—7,0= 6047. 


We want all values of 8 for which csc0= — 2 
over the interval 0<0<4n. 
csc8 = —21sin0 = —2sin8 = —1260= 
7%6,11%76,19% 6, 237 6 


Analysis 


s sin6= — 1 2, notice that all four solutions are 
in the third and fourth quadrants. 


Solving an Equation Involving Tangent 


Solve the equation exactly: tan( @— x 2 
)=1,050<2n. 


Recall that the tangent function has a period of 
mz. On the interval [ 0,7 ), and at the angle of x 
4 , the tangent has a value of 1. However, the 
angle we want is (@— x 2 ). Thus, if tan( a 4 
)=1, then 

6-—-nm2=740 = 304 +kn 


Over the interval [ 0,27 ), we have two 
solutions: 
6= 374 and0= 304 += 70 4 


Find all solutions for tanx= 3. 


Identify all Solutions to the Equation 
Involving Tangent 


Identify all exact solutions to the equation 2( 
tanx+ 3 )=5+ tanx,0=x< 2m. 


We can solve this equation using only algebra. 
Isolate the expression tanx on the left side of 
the equals sign. 

2(tanx) +2(3) = 5+tanx 2tanx+6 = 5+ tanx 
2tanx —tanx = 5—6 tanx = —1 


There are two angles on the unit circle that 
have a tangent value of —1: 0= 3m 4 and 0= 
704. 


Solve Trigonometric Equations Using a 
Calculator 


Not all functions can be solved exactly using only 
the unit circle. When we must solve an equation 
involving an angle other than one of the special 
angles, we will need to use a calculator. Make sure 
it is set to the proper mode, either degrees or 
radians, depending on the criteria of the given 


problem. 


Using a Calculator to Solve a Trigonometric 
Equation Involving Sine 


Use a calculator to solve the equation 
sind =0.8, where 6 is in radians. 


Make sure mode is set to radians. To find 0, 
use the inverse sine function. On most 
calculators, you will need to push the 2ND 
button and then the SIN button to bring up the 
sin —1 function. What is shown on the screen 
is sin —1 (. The calculator is ready for the 
input within the parentheses. For this problem, 
we enter sin —1 (0.8 ), and press ENTER. 
Thus, to four decimals places, 

sin —1 (0.8) = 0.9273 


The solution is 
6 =0.9273 + 2nk 


The angle measurement in degrees is 
8 = 53.1° 0 = 180°—53.1° = 126.9° 
Analysis 


Note that a calculator will only return an angle in 
quadrants I or IV for the sine function, since that is 


the range of the inverse sine. The other angle is 
obtained by using m—9. Thus, the additional 
solution is ~ 2.2143 + 27k 


Using a Calculator to Solve a Trigonometric 
Equation Involving Secant 


Use a calculator to solve the equation sec0 = 
— 4, giving your answer in radians. 


We can begin with some algebra. 
sec8 = —41cos0 = —4cos0 = — 14 


Check that the MODE is in radians. Now use 
the inverse cosine function. 
cos -—1(-—14) = 1.82350 = 1.8235+ 27k 


Since m 2 ~ 1.57 and 1=~3.14, 1.8235 is 
between these two numbers, thus 9~ 1.8235 is 
in quadrant II. Cosine is also negative in 
quadrant III. Note that a calculator will only 
return an angle in quadrants I or II for the 
cosine function, since that is the range of the 
inverse cosine. See [link]. 


y 
4 


0’ =~ 7 — 1.8235 ~ 1.3181 


0’ = w+ 1.3181 = 4.4597 


’ 


So, we also need to find the measure of the 
angle in quadrant III. In quadrant II, the 
reference angle is 0 '=m— 1.8235 =1.3181. 
The other solution in quadrant III is 8 '~z 
+ 1.3181 = 4.4597. 


The solutions are 0= 1.8235+2sk and 
6 = 4.4597 + 2k. 


Solve cos0 = — 0.2. 


6 = 1.7722 + 2nk and 0 = 4.5110 + 2nk 


Solving Trigonometric Equations in 
Quadratic Form 


Solving a quadratic equation may be more 
complicated, but once again, we can use algebra as 
we would for any quadratic equation. Look at the 
pattern of the equation. Is there more than one 
trigonometric function in the equation, or is there 
only one? Which trigonometric function is squared? 
If there is only one function represented and one of 
the terms is squared, think about the standard form 
of a quadratic. Replace the trigonometric function 
with a variable such as x or u. If substitution makes 
the equation look like a quadratic equation, then we 
can use the same methods for solving quadratics to 
solve the trigonometric equations. 


Solving a Trigonometric Equation in 
Quadratic Form 


Solve the equation exactly: cos 2 8+ 3cos0 
~1=0,0<0<2n. 


We begin by using substitution and replacing 
cos 9 with x. It is not necessary to use 


substitution, but it may make the problem 
easier to solve visually. Let cos8 =x. We have 
x2-+3x— 1=0 


The equation cannot be factored, so we will 
use the quadratic formula x= —b+ b2 —4ac 
Aisle 

x= oe 5) 4) 2 ee 1 2 


Replace x with cos0, and solve. 
cos8 = —3+ 13280 = cos —1( —3+ 132) 


Note that only the + sign is used. This is 
because we get an error when we solve 0= cos 
—1( —3- 132) ona calculator, since the 
domain of the inverse cosine function is [ 

—1,1 ]. However, there is a second solution: 

8 = cos —1( —3+ 132) = 1.26 


This terminal side of the angle lies in quadrant 
I. Since cosine is also positive in quadrant IV, 
the second solution is 

8 = 2n— cos -1( —-3+ 132) = 5.02 


Solving a Trigonometric Equation in 
Quadratic Form by Factoring 


Solve the equation exactly: 2 sin 2 8—5sin0 


+3=0,0<0<2n. 


Using grouping, this quadratic can be factored. 
Either make the real substitution, sin6 =u, or 
imagine it, as we factor: 

2 sin 2 0—5sin0+3 = O (2sin0 — 3)(sin6 — 1) 
= 0 


Now set each factor equal to zero. 
2sinO—3 = 0 2sin8 = 3 sind = 32sinO—-1 = 
0 sind = 1 


Next solve for 6:sin6 + 3 2, as the range of the 
sine function is [ —1,1 ]. However, sin6=1, 
giving the solution 9@= m2. 


Analysis 


Make sure to check all solutions on the given 
domain as some factors have no solution. 


Solve sin 2 0@=2cos0+ 2,0<0<2n. [Hint: 
Make a substitution to express the equation 
only in terms of cosine. ] 


Solving a Trigonometric Equation Using 
Algebra 


Solve exactly: 
2 sin 2 80+sin8=0;0<0<27 


This problem should appear familiar as it is 
similar to a quadratic. Let sind =x. The 
equation becomes 2 x 2 +x=0. We begin by 
factoring: 

2x2+x =0x(2x+1) =0 


Set each factor equal to zero. 
x = 0 (2x4+1) =Ox= -12 


Then, substitute back into the equation the 
original expression sinO for x. Thus, 

sind = 00 = 0,7 sind = —120= 7x6, 
11x 6 


The solutions within the domain 0<98<2z are 
6=0,n, 776,117 6. 


If we prefer not to substitute, we can solve the 
equation by following the same pattern of 
factoring and setting each factor equal to zero. 
2 sin 20+sin0 = O sinO(2sin6+1) = O sind 
= 00 = 0,n 2sin6+1 = 0 2sind = —1 sind 
= —120=72n6,1176 


Analysis 


We can see the solutions on the graph in [link]. On 
the interval 0 <0 < 2z, the graph crosses the x-axis 
four times, at the solutions noted. Notice that 
trigonometric equations that are in quadratic form 
can yield up to four solutions instead of the 
expected two that are found with quadratic 
equations. In this example, each solution (angle) 
corresponding to a positive sine value will yield 
two angles that would result in that value. 


+ + + — 
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We can verify the solutions on the unit circle in 
[link] as well. 


Solving a Trigonometric Equation 
Quadratic in Form 


Solve the equation quadratic in form exactly: 2 
sin 2 8@— 3sin6+ 1=0,0<0<2n. 


We can factor using grouping. Solution values 
of 8 can be found on the unit circle. 


(2sin6 —1)(sin6—1) = 0 2sinb—1 = O sind = 
120=76,5r6sin8=-10=72 


Solve the quadratic equation 2 cos 2 6 
+ cos0 = 0. 


We eed oetib oi Olle 


Solving Trigonometric Equations Using 
Fundamental Identities 


While algebra can be used to solve a number of 
trigonometric equations, we can also use the 
fundamental identities because they make solving 
equations simpler. Remember that the techniques 
we use for solving are not the same as those for 
verifying identities. The basic rules of algebra apply 
here, as opposed to rewriting one side of the 
identity to match the other side. In the next 
example, we use two identities to simplify the 
equation. 


Use Identities to Solve an Equation 


Use identities to solve exactly the 
trigonometric equation over the interval 
Osi. 

cosxcos(2x) + sinxsin(2x) = 3 2 


Notice that the left side of the equation is the 
difference formula for cosine. 

cosxcos(2x) + sinxsin(2x) = 3 2 cos(x— 2x) = 
3 2 Difference formula for cosine cos(—x) = 3 
2 Use the negative angle identity. cosx = 3 2 


From the unit circle in [link], we see that 
cosx— 32 when x— 10, lin 6. 


Solving the Equation Using a Double-Angle 
Formula 


Solve the equation exactly using a double- 
angle formula: cos( 26 )=cos60. 


We have three choices of expressions to 
substitute for the double-angle of cosine. As it 
is simpler to solve for one trigonometric 
function at a time, we will choose the double- 


angle identity involving only cosine: 

cos(20) = cos@ 2 cos 2 8@—1 = cos 2 cos 20 
—cos8@—1 = 0 (2cos8+1)(cos6 —1) = O 2cosO 
+1 = 0cos0d = — 12cos8—1 = O0cos8d = 1 


So, if cos8= — 12, then 9= 27 3 + 2k and 
6= 41 3 = 2k: if cose = 1, then 0—0 42k. 


Solving an Equation Using an Identity 


Solve the equation exactly using an identity: 
3cos8+ 3=2 sin 2 0,0<0< 2n. 


If we rewrite the right side, we can write the 
equation in terms of cosine: 

3cos8+3 = 2 sin 2 8 3cos8+3 = 2(1—- cos 2 
8) 3cos8+3 = 2—2 cos 2 8 2 cos 2 8+ 3cos0 
+1 = 0 (2cos6+1)(cos6+1) = 0 2cos6+1 = 
0 cos8 = —120 = 273,403 cos8+1 = 0 
cos8 = -10=u7 


Our solutions are 9= 27 3 , 403 x. 


Solving Trigonometric Equations with 
Multiple Angles 


Sometimes it is not possible to solve a trigonometric 
equation with identities that have a multiple angle, 
such as sin( 2x ) or cos( 3x ). When confronted with 
these equations, recall that y=sin( 2x ) is a 
horizontal compression by a factor of 2 of the 
function y =sinx. On an interval of 27, we can graph 
two periods of y=sin( 2x ), as opposed to one cycle 
of y=sinx. This compression of the graph leads us to 
believe there may be twice as many x-intercepts or 
solutions to sin( 2x )=0 compared to sinx = 0. This 
information will help us solve the equation. 


Solving a Multiple Angle Trigonometric 
Equation 


Solve exactly: cos( 2x )= 1 2 on [ 0,21 ). 


We can see that this equation is the standard 
equation with a multiple of an angle. If cos(.a 
)= 12, we know a is in quadrants I and IV. 
While 8= cos —1 1 2 will only yield solutions 
in quadrants I and II, we recognize that the 
solutions to the equation cosO= 1 2 will be in 
quadrants I and IV. 


Therefore, the possible angles are 9@= x 3 and 
C= On SOx — its Ol ry GL 
means that x= 2 6 or x= 5216. Does this 
make sense? Yes, because cos( 2( 1 6 ) )=cos( 
oe be 


Are there any other possible answers? Let us 
return to our first step. 


In quadrant I, 2x= 13 ,so0 x= mn 6 as noted. 
Let us revolve around the circle again: 
2X0 Jot 2d = et ONL oi — JIS 


sox= 71 6. 


One more rotation yields 
2X st or A — Ie or te Ae Et 


x= 132 6 >2n, so this value for x is larger 
than 2st, so it is not a solution on [ 0,27 ). 


In quadrant IV, 2x= 50 3, so x= 5m 6 as 
noted. Let us revolve around the circle again: 
2X°— "So ti 2 = om oO + OIL — Liles 


so.x— lin 6. 


One more rotation yields 
2x = 5073 +40 = 5034+ 12073 = 1723 


x= 17x 6 >2n, so this value for x is larger 
than 2st, so it is not a solution on [ 0,27 ). 


Our solutions are x= 16,526,726 ,and 
11a6. Note that whenever we solve a 
problem in the form of sin( nx )=c, we must 
go around the unit circle n times. 


Solving Right Triangle Problems 


We can now use all of the methods we have learned 
to solve problems that involve applying the 
properties of right triangles and the Pythagorean 
Theorem. We begin with the familiar Pythagorean 
Theorem, a 2 + b 2 = c 2, and model an equation 
to fit a situation. 


Using the Pythagorean Theorem to Model 
an Equation 


Use the Pythagorean Theorem, and the 
properties of right triangles to model an 
equation that fits the problem. 


One of the cables that anchors the center of 
the London Eye Ferris wheel to the ground 
must be replaced. The center of the Ferris 


wheel is 69.5 meters above the ground, and 
the second anchor on the ground is 23 meters 
from the base of the Ferris wheel. 
Approximately how long is the cable, and 
what is the angle of elevation (from ground up 
to the center of the Ferris wheel)? See [link]. 


Using the information given, we can draw a 
right triangle. We can find the length of the 
cable with the Pythagorean Theorem. 
a2+b2 =c2 (23) 2 + (69.5) 2 = 5359 
5359 = 73.2m 


The angle of elevation is 8, formed by the 
second anchor on the ground and the cable 
reaching to the center of the wheel. We can 
use the tangent function to find its measure. 
Round to two decimal places. 

tanO = 69.5 23 tan —1 (69.5 23) = 1.2522 
= 71.69° 


The angle of elevation is approximately 71.7’, 


and the length of the cable is 73.2 meters. 


Using the Pythagorean Theorem to Model 
an Abstract Problem 


OSHA safety regulations require that the base 
of a ladder be placed 1 foot from the wall for 


every 4 feet of ladder length. Find the angle 
that a ladder of any length forms with the 
ground and the height at which the ladder 
touches the wall. 


For any length of ladder, the base needs to be 
a distance from the wall equal to one fourth of 
the ladder’s length. Equivalently, if the base of 
the ladder is “a” feet from the wall, the length 
of the ladder will be 4a feet. See [link]. 


a 


The side adjacent to 9 is a and the hypotenuse 
is 4a. Thus, 
cos8 = a4a = 14cos -—1(14) = 75.5° 


The elevation of the ladder forms an angle of 
75.5° with the ground. The height at which the 
ladder touches the wall can be found using the 
Pythagorean Theorem: 

a2+b2 = (4a)2b2 = (4a)2 —-a2b2 = 
16a2—a2b2=15a2b=al15 


Thus, the ladder touches the wall at a 15 feet 
from the ground. 


Access these online resources for additional 
instruction and practice with solving trigonometric 
equations. 


Solving Trigonometric Equations I 


Solving Trigonometric Equations II 
Solving Trigonometric Equations III 
Solving Trigonometric Equations IV 
Solving Trigonometric Equations V 
Solving Trigonometric Equations VI 


Key Concepts 


* When solving linear trigonometric equations, 


we can use algebraic techniques just as we do 
solving algebraic equations. Look for patterns, 
like the difference of squares, quadratic form, 
or an expression that lends itself well to 
substitution. See [link], [link], and [link]. 
Equations involving a single trigonometric 
function can be solved or verified using the 
unit circle. See [link], [link], and [link], and 
[link]. 

We can also solve trigonometric equations 
using a graphing calculator. See [link] and 
[link]. 

Many equations appear quadratic in form. We 
can use substitution to make the equation 
appear simpler, and then use the same 
techniques we use solving an algebraic 
quadratic: factoring, the quadratic formula, etc. 
See [link], [link], [link], and [link]. 

We can also use the identities to solve 
trigonometric equation. See [link], [link], and 
[link]. 

We can use substitution to solve a multiple- 
angle trigonometric equation, which is a 
compression of a standard trigonometric 
function. We will need to take the compression 
into account and verify that we have found all 
solutions on the given interval. See [link]. 
Real-world scenarios can be modeled and 
solved using the Pythagorean Theorem and 
trigonometric functions. See [link]. 


Section Exercises 


Verbal 


Will there always be solutions to trigonometric 
function equations? If not, describe an equation 
that would not have a solution. Explain why or 
why not. 


There will not always be solutions to 
trigonometric function equations. For a basic 
example, cos(x)= —5. 


When solving a trigonometric equation 
involving more than one trig function, do we 
always want to try to rewrite the equation so it 
is expressed in terms of one trigonometric 
function? Why or why not? 


When solving linear trig equations in terms of 
only sine or cosine, how do we know whether 
there will be solutions? 


If the sine or cosine function has a coefficient of 


one, isolate the term on one side of the equals 
sign. If the number it is set equal to has an 
absolute value less than or equal to one, the 
equation has solutions, otherwise it does not. If 
the sine or cosine does not have a coefficient 
equal to one, still isolate the term but then 
divide both sides of the equation by the leading 
coefficient. Then, if the number it is set equal to 
has an absolute value greater than one, the 
equation has no solution. 


Algebraic 


For the following exercises, find all solutions exactly 
on the interval 0<0<2n. 


2sinO= — 2 
2sinO= 3 
w3,203 
2cos0 = 1 


2cos8= — 2 


3n 4,50 4 


tan6d = —1 


tanx = 1 


w4,504 


cotx+1=0 


4 sin 2x—2=0 


w4,3%4,504,774 


csc 2 x—4=0 
For the following exercises, solve exactly on [0,2z:). 


2cos8= 2 


w4,7n 4 


2cos0= — 1 


2sin8 = —1 


7% 6,112 6 


2sin0 = — 3 


2sin( 30 )=1 


wis: S16. Tams 1701s, 250 18: 299 
18 


2sin( 20 )= 3 


2cos( 30 )= — 2 


oi 42, oy 12 do 12. lol Pon 12 217 
12 


cos( 20 )=—- 32 


2sin( 10 )=1 


165.96 ,13:6:, 17-6425 6 ; 29:64:37 6 


2cos( 7150 )= 3 


For the following exercises, find all exact solutions 
on [ 0,27 ). 


sec(x)sin(x) — 2sin(x) =0 


0,723 4,2, 503 


tan(x) — 2sin(x)tan(x) =0 


2 cos 2t+cos(t )=1 


It 3: ,Jt,: 510.3 


2 tan 2 (t) = 3sec(t) 


2sin(x)cos(x) — sin(x) + 2cos(x) —1=0 


to 4-ONl ere Io 


cos20= 12 


sec 2 x=1 


0,7 


tan 2 (x )=—1+2tan( —x ) 


8 sin 2 (x) + 6sin(x) +1=0 


t— sin -—1(-— 14), 7x6, 110 6 ,20+ sin 
—-1(-14) 


tan 5 (x) =tan(x) 


For the following exercises, solve with the methods 
shown in this section exactly on the interval [0,2z). 


sin(3x)cos(6x) — cos(3x)sin(6x) = — 0.9 


13(sin -—1(910)),x%3 —13(Csin -—1(9 
10)),2%73 + 13(Csin —1(910)),0- 13( 
sin —1(910)),4%73 + 13(sin —1(910) 
), 5% 3 —13(sin -1(910)) 


sin(6x)cos(11x) — cos(6x)sin(11x) = —0.1 


cos( 2x )cosx + sin( 2x )sinx = 1 


6sin( 2t )+ 9sint =0 


9cos( 20 )=9 cos 2 0-4 


w6,5t6,7%6,1106 


sin( 2t )=cost 


cos( 2t )=sint 


SI 2:2 Os o7t 6 


cos(6x) — cos(3x) =0 


For the following exercises, solve exactly on the 
interval [ 0,2s ). Use the quadratic formula if the 
equations do not factor. 


tan 2 x— 3 tanx=0 


0,73 ,7, 403 


sin 2 x+sinx —-2=0 


sin 2 x — 2sinx —-4=0 


There are no solutions. 


5 cos 2 x+ 3cosx—1=0 


3 cos 2 x—2cosx —2=0 


cos -—1(13(1- 7)),2n- cos -1(13(1- 
7)) 


5 sin 2 x+2sinx —1=0 


tan 2 x+5tanx—1=0 


tan -—1(12(29 —5)),a+ tan -—1(12( - 
29 —5)),w+ tan -—1(12(29 —5)),20+ 
tan -1(12(—- 29 -5)) 


cot 2 x= —cotx 


— tan 2 x—tanx—2=0 


There are no solutions. 


For the following exercises, find exact solutions on 
the interval [0,2s). Look for opportunities to use 
trigonometric identities. 


sin 2 x— cos 2 x—sinx =0 


sin 2 x+ cos 2x=0 


There are no solutions. 


sin( 2x ) —sinx =0 


cos( 2x )—cosx =0 


0,273,423 


2tanx 2— sec 2x — sin2x= cos2x 


1 —cos(2x) = 1 + cos(2x) 


w4,304,504,704 


sec 2x=7 


10sinxcosx = 6cosx 


sin -—1(35),22,a- sin -1(35), 302 


— 3sint = 15costsint 


4 cos 2 x—4=15cosx 


cos -—1( —14),2m-— cos -1(-—14) 


8 sin 2 x+6sinx + 1=0 


8 cos 2 8=3-—2cos8 


mu3,cos —1( — 34),2m-— cos -—1( —- 34), 
om 3 


6 cos 2 x+ 7sinx —-8=0 


12 sin 2 t+cost—6=0 


cos —1( 34), cos —1( — 23),2x%—-— cos —1 ( 
—- 23),2m-— cos -1(34) 


tanx = 3sinx 


cos 3 t=cost 


0; 7-2 a; Si 2 


Graphical 
For the following exercises, algebraically determine 
all solutions of the trigonometric equation exactly, 


then verify the results by graphing the equation and 
finding the zeros. 


6 sin 2 x—5sinx + 1=0 


8 cos 2 x—2cosx—1=0 


u3,cos -—1(—14),2n-— cos —1(-— 14), 
ort 3 


100 tan 2 x+ 20tanx —3=0 


2 cos 2 x—cosx+ 15=0 


There are no solutions. 


20 sin 2 x —27sinx + 7=0 


2 tan 2 x+ 7tanx +6=0 


w+ tan —1( —2),0+ tan —1( — 32),20+ 
tan —1( -—2),2m7+ tan -—1( -— 32) 


130 tan 2 x+ 69tanx — 130=0 


Technology 


For the following exercises, use a calculator to find 
all solutions to four decimal places. 


sinx=0.27 


2stk + 0.2734, 20k + 2.8682 


sink = —0.55 
tanx = — 0.34 
wk — 0.3277 
cosx= 0.71 


For the following exercises, solve the equations 
algebraically, and then use a calculator to find the 
values on the interval [0,2s1). Round to four decimal 
places. 


tan 2 x+ 3tanx —3=0 


0.6694,1.8287,3.8110,4.9703 


6 tan 2 x+13tanx= —6 


tan 2 x -—secx=1 


1.0472,3.1416,5.2360 


sin 2 x—2cos 2 x=0 


2 tan 2 x+ 9tanx —6=0 


0.5326,1.7648,3.6742,4.9064 


4 sin 2 x+sin( 2x )secx —3=0 


Extensions 


For the following exercises, find all solutions exactly 
to the equations on the interval [0,2s). 


esc 2 x—3cscx —4=0 


sin —1(14),x—- sin —1( 14), 3x2 


sin 2 x— cos 2x—1=0 


sin 2 x(1-— sin 2 x )+ cos 2 x(1- sin 2 x )=0 


Te 2s 5 oul. 2 


3 sec 2x+2+ sin 2 x— tan 2 x+ cos 2x=0 


sin 2 x—1+2cos( 2x )— cos2x=1 


There are no solutions. 


tan 2 x—1-— sec 3 xcosx=0 


sin( 2x ) sec 2 x =0 


6 i ene | Pe KA 


sin( 2x ) 2 csc 2 x =0 


2 cos 2 x— sin 2 x—cosx—5=0 


There are no solutions. 


lsec2x +2+ sin2x+4cos2x=4 


Real-World Applications 


An airplane has only enough gas to fly to a city 
200 miles northeast of its current location. If 
the pilot knows that the city is 25 miles north, 
how many degrees north of east should the 
airplane fly? 


TZ? 


If a loading ramp is placed next to a truck, at a 
height of 4 feet, and the ramp is 15 feet long, 
what angle does the ramp make with the 
ground? 


If a loading ramp is placed next to a truck, at a 
height of 2 feet, and the ramp is 20 feet long, 
what angle does the ramp make with the 
ground? 


S72 


A woman is watching a launched rocket 
currently 11 miles in altitude. If she is standing 
4 miles from the launch pad, at what angle is 
she looking up from horizontal? 


An astronaut is in a launched rocket currently 


15 miles in altitude. If a man is standing 2 miles 
from the launch pad, at what angle is she 
looking down at him from horizontal? (Hint: 
this is called the angle of depression.) 


82.4 ° 


A woman is standing 8 meters away from a 10- 
meter tall building. At what angle is she looking 
to the top of the building? 


A man is standing 10 meters away from a 6- 
meter tall building. Someone at the top of the 
building is looking down at him. At what angle 
is the person looking at him? 


3108 


A 20-foot tall building has a shadow that is 55 
feet long. What is the angle of elevation of the 
sun? 


A 90-foot tall building has a shadow that is 2 
feet long. What is the angle of elevation of the 
sun? 


88.7 ° 


A spotlight on the ground 3 meters from a 2- 
meter tall man casts a 6 meter shadow on a 
wall 6 meters from the man. At what angle is 
the light? 


A spotlight on the ground 3 feet from a 5-foot 
tall woman casts a 15-foot tall shadow on a 
wall 6 feet from the woman. At what angle is 
the light? 


59.0 ° 


For the following exercises, find a solution to the 
following word problem algebraically. Then use a 
calculator to verify the result. Round the answer to 
the nearest tenth of a degree. 


A person does a handstand with his feet 
touching a wall and his hands 1.5 feet away 
from the wall. If the person is 6 feet tall, what 
angle do his feet make with the wall? 


A person does a handstand with her feet 
touching a wall and her hands 3 feet away from 
the wall. If the person is 5 feet tall, what angle 


do her feet make with the wall? 


36.9 ° 


A 23-foot ladder is positioned next to a house. 
If the ladder slips at 7 feet from the house when 
there is not enough traction, what angle should 
the ladder make with the ground to avoid 
slipping? 


Chapter Review Exercises 


Solving Trigonometric Equations with Identities 


For the following exercises, find all solutions exactly 
that exist on the interval [ 0,2s1 ). 


ese 2 t=3 


sin -—1(33),x-— sin -1(33),a+ sin -1(3 
3),2n- sin -1(33) 


cos2x= 14 


2sin8 = —1 


7% 6,112 6 


tanxsinx + sin( —x )=0 


Osinw —2=4 sin 2 0 


sin —1(14),a—- sin -—1(14) 


1 —2tan(@)= tan 2 (w) 


For the following exercises, use basic identities to 
simplify the expression. 


secxcosx + cosx — 1 secx 


sin 3 x+ cos 2 xsinx 


For the following exercises, determine if the given 
identities are equivalent. 


sin 2x+ sec 2x—1= (1-— cos 2x )(1+ cos 2 
x ) cos 2 x 


Yes 


tan 3 x csc 2 x cot 2 xcosxsinx = 1 


Sum and Difference Identities 


For the following exercises, find the exact value. 


tan( 7x 12 ) 


= 


cos( 252 12 ) 


sin(70°)cos(25°) — cos(70°)sin(25°) 


22 


cos(83°)cos(23°) + sin(83°)sin(23°) 


For the following exercises, prove the identity. 


cos( 4x )—cos( 3x )cosx= sin 2 x—4 cos 2 x sin 
2x 


cos(4x) — cos(3x)cosx = cos(2x + 2x) — cos(x 
+ 2x)cosx = 

cos(2x)cos(2x) — sin(2x)sin(2x) — cosxcos(2x)cosx 
+ sinxsin(2x)cosx = (cos 2 x— sin2x)2 —4 
cos 2 x sin 2 x— cos 2 x( cos 2 x— sin2 x 

) + sinx(2)sinxcosxcosx = (cos 2 x-— sin2x)2 
—4 cos 2x sin 2 x— cos 2 x( cos 2x— sin2 x 
)+2 sin 2x cos 2x = cos4x—2cos2xsin2x 
+ sin 4x—4cos 2 x sin 2 x— cos 4x+ cos2x 
sin 2x+2sin2xcos2x = sin4x—4cos2 x 
sin 2 x+ cos 2x sin 2x = sin 2 x( sin 2 x+ cos 
2x )—4cos2xsin2x = sin2x—4 cos 2x sin 
2X 


cos(3x)— cos 3 x= —cosx sin 2 x —sinxsin(2x) 
For the following exercise, simplify the expression. 


tan( 1 2 x )+tan( 18x) 1-tan( 1 8x )tan( 1 2 
x ) 


tan( 58x) 


For the following exercises, find the exact value. 


cos( sin —1(0)-— cos -—1(12)) 


tan( sin —1(0)+ sin —1(12)) 


33 


Double-Angle, Half-Angle, and Reduction 
Formulas 


For the following exercises, find the exact value. 


Find sin( 20 ),cos( 20 ), and tan( 20 ) given 
cos0= — 1 3 and 6 is in the interval [ x 2 ,x ]. 


Find sin( 20 ),cos( 20 ), and tan( 20 ) given 
secO= — 5 3 and 6 is in the interval [ x 2 ,x J. 


— 24 25,— 7 25, 247 


sin( 7 8 ) 


sec( 32 8 ) 


202 2) 


For the following exercises, use [link] to find the 
desired quantities. 


Bw. 25 


|_| = 
24 


sin(28),cos(28),tan(2B),sin(2a),cos(2a),and tan(2a) 


sin( B 2 ),cos( B 2 ),tan( B 2 ),sin( a 2 ),cos( a 2 
),and tan( a 2 ) 


210;7210,17,253;45,34 
For the following exercises, prove the identity. 


2cos( 2x ) sin( 2x ) =cotx — tanx 
cotxcos(2x) = — sin(2x) + cotx 


cotxcos(2x) = cotx( 1—2 sin 2x ) = cotx— 
cosx sinx (2) sin 2 x = —2sinxcosx+cotx = 
— sin(2x) + cotx 


For the following exercises, rewrite the expression 
with no powers. 


cos 2 x sin 4 (2x) 


tan 2x sin3 x 


10sinx — 5sin( 3x )+sin( 5x ) 8( cos( 2x )+1 ) 


Sum-to-Product and Product-to-Sum Formulas 


For the following exercises, evaluate the product for 
the given expression using a sum or difference of 
two functions. Write the exact answer. 


cos( 1 3 )sin( 1 4 ) 


2sin( 2st 3 )sin( 52 6 ) 


32 


2cos( 5 )cos( 2 3 ) 


For the following exercises, evaluate the sum by 
using a product formula. Write the exact answer. 


sin( a 12 )—sin( 7x 12 ) 


= 2 


cos( 521 12 )+ cos( 7m 12 ) 


For the following exercises, change the functions 
from a product to a sum or a sum to a product. 


sin(9x)cos(3x) 


1 2 ( sin(6x) + sin(12x) ) 


cos(7x)cos(12x) 


sin(11x) + sin(2x) 


2sin( 13 2 x )cos( 9 2 x ) 


cos(6x) + cos(5x) 


Solving Trigonometric Equations 


For the following exercises, find all exact solutions 
on the interval [ 0,2z ). 


tanx +1=0 


34,71 4 


2sin(2x)+ 2 =0 


For the following exercises, find all exact solutions 
on the interval [ 0,2z ). 


2 sin 2 x—sinx=0 


0,16, 50 6 1 


cos 2 x—cosx—1=0 


2 sin 2x+5sinx +3=0 


Smt 2 


cosx — 5sin( 2x )=0 


1 sec 2x +2+ sin2x+4cos2x=0 


No solution 


For the following exercises, simplify the equation 
algebraically as much as possible. Then use a 
calculator to find the solutions on the interval 
[0,2sc). Round to four decimal places. 


3 cot 2 x+cotx=1 


csc 2 x— 3cscx —4=0 


0.2527,2.8889,4.7124 


For the following exercises, graph each side of the 
equation to find the approximate solutions on the 
interval [0,2s0). 


20 cos 2 x+21cosx+1=0 


sec 2 x— 2secx=15 


1.3694,1.9106,4.3726,4.9137 


Practice Test 


For the following exercises, simplify the given 
expression. 


cos( —x )sinxcotx+ sin 2 x 


sin( — x)cos( — 2x) — sin( — x)cos( — 2x) 


csc( 8 )cot( 8 )( sec 2 0-1 ) 


sec( 6 ) 


cos 2(8)sin2(0)( 1+ cot2(0@))C 1+ tan 2 
(0) ) 


For the following exercises, find the exact value. 


cos( 7 12 ) 


2-64 


tan( 3m 8 ) 


tan( sin —1(22)+ tan —13) 


—-2-3 


2sin( 1 4 )sin( a 6 ) 


cos( 41. 3 +80 ) 


— 12cos(0)-— 32 sin( 0 ) 


tan( — 74 +0) 


For the following exercises, simplify each 
expression. Do not evaluate. 


cos 2 (32°) tan 2 (32°) 
1—cos( 64°)2 
cot( 6 2 ) 


For the following exercises, find all exact solutions 
to the equation on [0,2z:). 


cos 2x— sin2x—1=0 


0,7 


cos 2 x=cosx4 sin 2 x + 2sinx —-3=0 


cos( 2x )+ sin 2 x=0 


12,3702 


2 sin 2 x—sinx=0 


Rewrite the expression as a product instead of a 
sum: cos( 2x )+cos( — 8x ). 


2cos(3x)cos(5x) 


For the following exercise, rewrite the product as a 
sum or difference. 


8cos( 15x )sin( 3x ) 


For the following exercise, rewrite the sum or 
difference as a product. 


2( sin( 88 )—sin( 46 ) ) 


Asin( 20 )cos( 66 ) 


Find all solutions of tan(x)-— 3 =O. 


Find the solutions of sec 2 x —2secx=15 on the 
interval [ 0,2s ) algebraically; then graph both 
sides of the equation to determine the answer. 


x=cos—l1 (15) 


For the following exercises, find all solutions exactly 
on the interval O<0<a2 


2cos( 8 2 )=1 


3 cot(y )=1 


3 


Find sin( 26 ),cos( 20 ), and tan( 20 ) given 
cot0= — 3 4 and 6 is on the interval [ x 2 ,x J. 


Find sin( 6 2 ),cos( 6 2 ), and tan( 6 2 ) given 
cos0= 7 25 and 0 is in quadrant IV. 


35,-45,-34 


Rewrite the expression sin 4 x with no powers 
greater than 1. 


For the following exercises, prove the identity. 


tan 3 x—tanx sec 2 x=tan( —x ) 


tan3x-tanxsec2x = tanx(tan2x—sec2x) 
= tanx(tan2x—(1 + tan2x)) =tanx(tan2x—1- 
tan2x) =-tanx = tan(—x) = tan(—x) 


sin( 3x )—cosxsin( 2x )= cos 2 xsinx— sin 3 x 


sin( 2x ) sinx — cos( 2x ) cosx =secx 


sin(2x) sinx— cos(2x) cosx = 2sinxcosx sinx — 
2cos2x—lcosx = 2cosx—2cosx + lcosx = 1cosx 
= secx = Se€cx 


Plot the points and find a function of the form 


y = Acos( Bx+C )+D that fits the given data. 


The displacement h(t) in centimeters of a mass 
suspended by a spring is modeled by the 
function h(t)= 1 4 sin(120zt), where t is 
measured in seconds. Find the amplitude, 
period, and frequency of this displacement. 


Amplitude: 14 , period: 160 , frequency: 60 Hz 


A woman is standing 300 feet away from a 
2000-foot building. If she looks to the top of the 
building, at what angle above horizontal is she 
looking? A bored worker looks down at her 
from the 15th floor (1500 feet above her). At 
what angle is he looking down at her? Round to 
the nearest tenth of a degree. 


Two frequencies of sound are played on an 


instrument governed by the equation 

n(t) = 8cos(20xt)cos(1000xt). What are the 
period and frequency of the “fast” and “slow” 
oscillations? What is the amplitude? 


Amplitude: 8, fast period: 1500 , fast frequency: 
500 Hz, slow period: 110 , slow frequency: 10 
Hz 


The average monthly snowfall in a small village 
in the Himalayas is 6 inches, with the low of 1 
inch occurring in July. Construct a function that 
models this behavior. During what period is 
there more than 10 inches of snowfall? 


A spring attached to a ceiling is pulled down 20 
cm. After 3 seconds, wherein it completes 6 full 
periods, the amplitude is only 15 cm. Find the 
function modeling the position of the spring t 
seconds after being released. At what time will 
the spring come to rest? In this case, use 1 cm 
amplitude as rest. 


D(t) = 20(0.9086)t cos(4t) , 31 second 


Water levels near a glacier currently average 9 
feet, varying seasonally by 2 inches above and 


below the average and reaching their highest 
point in January. Due to global warming, the 
glacier has begun melting faster than normal. 
Every year, the water levels rise by a steady 3 
inches. Find a function modeling the depth of 
the water t months from now. If the docks are 2 
feet above current water levels, at what point 
will the water first rise above the docks? 


Non-right Triangles: Law of Sines 
In this section, you will: 


* Use the Law of Sines to solve oblique triangles. 

¢ Find the area of an oblique triangle using the 
sine function. 

* Solve applied problems using the Law of Sines. 


Suppose two radar stations located 20 miles apart 
each detect an aircraft between them. The angle of 
elevation measured by the first station is 35 degrees, 
whereas the angle of elevation measured by the 
second station is 15 degrees. How can we determine 
the altitude of the aircraft? We see in [link] that the 
triangle formed by the aircraft and the two stations 
is not a right triangle, so we cannot use what we 
know about right triangles. In this section, we will 
find out how to solve problems involving non-right 
triangles. 


20 miles 


Using the Law of Sines to Solve Oblique 
Triangles 


In any triangle, we can draw an altitude, a 
perpendicular line from one vertex to the opposite 
side, forming two right triangles. It would be 
preferable, however, to have methods that we can 
apply directly to non-right triangles without first 
having to create right triangles. 


Any triangle that is not a right triangle is an 
oblique triangle. Solving an oblique triangle means 
finding the measurements of all three angles and all 
three sides. To do so, we need to start with at least 
three of these values, including at least one of the 
sides. We will investigate three possible oblique 
triangle problem situations: 


1. ASA (angle-side-angle) We know the 
measurements of two angles and the included 
side. See [link]. 

B 


a y 
2. AAS (angle-angle-side) We know the 
measurements of two angles and a side that is 
not between the known angles. See [link]. 
B 


a Y 
3. SSA (side-side-angle) We know the 
measurements of two sides and an angle that is 


not between the known sides. See [link]. 
B 


a Y 


Knowing how to approach each of these situations 
enables us to solve oblique triangles without having 
to drop a perpendicular to form two right triangles. 
Instead, we can use the fact that the ratio of the 
measurement of one of the angles to the length of its 
opposite side will be equal to the other two ratios of 
angle measure to opposite side. Let’s see how this 
statement is derived by considering the triangle 


shown in [link]. 
a 


a . B 
Using the right triangle relationships, we know that 
sina= hb and sinB= ha. Solving both 
equations for h gives two different expressions for 
ne 
h=bsina and h=asinB 


We then set the expressions equal to each other. 

bsina=asinB (1 ab )(bsin a) =(asin B)( 1 
ab ) Multiply both sides by 1 ab. sina a 
= sinBb 


Similarly, we can compare the other ratios. 
sinaa = sinyc and sinBb = sinyc 


Collectively, these relationships are called the Law 
of Sines. 
sina a = sinBb = sinyc 


Note the standard way of labeling triangles: angle a 
(alpha) is opposite side a; angle #8 (beta) is 
opposite side b; and angle y (gamma) is opposite 
side c. See [link]. 


While calculating angles and sides, be sure to carry 
the exact values through to the final answer. 
Generally, final answers are rounded to the nearest 
tenth, unless otherwise specified. 

B 


Law of Sines 

Given a triangle with angles and opposite sides 
labeled as in [link], the ratio of the measurement 
of an angle to the length of its opposite side will be 
equal to the other two ratios of angle measure to 


opposite side. All proportions will be equal. The 
Law of Sines is based on proportions and is 
presented symbolically two ways. 

sina a = sinB b = sinyc 

asina = bsinB = csiny 

To solve an oblique triangle, use any pair of 
applicable ratios. 


Solving for Two Unknown Sides and Angle 
of an AAS Triangle 


Solve the triangle shown in [link] to the 
nearest tenth. 


The three angles must add up to 180 degrees. 
From this, we can determine that 
6B=180°—50°—30° =100° 


To find an unknown side, we need to know the 
corresponding angle and a known ratio. We 
know that angle a= 50° and its corresponding 


side a=10. We can use the following 
proportion from the Law of Sines to find the 
length of c. 

sin(50°) 10 = sin(30°) c c sin(50°) 10 
=sin(30°) Multiply both sides by c. 
c=sin(30°) 10 sin(50°) 
Multiply by the reciprocal to isolate c. 
c= 6.5270 


Similarly, to solve for b, we set up another 
proportion. 
sin(50°) 10 = sin(100°) b 
bsin(50°) = 10sin(100°) 
Multiply both sides by b. b= 
10sin(100°) sin(50°) 
Multiply by the reciprocal to isolate b. 
b=12.8558 


Therefore, the complete set of angles and sides 
is 

a=50° a=10 §=100° b=12.8558 
y=30° c= 6.5270 


Solve the triangle shown in [link] to the 
nearest tenth. 


i>) 


sa 22 


a= 98° a= 34.6181 B= 39° 


y= 43° c= 23.8415 


Note: Most of these problems will involve using a 
calculated value to calculate a future value. For 
simplicity, we will write the rounded values in the 
formula. When doing the calculations on your 
calculator, you should keep all digits and round only 
the final answer to the desired accuracy. 


Using The Law of Sines to Solve SSA 
Triangles 


We can use the Law of Sines to solve any oblique 
triangle, but some solutions may not be 
straightforward. In some cases, more than one 
triangle may satisfy the given criteria, which we 
describe as an ambiguous case. Triangles classified 


as SSA, those in which we know the lengths of two 
sides and the measurement of the angle opposite 
one of the given sides, may result in one or two 
solutions, or even no solution. 


Possible Outcomes for SSA Triangles 

Oblique triangles in the category SSA may have 
four different outcomes. [link] illustrates the 
solutions with the known sides a and b and 
known angle a. 


No triangle, a<h Right triangle, a = h 


¥ 04 
Vi Lh 
a 
a B a B 
(a) (b) 


Two triangles,a>h,a<b One triangle, a = b 


y If 
a -B oa B 
(c) (d) 


Solving an Oblique SSA Triangle 


Solve the triangle in [link] for the missing side 


and find the missing angle measures to the 
nearest tenth. 


Use the Law of Sines to find angle £ and angle 

y, and then side c. Solving for $, we have 

the proportion 

sina a = sinB b sin(35°) 6 = sin 8 8sin(35°) 

6 =sinB 

We know sine is positive in QI and QII, so this eqg@ation 
QI: B= sin —1 ( 8sin(35°) 6) B 1 ~49.8864° 

QII: 180 > —B= 180° — sin —1 ( 8sin(35°) 6 

) 6 2 ~130.1136° 


However, in the diagram, angle 2 appears to 
be an obtuse angle and may be greater than 
90°. Do both solutions work? Let’s investigate 
further. Dropping a perpendicular from y and 


viewing the triangle from a right angle 
perspective, we have [link]. It appears that 
there may be a second triangle that will fit the 
given criteria. 


B 


Remember that the sine function is positive in 
both the first and second quadrants so both B 
1 and B 2 are possible answers. Solving for y, 
in QII we have 

y 2 =180°— 35° —130.1136° = 14.8864° 


We can then use these measurements to solve 
the other triangle in QI. Since y 1 is 
supplementary to the sum of a 1 and B 1, we 
have 

vy 1 =180°—35° — 49.8864° = 95.1136° 


Now we need to find c 2 andc 1 


We have 

c 2 sin(14.8864°) = 6 sin(35°) — 
6sin(14.8864°) sin(35°) ~ 2.6874 

Finally, 

c 1 sin(95.1136°) = 6 sin(35°) c= 


6sin(95.1136°) sin(35°) ~10.4190 


To summarize, there are two triangles with an 
angle of 35°, an adjacent side of 8, and an 


opposite side of 6, as shown below. 


Qll Solution with QI Solution with 
oblique angle cute angle 


¢,=10.4109 
(b) 


We need to remember to look for 2 possible 
solutions and find both! It is easier to redraw 
the picture and label the QI and QII angles in 
the triangle and then finish solving that 
triangle so we don't accidentally use a value 
from the other triangle in our next calculation. 


Note: If we calculate h we get h=8sin( 35 ° 

) = 4.5886 . The value a=6 and b=8 so 
h<a<b. From possible outcomes for SSA 
triangles, we can see that we should expect 2 
triangles! 

Sometimes is is easier to find h first and 
determine how many triangles we have before 
we start! 


Given a=80°,a=120, and b=121, find the 
missing side and angles. If there is more than 
one possible solution, show both. 


Solution 1 
al =80°al =12081 ~83.2237°b1 =121 
y 1 =16.7766° c1 ~35.1548 


Solution 2 
a2 =80°a2 =120 8 2 ~96.7763° b 2 =121 
y 2 ~3.2237° c2 ~6.8523 


Solving for the Unknown Sides and Angles 


of a SSA Triangle 


In the triangle shown in [link], solve for the 
unknown side and angles. Round your answers 
to the nearest tenth. 


In choosing the pair of ratios from the Law of 
Sines to use, look at the information given. In 
this case, we know the angle y=85’, and its 

corresponding side c=12, and we know side 
b=9. We will use this proportion to solve for 


sin(85°) 12 = sin 9 Isolate the unknown. 
9sin(85°) 12 =sinB 


To find B, apply the inverse sine function. The 
inverse sine will produce a single result, but 
keep in mind that there may be two values for 
f. It is important to verify the result, as there 
may be two viable solutions, only one solution 
(the usual case), or no solutions. 

B= sin —1 ( 9sin(85°) 12 ) B= 48.3438° 


We also need to consider the QII solution. In 
this case, if we subtract § from 180°, we find 
that there may be a second possible solution. 
Thus, B= 180° — 48.3438° = 131.6562°. To 
check the solution, subtract both angles, 
131.6562° and 85°, from 180°. This gives 

a= 180° — 85° — 131.6562’ = — 36.6562", 


which is impossible, and so B= 48.3438". 


To find the remaining missing values, we 
calculate a=180° — 85° — 48.3438° = 46.6562”. 
Now, only side a is needed. Use the Law of 
Sines to solve for a by one of the proportions. 

sin(85°) 12 = sin(46.6562°) a a sin(85°) 12 
=sin(46.7°) a= 12sin(46.6562°) 
sin(85°) =8.7603 


The complete set of solutions for the given 
triangle is 


a =~ 46.6562° a~ 8.7603 
6 = 48.3438" b=9 y=85° c=12 


Given a=80°,a=100, b=10, find the missing 
side and angles. If there is more than one 
possible solution, show both. Round your 
answers to the nearest tenth. 


6 =5.6517°,y = 94.3483°,c = 101.2504 


Finding the Triangles That Meet the Given 
Criteria 


Find all possible triangles if one side has 
length 4 opposite an angle of 50°, and a second 
side has length 10. 


Using the given information, we can solve for 
the angle opposite the side of length 10. See 
[link]. 

sina 10 = sin(50°) 4 sina= 10sin(50°) 4 
sina =1.915 


We can stop here without finding the value of 
a. Because the range of the sine function is [ 
—1,1 ], it is impossible for the sine value to 
be 1-95. In fact, inputting sin —1 (1-915 ) 
in a graphing calculator generates an ERROR 
DOMAIN. Therefore, no triangles can be 
drawn with the provided dimensions. 


Determine the number of triangles possible 
given a=31, b=26, B=48". 


Finding the Area of an Oblique Triangle 


Using the Sine Function 


Now that we can solve a triangle for missing values, 
we can use some of those values and the sine 
function to find the area of an oblique triangle. 
Recall that the area formula for a triangle is given as 
Area= 1 2 bh, where b is base and h is height. 
For oblique triangles, we must find h before we can 
use the area formula. Observing the two triangles in 
[link], one acute and one obtuse, we can drop a 
perpendicular to represent the height and then 
apply the trigonometric property sina= opposite 
hypotenuse to write an equation for area in oblique 
triangles. In the acute triangle, we have sina= hc 
or csina=h. However, in the obtuse triangle, we 
drop the perpendicular outside the triangle and 
extend the base b to form a right triangle. The 
angle used in calculation is a’, or 180—a. 

B B 


Thus, 
Area= 1 2 ( base )( height )= 1 2 b( csina ) 


Similarly, 
Area= 1 2 a( bsiny )= 1 2 aC csinB ) 


PO 


Area of an Oblique Triangle 

The formula for the area of an oblique triangle is 
given by 

Area= 1 2 besina = 1 2acsinB 

absin y 

This is equivalent to one-half of the product of two 
sides and the sine of their included angle. 


Finding the Area of an Oblique Triangle 


Find the area of a triangle with sides 
a=90,b=52, and angle y=102°. Round the 
area to the nearest integer. 


Using the formula, we have 
Area= 1 2 absiny Area= 1 2 (90) 
(52)sin(102°) Area = 2289 square units 


Find the area of the triangle given B= 42’, 
a=7.2ft, c=3.4ft. Round the area to the 
nearest tenth. 


about 8.2 square feet 


Po 


Solving Applied Problems Using the Law 
of Sines 


The more we study trigonometric applications, the 
more we discover that the applications are 
countless. Some are flat, diagram-type situations, 
but many applications in calculus, engineering, and 
physics involve three dimensions and motion. 


Finding an Altitude 


Find the altitude of the aircraft in the problem 
introduced at the beginning of this section, 
shown in [link]. Round the altitude to the 
nearest tenth of a mile. 


20 miles 


To find the elevation of the aircraft, we first 


find the distance from one station to the 
aircraft, such as the side a, and then use right 
triangle relationships to find the height of the 
aircraft, h. 


Because the angles in the triangle add up to 
180 degrees, the unknown angle must be 180° 
— 15°—35°=130". This angle is opposite the 
side of length 20, allowing us to set up a Law 
of Sines relationship. 

sin(130°) 20 = sin(35°) a 
asin(130°) = 20sin(35") a= 
20sin(35°) sin(130°) a= 14.9750 


The distance from one station to the aircraft is 
about 14.9750 miles. 


Now that we know a, we can use right 
triangle relationships to solve for h. 
sin(15°)= opposite hypotenuse sin(15°)= ha 
sin(15°)= h 14.9750 

h=14.9750sin(15") h= 3.8758 


The aircraft is at an altitude of approximately 
3.9 miles. 


The bearing from fire tower A to tower B fire 
tower is N70°E. The two fire towers are 30 km 
apart. A fire is spotted by rangers in each 
tower. The bearing to the fire from tower A is 
N85°E and from tower B is S75°E. Find the 


distance of the fire to each tower. 


tower A to fire: 50.3108 km tower B to fire: 
22.7021 km 


The bearing from fire tower A to tower B fire 
tower is N70°E. The two fire towers are 30 km 
apart. A fire is spotted by rangers in each 
tower. The bearing to the fire from tower A is 
N85°E and from tower B is S75°E. Find the 
distance of the fire to each tower. 


tower A to fire: 50.3108 km tower B to fire: 
22.7021 km 


The diagram shown in [link] represents the 
height of a blimp flying over a football 
stadium. Find the height of the blimp if the 
angle of elevation at the southern end zone, 
point A, is 70°, the angle of elevation from the 
northern end zone, point B, is 62°, and the 


distance between the viewing points of the two 
end zones is 145 yards. 


._—_ 


Cc 


70° 62° 
A {\ QO B 


145 yards 


161.9 yd. 


Access these online resources for additional 
instruction and practice with trigonometric 
applications. 


¢ Law of Sines: The Basics 
¢ Law of Sines: The Ambiguous Case 


Key Equations 


Law of Sines sinaa = sinB b = sinyc 
asina = bsinfB = csin 


t 

Area for oblique triangles Area= 1 2 besina = 
1 2 acsin B =12 
absin y 


Key Concepts 


* The Law of Sines can be used to solve oblique 
triangles, which are non-right triangles. 

* According to the Law of Sines, the ratio of the 

measurement of one of the angles to the length 

of its opposite side equals the other two ratios 

of angle measure to opposite side. 

There are three possible cases: ASA, AAS, SSA. 

Depending on the information given, we can 

choose the appropriate equation to find the 

requested solution. See [link]. 


* The ambiguous case arises when an oblique 
triangle can have different outcomes. 

* There are three possible cases that arise from 
SSA arrangement—a single solution, two 
possible solutions, and no solution. See [link] 
and [link]. 

* The Law of Sines can be used to solve triangles 
with given criteria. See [link]. 

* The general area formula for triangles 
translates to oblique triangles by first finding 
the appropriate height value. See [link]. 

¢ There are many trigonometric applications. 
They can often be solved by first drawing a 
diagram of the given information and then 
using the appropriate equation. See [link]. 


Section Exercises 


Verbal 


Describe the altitude of a triangle. 


The altitude extends from any vertex to the 
opposite side or to the line containing the 
opposite side at a 90° angle. 


Compare right triangles and oblique triangles. 


When can you use the Law of Sines to find a 
missing angle? 


When the known values are the side opposite 
the missing angle and another side and its 
opposite angle. 


In the Law of Sines, what is the relationship 
between the angle in the numerator and the 
side in the denominator? 


What type of triangle results in an ambiguous 
case? 


A triangle with two given sides and a non- 
included angle. 


Algebraic 


For the following exercises, assume a is opposite 
side a,f is opposite side b, and y is opposite side 
c. Solve each triangle, if possible. Round each 
answer to 4 decimal places. 


a =43°,y =69°,a=20 


a=35°,y=73°,c=20 


Bp =72°,a=11.9957,b = 19.8902 


a=60°, B=60°, y=60° 


a=4,a= 60°, B=100° 


y= 20°,b = 4.5486,c = 1.5797 


b=10,B=95°,y= 30° 


For the following exercises, use the Law of Sines to 
solve for the missing side for each oblique triangle. 
Round each answer to the nearest hundredth. 
Assume that angle A is opposite side a, angle B is 
opposite side b, and angle C is opposite side c. 


Find side b when A=37°, B=49°,c=5. 


b= 3.78 


Find side a when A=132°,C=23°,b=10. 


Find side c when B=37°,C= 21°, b= 23. 


c=13.70 


For the following exercises, assume a is opposite 
side a,B is opposite side b, and y is opposite side 
c. Determine whether there is no triangle, one 
triangle, or two triangles. Then solve each triangle, 
if possible. Round each answer to the nearest tenth. 


a=119°,a=14,b= 26 


y=113°,b=10,c=32 


one triangle, a ~50.3°,8 = 16.7°,a = 26.7 


b=3.5, c=5.3, y= 80° 


a=12; c= 17,0 =: 35° 


two triangles, y 1 ~54.3°, B81 =90.7°,b1 
=~20.9 y2 ~125.7°,8 2 ~19.3°,b2 ~6.9 


a=20.5, b=35.0, B= 25° 


a=7,c=9, a= 43° 


two triangles, B 1 ~75.7°, y 1 =61.3°,b1 
=9.9 B2 ~18.3°, y2 ~118.7°,b2 ~3.2 


a=7,b=3,B=24 


b=13,c=5,y= 10° 


two triangles, a 1 ~143.2°,8 1 ~26.8°,a1 
~17.3,a2 ~16.8°,8 2 ~153.2°,a2 =8.3 


a=2.3,c=1.8,y = 28° 


B=119°,b=8.2,a=11.3 


no triangle possible 


For the following exercises, use the Law of Sines to 
solve, if possible, the missing side or angle for each 
triangle or triangles in the ambiguous case. Round 

each answer to the nearest tenth. 


Find angle A when a=24,b=5,B= 22’. 


Find angle A when a=13,b=6,B= 20°. 


A=47.8° or A’ = 132.2° 


Find angle B when A=12°,a=2,b=9. 


For the following exercises, find the area of the 
triangle with the given measurements. Round each 
answer to the nearest tenth. 


a=5,c=6,B= 35° 


8.6 


b=11,c=8,a= 28° 


a=32,b=24,y= 75° 


370.9 


a=7.2,b=4.5,y= 43° 


Graphical 


For the following exercises, find the length of side 
x. Round to 4 decimal places. 


12.2668 


QO 


A 


15 
xX 
\/ 
12.2474 
18 
xX 
Kao 110° 
14 x 
/\50° 42° 


16.0277 


8.6 <2 
—i 


x 


For the following exercises, find the measure of 
angle x, if possible. Round to the nearest tenth. 


29.6786° 


an 


x = 76.9003°or x = 103.0997° 


Notice that x is an obtuse angle. 


24 
21 
55° 


110.5814° 


12 


For the following exercises, find the area of each 
triangle. Round each answer to 4 decimal places. 


> 


32.6 
24.1 


A= 39.4174, C= 47.5826, BC = 20.7283 


57-0535 


16 


18 


15 


10 


41.9783 


25 


18 


50 


430.1823 


Extensions 


Find the radius of the circle in [link]. Round to 
the nearest tenth. 


Find the diameter of the circle in [link]. Round 
to the nearest tenth. 


te 


10.1 


Find mzADC in [link]. Round to the nearest 
tenth. 


8 10 


x 60° 
B 


Find AD in [link]. Round to the nearest tenth. 


A 


AD= 13.8 


Solve both triangles in [link]. Round each 
answer to the nearest tenth. 


Find AB in the parallelogram shown in [link]. 
A B 


12 


10 


AB = 2.8 


Solve the triangle in [link]. (Hint: Draw a 
perpendicular from H to JK). Round each 
answer to the nearest tenth. 


Solve the triangle in [link]. (Hint: Draw a 
perpendicular from N to LM). Round each 
answer to the nearest tenth. 


L 


on 


4.6 N 


L= 49.7, N~56.3, LN=5.8 


In [link], ABCD is not a parallelogram. zm is 
obtuse. Solve both triangles. Round each 
answer to the nearest tenth. 


29 


Real-World Applications 


A pole leans away from the sun at an angle of 
7° to the vertical, as shown in [link]. When the 
elevation of the sun is 55°, the pole casts a 
shadow 42 feet long on the level ground. How 
long is the pole? Round the answer to the 
nearest tenth. 


51.4 feet 


To determine how far a boat is from shore, two 
radar stations 500 feet apart find the angles out 
to the boat, as shown in [link]. Determine the 
distance of the boat from station A and the 
distance of the boat from shore. Round your 
answers to the nearest whole foot. 


+ cs 70° «60° /\ 4 
A B 


[link] shows a satellite orbiting Earth. The 
satellite passes directly over two tracking 
stations A and B, which are 69 miles apart. 
When the satellite is on one side of the two 
stations, the angles of elevation at A and B are 
measured to be 86.2° and 83.9°, respectively. 
How far is the satellite from station A and how 
high is the satellite above the ground? Round 
answers to the nearest whole mile. 


The distance from the satellite to station A is 
approximately 1716 miles. The satellite is 
approximately 1706 miles above the ground. 


A communications tower is located at the top of 
a steep hill, as shown in [link]. The angle of 
inclination of the hill is 67°. A guy wire is to be 
attached to the top of the tower and to the 
ground, 165 meters downhill from the base of 
the tower. The angle formed by the guy wire 
and the hill is 16°. Find the length of the cable 
required for the guy wire to the nearest whole 
meter. 


The roof of a house is at a 20° angle. An 8-foot 
solar panel is to be mounted on the roof and 
should be angled 38° relative to the horizontal 
for optimal results. (See [link]). How long does 
the vertical support holding up the back of the 
panel need to be? Round to the nearest tenth. 


2.6 ft 


Similar to an angle of elevation, an angle of 
depression is the acute angle formed by a 
horizontal line and an observer’s line of sight to 


an object below the horizontal. A pilot is flying 
over a straight highway. He determines the 
angles of depression to two mileposts, 6.6 km 
apart, to be 37° and 44°, as shown in [link]. 
Find the distance of the plane from point A to 
the nearest tenth of a kilometer. 


A pilot is flying over a straight highway. He 
determines the angles of depression to two 
mileposts, 4.3 km apart, to be 32° and 56’, as 
shown in [link]. Find the distance of the plane 
from point A to the nearest tenth of a 
kilometer. 


5.6 km 


In order to estimate the height of a building, 
two students stand at a certain distance from 
the building at street level. From this point, 
they find the angle of elevation from the street 
to the top of the building to be 39°. They then 
move 300 feet closer to the building and find 
the angle of elevation to be 50°. Assuming that 
the street is level, estimate the height of the 
building to the nearest foot. 


In order to estimate the height of a building, 
two students stand at a certain distance from 
the building at street level. From this point, 
they find the angle of elevation from the street 
to the top of the building to be 35°. They then 
move 250 feet closer to the building and find 
the angle of elevation to be 53°. Assuming that 
the street is level, estimate the height of the 
building to the nearest foot. 


371 ft 


Points A and B are on opposite sides of a lake. 
Point C is 97 meters from A. The measure of 
angle BAC is determined to be 101°, and the 
measure of angle ACB is determined to be 53°. 
What is the distance from A to B, rounded to 
the nearest whole meter? 


A man and a woman standing 312 miles 
apart spot a hot air balloon at the same time. If 
the angle of elevation from the man to the 
balloon is 27°, and the angle of elevation from 
the woman to the balloon is 41°, find the 
altitude of the balloon to the nearest foot. 


5936 ft 


Two search teams spot a stranded climber on a 
mountain. The first search team is 0.5 miles 
from the second search team, and both teams 
are at an altitude of 1 mile. The angle of 
elevation from the first search team to the 
stranded climber is 15°. The angle of elevation 
from the second search team to the climber is 
22°. What is the altitude of the climber? Round 
to the nearest tenth of a mile. 


A street light is mounted on a pole. A 6-foot-tall 
man is standing on the street a short distance 
from the pole, casting a shadow. The angle of 
elevation from the tip of the man’s shadow to 
the top of his head of 28°. A 6-foot-tall woman 
is standing on the same street on the opposite 
side of the pole from the man. The angle of 
elevation from the tip of her shadow to the top 
of her head is 28°. If the man and woman are 
20 feet apart, how far is the street light from 


the tip of the shadow of each person? Round 
the distance to the nearest tenth of a foot. 


24.1 ft 


Three cities, A,B, and C, are located so that city 
A is due east of city B. If city C is located 35° 
west of north from city B and is 100 miles from 
city A and 70 miles from city B, how far is city 
A from city B? Round the distance to the 
nearest tenth of a mile. 


Two streets meet at an 80° angle. At the corner, 
a park is being built in the shape of a triangle. 
Find the area of the park if, along one road, the 
park measures 180 feet, and along the other 
road, the park measures 215 feet. 


19,056 ft2 


Brian’s house is on a corner lot. Find the area of 
the front yard if the edges measure 40 and 56 
feet, as shown in [link]. 


house 


The Bermuda triangle is a region of the Atlantic 
Ocean that connects Bermuda, Florida, and 
Puerto Rico. Find the area of the Bermuda 
triangle if the distance from Florida to Bermuda 
is 1030 miles, the distance from Puerto Rico to 
Bermuda is 980 miles, and the angle created by 
the two distances is 62°. 


445,624 square miles 


A yield sign measures 30 inches on all three 
sides. What is the area of the sign? 


Naomi bought a modern dining table whose top 
is in the shape of a triangle. Find the area of the 
table top if two of the sides measure 4 feet and 
4.5 feet, and the smaller angles measure 32° 
and 42°, as shown in [link]. 


4.5 ft 4 feet 


8.65 ft2 


Glossary 


altitude 
a perpendicular line from one vertex of a 
triangle to the opposite side, or in the case of 
an obtuse triangle, to the line containing the 
opposite side, forming two right triangles 


ambiguous case 
a scenario in which more than one triangle is 
a valid solution for a given oblique SSA 
triangle 


Law of Sines 
states that the ratio of the measurement of 
one angle of a triangle to the length of its 
opposite side is equal to the remaining two 
ratios of angle measure to opposite side; any 
pair of proportions may be used to solve for a 
missing angle or side 


oblique triangle 
any triangle that is not a right triangle 


Non-right Triangles: Law of Cosines 
In this section, you will: 


* Use the Law of Cosines to solve oblique 
triangles. 

* Solve applied problems using the Law of 
Cosines. 

* Use Heron’s formula to find the area of a 
triangle. 


Suppose a boat leaves port, travels 10 miles, turns 
20 degrees, and travels another 8 miles as shown in 
[link]. How far from port is the boat? 


10 mi 


Port 


Unfortunately, while the Law of Sines enables us to 
address many non-right triangle cases, it does not 
help us with triangles where the known angle is 
between two known sides, a SAS (side-angle-side) 
triangle, or when all three sides are known, but no 
angles are known, a SSS (side-side-side) triangle. In 
this section, we will investigate another tool for 
solving oblique triangles described by these last two 
cases. 


Using the Law of Cosines to Solve Oblique 
Triangles 


The tool we need to solve the problem of the boat’s 
distance from the port is the Law of Cosines, which 
defines the relationship among angle measurements 
and side lengths in oblique triangles. Three formulas 
make up the Law of Cosines. At first glance, the 
formulas may appear complicated because they 
include many variables. However, once the pattern 
is understood, the Law of Cosines is easier to work 
with than most formulas at this mathematical level. 


Understanding how the Law of Cosines is derived 
will be helpful in using the formulas. The derivation 
begins with the Generalized Pythagorean 
Theorem, which is an extension of the Pythagorean 
Theorem to non-right triangles. Here is how it 
works: An arbitrary non-right triangle ABC is 
placed in the coordinate plane with vertex A at the 
origin, side c drawn along the x-axis, and vertex C 
located at some point (x,y ) in the plane, as 
illustrated in [link]. Generally, triangles exist 
anywhere in the plane, but for this explanation we 
will place the triangle as noted. 


C (b cosé, b siné) 


We can drop a perpendicular from C to the x-axis 
(this is the altitude or height). Recalling the basic 
trigonometric identities, we know that 

cos@= x(adjacent) b(hypotenuse) and sin6= 
y(opposite) b(hypotenuse) 


In terms of 8, x=bcos® and y=bsin®. The (x,y) 
point located at C has coordinates ( bcos 8, bsin6 ). 
Using the side (x—c) as one leg of a right triangle 
and y as the second leg, we can find the length of 
hypotenuse a using the Pythagorean Theorem. 
Thus, 

a2=(x-c)2+y2 = (bcos0—c) 2 + (bsin 
8) 2 Substitute (bcos 8) for x and (bsin 6) for y. 

=(b2 cos 2 6—2bccos8+ c2)+ b2sin 26 


Expand the perfect square. = b2cos20+ b2 
sin 2 0+ c 2 —2bccos 6 Group terms noting that 
cos 20+ sin 2 0=1. = b2(cos20+ sin20 


)+ c2 —2bccos0 Factor out b2. a2=b2+c 
2 —2bccos0 


The formula derived is one of the three equations of 
the Law of Cosines. The other equations are found 
in a similar fashion. 


Keep in mind that it is always helpful to sketch the 
triangle when solving for angles or sides. In a real- 
world scenario, try to draw a diagram of the 
situation. As more information emerges, the 
diagram may have to be altered. Make those 
alterations to the diagram and, in the end, the 
problem will be easier to solve. 


Law of Cosines 


The Law of Cosines states that the square of any 
side of a triangle is equal to the sum of the squares 
of the other two sides minus twice the product of 
the other two sides and the cosine of the included 
angle. For triangles labeled as in [link], with angles 
a,b, and y, and opposite corresponding sides a,b, 
and c, respectively, the Law of Cosines is given as 
three equations. 

a2=b2+c2—-2be cosab2=a2+c2 
—2ac cosBc 2 = a2 + b2 —2ab cosy 


a Y 
b 


To solve for a missing side measurement, the 
corresponding opposite angle measure is needed. 
When solving for an angle, the corresponding 
opposite side measure is needed. We can use 
another version of the Law of Cosines to solve for 
an angle. 
cosa=b2+c2—a22becosB=a2+c2 — 
b 2 2ac cos y= a2 + b2 — c 2 Zab 


Given two sides and the angle between them 
(SAS), find the measures of the remaining side 
and angles of a triangle. 


1. Sketch the triangle. Identify the measures of 
the known sides and angles. Use variables to 
represent the measures of the unknown sides 
and angles. 

2. Apply the Law of Cosines to find the length of 
the unknown side. 

3. Apply the Law of Sines or Law of Cosines to 
find the measure of another angle. If using 


Law of Sines, find the smallest angle first. 
4. Compute the measure of the remaining angle 
by subtracting the 2 known angles from 180. 


Finding the Unknown Side and Angles of a 
SAS Triangle 


Find the unknown side and angles of the 
triangle in [link]. 


First, make note of what is given: two sides 
and the angle between them. This arrangement 
is classified as SAS and supplies the data 
needed to apply the Law of Cosines. 


Each one of the three laws of cosines begins 
with the square of an unknown side opposite a 
known angle. For this example, the first side to 
solve for is side b, as we know the 
measurement of the opposite angle £. 

b2 — a2 e2 — 2accos ppb 2 — 102 a2 
2 —2(10)(12)cos( 30 ° ) 


Substitute the measurements for the known quanff{ties. 
b 2 =100+144—240( 3 2 ) 

Evaluate the cosine and begin to simplify. b 2 

= 244-1203 b= 244-1203 

Use the square root property. b=6.0128 


Because we are solving for a length, we use 

only the positive square root. Now that we 

know the length b, we can use the Law of 

Sines to fill in the remaining angles of the 

triangle. When using Law of sines we should 

find the smallest angle first. This way we know 

if will be acute and don't have to worry about 

the Quadrant II solution. Solving for angle a, 

we have 

sina a = sinB bsina 10 = sin(30°) 6.0128 

sina= 10sin(30°) 6.0128 

Multiply both sides of the equation by 10. 

a= sin —1 ( 10sin(30°) 6.0128 ) 

Find the inverse sine of 10sin(30°) 6.0108 . 
a= 56.2591° 


The other possibility for a would be a=180°- 
56.2591° = 123.7409°. In the original diagram, 
a is adjacent to the longest side, so a is an 
acute angle and, therefore, 123.7409" does 
not make sense. Notice that if we choose to 
apply the Law of Cosines, we arrive at a 
unique answer. We do not have to consider the 
other possibilities, as cosine is unique for 
angles between 0° and 180°. Proceeding 


with a=56.2591°, we can then find the third 
angle of the triangle. 
y= 180° — 30° — 56.2590° = 93.7409° 


The complete set of angles and sides is 
a~56.2591° a=10 B=30° b=6.0128 
vy = 93.7409° c=12 


Note About Round Off error 

When calculating values from a previously 
calculated values, keep all digits and round only in 
the last step. It is sometimes easier to store the 
values in your calculator and recall the stored 
values when typing in the next step into your 
calculator. 


Find the missing side and angles of the given 
triangle: a=30°, b=12, c= 24. 


a= 14.8718, B =23.7940°, y=126.2060°. 


Given two sides and the angle between them 


(SSS), find the measures of the remaining side 
and angles of a triangle. 


1. Sketch the triangle. Identify the measures of 
the known sides and angles. Use variables to 
represent the measures of the unknown sides 
and angles. 

. Apply the Law of Cosines to find the measure 
of the largest angle. (If we find the largest 
angle first, we know all the other angles must 
be acute.) 

. Apply the Law of Sines or Law of Cosines to 


find the measure of another angle. If using 
Law of Sines, find the smallest angle first. 

. Compute the measure of the remaining angle 
by subtracting the 2 known angles from 180. 


Solving for an Angle of a SSS Triangle 


Find the angle a for the given triangle if side 
a=20, side b=25, and side c= 18. 


For this example, we have no angles. We can 
solve for any angle using the Law of Cosines. 
To solve for angle a, we have 
a2=b2+c2 —2bccosa 
20 2 = 252 + 18 2 —2(25)(18)cos 
a Substitute the appropriate measurements. 


400 =625 + 324 —900cos a 
Simplify in each step. 


400 = 949 — 900cos a —549= 
—900cos a Isolate cos a. —549 —900 
=cos a a= cos —1 (549 900 ) 

Find the inverse cosine. 
a ~52.4105° 
See [link]. 


nalysis 


Because the inverse cosine can return any angle 
between 0 and 180 degrees, there will not be any 
ambiguous cases using this method. 


Given a=5,b=7, and c=10, find the missing 
angles. 


a= 27.6604", B = 40.5358", y= 111.8037° 


Solving Applied Problems Using the Law 
of Cosines 


Just as the Law of Sines provided the appropriate 
equations to solve a number of applications, the Law 
of Cosines is applicable to situations in which the 
given data fits the cosine models. We may see these 
in the fields of navigation, surveying, astronomy, 
and geometry, just to name a few. 


Using the Law of Cosines to Solve a 
Communication Problem 


On many cell phones with GPS, an 
approximate location can be given before the 
GPS signal is received. This is accomplished 
through a process called triangulation, which 
works by using the distances from two known 
points. Suppose there are two cell phone 
towers within range of a cell phone. The two 
towers are located 6000 feet apart along a 
straight highway, running east to west, and the 


cell phone is north of the highway. Based on 
the signal delay, it can be determined that the 
signal is 5050 feet from the first tower and 
2420 feet from the second tower. Determine 
the position of the cell phone north and east of 
the first tower, and determine how far it is 
from the highway. 


For simplicity, we start by drawing a diagram 
similar to [link] and labeling our given 
information. 


(@ 


2420 ft. 


Using the Law of Cosines, we can solve for the 
angle 8. Remember that the Law of Cosines 
uses the square of one side to find the cosine 
of the opposite angle. For this example, let 
a=2420,b=5050, and c=6000. Thus, 9 
corresponds to the opposite side a= 2420. 
a2=b2+c 
2 —2bccos 8 (2420) 
2 = (5050) 2 + (6000) 2 — 2(5050)(6000)cos 
8 (2420) 2 — (5050) 2 — (6000) 2 = 
— 2(5050)(6000)cos@ (2420) 2 — (5050) 2 
— (6000) 2 —2(5050)(6000) =cos 8 


6000 ft. 


cos 8= 0.9183 
8@= cos —1 
(0.9183) 
0 = 23.3281° 


To answer the questions about the phone’s 
position north and east of the tower, and the 
distance to the highway, drop a perpendicular 
from the position of the cell phone, as in 
[link]. This forms two right triangles, although 
we only need the right triangle that includes 
the first tower for this problem. 


( 
igi 2} 


x 


Using the angle 8= 23.3281° and the basic 
trigonometric identities, we can find the 
solutions. Thus 
cos(23.3281°)= x 5050 

x =5050cos(23.3281°) 

x= 4638.15 feet sin(23.3281°)= 
y 5050 y = 5050sin(23.3281°) 

y ~1999.7770 feet 


The cell phone is approximately 4638 feet east 
and 1998 feet north of the first tower, and 
1998 feet from the highway. 


Calculating Distance Traveled Using a SAS 
Triangle 


Returning to our problem at the beginning of 
this section, suppose a boat leaves port, travels 
10 miles North, turns 20 degrees West, and 
travels another 8 miles. How far from port is 
the boat? The diagram is repeated here in 
[link]. 


The boat turned 20 degrees, so the obtuse 
angle of the non-right triangle is the 
supplemental angle, 180° —20°=160°. With 
this, we can utilize the Law of Cosines to find 


the missing side of the obtuse triangle—the 
distance of the boat to the port. 

x2 = 82 + 102 —2(8)(10)cos(160°) x= 8 2 
+ 10 2 —2(8)(10)cos(160°) x= 17.7299 miles 


The boat is about 17.7299 miles from port. 


Example: Two ships leave a port at 9am, One 
travels at a bearing of N59°W at 12 mph, and the 
other travels at a bearing of S63°W at 14 mph. 

a. Approximate how far apart the ships are at noon 
that day. 

lb. What is the bearing of the port from each ship at 
moon? 

c. What is the bearing of the second ship from the 


First, we draw a picture. 


If the ships leave at 9 am and arrive at noon, then 
they traveled for 3 hours. We know distance = 
rate * time. The distance the first ship traveled is 
12 mph-3 hours = 36 miles . The distance the second 
ship traveled is 14 mph-3 hours = 42 miles 
We can find the angle between the two ships by 
using the fact that their bearings plus this angle 
make a straight line. B= 180 ° — 59° — 63° = 
58 ° 
Using the law of cosines, we can find x. 
2 — a2 4 ©2 — Zaccas |} Xx 

2 = 362 + 422 —2(36)(42)cos (58 ° ) 
Substitute the appropriate measurements. 

X= 362 + 422 —2(36)(42)cos ( 58 ° ) 
Solve for x. x = 38.1175 miles 


b. The bearing is asking what direction does each 


ship need to go to get back to the port. Using 
alternate interior angle theorem, we can see the 
bearing of the first ship to the port is S 59 ° E The 
bearing of the second ship to the port is N 63 ° E 


c. To find the bearing from the first ship to the 
second ship, we need to find the angle at y . Again, 
we can use Law of Cosines. 

¢2=a2+b2 —2abcosy 42 
2 = 362 + 38.17753456 2 — 2(36) 
(38.17753456)cos y 
Substitute the appropriate measurements. 
422 — 362 — 38.17753456 2 = —2(36) 
(38.17753456)cos a Simplify in each step. 
42 2. 302) — 39.17753456.2— 2150) 
(38.17753456) =cos y Isolate cos y. 

v= cos — 1. (42.2 — 362 — 38:17753456 

2 — 2(36)(38.17753456) ) Find the inverse cosine. 

vy ~ 68.9006° 
Then the bearing angle we need is 
O8=y— 59° = 68.9006 ° — 59° = 9.9006 ° 
So the bearing from the first shop to the second 
ship is S 9.9006 ° W 


Example: A squirrel found 3 nuts. He buries 
the first one in the location where he found it. 
He then runs 14 ft in the direction N23°E and 
buries the second. He turns and runs 18 ft in 


the direction of N60°W and buries the last nut. 
a) How far is the third nut from the first nut? 
b) What is the bearing of the third nut FROM 
the first nut? c) What is the bearing of the first 
nut FROM the third nut? d) What is the 
bearing of the first nut FROM the second nut? 
e) What is the bearing from the third nut to 
the second nut? 


a) 24.1127 ft b) N 24.8107 ° W c)S 24.8107 ° 
E -d)S 23° W e)S 60°E 


a) A ship travels 60 mi due east adjusts his 
course 12 ° north then travels 80 mi in that 
direction. How far is the ship from its point of 
departure? 

b. A ship travels 60 mi due east adjusts his 
course N 12 ¢ E then travels 80 mi in that 
direction. How far is the ship from its point of 
departure? 

c. A ship travels 60 mi due east adjusts his 
course N 12 ¢ W then travels 80 mi in that 
direction. How far is the ship from its point of 
departure? 


a. 139.2488 mi. b. 109.5260 mi. c. 89.4653 


Using Heron’s Formula to Find the Area 
of a Triangle 


We already learned how to find the area of an 
oblique triangle when we know two sides and an 
angle. We also know the formula to find the area of 
a triangle using the base and the height. When we 
know the three sides, however, we can use Heron’s 
formula instead of finding the height. Heron of 
Alexandria was a geometer who lived during the 
first century A.D. He discovered a formula for 
finding the area of oblique triangles when three 
sides are known. 


Heron’s Formula 
Heron’s formula finds the area of oblique triangles 
in which sides a,b, and c are known. 


Area= s(s—a )(s—b )(s—c) 

where s= (a+b+c)2 is one half of the 
perimeter of the triangle, sometimes called the 
Semi-perimeter. 


Using Heron’s Formula to Find the Area of 
a Given Triangle 


Find the area of the triangle in [link] using 
Heron’s formula. 


First, we calculate s. 
s= (a+b+c) 2s= (10+15+7) 2 =16 


Then we apply the formula. 
Area= s(s—a)(s—b)(s—c) Area= 16(16-—10) 
(16-—15)(16—7) Area=29.4 


The area is approximately 29.4 square units. 


Use Heron’s formula to find the area of a 
triangle with sides of lengths a=29.7 
ft,b = 42.3 ft, and c=38.4 ft. 


Area = 552 square feet 


Applying Heron’s Formula to a Real-World 
Problem 


A Chicago city developer wants to construct a 
building consisting of artist’s lofts on a 
triangular lot bordered by Rush Street, Wabash 
Avenue, and Pearson Street. The frontage 
along Rush Street is approximately 62.4 
meters, along Wabash Avenue it is 
approximately 43.5 meters, and along Pearson 
Street it is approximately 34.1 meters. How 
many square meters are available to the 
developer? Below is a view of the city 


property. 


arson St 


“aa metets) 


Find the measurement for s, which is one-half 


of the perimeter. 
S= (62.4+43.54+34.1) 2s=70m 


Apply Heron’s formula. 
Area= 70(70 — 62.4)(70 — 43.5)(70 — 34.1) 
Area= 506,118.2 Area=711.4 


The developer has about 711.4 square meters. 


Find the area of a triangle given a=4.38 
ftp — 3.7 9ft, and, @— 5.22 ft, 


about 8.15 square feet 


Access these online resources for additional 
instruction and practice with the Law of Cosines. 


* Law of Cosines 
* Law of Cosines: Applications 
* Law of Cosines: Applications 2 


Key Equations 


Law of Cosines ar=]b2+ <2 
—2bccosab2=a2+c 


2 —2accosBc2 =a2 + 
hb 2 —dabees-y 


Heron’s formula Area= s(s—a)(s—b)(s 
—c) where s= (a+b+c) 
2 


Key Concepts 


* The Law of Cosines defines the relationship 
among angle measurements and lengths of 
sides in oblique triangles. 

* The Generalized Pythagorean Theorem is the 
Law of Cosines for two cases of oblique 
triangles: SAS and SSS. Dropping an imaginary 
perpendicular splits the oblique triangle into 
two right triangles or forms one right triangle, 
which allows sides to be related and 
measurements to be calculated. See [link] and 
[link]. 

* The Law of Cosines is useful for many types of 


applied problems. The first step in solving such 
problems is generally to draw a sketch of the 
problem presented. If the information given fits 
one of the three models (the three equations), 
then apply the Law of Cosines to find a 
solution. See [link] and [link]. 

* When solving a SSS case, it is best to find the 
largest angle first with using Law Of Cosines. 
When using Law of Sines to find the second 
angle in a triangle, it is best to find the smallest 
angle first. 

* Heron’s formula allows the calculation of area 
in oblique triangles. All three sides must be 
known to apply Heron’s formula. See [link] and 
See [link]. 


Section Exercises 


Verbal 


If you are looking for a missing side of a 
triangle, what do you need to know when using 
the Law of Cosines? 


two sides and the angle opposite the missing 
side. 


If you are looking for a missing angle of a 
triangle, what do you need to know when using 
the Law of Cosines? 


Explain what s represents in Heron’s formula. 


s is the semi-perimeter, which is half the 
perimeter of the triangle. 


Explain the relationship between the 
Pythagorean Theorem and the Law of Cosines. 


When must you use the Law of Cosines instead 
of the Pythagorean Theorem? 


The Law of Cosines must be used for any 
oblique (non-right) triangle. 


Algebraic 


For the following exercises, assume a is opposite 


side a,f is opposite side b, and y is opposite side 
c. If possible, solve each triangle. Round to 4 
decimal places. 


y=41.2°,a=2.49,b=3.13 


a=120°,b=6,c=7 


a= 11.2694, y= 32.5429 ° , B= 27.4571 ° 


6 =58.7°,a=10.6,c=15.7 


y=115°,a=18,b=23 


C= 34.6833, a= 18.0575 ° , B= 36.9425 ° 


a=119°,a=26,b=14 


y=113°,b=10,c=32 


B= 16.7178 ° ,a= 50.2822 ° ,a=26.7402 


B=67°,a=49,b =38 


a= 43.1°,a=184.2,b=242.8 


C= 257.3284, B= 64.2430 °, y= 72.6570 ° 


a= 36.6°,a= 186.2,b = 242.2 


B= 50° ,a=105,b=45 


not possible 


a=42,b=19,c=30; 


a=14, b=13, c=20; 


a= 40.3149 °, B= 44.1674 ° ,y= 95.5177 ° 


a=16,b=31,c=20; 


a=13,b=22,c=28; find angle A. 


a= 26.8686 °, B= 49.8920 ° ,y= 103.8920 ° 


a= 108, b=132,c=160; find angle C. 


For the following exercises, solve the triangle. 
Round to the nearest tenth. 


A=35"°",b=8,c=11 


B= 45.9°,C=99.1°,a=6.4 


B=88',a=4.4,c=5.2 


C=121°,a=21,b=37 


A= 20.6°,B = 38.4°,c=51.1 


a=13,b=11,c=15 


a=3.1,b=3:5,c=5 


A = 37.8°,B = 43.8,C = 98.3° 


a=51,b=25,c=29 


For the following exercises, use Heron’s formula to 
find the area of the triangle. Round to the nearest 
hundredth. 


Find the area of a triangle with sides of length 
18 in, 21 in, and 32 in. Round to the nearest 


tenth. 


177.56 in2 


Find the area of a triangle with sides of length 
20 cm, 26 cm, and 37 cm. Round to the nearest 
tenth. 


a= 12m,b=13mc=14m 


0.04 m2 


a=12.4 ft, b=13.7 ft, c=20.2 ft 


a=1.6 yd, b=2.6 yd, c=4.1 yd 


0.91 yd2 


Graphical 


For the following exercises, find the length of side x. 
Round to the nearest tenth. 


3.0 


6.5 


3.4 


15 


29.1 


0.5 


ale 


305 


225 


For the following exercises, find the measurement of 
angle A. 


125 


100 


70.7° 


6.8 8.2 
40.6 
38.7 
23.3 


77.4 


Find the measure of each angle in the triangle 
shown in [link]. Round to the nearest tenth. 


® 


For the following exercises, solve for the unknown 
side. Round to the nearest tenth. 


28 


25.0 


16 


20 


2.3 


88° 


For the following exercises, find the area of the 
triangle. Round to the nearest hundredth. 


43.52 


1.41 


8.9 16.2 


le 


alow 


0.14 


Extensions 


A parallelogram has sides of length 16 units and 
10 units. The shorter diagonal is 12 units. Find 
the measure of the longer diagonal. 


The sides of a parallelogram are 11 feet and 17 


feet. The longer diagonal is 22 feet. Find the 
length of the shorter diagonal. 


18.3 


The sides of a parallelogram are 28 centimeters 
and 40 centimeters. The measure of the larger 
angle is 100°. Find the length of the shorter 
diagonal. 


A regular octagon is inscribed in a circle with a 
radius of 8 inches. (See [link].) Find the 
perimeter of the octagon. 


48.98 


A regular pentagon is inscribed in a circle of 
radius 12 cm. (See [link].) Find the perimeter 
of the pentagon. Round to the nearest tenth of a 
centimeter. 


For the following exercises, suppose that x 2 

= 25+ 36-—60cos( 52 ) represents the relationship 
of three sides of a triangle and the cosine of an 
angle. 


Draw the triangle. 


[°>) 
io) 


Find the length of the third side. 


For the following exercises, find the area of the 
triangle. 


5.3 


702 


85.1 


Real-World Applications 


3.4 


18.8 


A surveyor has taken the measurements shown 
in [link]. Find the distance across the lake. 
Round answers to the nearest tenth. 


A satellite calculates the distances and angle 
shown in [link] (not to scale). Find the distance 
between the two cities. Round answers to the 
nearest tenth. 


24.0 km 


An airplane flies 220 miles with a heading of 
40°, and then flies 180 miles with a heading of 
170°. How far is the plane from its starting 
point, and at what heading? Round answers to 
the nearest tenth. 


A 113-foot tower is located on a hill that is 
inclined 34° to the horizontal, as shown in 
[link]. A guy-wire is to be attached to the top of 
the tower and anchored at a point 98 feet uphill 
from the base of the tower. Find the length of 
wire needed. 


113 ft 98 ft 


99.9 ft 


Two ships left a port at the same time. One ship 
traveled at a speed of 18 miles per hour at a 


heading of 320°. The other ship traveled at a 
speed of 22 miles per hour at a heading of 194”. 
Find the distance between the two ships after 
10 hours of travel. 


The graph in [link] represents two boats 
departing at the same time from the same dock. 
The first boat is traveling at 18 miles per hour 
at a heading of 123° and the second boat is 
traveling at 4 miles per hour at a heading of 
30°. Find the distance between the two boats 
after 2 hours. 


37.3 miles 


A triangular swimming pool measures 40 feet 


on one side and 65 feet on another side. These 
sides form an angle that measures 50°. How 
long is the third side (to the nearest tenth)? 


A pilot flies in a straight path for 1 hour 30 
min. She then makes a course correction, 
heading 10° to the right of her original course, 
and flies 2 hours in the new direction. If she 
maintains a constant speed of 680 miles per 
hour, how far is she from her starting position? 


2371 miles 


Los Angeles is 1,744 miles from Chicago, 
Chicago is 714 miles from New York, and New 
York is 2,451 miles from Los Angeles. Draw a 
triangle connecting these three cities, and find 
the angles in the triangle. 


Philadelphia is 140 miles from Washington, 
D.C., Washington, D.C. is 442 miles from 
Boston, and Boston is 315 miles from 
Philadelphia. Draw a triangle connecting these 
three cities and find the angles in the triangle. 


9:17 20.7° 


Two planes leave the same airport at the same 
time. One flies at 20° east of north at 500 miles 
per hour. The second flies at 30° east of south at 
600 miles per hour. How far apart are the 
planes after 2 hours? 


Two airplanes take off in different directions. 
One travels 300 mph due west and the other 
travels 25° north of west at 420 mph. After 90 
minutes, how far apart are they, assuming they 
are flying at the same altitude? 


599.8 miles 


A parallelogram has sides of length 15.4 units 
and 9.8 units. Its area is 72.9 square units. Find 
the measure of the longer diagonal. 


The four sequential sides of a quadrilateral have 
lengths 4.5 cm, 7.9 cm, 9.4 cm, and 12.9 cm. 
The angle between the two smallest sides is 
117°. What is the area of this quadrilateral? 


65.4 cm2 


The four sequential sides of a quadrilateral have 
lengths 5.7 cm, 7.2 cm, 9.4 cm, and 12.8 cm. 
The angle between the two smallest sides is 
106°. What is the area of this quadrilateral? 


Find the area of a triangular piece of land that 
measures 30 feet on one side and 42 feet on 
another; the included angle measures 132”. 
Round to the nearest whole square foot. 


468 ft2 


Find the area of a triangular piece of land that 
measures 110 feet on one side and 250 feet on 
another; the included angle measures 85’. 
Round to the nearest whole square foot. 


Glossary 


Law of Cosines 
states that the square of any side of a triangle 
is equal to the sum of the squares of the other 
two sides minus twice the product of the 
other two sides and the cosine of the included 
angle 


Generalized Pythagorean Theorem 
an extension of the Law of Cosines; relates the 
sides of an oblique triangle and is used for 
SAS and SSS triangles 


Polar Form of Complex Numbers 
In this section, you will: 


* Plot complex numbers in the complex plane. 

* Find the absolute value of a complex number. 

* Write complex numbers in polar form. 

* Convert a complex number from polar to 
rectangular form. 

¢ Find products of complex numbers in polar 
form. 

¢ Find quotients of complex numbers in polar 
form. 

* Find powers of complex numbers in polar form. 

¢ Find roots of complex numbers in polar form. 


“God made the integers; all else is the work of 
man.” This rather famous quote by nineteenth- 
century German mathematician Leopold Kronecker 
sets the stage for this section on the polar form of a 
complex number. Complex numbers were invented 
by people and represent over a thousand years of 
continuous investigation and struggle by 
mathematicians such as Pythagoras, Descartes, De 
Moivre, Euler, Gauss, and others. Complex numbers 
answered questions that for centuries had puzzled 
the greatest minds in science. 


We first encountered complex numbers in Complex 
Numbers. In this section, we will focus on the 
mechanics of working with complex numbers: 


translation of complex numbers from polar form to 
rectangular form and vice versa, interpretation of 
complex numbers in the scheme of applications, and 
application of De Moivre’s Theorem. 


Plotting Complex Numbers in the 
Complex Plane 


Plotting a complex number a+ bi is similar to 
plotting a real number, except that the horizontal 
axis represents the real part of the number, a, and 
the vertical axis represents the imaginary part of the 
number, bi. 


Given a complex number a+ bi, plot it in the 
complex plane. 


1. Label the horizontal axis as the real axis and 
the vertical axis as the imaginary axis. 

2. Plot the point in the complex plane by moving 
a units in the horizontal direction and b units 
in the vertical direction. 


Plotting a Complex Number in the Complex 
Plane 


Plot the complex number 2 — 3i in the complex 
plane. 


From the origin, move two units in the 
positive horizontal direction and three units in 
the negative vertical direction. See [link]. 


Imaginary 


Plot the point 1 +5i in the complex plane. 


Imaginary 
4 
F-1- 


Finding the Absolute Value of a Complex 
Number 


The first step toward working with a complex 
number in polar form is to find the absolute value. 
The absolute value of a complex number is the same 
as its magnitude, or | z |. It measures the distance 
from the origin to a point in the plane. For example, 
the graph of z=2+ 4i, in [link], shows | z |. 


Imaginary 


Absolute Value of a Complex Number 

Given z=x+yi, a complex number, the absolute 
value of z is defined as 

|zj=x2+y2 

It is the distance from the origin to the point ( x,y 
I 
Notice that the absolute value of a real number 
gives the distance of the number from 0, while the 
absolute value of a complex number gives the 
distance of the number from the origin, (0,0 ). 


Finding the Absolute Value of a Complex 


Number with a Radical 


Find the absolute value of z= 5 —i. 


Using the formula, we have 
lzj=x2+y2|z|/=(5)2+(-1)2|2| 
= 5+1|/z|=6 


See [link]. 


Imaginary 
A 


Find the absolute value of the complex number 
z=12-—5i. 


Finding the Absolute Value of a Complex 
Number 


Given z=3 —4i, find | z |. 

Using the formula, we have 
|zj=x2+y2|z|/=(3)2+(-4)2|2| 
= 94+16|z|= 25|z|=5 

The absolute value z is 5. See [link]. 


Imaginary 


Given z= 1 —7i, find | z |. 


Writing Complex Numbers in Polar Form 


The polar form of a complex number expresses a 
number in terms of an angle 6 and its distance from 
the origin r. Given a complex number in rectangular 
form expressed as z=x+ yi, we use the same 
conversion formulas as we do to write the number 
in trigonometric form: 

x=reos0 y=rsindr= x2+ y2 


We review these relationships in [link]. 
Imaginary 


X+yi 


We use the term modulus to represent the absolute 
value of a complex number, or the distance from the 
origin to the point ( x,y ). The modulus, then, is the 
same as r, the radius in polar form. We use 0 to 
indicate the angle of direction (just as with polar 


coordinates). Substituting, we have 
Z=x+yiz=rcos0+(rsin@ )i z=r( cos6 + isiné ) 


Polar Form of a Complex Number 
Writing a complex number in polar form involves 
the following conversion formulas: 

=rcos0 y=rsind r= x2 + y2 
Making a direct substitution, we have 
Z=x+yiz=(rcosO )+i(rsin@ ) z=r( cos@+ isiné ) 
Where r is the modulus and 0 is the argument. We 
often use the abbreviation rcisO to represent r( cosO 
+isiné ). 


Expressing a Complex Number Using Polar 
Coordinates 


Express the complex number 4i using polar 
coordinates. 


On the complex plane, the number z= 4i is the 
same as z=0+ 4i. Writing it in polar form, we 
have to calculate r first. 

r= x2+y2r=02+42r= 16r=4 


Next, we look at x. If x=rcos60, and x=0, then 
8= m2. In polar coordinates, the complex 


number z=0+ 4i can be written as z= 4( cos( 
mw 2 )+isin( 1 2 ) ) or 4cis( a 2 ). See [link]. 


Imaginary 


re Nh 


2 4.0 4 


Express z= 3i as rcisO in polar form. 


Z—3( cos( x 2 ) + isin( 1 2 )) 


Finding the Polar Form of a Complex 
Number 


Find the polar form of —4+ 4i. 


First, find the value of r. 


r= x2+y2r=(-4)2+(42)r= 32 
r=42 


Find the angle 6 using the formula: 
cos8= x rcosO= —442cos0=— 1 2 0= cos 
—-1(-—12)= 304 


Thus, the solution is 4 2 cis( 32 4 ). 


Write z= 3 +i in polar form. 


Z=2( cos( 1 6 )+isin( a 6 ) ) 


Converting a Complex Number from 
Polar to Rectangular Form 


Converting a complex number from polar form to 
rectangular form is a matter of evaluating what is 
given and using the distributive property. In other 
words, given z=r( cos@ + isiné ), first evaluate the 
trigonometric functions cos@ and sin@. Then, 


multiply through by r. 


Converting from Polar to Rectangular Form 


Convert the polar form of the given complex 
number to rectangular form: 
Z=12( cos( 1 6 )+isin( 1 6 ) ) 


We begin by evaluating the trigonometric 
expressions. 
cos( 16 )= 3 2 andsin( m6 )= 1 2 


After substitution, the complex number is 
z=12(32+12i) 


We apply the distributive property: 
Z—=I2(3 2-4 2) = (12 32 E12) 2 
i =63 +6i 


The rectangular form of the given point in 
complex form is 6 3 + 6i. 


Finding the Rectangular Form of a Complex 
Number 


Find the rectangular form of the complex 
number given r=13 and tanO= 512. 


If tand= 512, and tanO= y x, we first 
determine r= x2 + y2=122+ 52 =13. 
We then find cos@= x rand sinO= yr. 
z=13(cos8+isind) =13(12 13 + 5131) 
=12+5i 


The rectangular form of the given number in 
complex form is 12+ 5i. 


Convert the complex number to rectangular 
form: 
z=4( cos 1176 +isin 117 6 ) 


Finding Products of Complex Numbers in 
Polar Form 


Now that we can convert complex numbers to polar 
form we will learn how to perform operations on 
complex numbers in polar form. For the rest of this 
section, we will work with formulas developed by 
French mathematician Abraham De Moivre 
(1667-1754). These formulas have made working 
with products, quotients, powers, and roots of 
complex numbers much simpler than they appear. 
The rules are based on multiplying the moduli and 
adding the arguments. 


Products of Complex Numbers in Polar Form 

Ifz1 =ri1(cos@1 +isin@1)andz2 =r 2 (cos 
6 2 +isin 6 2 ), then the product of these numbers 
is given as: 


z1z2=ri1ir2[cos(01+ 602 )+isin(01+ 0 
2 ykeeieo =7 1 rZaslol + 82) 

Notice that the product calls for multiplying the 
moduli and adding the angles. 


Finding the Product of Two Complex 
Numbers in Polar Form 


Find the product of z 1 z2, givenz 1 
= 4(cos(80°) + isin(80°)) and z 2 
= 2(cos(145°) + isin(145°)). 


Follow the formula 
z1z2 =4-2[cos(80° + 145°) + isin(80° + 145°) ] 
z1z2 =8[cos(225°) +isin(225°)] z1z2 =8[ 


cos( 5 4 )+isin(5”74)]z1z2 =8[ —22 
+i( —-22)]z1z2=-42 -4i2 


Finding Quotients of Complex Numbers 
in Polar Form 


The quotient of two complex numbers in polar form 
is the quotient of the two moduli and the difference 
of the two arguments. 


Quotients of Complex Numbers in Polar Form 
Ifz1 =ri1(cos@1 +isin@6 1) andz2 =r 2 (cos 
0 2 +isin 6 2 ), then the quotient of these numbers 
is 


z1z2=ri1ir2[cos(0l1 — 62 )+isin( 81 — 0 
2 ero OT ee De — tol bee CIS 9 Oa) 7a 
#0 


Notice that the moduli are divided, and the angles 
are subtracted. 


Given two complex numbers in polar form, find 
the quotient. 


1 Divider sh 2s 
DIS Tnsval teh Tel Pe 
3. Substitute the results into the formula: z=r( 
cos0+ isin® ). Replace r with r 1 r 2, and 
replace 8 withO1 — 62. 
. Calculate the new trigonometric expressions 
and multiply through by r. 


Finding the Quotient of Two Complex 
Numbers 


Find the quotient of z 1 
= 2(cos(213°) + isin(213°)) and z 2 
= 4(cos(33°) + isin(33°)). 


Using the formula, we have 

Z12z2 = 24 [cos(213° — 33°) + isin(213° 

— 33°)] z1z2 = 1 2 [cos(180") +isin(180°)] z 
1z2=12[-1+4+0i]z1z2=-—12+0izl 
z2=-12 


Find the product and the quotient of z 1 =2 3 
(cos(150°) +isin(150°)) and z 2 


= 2(cos(30°) + isin(30°)). 


TN Dp Seo De oe 


Finding Powers of Complex Numbers in 
Polar Form 


Finding powers of complex numbers is greatly 
simplified using De Moivre’s Theorem. It states 
that, for a positive integer n, z n is found by raising 
the modulus to the nth power and multiplying the 
argument by n. It is the standard method used in 
modern mathematics. 


De Moivre’s Theorem 
If z=r( cos6+isinO ) is a complex number, then 


zn =rn{[cos(n0)+isin( nd )]zn = rncis( nd 
) 


Where n is a positive integer. 


Evaluating an Expression Using De Moivre’s 
Theorem 


Evaluate the expression (1+i ) 5 using De 
Moivre’s Theorem. 


Since De Moivre’s Theorem applies to complex 
numbers written in polar form, we must first 
write (1+i ) in polar form. Let us find r. 

r= x2+y2r=(1)2+(1)2r=2 


Then we find 0. Using the formula tand= y x 
gives 
tand= 11 tand=10= 74 


Use De Moivre’s Theorem to evaluate the 
expression. 

(a+bi) n = rn [cos(n@)+isin(n8)] (1+i) 5 = 
(2)5[cos( 5:1 4)+isin(5:>-14)]Q+i)5 
=4 2 [cos( 5a 4 )+isin( 50 4)](1+i)5 =4 
2[-—-22+i( -22)]Q+i)5 =-4-4i 


Finding Roots of Complex Numbers in 
Polar Form 


To find the nth root of a complex number in polar 
form, we use the nth Root Theorem or De Moivre’s 
Theorem and raise the complex number to a power 
with a rational exponent. There are several ways to 
represent a formula for finding nth roots of complex 
numbers in polar form. 


The nth Root Theorem 

To find the nth root of a complex number in polar 
form, use the formula given as 
zin=rin{[cos(@n + 2kan)+isin( On + 
2k n ) | 

where k=0,1,2,3,...n—1. We add 2k n to 0n in 
order to obtain the periodic roots. 


Finding the nth Root of a Complex Number 


Evaluate the cube roots of z= 8( cos( 21 3 
)+isin( 27 3 ) ). 


We have 

z13 = 813 [cos( 2733 + 2kr 3 )+isin( 
27133 + 2kx13)]z13 =2[ cos( 209 + 2ka 
3 )+isin( 279 + 2k 3 ) ] 


There will be three roots: k=0,1,2. When 


k=0, we have 
z13 =2( cos( 2m 9 )+isin( 27 9 ) ) 


When k=1, we have 

z13 =2[ cos( 279 + 679 )+isin( 20 9 + 
619)] Add 2(1)x 3 to each angle. z13 
= 2( cos( 82 9 )+isin( 82 9 ) ) 


When k= 2, we have 

z13 =2[ cos( 2m 9 + 1279 )+isin( 27 9 + 
12% 9)] Add 2(2)x 3 to each angle. z1 3 
= 2( cos( 14 9 )+isin( 1421 9 ) ) 


Remember to find the common denominator to 
simplify fractions in situations like this one. 
For k=1, the angle simplification is 

2433 + 2011)u 3 = 273(13)+4+ 201)03(3 
3) =2n9+ 629 = 819 


Find the four fourth roots of 
16(cos(120°) + isin(120°)). 


z 0 =2(cos(30°) + isin(30°)) 


Z1 =2(cos(120°) + isin(120°)) 


zZ 2 =2(cos(210°) +isin(210°)) 


z 3 =2(cos(300°) + isin(300°)) 


Access these online resources for additional 
instruction and practice with polar forms of 
complex numbers. 


¢ The Product and Quotient of Complex 
Numbers in Trigonometric Form 
¢ De Moivre’s Theorem 


Key Concepts 


* Complex numbers in the form a+bi are plotted 
in the complex plane similar to the way 
rectangular coordinates are plotted in the 
rectangular plane. Label the x-axis as the real 
axis and the y-axis as the imaginary axis. See 
[link]. 

* The absolute value of a complex number is the 
same as its magnitude. It is the distance from 
the origin to the point: | z |= a2 + b2. See 
[link] and [link]. 

* To write complex numbers in polar form, we 
use the formulas x= rcos0,y=rsinO, and r= x 2 


+ y 2. Then, z=r( cos0+isinO ). See [link] 
and [link]. 

¢ To convert from polar form to rectangular 
form, first evaluate the trigonometric functions. 
Then, multiply through by r. See [link] and 
[link]. 

* To find the product of two complex numbers, 
multiply the two moduli and add the two 
angles. Evaluate the trigonometric functions, 
and multiply using the distributive property. 
See [link]. 

* To find the quotient of two complex numbers 
in polar form, find the quotient of the two 
moduli and the difference of the two angles. 
See [link]. 

* To find the power of a complex number zn, 
raise r to the power n, and multiply 0 by n. See 
[link]. 

¢ Finding the roots of a complex number is the 
same as raising a complex number to a power, 
but using a rational exponent. See [link]. 


Section Exercises 


Verbal 


A complex number is a+ bi. Explain each part. 


a is the real part, b is the imaginary part, and 
i= -1 


What does the absolute value of a complex 
number represent? 


How is a complex number converted to polar 
form? 


Polar form converts the real and imaginary part 
of the complex number in polar form using 
x =rcos0 and y=rsin0. 


How do we find the product of two complex 
numbers? 


What is De Moivre’s Theorem and what is it 
used for? 


zn = rn(cos(né )+isin( n@ ) ) It is used to 
simplify polar form when a number has been 
raised to a power. 


Algebraic 


For the following exercises, find the absolute value 
of the given complex number. 


5 +31 


at ae a 


OZ 


=3= 51 


38 


2i 


pA AS ad 


14.45 


For the following exercises, write the complex 
number in polar form. 


45 cis( 333.4° ) 


—-12-12i 
3:1 
2cis( 1 6 ) 

3i 


For the following exercises, convert the complex 
number from polar to rectangular form. 


z=7cis( 1 6 ) 


Poa F172 


z= 2cis( 13 ) 


z= A4Acis( 7 6 ) 


wer AP the 


7=7Cis( 25.) 


Z= 3cis( 240° ) 


=O 3 3:2 


Z= 2 cis( 100° ) 


For the following exercises, find z 1 z 2 in polar 
form. 


ZL e=23-csC 116" 22 =2eisl $2.) 


4 3 cis( 198° ) 


Z1 = 2cis( 205° );z 2 =2 2 cis( 118° ) 


z1 =3cis( 120° );z 2 = 1 4 cis( 60° ) 


3 4 cis( 180° ) 


Zz1 =3cis( 14); z2 =5cis( 16) 


ZA = > cis(. bn 89272 = 15-cisC a t2 


5 3 cis( 172 24 ) 


Z1 =4cis( am 2); z2 =2cis( m4) 


For the following exercises, find z 1 z 2 in polar 
form. 


zZ1 =21cis( 135° ); z2 =3cis( 65° ) 


7cis( 70° ) 


Z1 = 2cis( 90° );z 2 =2cis( 60° ) 


z1 =15cis( 120° ); z 2 =3cis( 40° ) 


5cis( 80° ) 


Z1 =6cis( 13); z2 =2cis( m4) 


Z1=52 cis( a); z2 = 2 cis( 20 3) 


5cis( 1 3 ) 


Z1 =2cis( 305 );z 2 =3cis( 1 4 ) 


For the following exercises, find the powers of each 
complex number in polar form. 


Find z 3 when z=5cis( 45° ). 


125cis( 135° ) 


Find z 4 when z= 2cis( 70° ). 


Find z 2 when z= 3cis( 120° ). 


Ocis( 240° ) 


Find z 2 when z= 4cis( x 4 ). 


Find z 4 when z=cis( 3a 16 ). 


cis( 30 4 ) 


Find z 3 when z= 3cis( 5x 3 ). 
For the following exercises, evaluate each root. 


Evaluate the cube root of z when z=27cis( 240° 


}. 


3cis( 80° ),3cis( 200° ),3cis( 320° ) 


Evaluate the square root of z when z= 16cis( 
100° ). 


Evaluate the cube root of z when z=32cis( 2x 3 


). 


243 cis( 21 9 ),2 4 3 cis( 82 9 ),2 4 3 cis( 1420 
9) 


Evaluate the square root of z when z= 32cis( 1 


% 


Evaluate the cube root of z when z= 8cis( 7x 4 


). 


2 2 cis( 7x 8 ),2 2 cis( 15a 8 ) 


Graphical 


For the following exercises, plot the complex 
number in the complex plane. 


2+ 4i 


=3—31 


<a SR a Ra SARE GT | |G) A NR CARN! ES ia? 
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Imaginary 


Real 


Imaginary 


<0} 4+ 4 4 4 Ht H+ + Real 
“6 -§ -4 -3 -2 Sy 123 4 5 6 


S21 


2i 


Imaginary 


<4 4 4 4 Ht t+ + Real 
“6 -§ -4 -3 -2 Sy 123 4 5 6 


6=21 


Imaginary 
6 
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[missing resource: 
CNX_Precalc_Figure_08_05_210.jpg] 
Technology 


For the following exercises, find all answers rounded 
to the nearest hundredth. 


Use the rectangular to polar feature on the 
graphing calculator to change 5+ 5i to polar 


form. 


Use the rectangular to polar feature on the 
graphing calculator to change 3 — 2i to polar 
form. 


3:61 6€'—0.591 


Use the rectangular to polar feature on the 
graphing calculator to change — 3 —8i to polar 
form. 


Use the polar to rectangular feature on the 
graphing calculator to change 4cis( 120° ) to 
rectangular form. 


—2+3.46i 


Use the polar to rectangular feature on the 
graphing calculator to change 2cis( 45° ) to 
rectangular form. 


Use the polar to rectangular feature on the 
graphing calculator to change 5cis( 210° ) to 
rectangular form. 


— 4.33 — 2.501 


Glossary 


argument 
the angle associated with a complex number; 
the angle between the line from the origin to 
the point and the positive real axis 


De Moivre’s Theorem 
formula used to find the nth power or nth 
roots of a complex number; states that, for a 
positive integer n, zn is found by raising the 
modulus to the nth power and multiplying the 
angles by n 


modulus 
the absolute value of a complex number, or 
the distance from the origin to the point ( x,y 
); also called the amplitude 


polar form of a complex number 
a complex number expressed in terms of an 
angle 6 and its distance from the origin r; can 
be found by using conversion formulas 
x =rcos0,y=rsinO, andr= x2+y2 


Vectors 


In this section you will: 


View vectors geometrically. 

Find magnitude and direction. 

Perform vector addition and scalar 
multiplication. 

Find the component form of a vector. 

Find the unit vector in the direction of v. 
Perform operations with vectors in terms of i 
and j. 

Find the dot product of two vectors. 


An airplane is flying at an airspeed of 200 miles per 
hour headed on a SE bearing of 140°. A north wind 
(from north to south) is blowing at 16.2 miles per 
hour, as shown in [link]. What are the ground speed 
and actual bearing of the plane? 


140° 


Ground speed refers to the speed of a plane relative 
to the ground. Airspeed refers to the speed a plane 
can travel relative to its surrounding air mass. These 
two quantities are not the same because of the effect 
of wind. In an earlier section, we used triangles to 
solve a similar problem involving the movement of 
boats. Later in this section, we will find the 
airplane’s groundspeed and bearing, while 
investigating another approach to problems of this 
type. First, however, let’s examine the basics of 
vectors. 


A Geometric View of Vectors 


A vector is a specific quantity drawn as a line 
segment with an arrowhead at one end. It has an 
initial point, where it begins, and a terminal 
point, where it ends. A vector is defined by its 
magnitude, or the length of the line, and its 
direction, indicated by an arrowhead at the terminal 
point. Thus, a vector is a directed line segment. 
There are various symbols that distinguish vectors 
from other quantities: 


* Lower case, boldfaced type, with or without an 
arrow on top such as v, uU Ww, Vv >, u>, Ww > 


Given initial point P and terminal point Q, a 
vector can be represented as PQ — . The 
arrowhead on top is what indicates that it is 
not just a line, but a directed line segment. 
Given an initial point of ( 0,0 ) and terminal 
point (a,b ), a vector may be represented as < 
a,b >. 


This last symbol < a,b > has special significance. It is 
called the standard position. The position vector 
has an initial point ( 0,0 ) and a terminal point ( a,b 
). To change any vector into the position vector, we 
think about the change in the x-coordinates and the 
change in the y-coordinates. Thus, if the initial point 
of a vector CD — is C(x 1, y 1 ) and the terminal 
point is D(x 2, y 2 ), then the position vector is 


found by calculating 
AB> =<x2-—-x1,y2-—yl1>=<a,b> 


In [link], we see the original vector CD — and the 
position vector AB >. 


y 
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(Xo, V2) 
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Properties of Vectors 

A vector is a directed line segment with an initial 
point and a terminal point. Vectors are identified 
by magnitude, or the length of the line, and 
direction, represented by the arrowhead pointing 
toward the terminal point. The position vector has 
an initial point at ( 0,0 ) and is identified by its 
terminal point (a,b ). 


Find the Position Vector 


Consider the vector whose initial point is P( 
2,3 ) and terminal point is Q( 6,4 ). Find the 
position vector. 


The position vector is found by subtracting one 
x-coordinate from the other x-coordinate, and 
one y-coordinate from the other y-coordinate. 
Thus 

v=< 6—-2,4—-3)> =<4,1> 


The position vector begins at ( 0,0 ) and 
terminates at ( 4,1 ). The graphs of both 
vectors are shown in [link]. 
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We see that the position vector is < 4,1 >. 


Drawing a Vector with the Given Criteria 


and Its Equivalent Position Vector 


Find the position vector given that vector v 
has an initial point at ( — 3,2 ) and a terminal 
point at (4,5 ), then graph both vectors in the 
same plane. 


The position vector is found using the 
following calculation: 
a ee ee <7 


Thus, the position vector begins at ( 0,0 ) and 
terminates at ( 7,3 ). See [link]. 


Draw a vector v that connects from the origin 
to the point (3,5). 


Finding Magnitude and Direction 


To work with a vector, we need to be able to find its 
magnitude and its direction. We find its magnitude 
using the Pythagorean Theorem or the distance 
formula, and we find its direction using the inverse 
tangent function. 


Magnitude and Direction of a Vector 
Given a position vector v =< a,b >, the magnitude 
is found by |v |= a2 + b2. The direction is 


equal to the angle formed with the x-axis, or with 
the y-axis, depending on the application. For a 
position vector, the direction is found by tand=(b 
a )=0= tan —1 (ba), as illustrated in [link]. 


Two vectors v and u are considered equal if they 
have the same magnitude and the same direction. 

dditionally, if both vectors have the same position 
vector, they are equal. 


Finding the Magnitude and Direction of a 
Vector 


Find the magnitude and direction of the vector 
with initial point P( — 8,1 ) and terminal point 
Q( —2,-—5 ). Draw the vector. 


First, find the position vector. 
WSK Se Sly =< bo 


We use the Pythagorean Theorem to find the 
magnitude. 
|u| = (6) 2 + (—6) 2 = 72 =62 


The direction is given as 
tand= —66 =—1>0= tan —1(-1) =-45° 


However, the angle terminates in the fourth 
quadrant, so we add 360° to obtain a positive 
angle. Thus, — 45° + 360°= 315". See [link]. 


Showing That Two Vectors Are Equal 


Show that vector v with initial point at (5,—3 
) and terminal point at ( —1,2 ) is equal to 
vector u with initial point at ( —1,—3 ) and 
terminal point at ( — 7,2 ). Draw the position 
vector on the same grid as v and u. Next, find 


the magnitude and direction of each vector. 


As shown in [link], draw the vector v starting 
at initial (5,—3 ) and terminal point ( —1,2 ). 
Draw the vector u with initial point ( —1,—3 ) 
and terminal point ( —7,2 ). Find the standard 
position for each. 


Next, find and sketch the position vector for v 
and u. We have 

v=<-1-5,2-(-3)> =<-6,5> 
eo 


Since the position vectors are the same, v and 
u are the same. 


An alternative way to check for vector equality 
is to show that the magnitude and direction 
are the same for both vectors. To show that 
the magnitudes are equal, use the Pythagorean 
Theorem. 

lv|= (—1-—5) 2 + (2—(-—3)) 2 = (-6)2 + 
(5) 2 = 36+25 = 61 |ul/= (-—7-(-1)) 2 + 
(2-—(-—3)) 2 = (-6) 2 + (5) 2 = 36425 = 
61 


As the magnitudes are equal, we now need to 
verify the direction. Using the tangent function 
with the position vector gives 

tanOd= — 56 >0= tan -—1(—- 56) =—39.8° 


However, we can see that the position vector 
terminates in the second quadrant, so we add 
180°. Thus, the direction is —39.8° 

+ 180°=140.2°. 


Position vector 


Performing Vector Addition and Scalar 
Multiplication 


Now that we understand the properties of vectors, 
we can perform operations involving them. While it 
is convenient to think of the vector u =< x,y > as an 
arrow or directed line segment from the origin to 
the point (x,y), vectors can be situated anywhere in 


the plane. The sum of two vectors u and vy, or 
vector addition, produces a third vector u+ v, the 
resultant vector. 


To find u + v, we first draw the vector u, and from 
the terminal end of u, we drawn the vector v. In 
other words, we have the initial point of v meet the 
terminal end of u. This position corresponds to the 
notion that we move along the first vector and then, 
from its terminal point, we move along the second 
vector. The sum u + v is the resultant vector 
because it results from addition or subtraction of 
two vectors. The resultant vector travels directly 
from the beginning of u to the end of v in a straight 
path, as shown in [link]. 


are -" 


Vector subtraction is similar to vector addition. To 
find u — vy, view it as u + (—v). Adding —v is 
reversing direction of v and adding it to the end of 
u. The new vector begins at the start of u and stops 
at the end point of —v. See [link] for a visual that 
compares vector addition and vector subtraction 
using parallelograms. 


Adding and Subtracting Vectors 


Given u =< 3,-—2> and v =< —1,4), find 
two new vectors u + v, and u — vy. 


To find the sum of two vectors, we add the 
components. Thus, 

ut+v=< 3,-2>+< -1,4> =< 3+(-1), 
—2+4> =< 2,2> 


See [link](a). 


To find the difference of two vectors, add the 
negative components of v to u. Thus, 
(Cae = =< S44) ae IS SL, 
a) <4 6 


See [link](b). 
(a) Sum of two vectors (b) Difference of two 
vectors 


Multiplying By a Scalar 


While adding and subtracting vectors gives us a new 
vector with a different magnitude and direction, the 
process of multiplying a vector by a scalar, a 
constant, changes only the magnitude of the vector 
or the length of the line. Scalar multiplication has 
no effect on the direction unless the scalar is 
negative, in which case the direction of the resulting 
vector is opposite the direction of the original 
vector. 


Scalar Multiplication 

Scalar multiplication involves the product of a 
vector and a scalar. Each component of the vector 
is multiplied by the scalar. Thus, to multiply v =< 
a,b > by k , we have 

kv =< ka,kb > 


Only the magnitude changes, unless k is negative, 
and then the vector reverses direction. 


Performing Scalar Multiplication 


Given vector v =< 3,1 >, find 3v, 1 2 v, and 
—YV. 


See [link] for a geometric interpretation. If v 
—< 3,1, then 

BVv=<o 30) 9s) b2y—<t2- 3) 2) 
<3 2, 62) Ns = 


3v 


Notice that the vector 3v is three times the length 
of v, 1 2 v is half the length of v, and -yv is the 
same length of v, but in the opposite direction. 


Find the scalar multiple 3 u given u =< 5,4 >. 


3u=< 15,12 > 


Using Vector Addition and Scalar 
Multiplication to Find a New Vector 


Given u =< 3,-—2> and v =< —1,4), finda 
new vector w = 3u + 2y. 


First, we must multiply each vector by the 
scalar. 

3u=3< 3,-2> =< 9,-6 > 2v=2< -1,4) =< 
—2;8> 


Then, add the two together. 
w=3ut+2v =< 9,-6>+< —2,8> =< 9-2, 
—6+8)> =<7,2> 


So, W =< 7,2 >. 


Finding Component Form 


In some applications involving vectors, it is helpful 
for us to be able to break a vector down into its 
components. Vectors are comprised of two 
components: the horizontal component is the x 
direction, and the vertical component is the y 
direction. For example, we can see in the graph in 
[link] that the position vector < 2,3 > comes from 
adding the vectors v1 and v2. We have vi with initial 
point (0,0 ) and terminal point ( 2,0 ). 

vl =< 2-0,0—-0> =< 2,0> 


We also have v2 with initial point ( 0,0 ) and 
terminal point ( 0,3 ). 
v2 =< 0—-0,3-0> =< 0,3> 


Therefore, the position vector is 
v=<2+0,3+0> =< 2,3> 


Using the Pythagorean Theorem, the magnitude of 
v1 is 2, and the magnitude of v2 is 3. To find the 
magnitude of v, use the formula with the position 
vector. 
lvi=|vil|24+]/v2/2=22+32=13 


The magnitude of v is 13 . To find the direction, we 
use the tangent function tand= yx. 
tand= v2v1 tanOd= 32 06= tan —1(32)=56.3° 


Thus, the magnitude of v is 13 and the direction is 
56.3 ° off the horizontal. 


Finding the Components of the Vector 


Find the components of the vector v with 
initial point ( 3,2 ) and terminal point ( 7,4 ). 


First find the standard position. 
Vax 7 = 342) =< 42> 


See the illustration in [link]. 


The horizontal component is v 1 =< 4,0 > and 
the vertical component is v 2 =< 0,2 >. 


Finding the Unit Vector in the Direction 
of v 


In addition to finding a vector’s components, it is 
also useful in solving problems to find a vector in 
the same direction as the given vector, but of 
magnitude 1. We call a vector with a magnitude of 1 
a unit vector. We can then preserve the direction of 
the original vector while simplifying calculations. 


Unit vectors are defined in terms of components. 
The horizontal unit vector is written as i =< 1,0> 
and is directed along the positive horizontal axis. 
The vertical unit vector is written as j =< 0,1 > and 
is directed along the positive vertical axis. See 


[link]. 


The Unit Vectors 
If v is a nonzero vector, then v | v | is a unit vector 


in the direction of v. Any vector divided by its 
magnitude is a unit vector. Notice that magnitude 
is always a scalar, and dividing by a scalar is the 
Same as multiplying by the reciprocal of the scalar. 


Finding the Unit Vector in the Direction of 
v 


Find a unit vector in the same direction as v 
=< —5,12>. 


First, we will find the magnitude. 
|v] = (—5) 2 + (12) 2 = 254144 = 169 


=13 


Then we divide each component by | v |, 
which gives a unit vector in the same direction 
as V: 

v|v| =—513i+ 1213j 


or, in component form 
v|v| =< -—513,1213> 


See [link]. 


(—5, 12) 


+_+—_ 7 +++ ; 
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Verify that the magnitude of the unit vector 


equals 1. The magnitude of — 513i+ 12 13j 


is given as 
(= 5 139 25 4-( 12:13) 25= 25-169 +144 
169 = 169 169 =1 


The vector u = 5131 + 12137 is the unit 
vector in the same direction as v =< —5,12 >. 


Performing Operations with Vectors in 
Terms of i and j 


So far, we have investigated the basics of vectors: 
magnitude and direction, vector addition and 
subtraction, scalar multiplication, the components of 
vectors, and the representation of vectors 
geometrically. Now that we are familiar with the 
general strategies used in working with vectors, we 
will represent vectors in rectangular coordinates in 
terms of i and j. 


ectors in the Rectangular Plane 
Given a vector v with initial point P=(x1,y1) 
and terminal point Q=( x 2, y 2), vis written as 
= (x2 — xh ity 2o— yy 


The position vector from ( 0,0 ) to (a,b ), where ( x 
2—x1)=aand(y2 — y1)=b, is written as v 
= ai + bj. This vector sum is called a linear 
combination of the vectors i and j. 

The magnitude of v = ai + bj is givenas|v|=a 
2+ b2. See [link]. 


Writing a Vector in Terms of i and j 


Given a vector v with initial point P=( 2,—6 ) 
and terminal point Q=( —6,6 ), write the 
vector in terms of i and j. 


Begin by writing the general form of the 
vector. Then replace the coordinates with the 
given values. 

v=(x2 —x1)i+(y2 -— y1)j =(-6-2)i 
+ (6—(—6))j = —8i1+ 12) 


Writing a Vector in Terms of i and j Using 
Initial and Terminal Points 


Given initial point P 1 =( —1,3 ) and terminal 
point P 2 =( 2,7 ), write the vector v in terms 
of i and j. 


Begin by writing the general form of the 
vector. Then replace the coordinates with the 
given values. 

V— Ox 2 xe ry 2 yy 
v=(2-(-1))i+(7/—-3)j =3i+4j 


Write the vector u with initial point P=( —1,6 
) and terminal point Q=(7,—5 ) in terms of i 
and j. 


Performing Operations on Vectors in 


Terms of i and j 


When vectors are written in terms of i and j, we can 
carry out addition, subtraction, and scalar 
multiplication by performing operations on 
corresponding components. 


Adding and Subtracting Vectors in Rectangular 

Coordinates 

Given v = ai + bj andu = ci + dj, then 
+u=(a+c)i+(b+d)j v-u=(a-—c)i+(b-—d 

Dj 


Finding the Sum of the Vectors 


Find the sum of v 1 =2i—3j and v 2 =4i+ 5j. 


According to the formula, we have 
vl+v2 =(2+4)i+(—-34+5)j =61+2j 


Calculating the Component Form of a 


Vector: Direction 


We have seen how to draw vectors according to 
their initial and terminal points and how to find the 
position vector. We have also examined notation for 
vectors drawn specifically in the Cartesian 
coordinate plane using iandj. For any of these 
vectors, we can calculate the magnitude. Now, we 
want to combine the key points, and look further at 
the ideas of magnitude and direction. 


Calculating direction follows the same 
straightforward process we used for polar 
coordinates. We find the direction of the vector by 
finding the angle to the horizontal. We do this by 
using the basic trigonometric identities, but with | v 
| replacing r. 


ector Components in Terms of Magnitude and 
Direction 
Given a position vector v =< x,y > and a direction 


angle 0, 

cos0= x |v| and sinO= y |v| x=|v|cos® y=|v|siné@ 
Thus, v=xi+yj=| v |cos@i+| v |sin@j, and 
magnitude is expressed as |v |= x2+y2. 


Writing a Vector in Terms of Magnitude 


and Direction 


Write a vector with length 7 at an angle of 
135° to the positive x-axis in terms of 
magnitude and direction. 


Using the conversion formulas x =| v |cos@i 
and y=| v |sin@j, we find that 

x=7cos(135°)i = — 7 22 y=7sin(135°)j = 7 
Den. 


This vector can be written as v=7cos(135°)i 
+ 7sin(135°)j or simplified as 
v=—-—722i1+722j 


A vector travels from the origin to the point ( 
3,5 ). Write the vector in terms of magnitude 
and direction. 


v= 34 cos(59°)i+ 34 sin(59°)j 
Magnitude = 34 


8@= tan -—1(53 )=59.04° 


Finding the Dot Product of Two Vectors 


As we discussed earlier in the section, scalar 
multiplication involves multiplying a vector by a 
scalar, and the result is a vector. As we have seen, 
multiplying a vector by a number is called scalar 
multiplication. If we multiply a vector by a vector, 
there are two possibilities: the dot product and the 
cross product. We will only examine the dot product 
here; you may encounter the cross product in more 
advanced mathematics courses. 


The dot product of two vectors involves multiplying 
two vectors together, and the result is a scalar. 


Dot Product 
The dot product of two vectors v=< a,b > and 
u=< c,d > is the sum of the product of the 
horizontal components and the product of the 
vertical components. 

tu=ac+bd 
To find the angle between the two vectors, use the 


formula below. 
cosO= vi[vl-ulu| 


Finding the Dot Product of Two Vectors 


Find the dot product of v=< 5,12 > and u=< 
—3,4>. 


Using the formula, we have 
WEES BEA RS SS San ei 
—15+48 =33 


Finding the Dot Product of Two Vectors and 
the Angle between Them 


Find the dot product of v1 = 5i + 2j and v2 = 
3i + 7j. Then, find the angle between the two 
vectors. 


Finding the dot product, we multiply 
corresponding components. 

vi-v2 =<5,2>< 3,7 > =5:34+2-7 =15+14 
=29 


To find the angle between them, we use the 
formula cos0= v |v|-u [ul . 

v |v|-ulu] =<5 29 + 229><358 + 758> 
= 529-358 + 229-758 = 15 1682 + 14 
1682 = 29 1682 =0.707107 cos —1 


(0.707107) =45° 


See [link]. 
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Finding the Angle between Two Vectors 


Find the angle between u=< —3,4 > and v=< 
Se) 


Using the formula, we have 

8@= cos —1(u |u| -v |v|) Cu lul-v|v|)= 
Sol to olla hs CS ooo lS (4 
5°1213) =— 1565 + 4865 = 33 650= 
cos =1'( 3365) — 59:5 ¢ 


See [link]. 


(5, 12) 


Finding Ground Speed and Bearing Using 
Vectors 


We now have the tools to solve the problem 
we introduced in the opening of the section. 


An airplane is flying at an airspeed of 200 
miles per hour headed on a SE bearing of 140°. 


A north wind (from north to south) is blowing 
at 16.2 miles per hour. What are the ground 
speed and actual bearing of the plane? See 
[link]. 


The ground speed is represented by x in the 
diagram, and we need to find the angle a in 
order to calculate the adjusted bearing, which 
will be 140° +a. 


Notice in [link], that angle BCO must be equal 
to angle AOC by the rule of alternating interior 
angles, so angle BCO is 140°. We can find x by 
the Law of Cosines: 

x2 = (16.2) 2 + (200) 2 —2(16.2) 
(200)cos(140°) x 2 =45,226.41 x= 45,226.41 


x=212.7 


The ground speed is approximately 213 miles 
per hour. Now we can calculate the bearing 
using the Law of Sines. 

sina 16.2 = sin(140°) 212.7 sina= 
16.2sin(140°) 212.7 =0.04896 sin —1 
(0.04896) =2.8° 


Therefore, the plane has a SE bearing of 140° 
+ 2.8°=142.8°. The ground speed is 212.7 
miles per hour. 


Access these online resources for additional 
instruction and practice with vectors. 


¢ Introduction to Vectors 
¢ Vector Operations 
¢ The Unit Vector 


Key Concepts 


¢ The position vector has its initial point at the 
origin. See [link]. 


If the position vector is the same for two 
vectors, they are equal. See [link]. 

Vectors are defined by their magnitude and 
direction. See [link]. 

If two vectors have the same magnitude and 
direction, they are equal. See [link]. 

Vector addition and subtraction result in a new 
vector found by adding or subtracting 
corresponding elements. See [link]. 

Scalar multiplication is multiplying a vector by 
a constant. Only the magnitude changes; the 
direction stays the same. See [link] and [link]. 
Vectors are comprised of two components: the 
horizontal component along the positive x-axis, 
and the vertical component along the positive 
y-axis. See [link]. 

The unit vector in the same direction of any 
nonzero vector is found by dividing the vector 
by its magnitude. 

The magnitude of a vector in the rectangular 
coordinate system is | v |= a2 + b2. See 
[link]. 

In the rectangular coordinate system, unit 
vectors may be represented in terms of i and j 
where i represents the horizontal component 
and j represents the vertical component. Then, 
v = ai + bj is ascalar multiple of v by real 
numbers aandb. See [link] and [link]. 

Adding and subtracting vectors in terms of i 
and j consists of adding or subtracting 
corresponding coefficients of i and 


corresponding coefficients of j. See [link]. 

A vector v = ai + bj is written in terms of 
magnitude and direction as v=| v |cos6i+ | v | 
sin9j. See [link]. 

The dot product of two vectors is the product of 
the i terms plus the product of the j terms. See 
[link]. 

We can use the dot product to find the angle 
between two vectors. [link] and [link]. 

Dot products are useful for many types of 
physics applications. See [link]. 


Section Exercises 


Verbal 


What are the characteristics of the letters that 
are commonly used to represent vectors? 


lowercase, bold letter, usually u,v,w 


How is a vector more specific than a line 
segment? 


What are i and j, and what do they represent? 


They are unit vectors. They are used to 
represent the horizontal and vertical 
components of a vector. They each have a 
magnitude of 1. 


What is component form? 


When a unit vector is expressed as < a,b D, 
which letter is the coefficient of the i and which 
the j? 


The first number always represents the 
coefficient of the i, and the second represents 
the j. 


Algebraic 


Given a vector with initial point (5,2 ) and 
terminal point ( —1,—3 ), find an equivalent 
vector whose initial point is ( 0,0 ). Write the 
vector in component form < a,b >. 


Given a vector with initial point ( —4,2 ) and 
terminal point ( 3,—3 ), find an equivalent 
vector whose initial point is ( 0,0 ). Write the 


vector in component form < a,b >. 


(7,—5.) 


Given a vector with initial point (7,—1 ) and 
terminal point ( —1,—7 ), find an equivalent 
vector whose initial point is ( 0,0 ). Write the 
vector in component form < a,b >. 


For the following exercises, determine whether the 
two vectors u and v are equal, where u has an 
initial point P 1 and a terminal point P 2 and v has 
an initial point P 3 and a terminal point P 4. 


P1=(5,1),P2 =(3,-2),P3 =( -1,3), 
and P 4 =(9,-4) 


not equal 


P1 =(2,-3),P2 =(5,1),P3 =(6,-1 ), 
and P 4 =(9,3 ) 


—10,6 ), and P 4 =( —13,12 ) 


equal 


P1 =(3,7),P2 =(2,1),P3 =(1,2), andP 
4 =(-1,-4) 


P1 =(8,3),P 2 =( 6,5), P 3 =( 11,8 ), and P 
4 =(9,10 ) 


equal 


Given initial point P 1 =( —3,1 ) and terminal 
point P 2 =(5,2 ), write the vector v in terms 
of i and j. 


Given initial point P 1 =( 6,0 ) and terminal 
point P 2 =( —1,-—3), write the vector v in 
terms of i and j. 


7i- 3 


For the following exercises, use the vectors u = i + 
5j, ¥ = —2i-— 3j, andw = 4i — j. 


Find u + (v — w) 


Find 4v + 2u 


~6i-2j 


For the following exercises, use the given vectors to 
compute u + v, u — v, and 2u — 3y. 


u=< 23:3 »V=< LS > 


u=< =3,4 »V=< =o » 


u+v= ( -—5,5) ,wu-v= ¢ -1,3 ) ,2u 
—3v= (0,5 ) 


Let v = —4i + 3j. Find a vector that is half the 
length and points in the same direction as v. 


Let vy = 5i + 2j. Find a vector that is twice the 
length and points in the opposite direction as v. 


~10i-4j 


For the following exercises, find a unit vector in the 
same direction as the given vector. 


a= 3i+ 4 


b= -21+ 5 


—~ 229 291+ 5 29 29; 


c = 10i-j 


d=-13i+52j 


== 2229-22914 15.229: 229 | 


100i + 200j 


& 
II 


& 
II 


144 Dj 


=72 101+ 216; 


For the following exercises, find the magnitude and 
direction of the vector, 0<0< 2m. 


< 0,4 > 


< 6,5 > 


| v | =7.810,0 = 39.806° 


<2;5:> 


- 45-6 > 


| v |=7.211,0=236.310° 


Given u = 31 — 4jandv = —2i + 3, 
calculate u-v. 


Given u = —i — jandv =i+ SJ, calculate 
wv. 


=6 


Given u=< —2,4> and v=< —3,1 >, calculate 
uv. 


Given u =< —1,6> and v =< 6,-—1 5, calculate 
uv. 


= 12 


Graphical 


For the following exercises, given v, draw v, 3v and 
Lazy; 


es Se 


<= 14> 


< =3,-27 


For the following exercises, use the vectors shown to 
sketch u + v, u — v, and 2u. 


utv 


u—v 


For the following exercises, use the vectors shown to 
sketch 2u + v. 


For the following exercises, use the vectors shown to 
sketch u — 3yv. 


Saat 


For the following exercises, write the vector shown 
in component form. 


( 4,1 ) 


Given initial point P 1 =( 2,1 ) and terminal 
point P 2 =( —1,2 ), write the vector v in 
terms of i and j, then draw the vector on the 
graph. 


Given initial point P 1 =( 4,—1 ) and terminal 
point P 2 =( —3,2 ), write the vector v in 
terms of i and j. Draw the points and the vector 
on the graph. 


v= —7i+3j 


Given initial point P 1 =( 3,3 ) and terminal 
point P 2 =( —3,3 ), write the vector v in 
terms of i and j. Draw the points and the vector 
on the graph. 


Extensions 
For the following exercises, use the given magnitude 


and direction in standard position, write the vector 
in component form. 


| v |=6,0=45° 


391432) 


| v | =8,0=220° 


| v | =2,0=300° 


3] 


| v |=5,0=135" 


A 60-pound box is resting on a ramp that is 
inclined 12°. Rounding to the nearest tenth, 


1. Find the magnitude of the normal 
(perpendicular) component of the force. 

2. Find the magnitude of the component of 
the force that is parallel to the ramp. 


a.-58.73: Ds 12:5 


A 25-pound box is resting on a ramp that is 
inclined 8°. Rounding to the nearest tenth, 


1. Find the magnitude of the normal 
(perpendicular) component of the force. 

2. Find the magnitude of the component of 
the force that is parallel to the ramp. 


Find the magnitude of the horizontal and 
vertical components of a vector with magnitude 
8 pounds pointed in a direction of 27° above 
the horizontal. Round to the nearest hundredth. 


x = 7.13 pounds, y = 3.63 pounds 


Find the magnitude of the horizontal and 
vertical components of the vector with 
magnitude 4 pounds pointed in a direction of 
127° above the horizontal. Round to the nearest 
hundredth. 


Find the magnitude of the horizontal and 
vertical components of a vector with magnitude 
5 pounds pointed in a direction of 55° above 
the horizontal. Round to the nearest hundredth. 


x = 2.87 pounds, y=4.10 pounds 


Find the magnitude of the horizontal and 
vertical components of the vector with 
magnitude 1 pound pointed in a direction of 8° 
above the horizontal. Round to the nearest 
hundredth. 


Real-World Applications 


A woman leaves home and walks 3 miles west, 
then 2 miles southwest. How far from home is 
she, and in what direction must she walk to 
head directly home? 


4.635 miles, 17.764° N of E 


A boat leaves the marina and sails 6 miles 
north, then 2 miles northeast. How far from the 
marina is the boat, and in what direction must 
it sail to head directly back to the marina? 


A man starts walking from home and walks 4 
miles east, 2 miles southeast, 5 miles south, 4 
miles southwest, and 2 miles east. How far has 
he walked? If he walked straight home, how far 
would he have to walk? 


17 miles. 10.318 miles 


A woman starts walking from home and walks 
4 miles east, 7 miles southeast, 6 miles south, 5 
miles southwest, and 3 miles east. How far has 
she walked? If she walked straight home, how 
far would she have to walk? 


A man starts walking from home and walks 3 
miles at 20° north of west, then 5 miles at 10° 
west of south, then 4 miles at 15° north of east. 
If he walked straight home, how far would he 
have to the walk, and in what direction? 


Distance: 2.868. Direction: 86.474° North of 
West, or 3.526° West of North 


A woman starts walking from home and walks 
6 miles at 40° north of east, then 2 miles at 15° 
east of south, then 5 miles at 30° south of west. 
If she walked straight home, how far would she 
have to walk, and in what direction? 


An airplane is heading north at an airspeed of 
600 km/hr, but there is a wind blowing from 
the southwest at 80 km/hr. How many degrees 
off course will the plane end up flying, and 


what is the plane’s speed relative to the 
ground? 


4.924°. 659 km/hr 


An airplane is heading north at an airspeed of 
500 km/hr, but there is a wind blowing from 
the northwest at 50 km/hr. How many degrees 
off course will the plane end up flying, and 
what is the plane’s speed relative to the 
ground? 


An airplane needs to head due north, but there 
is a wind blowing from the southwest at 60 
km/hr. The plane flies with an airspeed of 550 
km/hr. To end up flying due north, how many 
degrees west of north will the pilot need to fly 
the plane? 


4.424° 


An airplane needs to head due north, but there 
is a wind blowing from the northwest at 80 
km/hr. The plane flies with an airspeed of 500 
km/hr. To end up flying due north, how many 
degrees west of north will the pilot need to fly 
the plane? 


As part of a video game, the point ( 5,7 ) is 
rotated counterclockwise about the origin 
through an angle of 35°. Find the new 
coordinates of this point. 


( 0.081,8.602 ) 


As part of a video game, the point ( 7,3 ) is 
rotated counterclockwise about the origin 
through an angle of 40°. Find the new 
coordinates of this point. 


Two children are throwing a ball back and forth 
straight across the back seat of a car. The ball is 
being thrown 10 mph relative to the car, and 
the car is traveling 25 mph down the road. If 
one child doesn't catch the ball, and it flies out 
the window, in what direction does the ball fly 
(ignoring wind resistance)? 


21.801’, relative to the car’s forward direction 


Two children are throwing a ball back and forth 
straight across the back seat of a car. The ball is 
being thrown 8 mph relative to the car, and the 
car is traveling 45 mph down the road. If one 
child doesn't catch the ball, and it flies out the 


window, in what direction does the ball fly 
(ignoring wind resistance)? 


A 50-pound object rests on a ramp that is 
inclined 19°. Find the magnitude of the 
components of the force parallel to and 
perpendicular to (normal) the ramp to the 
nearest tenth of a pound. 


parallel: 16.28, perpendicular: 47.28 pounds 


Suppose a body has a force of 10 pounds acting 
on it to the right, 25 pounds acting on it 
upward, and 5 pounds acting on it 45° from the 
horizontal. What single force is the resultant 
force acting on the body? 


Suppose a body has a force of 10 pounds acting 
on it to the right, 25 pounds acting on it |/135° 
from the horizontal, and 5 pounds acting on it 
directed 150° from the horizontal. What single 
force is the resultant force acting on the body? 


19.35 pounds, 231.54° from the horizontal 


The condition of equilibrium is when the sum 


of the forces acting on a body is the zero vector. 
Suppose a body has a force of 2 pounds acting 
on it to the right, 5 pounds acting on it upward, 
and 3 pounds acting on it 45° from the 
horizontal. What single force is needed to 
produce a state of equilibrium on the body? 


Suppose a body has a force of 3 pounds acting 
on it to the left, 4 pounds acting on it upward, 
and 2 pounds acting on it 30° from the 
horizontal. What single force is needed to 
produce a state of equilibrium on the body? 
Draw the vector. 


5.1583 pounds, 75.8° from the horizontal 


Chapter Review Exercises 


Non-right Triangles: Law of Sines 


For the following exercises, assume a is opposite 
side a,B is opposite side b, and y is opposite side c. 
Solve each triangle, if possible. Round each answer 


to the nearest tenth. 


B=50°,a=105,b=45 


Not possible 


a= 43.1°,a=184.2,b=242.8 


Solve the triangle. 


C=120°,a=23.1,c=34.1 


Find the area of the triangle. 


A pilot is flying over a straight highway. He 
determines the angles of depression to two 
mileposts, 2.1 km apart, to be 25° and 49°, as 


shown in [link]. Find the distance of the plane 
from point A and the elevation of the plane. 


distance of the plane from point A: 2.2 km, 
elevation of the plane: 1.6 km 


Non-right Triangles: Law of Cosines 


Solve the triangle, rounding to the nearest 
tenth, assuming a is opposite side a, is 
opposite side b, and y s opposite side 
c:a=4,b=6,c=8. 


Solve the triangle in [link], rounding to the 
nearest tenth. 


B=71.0°,C=55.0°,a=12.8 


Find the area of a triangle with sides of length 
8.3, 6.6, and 9.1. 


To find the distance between two cities, a 
satellite calculates the distances and angle 
shown in [link] (not to scale). Find the distance 
between the cities. Round answers to the 
nearest tenth. 


40.6 km 


Polar Coordinates 


Plot the point with polar coordinates ( 3, 1 6 ). 


Plot the point with polar coordinates (5,— 2 
3) 


Convert ( 6,— 32 4 ) to rectangular 
coordinates. 


Convert ( — 2, 3x 2 ) to rectangular 
coordinates. 


(0,2 ) 


Convert ( 7,—2 ) to polar coordinates. 


Convert ( —9,—4 ) to polar coordinates. 


( 9.8489,203.96° ) 


For the following exercises, convert the given 
Cartesian equation to a polar equation. 


x=—-2 
x2+y2=64 
r=8 


x2+y2=-—2y 


For the following exercises, convert the given polar 
equation to a Cartesian equation. 


r=7cos0 


x2+ y 2 =7x 


r= —2 4cos0+sin0 


For the following exercises, convert to rectangular 
form and graph. 


O0= 314 


x 
234567 


~{ -6 -$ -4 “3-2-4 


r= 5secO 


Polar Coordinates: Graphs 


For the following exercises, test each equation for 
symmetry. 


r=4+4sin0 


symmetric with respect to the line 9= x 2 


r=7 


Sketch a graph of the polar equation 
r=1—5sin@. Label the axis intercepts. 


S456 (@ from O to 27) 


Sketch a graph of the polar equation r= 5sin( 
76 ). 


Sketch a graph of the polar equation 
r=3-—3cos0 


123456 (@ from 0 to 277) 


Polar Form of Complex Numbers 


For the following exercises, find the absolute value 
of each complex number. 


=2 +61 


4-31 


Write the complex number in polar form. 


5+9i 


V2 = "S524 


cis) —- 73) 


For the following exercises, convert the complex 
number from polar to rectangular form. 


z=5cis( 52 6 ) 


Z= 3cis( 40° ) 


2.3+1.91 


For the following exercises, find the product z 1 z 2 
in polar form. 


z1 =2cis( 89° ) 


¥2:=5cis( 25°) 


z1=10cis( x 6 ) 


z2 =6cis( 13 ) 


60cis( mt 2 ) 


For the following exercises, find the quotient z 1 z 2 
in polar form. 


G1 = 12¢i5(' 55°) 


Z2. =Scist 18° 3) 


z1 =27cis( 571 3 ) 


2 =9Cist 7S) 


3cis( 4 3 ) 


For the following exercises, find the powers of each 
complex number in polar form. 


Find z 4 when z= 2cis( 70° ) 


Find z 2 when z= 5cis( 32 4 ) 


25cis( 32 2 ) 


For the following exercises, evaluate each root. 


Evaluate the cube root of z when z= 64 cis( 210° 


). 


Evaluate the square root of z when z= 25cis( 3 
2). 


5cis( 3x 4 ),5cis( 71 4 ) 


For the following exercises, plot the complex 
number in the complex plane. 


6=21 


=1+31 


Imaginary 


Parametric Equations 


For the following exercises, eliminate the parameter 
t to rewrite the parametric equation as a Cartesian 
equation. 


{x(t)=3t-ly(t)=t 


{ x(t) = —cost y(t)=2 sin 2 t 


x2+12y=1 


Parameterize (write a parametric equation for) 
each Cartesian equation by using x(t )=acost 
and y(t)=bsint for x 225 + y2 16 =1. 


Parameterize the line from (— 2,3) to (4,7) so 
that the line is at (— 2,3) at t=O and (4,7) at 
t=1, 


{x(t)=—2+6t y(t)=3+4t 


Parametric Equations: Graphs 


For the following exercises, make a table of values 
for each set of parametric equations, graph the 
equations, and include an orientation; then write 
the Cartesian equation. 


{x(t)=3t2y(t)=2t-1 


{x(t)= et y(t)=—2e5t 


y=-2x5 


(t from —1 to 1) 


{ x(t) =3cost y(t) = 2sint 


A ball is launched with an initial velocity of 80 
feet per second at an angle of 40° to the 
horizontal. The ball is released at a height of 4 
feet above the ground. 


1. Find the parametric equations to model the 
path of the ball. 

2. Where is the ball after 3 seconds? 

3. How long is the ball in the air? 


1. { x(t )=( 80cos( 40° ) Jt y(t )=—-16t 2 
+( 80sin( 40° ) )t+4 

2. The ball is 14 feet high and 184 feet from 
where it was launched. 

3. 3.3 seconds 


Vectors 


For the following exercises, determine whether the 
two vectors, u and v, are equal, where u has an 
initial point P 1 and a terminal point P 2 , and v has 
an initial point P 3 and a terminal point P 4. 


P1 =(—-1,4),P2 =(3,1),P3 =(5,5) andP 
4 =(9,2 ) 


P1 =(6,11 ), P2 =( -—2,8 ),P3 =(0,-1) 
and P 4 =( —8,2) 


not equal 


For the following exercises, use the vectors u=2i 
—j,v = 4i—3j, and w= — 21+ 5j to evaluate the 
expression. 


2v-—-u+w 


4i 


For the following exercises, find a unit vector in the 
same direction as the given vector. 


a= 8-6 


b= -3i-j 


-— 31010i-— 1010j 


For the following exercises, find the magnitude and 
direction of the vector. 


¢6,-2> 
< = 3, = > 
Magnitude: 3 2 , Direction: 225° 


For the following exercises, calculate u-v. 


u= —2i+jandv = 31+ 7j 


u=i+ 4jandv= 41+ 3 
16 
Given v = ( —3,4 ) draw vy, 2v, and 1 2 v. 


Given the vectors shown in [link], sketch u + 
vy, u — vand 3v. 


LT Nel 


Given initial point P 1 =( 3,2 ) and terminal 
point P 2 =( —5,-—1 ), write the vector v in 
terms of i and j. Draw the points and the vector 
on the graph. 


Practice Test 


Assume a is opposite side a,B is opposite side b, 
and y is opposite side c. Solve the triangle, if 
possible, and round each answer to the nearest 
tenth, given B = 68°,b=21,c=16. 


a=67.1°,y = 44.9°,a=20.9 


Find the area of the triangle in [link]. Round 
each answer to the nearest tenth. 


A pilot flies in a straight path for 2 hours. He 
then makes a course correction, heading 15° to 
the right of his original course, and flies 1 hour 
in the new direction. If he maintains a constant 
speed of 575 miles per hour, how far is he from 
his starting position? 


1712 miles 


Convert ( 2,2 ) to polar coordinates, and then 
plot the point. 


Convert ( 2, 1 3 ) to rectangular coordinates. 


(1,3) 


Convert the polar equation to a Cartesian 


equation: x 2 + y2 =5y. 


Convert to rectangular form and graph: r= 
— 3cscO. 


x 
123 4 5 6 


Test the equation for symmetry: r= — 4sin( 20 ). 


Graph r=3+3cos0. 


o (@ from 0 to 277) 


Graph r=3-—5sin0. 


Find the absolute value of the complex number 
5 —9i. 


106 
Write the complex number in polar form: 4 +i. 


Convert the complex number from polar to 
rectangular form: z=5cis( 2x 3 ). 


=O: loo 2 


Given z 1 =8cis( 36° ) and z 2 = 2cis( 15° ), 
evaluate each expression. 


z1z2 


Ziee 2 


Acis( 21° ) 


C2253 


yA | 


2 2 cis( 18° ),2 2 cis( 198° ) 


Plot the complex number —5—i in the complex 
plane. 


Eliminate the parameter t to rewrite the 
following parametric equations as a Cartesian 
equation: { x(t)=t+1 y(t)=2t2. 


y=2(x-1)2 


Parameterize (write a parametric equation for) 
the following Cartesian equation by using x(t 
)=acost and y(t) =bsint: x 2 36 + y2 100 =1. 


Graph the set of parametric equations and find 
the Cartesian equation: { x(t) = — 2sint 
y(t) = 5cost . 


(t from 0 to 277) 


A ball is launched with an initial velocity of 95 
feet per second at an angle of 52° to the 
horizontal. The ball is released at a height of 
3.5 feet above the ground. 


1. Find the parametric equations to model the 
path of the ball. 

2. Where is the ball after 2 seconds? 

3. How long is the ball in the air? 


For the following exercises, use the vectors u = i — 
3j and v = 2i + 3). 


Find 2u — 3yv. 


~4i — 15; 


Calculate uv. 


Find a unit vector in the same direction as v. 


21S 1S 19133 


Given vector v has an initial point P 1 =( 2,2 ) 
and terminal point P 2 =( —1,0 ), write the 
vector v in terms of i and j. On the graph, draw 


v, and —v. 


Glossary 


dot product 
given two vectors, the sum of the product of 
the horizontal components and the product of 
the vertical components 


initial point 
the origin of a vector 


magnitude 
the length of a vector; may represent a 
quantity such as speed, and is calculated 
using the Pythagorean Theorem 


resultant 
a vector that results from addition or 
subtraction of two vectors, or from scalar 
multiplication 


scalar 
a quantity associated with magnitude but not 
direction; a constant 


scalar multiplication 
the product of a constant and each 
component of a vector 


standard position 


the placement of a vector with the initial 
point at ( 0,0 ) and the terminal point (a,b), 
represented by the change in the x- 
coordinates and the change in the y- 
coordinates of the original vector 


terminal point 


the end point of a vector, usually represented 
by an arrow indicating its direction 


unit vector 


a vector that begins at the origin and has 
magnitude of 1; the horizontal unit vector 
runs along the x-axis and is defined asv 1 =< 
1,0 > the vertical unit vector runs along the y- 
axis and is defined as v 2 =< 0,1 >. 


a quantity associated with both magnitude 
and direction, represented as a directed line 
segment with a starting point (initial point) 
and an end point (terminal point) 


vector addition 


the sum of two vectors, found by adding 
corresponding components 


